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1. Introduction

In his early papers on public expenditure theory, Paul A. Samuelson
[1954, 1955, 1958] laid great stress on the problem of preference revela-
tion for goods that are collectively consumed. Noting that for private
goods "each person is motivated to do the signalling of his tastes needed
to define and reach the attainable-bliss point," he observed that "no

decentralized pricing system can serve to determine optimally [these]

levels of collective consumption,' since "it is in the selfish interest

of each person to give false signals, to pretend to have less interest
in a given collective consumption activity than he really has, etc."”
[1954, pp. 388-389, italics in original]. Later Samuelsonféai&, "Iif
there were only private goods we could rély on each man to calculate and
present his demand function once we gave him his budget income and market
prices at which he could trade freely. With public goods he has every
reason not to provide us with the revelatory demand functiomns." [1969,
p. 103]

A careful reading of these pathbreaking articles leaves one in
some doubt as to the precise meaning of these assertions, which were
directed at settling issues left open By less formal methods in’the
existing theory of benefit taxation. and, in particular, at the "voluntary
exchange" theory of public expenditure and taxation. The simple Lindahl
model was specifically discussed by Samuelson, although the full analogy

of Lindahl equilibrium, in a world with public goods, with competitive



equilibrium in a world with private goods only, remained to be spelled
out (e.g., Duncan Foley [1970], T. C. Bergstrom [1971]). The later
analyses showed how efficient outcomes with collective goods could be
identifiéd and sustained through prices under certain restrictions as to
convexity of preferences and production technology. In these models the
details of the "auction" process by which preferences are successively
revealed are omitted (as they typically are also in all-private good
models) and it is evidently to the question of individual incentive to
respond honestly during this process of search for equilibrium that
Samuelson was giving his discouraging answer.

Two important strands of recent work have sought to overcome the
problem of preference revelation for public goods. Both of these have
done this by looking for methods of obtaining preference information in
the course of solving the problem of finding an efficient allocation for
the economy.l Jacques Dreze and D. de la Vallee Poussin [1971] propose
a continuous adjustment process whereby consumers bid the maximum they
are willing to pay for small increménts of the public goods, these bids
being used to determine both whether to increase or decrease the level
of provision and the financing of any change. With honest participants
the process is shown to comverge to a Lindahl static equilibrium under
certain technical conditions. The incentive for true preference revela-
tion is, however, rather weak: the authors show that telling the truth
is a minimax strategy. Theodore Groves and John Ledyard [1974] also
propose a system for obtaining preferences in the process of solving the
efficiency problem. Their method is highly ingenious and has the

incentive feature that the policy of revealing true demand is a Nash
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equilibrium (the best thing to do given that the other consumers are also
telling the.truth). Fach consumer conveys a description of his demand
for public goods to a central agency which calculates the efficient
allocation of resources and distributes transfers among the set of all
consumers. The desirable incentive properties are achieved by making the
payoff to a consumer a positive function of the value generated for the
whole group and otherwise independent of the information conveyed by the
individual (thus ruling out taxation accordihégfbrindividual benefit).

Both of these methods for circumventing the problem seen by
Samuelson would rely on institutions of considerable sophistication to
collect preference information in the course of solving the allocation
problem. The Dreze-de la Vallee Poussin procedure is conceptually the
simpler, but it appears quite vulnerable to manipulation, and thus likely
to generate inefficient solutions. The Groves-Ledyard procedure has
greater appeal for its incentive features but the way in which the demand
information is related to individual payoffs makes it somewhat unattrac-
tive as a practical political tool.

In this paper we suggest a method for observing preferences for
certain classes of public goods in market data. The procedure is a pure
information-gathering one, which is uncoupled from any particular process
of optimizing resource allocation by the key assumption that consumers

regard levels of public good provision and of taxes as parameters. This

assumption, it is argued, is the natural analog of the assumption in a
pure market system that agents regard prices as parameters.
The proposed method exploits the selfish interest of each consumer

to communicate in the market true signals about preferences for private



goods, thereby simultaneously providing the information needed about
public goods as well. The basic approach is to take advantage of the
fact that the levels of public goods enter as arguments of demand
functions for private goods. By observing the effect on demand
schedules for private goods we can infer the value consumers place on
changes on the levels of public goods.

An example suggests the basic approach and the nature of the
conditions under which it will yield the desired information. A
consumer's demand schedule for telephone calls will be a function of
the size of the telephone network, which can be regarded as a public
good., If the telephone network may Be assumed to be of no interest
except as it affects the value of the opportunity to initiate a call,
we can measure the value to the consumer of a unit increase in the
public good "network size" by the increase in his consumer's surplus.

The latter is observed from data on his demand for the private good,

telephone calls.

While there have been attempts to evaluate such pﬁblic expenditure
activities as education and recreation facilities through the study of
demand for such private goods as housing and transportation service
(Oates [1972], Knetsch and Davis [1966]), the generality of the
underlying theory involved seems not to have beén recognized. Indeed,
if one regards the value of all public goods as contingent upon the
availability of some private goods (if there is no butter, there is no
demand for guns), the result says that all the information required
for efficient public good provision is embedded in private good demand
functions.2

As an aid to understanding we shall consider successive



complications, starting in Section 2 where we analyze a one-private

good, one-public good model, under the '"mo income effect" assumption,
that preferences are additive in the level of the numeraire good. This
results in identity between Hicks compensated and ordinary or Marshallian
demand functions and makes optimal non-numeraire allécations independent
of distribution. Furthermore, together with a demand interdependency
assumption, variations of which play a key role throughout the entire
analysis, this assumption permits the results to be stated in terms of
aggregate or market demand functions. In Section 3 the analysis is
extended to the many-private good, many-public good worlds. The results

of Section 2 relating to the use of aggregate demand functions are

generalized, and we show that a sufficient condition

allowing their use is a demand interdependency assumption plus constancy
of the marginal utility of income. We then show in Section 4 that when
the constancy assumption is relaxed, the results relating to public good
preferences being observable continue to hold, but individual rather than
market demand functions may be required. "In Section 5 we discuss the -

incentive problem as it arises in the context of this analysis. There

is a brief concluding section.

2. One Private and One Public Good Jointly Consumed

We start our analysis with the conventional Samuelson derivation
of the optimality conditions which apply when there is public good con-
sumption. A Bergson social welfare function of the utility levels of I

1

consumers, W{U ,...,UI), will be used to remind us that Pareto optimality

. - . . . i .
is a necessary condition for social optimality. U (mi,xi,q) is a



preference indicator for the ith

consumer, where m, is the amount of a
numeraire good consumed, X, is the amount of another ("the") private
good, and q is the level of provision of the single public good. The
conditions of production are summarized by

2’ = m+ C(x,q) »
where m° equals the initial level of the numeraire good which is avail-~
able to the economy, and m = Emi, and x = Exi equal the aggregate amount
of the numeraire good and the private good consumed. C(x,q) is the
minimum numeraire good cost of producing a total of x units of the
private good together with level q of the public good.

We assume that we know in advance that M., X, and q will be
consumed in positive amounts. To characterize the interior optimum, we
first write the Lagrangian associated with this social optimization
problem,

_ 1 I o '
L= W(U (ml,xl,CI),---,U (mI,XI,Q)? + Y.[m - ?_mi - C(ExlsQ)]-

The first order or stationary conditions can be derived in the

standard fashion, and one obtains

i, i .

Uz/Ul =C, i=1,...,I ¢H)
i, 4

(U/uU) =¢C (2)

i 9 l) q

WiU; = iji' 1,9=1, 00,1 .3

For the purposes of this analysis, (2) is not a convenient
behavioral condition since we cannot &irecﬁly observe the marginal rates of
. . i,.1 . . , -

substitution, Uq/Ul' However, we can find these marginal rates implicit

in the demand schedule for the private good. In order to transform (2)



into a condition in terms of data observable in a market system, let us

first compute
i, i i i1
oU_ /Uy _ U;qu U;U12
i 2 ‘

Bxi (Ul)

Thus, we can write

% st vt (m,,0,q)
v = s —Stag A
q 1
0 g, Ul(mi,Q,q>
X gt ot Ui(m.,O,q)
=S (e, + 3)
RN L S I |
0 "1 1 "1 1\

where the functions inside the integral are evaluated at the point
(mi, Ei, q).

Roughly speaking, condition (3), which is simply a calculus
identity, expresses the marginal rate of substitution of numeraire good
for public good as the derivative (with respect to the quantity consumed
of the private good) of the integral of the inverse demand function for

"no

the public good. The latter is not observable. However, under a
income effect' assumption, the right hand side of condition (3) will be

identically equal to the derivative with respect to public good provision

of the integral of the (observable) inverse demand function for x.

The No-Income Effect Assumption

Under the no-income effect assumption (the demand for x and the
marginal evaluation of q are independent of budget level) the ith
consumer's preferences can be represented by a function additive in the
level of the numeraire good (Katzner [1970] refers to such functions as
"quasi-linear with respect to mi"):

i i
U = m, + b (xi,q) .




Under this assumption (3) becomes

I
o
.

i
Xi(mi, Ei,q)d g, F Uq (mi,O,q) s (4)

u" = /U
0
where UF (m,,0,q) = b(0,q)
q i’ ,q q ’q ,.
The left hand side of (1) can now be written

i )
Uz(mi,xi,q) = Pl(xi,q) ,

i . . P \ .
where P (xi,q) is the 1th individual's inverse demand function for x.

Since we therefore have

i i
Ux.;q = Pq(Xi,Q) ’
i
i i .
and U =7 , one can write (4) as
b gx,
i i
X,
i i i
U = f P 5.9 d .+ b 0’ .
q - (€;,9) dg; q (0,q9)

The first term on the right is the derivative (with respect to the
level of the public good) of the area under the inverse demand function
for x. The second term on the right is the individual's demand price
for the public good when the quantity of "the" private good consumed is
zero; if we knew this value we would have the solution to the problem

of observing the marginal evaluation of the public good.

The Demand Interdependence Assumption

Some public goods are so complementary to certain private goods
that the value of the former would be zero without the latter. FExamples
of public and private goods in this complementary relation to one

another include:




Public Good ‘ Private Good

public highways transportation vehicles
air safety air travel

public recreational areas transportation to areas
local public goods residences

public television television sets

The formal expression of this sort of demand interdependence in our case
is the assumption bl(O,q) = constant, and hence b:(o,q) = 0. With this
assumption the ith individual's marginal rate of substitution of the

numeraire good for public good becomes

%y
; ,

U- = [Pt
0 4

. (&, @)dE; (5)

and our efficiency condition (2) becomes

1 %4

g st .,q)dE, = C . 6
Ll q(El q) & q (6)

From empirical data on individual demand functions for a private good

one can then determine whether this condition is satisfied.

From Individual to Aggregate Demand Functions

For practical purposes, the fact that data on individual inverse
demand functions are required to test for efficiency is a disadvantage.
Fortunately, however, condition (5), which is formulated in terms of
individual inverse demand functions, holds as well for the aggregate or
market inverse demand function, P(x,q).

Let the individual and aggregate direct demand functions be

written as

Xi = Dl (P,CI) 3 i=l:°~-: I N
L i
x =D (p,q) = I D (p,q) .

i=1
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(Under our no-income effect assumption the individual and aggregate
demands are independent of the distribution of the numeraire good.) We
shall show that
I P e, = 0 B (6t | @)
q i i o g

where the upper limits are the individual and aggregate quantities
demanded at a given price according to (7).

The expression on the right hand side of (5) can be written as
PR e, - alnt Phe, ayae, 1/ (9)
o g i i o i i
Integration by parts of the expression inside the brackets on the right
hand side of (9) then yields

X, . ® .
i i 3 i, . i
fo P (ii,q)dgi = fiD (Ii,q)dri + XiP (Xi,q) s (10)
‘ P (Xi)q)

where use is made of the fact that by definition

IR S §
xi =D (P (Xi,CI),CI).-

Using this fact again and differentiating (10) with respect to q,
one obtains

X, . o, . . . .
1 1 1 . s 1 1 1 1
Ty Bg(Epde, =/ DGy )dry = DT (BLQ0P (e @) + 1P 0)

I:

i, . .
fiDq(ti,q)dTi

By definition of the upper limit quantities

P (xi,q) P (xj,q) P,
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so that

My i > >

%i Pq(&i,q)dii = g qu(Ti,q)dTi = g Dq(r,q)dt = 8[;D(T,q) dT]/Bq .
Integration by parts now yields

o x=D(p,q)

/ D(t,q)dt = [ P(&,q)d& - pD(p,q) .

P o

Then by differentiating with respect to q one obtains

o«

X
/D _(t,q)dt = J P_(&,q)dE (11)
o 4 o ¢

thereby satisfying (8).

Thus, a necessary condition for efficient production of private
good x and public good q is that

X

/P _(§,9)dg = C_(x,9) (12)

o 4 q
be satisfied simultaneously with

PU(x,,9) = P(x,@) = C () , i=l,...,T

Both of these conditions can be verified using observable relationships

. . . . 4
which consumers will reveal in the course of private good purchases.

Thus, for this special case, the preference revelation problem is solved.

3. Many Private and Public Goods with Demand Interdependency

For the case in which the demands for S private goods depend on the
level of provision of R public goods, we find it convenient to use an
alternative approach.5 The technique of proof followed thus far starts
from the Samuelson efficiency conditions, which can be naturally viewed

as statements about inverse demand functiomns. It is apparent from (11)
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that the efficiency condition (12) could also be written in terms of the
aggregate direct demand function. Reformulating the problem in terms of
the indirect utility function,_we shall show that an analogous result
applies to the many good case provided the marginal utility of income is
constant and a demand interdependency assumption is satisfied. Further-
more, this reformulation permits an easier transition to the case where con-
sumer preferences do not have the constancy property.

Let the preferences of the ith of a total of I consumers be repre-
sented by the indirect utility function, Vi(p,q,mi), where p is a vector
of prices for S private goods, q is a vector of R public goods, and m, is
the budget level spendable on private goods, or money income. The
numeraire or S+1'st private good will be assumed to have an unchanging
price.

Let F(x,q)=0 be the implicitly defined production possibility func-
tion of the economy, Di(p,q,mi) be the ithconsumer's (vector) demand
function, and D(p,q,m) the aggregate ordinary (vector) demand function,
where m now denotes the vector (ml, e mI) of individual money budget
levels. Then the Lagrangian expression associated with the maximization

problem defining efficiency can be written

I

1 .
L(p,q,ml,---,mI) =V (p,q,ml) + I YlV'l(p,q,mi) +
i=2

6F(D(p,q,m),q) - (13)
Making use of the well-known property of indirect utility functions

(Katzner [1970, p. 60]) that (in vector notation)

i

}’D<2

= o' (p.qom) (14)

ER
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the first order conditions associated with efficiency can be written

yvravt oyt ie2,. 01 (15)
m m,
1 i
p=F/F = C (16)
X Xsyg X
I 34
T (VI/VT ) =F [F =C . (17)
i=1 T % 1 Fgy A

‘Conditions (15) can be thought of as assuring that the distribution of
income is appropriate while conditions (16) require marginal cost pricing
of private goods. Conditions (17) require that the sum over individuals
of the marginal numeraire evaluation of each public good equal the
marginal numeraire good cost of that good. Our objective is to show

that under certain restrictions on preferences the left hand side of (17)
can be empirically observed from data on demand functions for the private

goods.

Public Good Indifference at Some Price Vector

The first restriction is an analog of the assumption made
in the previous section that the public good is valueless in the absence
of any private good. We could maintain this restriction and add to it
the condition that for given q and my there is a "'sufficiently high"
price vector for all comsumers such that no non—-numeraire consumption
is chosen. However it suffices to make the related assumption that, for
given q and m there is some price vectorlg such that the marginal value

of q is zero for each consumer. Thus we are assuming that for every q

and m there is a price vector‘g-such that,
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i~= .
Vq(p)q’mi) = 0 3 l=1,-\o’I| (18)

This assumption (and the fact that V:P=V;q) allows us to write6

v o= Pyt de . 19

Constancy of the Marginal Utility of Income

7
This is the desired empirically implementable condition.

It is well known that the no income effect assumption of Section 2
is a special case of constancy of the marginal utility of income

(Samuelson [1942]). We shall now explicitly assume that the marginal

utility of income is independent of p and q (V; . = V; q = 0). Using
i i
(14) and this assumption, we can write (19) as
ot ] (e )dE (20)
q m. q ’qlmi
1 =
P
and (17) as
p I P
Iz Dq(E,q,mi)d€ =/ D (g,q,m)dg = C_ . (21)
p i=1 o) 4 4

The constancy of the marginal utility of income has been analyzed
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by Samuelson [1942]. His well-known results have been generalized by
Robert Willig [1972] who has proved that the marginal utility of income
is constant with respect to the prices of a set of goods if, and omnly if,
the income elasticities of demand for the goods are identical and inde-
pendent of own prices. We shall assume that this result holds for any q,
and select as the relevant set, the set of S private goods.8 Thus,
constancy with respect to prices occurs if, and only if (for clarity,
dropping the individual consumer index, the index now representing a

particular good)

Fe,,m = (p,q,m k,j < S

Bek(p,q,m)/'apk = 0 k <S8
where

Ep,q,m = (3D%(p,q,m/%m) (/D" (p,q,m)

In view of (14), it is clear that constancy of the mérginal”ﬁtilifyHOf o

_in¢g@erwith respect to variations in pri;es:énd'the ievel of”pfovision ofrthe-
’ﬁublicrgoods implies that the individual demand functions must be of the form
*(p,a,m = y(m B(p,a,) k<s .
When the income elasticity is equal to a constant, n, then it is easy to
verify that
Dk(p,q,m) = mnhk(p,q) k <8S.
Special cases of constant income elasticity include the situation where
preferences are homothetic (n = 1), and the situation where there is no
income effect (n = 0).
The role of the constant marginal utility of income assumption may

be clarified by noting the connection of this result with consumers'

surplus theory. Condition (21) can be viewed as selecting the value of q
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such that the change in the "area" under the aggregate demand fumction(s)
is equated to the change in cost when there is a marginal variation in q.
As with all efficiency conditions which apply to marginal changes, this
condition can be given botﬂ a "willingness to pay' and "money equivalent
of a utility change" inter?retation. For non-marginal changes which
affect premarginal units, the existance of income effects will normally
lead to a difference between willingness to pay and the money equivalent
of a utility change. In fact, it is this phenomenon which leads to the
well-known complexities in consumer's surplus analysis.9 Although the
change in area associated with (21) results from a marginal change in g,
factors relating to the premarginal price units are relevant. However,
although the demand functions adwmit the possibility of income effects,
because of the constancy assumption, there is for the change in surplus
no difference between willingness to pay and the money equivalent of a
utility change, both of which are represented by the change in the area(s)

under the demand curves.

4. Dropping the Assumption of Constant Marginal Utility of Income
When one relaxes the assumption that the marginal utility of income

is constant with respect to p and q, it is still possible to deter@ing'“'

T evaluabion of public goods using the individuals” ordinafy

orivate Good demand functions provided that a demand interdepsndsncy

assumption is satisfied..

The important restriction is similar to the one made in Section 3:

at every utility level there is a vector of private good consumption,
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demanded at some price and income combination, such that with that con-
sumption bundle the consumer is indifferent to the level of public good
provision. More precisely, what is required is that there be for any
utility level some vector of prices Ei at which public goods become
valueless. (Note that this price vector can now be specific to the
individual consumer.) Preferences for which very high prices drive to
zero the consumption of private goods highly complementary to the public
goods form a special case. We shall show that when preferences satisfy
the described condition, all information needed to test for efficiency in

public good provision is contained in individuals' ordinary demand func-

tions.

We shall assume that the I individual demand functions Di(p,q,mi)
are observable, and drop the practice of singling out a numeraire good
(so that the price vector p now includes all prices). In order to solve
the Pareto efficiency problem, it is necessary to derive from the
observable demand functions the preference indicators of the consumers.
The key to this derivation is the income compensation function,
ui(p,q/po,qo,mo), which is defined by

(o]

i i o o _o - i, 0 o
vi(p,q,u(pa/p 5q sm)) = V(R g ,m )
The income compensation function determines the minimum level of money
income which achieves the same level of utility obtained in a base situa-

: . o o o .
tion parameterized by (p ,q ,m ) when the consumer now faces prices p,
and the vector of public goods, q.

For any q, the derivative of the income compensation function with

10
respect to p equals the vector of compensated demand functions, i.e.,
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in vector notation,
i

3 i i o o o .
3§—= D (p,q,u (pP,q/P ,q ,mi)) i=1,...,I . (22)

. i . , .
The function, u~, transforms the ordinary demand function into a
Hicksian compensated demand function by adjusting income in such a way
L . , , o o0 o
that utility is held constant at the level associated with (p ,q ,m ).
In fact, (22) is a system of S partial differential equations for each
consumer which can be used to solve for ul when the ordinary demand

. 11
functions are known.

Using (22) and the restriction assumed on preferences, we can con-
struct the income compensation function. By definition of the income
compensation function,

i, o 0o, 0 0o o _ o]
W ,q9/p,q,m) = m
. . . L , i —i o _©
Using (22) with this boundary condition we can obtain u (pl,qolpo,q ,mi),

—1i
where p is a price vector resulting in a private good consumption vector

. Lth |, . e e .
at which the 1 individual is indifferent about the choice of the vector

. 12 -1 . o o o0
q of public goods. (Note that p might depend upon (p ,q ,mi).) Then
i—~3i o0, 0 o0 _o0 i ~i c o0 _©

u(p»q /P s q ’mi) = u(p »q/p 59 smi>

: , . , . i o o o
for any q. Now we apply (22) again, integrating to obtain u (p,q/p ,4a ,mi).
It is thus possible to map out the entire five-variable income compensa-
tion functiom.

An important property of the income compensation function is that a
relabeling of the parameters as variables (and vice-versa) transforms

, . . . . . . i
this function into a strictly momotone increasing function, g, of the

13
indirect utility function. Thus,

i, i i, 0 o
g (v (P,q,mi)) = u(p ,q /P’q3mi)
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where po and q0 can be viewed as either base or reference price and pub-
lic good levels. Intuitively, this asserts that the more the individual
must be compensated for the change from p,q to po,qo, the higher the
utility of p,q must be, other things being equal. Thus ui(-) must be an
ordinal utility function, correctly representing his indifference map.

Since we have shown that ui can be constructed from the private
good demand functions of the ith individual, this completes the demon-
stration that the contours of the consumer's utility function, including
its public good arguments, can be obtained from the observable ordinary
demand functions for private goods.

Using ui(po,qo/p,q,mi) as an indirect utility function, we can
repeat the analysis of Pareto optimality of Section 3. 1In particular,
condition (17) becomes

I .
DG/ ) L g

where Cq is the vector of marginal costs of the public goods (in terms of
the value of private goods foregone, measured at the prices appropriate
for mi). Condition (23) is recognizable as the requirement that the sum
of individual marginal evaluations of public goods equal their marginal
costs.

By virtue of (22) and the interdependency assumption that for some
price vector Sithe value placed by the consumer on variations in the
public goods drops to zero, we can write ué(po,qo/p,q,mi) as

=i

. LA i

o= Lot qntEg /p,a,m))aE)
1 dq *
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which is the derivative of the area under a compensated demand function
4
with respect to the level of provision of the public goods.l Therefore

(23) can be written,
—i

P : :
d
(51 D501 (Bua /p,q,minda]/u;i) - c_ .

I
z
=1 P q

i
' Although this condition has the general form as condition (12) of
Section 2 and (21) of Section 3, the difference is that now we must know

the individuals' ordinary demand functions aféuggégiggfﬂéE'tﬁéﬁ market

i | , i

aggregates. If Dm is zero for all i then um = 1 everywhere and the no-
i i

income effect analysis emerges as a special case.

5. The Incentive Problem

The problem of preference revelation for public goods so emphasized
by Samuelson can be thought of as that of creating just the right incen-
tives for consumers to reveal their preferences. Thus, where the consumer
perceives that the greater his revealed value for a public good the greater
his share in its financing he has an incentive to understate that value.
If the system ;ttempting to ellicit the information places a dispropor-
tionate burden of financing the good on other consumers, he will have an
incentive to overstate. If the use of the information is perceived as
having no bearing on the outcome experienced by the consumer, utility
theory by itself does not imply he will reveal his true preferences.
Basically the theory is silent, although it suggests that such matters as
the details of the information-gathering instrument--how long is the

questionnaire, etc.--may become important.

The Dreze-de la Vallee Poussin and Groves-Ledyard approaches to this
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problem, referred to in the introduction, both attempt to give the con-
sumer just the right incentive to reveal the truth by virtue of his stake
in the public good outcome. In the Dreze-de la Vallee Poussin mechanism
the influence that the individual has on the outcome as it applies to him
is great, since he substantially controls the share he bears of the costs
of provision. For example, a consumer who asserts he places zero value on
the public good will be assessed zero tax. The potential gain from
cheating is thus large and only an extremely cautious player would tell
the truth out of self-interest. In the Groves-Ledyard system, the conse-
quences for the individual of variations in his signaled preferences are
slight if it is a large system. Neither the equilibrium choice of public
good level nor anyone's share in its financing is much influenced by any
single consumer's report. Speaking loosely, one expects that as the
system is made larger (in number of consumers) the incentive for any
consumer to tell the truth tends to zero. Over the set of possible
answers to the hypothetical questionnaire the truth continues to have the
largest payoff, but the difference between it and other answers tends to
zero, so that other reasons for picking one answer over another (momentary
whim, neighbor's urging, etc.) are increasingly in danger of dominating.

These incentive problems appear to have been banished in the results
described here. The reward to the consumer from correctly revealing his
preferences in transactions on large markets is often regarded as self-
understood and it is this feature of the market system which we exploit.
However, the preference problem is lurking beneath the surface nonetheless.
Its full exploration would take us farther from our immediate subject than
seems warranted, but we shall attempt in this section to lay out the

issues informally.
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The key assmption made in the sections above is that the consumer
regards the level of public goods provided and his own budget as parameters.
Granted this assumption the rest follows. Yet we know the same may be
said of the Lindahl auction process when public good prices are parameters.
How satisfactory is this assumption in the present context?

Let us take the hard case first, in which a benefit approach is to
be taken in taxation, with individual demand data being used to estimate
individual value received from a public good. We see that a satisfactory
analysis requires us to specify the experiments by which the individual
demand function is to be revealed. An example: the consumer participates
in a Walrasian auction in which public good levels and private good price
are being varied. The consumer's successivé bids are recorded and used
to estimate a demand function. The consumer knows that a certain area
under his demand function will ultimately be used to calculate the amount
of public good to be offered and, importantly, his contribution to its
financing. On the other hand he knows that at any stage the auctioneer
may declare markets cleared and he will be required to honor his bid at
the most recent price—public good quotation. What should his bidding
strategy be? What, if any, is the set of Nash equilibrié of such a
model? Clearly this example, which is probably not even a very satis-—
factory model, since it does not involve disequilibrium transactions,
suggests the difficulty of drawing any very robust general conclusions
about the incentive problem when benefit taxes at the individual level
are to be obtained.
However, the possibility for gain from misrepresenting preferences

seems slight when both public good levels and financing instruments are
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general (apply to all consumers independently of information about pre-
ferences). An example would be a national road system financed out of
income taxes. In this case the consumer's budget depends upon the level
of provision of public goods, and the incentive problem arises normally
because he will be aware of this functional dependence in declaring his
preferences for collective consumption. To convey a false signal about
preferences becomes extremely complicated and potentially costly under
the procedures outlined in this paper. Again some sort of model is neces-
sary of the way in which demand functions are estimated, and we may again
use the illustrative case of a Walrasian auction.

Suppose that the public good in question can be offered at exactly
two levels, 0 or 1. Assume the conditions of Section 1, so that the
consumer's demand schedules for x, the complementary private good are as
in Figure 1. In the example shown, the marginal cost of x is assumed
independent of q, so that efficiency calls for the same price of x at both
levels of q. The shaded region in the diagram represents the value the
consumer attributes to the increase of q from 0 to 1.

Suppose, however, that the cost sharing arrangements, specified in
advance, are such that if q is increased from 0 to 1 the consumer'é tax
bill will increase by more than the shaded area. Taking this into account
he would prefer that q be provided at zero level. How does he manipulate
his market signal to try to bring this about? To discourage the production
" of q, the consumer must reduce the benefit revealed in his market signal.
For example, he might place his bids in the Walrasian auction according ta
the "false'" demand curves, D;i, shown in Figure 2. Now, instead of the single-

shaded area being conveyed as a positive value on the public good, the cross-—
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hatched area is conveyed as a negative value. The problem is that the
evidence provided by the other consumers may result in q = 1, in which
case he would obtain Xe units instead of his preferred quantity x. units of

0

X at price Px’ foregoing a benefit equal to_the consumer's surplus triangle
under Dxi(PX,l) betwéen X and Xy in Figure 2 (his taxes will be up anyway).
Without a more elaborate model of the process of demand function

estimation in the context of optimizing and financing public goods it is
not possible to make fully general statements about the incentive problem.
However the example just discussed suggests the proposition that the
incentive to distort demands to obtain gains from the resulting effect on
public good provision is of the same order as the incentive to do so to
obtain a lower price in a competitive market. That is, the same sort of
approximation appears involved in the assumption that consumers regard
public-good levels and taxes as parameters as that they regard prices as
parameters, and we should look for problems under the same sorts of circum—
stances in both cases. As thé number of consumers becomes larger the
expected gain from false signalling (and thus influencing the result)
appears to vanish while, and this is in contrast to the Groves—Ledyard
mechanism, the expected cost (due to consuming a non—~optimal amount of the

private good, given the public good provision) does not.

6. Concluding Remarks

Just how general are the hypotheses of the propositions developed
here (and we regard it as likely that substantial useful information about
public goods can be extracted from private good demand functions even when

the hypotheses are not satisfied) is an empirical issue. If a wide range
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of collective consumption activities have associated with them comple-
mentary private goods of the sort described, for that wide range the pre-
ference revelation problem posed by Samuelson is solved in principle.
Unfortunately, this does not mean there is a decentralized system for
public good provision. There is no invisible hand to maximize consumers'
surplus in this case. It remains to be seen whether econometric work, on
data either naturally produced by the market or experimentally generated,

will enable this solution in principle to be a solution in practice.



3.

5.

27

FOOTNOTES

%U.S. Treasury and Princeton University. **U.S. Air Force Academy.

The work reported on here was stimulated by the analysis of A. M.
Spence [1973] of the problem of efficient choice among mutually
exclusive quality levels of a private good. As discussed in D.
Bradford [1970] there is a natural sense in which the choice of level
of provision of a public good is a quality rather than a quantity
decision. Since Spence's optimality condition involved only data

on observable demand functions, we were led to inquire whether the

same might not also hold for public goods. We would like to
acknowledge as well the helpful comments on an earlier draft of this
report by William Baumol, Jerry Green, Theodore Groves, Martin Hellwig,

and Robert Willig. The views expressed herein are those of the

“authors and do not necessarily reflect the views of Princeton

University, the United States Air Force, the Department of Defemnse,
or the Department of the Treasury.

Another imaginative approach, utilizing sampling techniques, has
been developed by Theodore C. Bergstrom [1974].

In written communication William Baumol has suggested that our
result can be viewed as an implication of a sufficiently strong
interdependency between the private good and the public good which
insures that "the demand for one is automatically the demand for the
other."

According to context sometimes notation such as U, is used to refer
to the partial derivative of a function with respéct to its ith
argument, while in other cases it is easier to keep track of the
reasoning if, as in the case of the level q of provision of the
public good, notation such as Uq is employed.

Note that these are the social efficiency conditions derived by
Spence [1973] for the choice of a single quality level, q, to be
embodied in the private good x. The equivalence derives from the
fact that a single level of quality that is embodied in a quantity
good is itself a good that enters more than one person's utility
function, and thus is a public good. Jerry Green has pointed out

to us that the existence of substantial fixed costs for either the
private or public goods may result in the private complementary
commodity being present only at some non-negligible level and above.
Thus, there is the empirical problem of estimating P(x,q) when there
are few observations for negligible x. One can surmount this problem
by making a priori assumptions about the functiomal form of P(x,q).

A difficult problem may arise when it is not known in advance which
of the R public goods will be consumed in positive amounts. If there
are fixed costs associated with introducing a public good a nonconvex
programming problem is involved. Note that R might represent the



to vector p.

28

characteristics of a single public good, e.g., grading, width, pav-
ing quality, etc., of a public road.

The expression on the right hand §ide of (19) is a line integral in
vector notation. The fact that V% Vi insures that the value of
the integral is independent of thé? pathpgf integration from vector p

One can readlly identify restrictions on the 1nd1v1dual utlllty
functions more general than (19) plus constancy of the marginal
utility of income which are sufficient for using the aggregate
demand function to implement condition (17). Remembering that
I

z i
i=qu
we show that (i) V (p ,m) /V -, i = ‘

(1) q(p,q )/ m(p qg,m) and (ii) vévmp vamq are
the relevant restrictions. By differentiating Vq/vm with respect

= Dq ,-and then dropping the individual index for convenience,

to p , one obtains (with restriction (i))
P 2

v /v o= ([(VV - V.V_)/v_1dg

g m ! g mp m pg / m

Then, using (14) , one can show that
b p 2

D dg = ([(V V - V.V v _1d

10438 = 110 Vg = VpVpq)Vnl 45
p b

Thus, restrictions (i) and (ii) are sufficient and the problem becomes
one of identifying the functional form of the ordinary demand functions

_implied by restriction (ii). e

.

9.

10.

11.

“fn written correspondence Robert Willig presented a proof that the

marginal utility of income is constant with respect to p and q if the
income elasticity of demand is (i) independent of price, (ii) inde-
pendent of q, (iii) bounded above; (iv) if there exist m,p such that
D(m,p,q) = 0; and (v) if U_(m,0,q) = O where U is the direct utility
function. Constancy with respect to p and q implies that the
indirect utility function can be written in the form V(m,p,q) = f (m)

+ b(p,q).

For a discussion of consumer's surplus which focuses on these two
factors see Richter [1974].

The income compensation function, u(p/po,mp), has been studied
definitively by Hurwicz and Uzawa [1971], and used as the building
block of consumer surplus analysis by Willig {1973]. When written
in the form, E(p, U), where U is a specified level of direct utility,
it is called the expenditure function. Thus, for the case at hand
up,q/p° ,q ,m °y = E(p,q,0). It is well known (see Diamond and
McFadden [1973]) that the derivative of the expenditure function,
E(p, U), with respect to price equals the compensated demand function.
This applies for any q and therefore (22) holds.

Differential equations which yield the income compensation function
have been dlscussed by Mbhrlng [1971] and Willig [1973].
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{ <i o0, 0 6 Oy RS = Y « T« BN N
®a°/p%,q%m) = w (e ,a/p ,a my)

- ——127 Note that we have not proved that u
: ; i,.-1 =
is equivalent to Vq(p ,q,mi) = 0.

13. By definition Vl(po,qo,ul(po,qo/p,q,m.)) = Vl(p,q,m.). It is assumed
that VX is everywhere strictly positi%e. Thereforef for any given
po,qq i{ncreases in the right hand side must be balanced by increases
in u~, which is, therefore, regarded as a function of (p,q,m.), a
strictly positive monotone transformation of Vl, i.e., a utiiity
function over its range of definition. We are grateful to Robert
Willig for suggesting to us that a result by Hurwicz and Uzawa [1971]
might be generalized.

l4. Let El’be such a price vector. Then, dropping the individual super-
script for convenience, u(p,q'/p,q,m) = u(p,q°/p,q,m) for all q'
including q' = q. Thus, u(p,q/p,q,m) is a utility function. Now
_ use the fact that U(P,q/P,‘-Ism) = U(P,q/P,q,B}) - U(P,Q/P,Qam) + m,
.~ - yhere u(p,a/p,q,m) = m by definition and u(p,q/p,q,m - u(p,q/P,d,m

is the equivalent variation in income to the price change from p to p.

(Note that the assumption is also being made implicitly that u(ﬁ,q/p,q,m)

X X
is finite.) Next use g%—-= D S(p,q,u(ﬁ,q/p,q,m)), where D ° is the
ap
- ordinary demand functionsfor % . Then u(p, q/p,q,m) can be written as

the_sum of m and a line integral of the vector demand function D from p
to p, denoted by

D(%,q,u(&,q/p,q,m)dE .

o ol
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