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TESTING HYPOTHESES IN DISEQUILIBRIUM MODELS*

by
Richard E. Quandt

1. Introduction
It is only recently that econometric demand and supply models have explicitly
recognized the possibility that the observed price-quantity pairs need not
represent equilibrium values.l In such models it is characteristically assumed

that the quantity observed represents the short side of the market, i.e., that

- D
D, = D(xt,pt) +ou, (1-1)
s, = 8(x,p. ) +u (1-2)
t 25 2t
and
Q, = mln(Dt,St) (1-3)

where Qt is the observed quantity, j price, xE R xi vectors of exogenous
variables and u,, , u,, error terms. If (1-1) to (1~3) are assumed to

represent the full specification of the model by has to be assumed to be

exogenous; otherwise one may adjoin an additional relation such as

Py = py_y = v(Dy-8,) + U3t (1-1)

in which case price becomes an endogenous varisble.
Previous studies have concentrated on the question of how properly to

estimate the parameters of such systems and specifically on deriving the

.

*I am deeply indebted to Stephen Goldfeld and Dwight Jaffee for numerous
suggestions and corrections. All errors are of course my own responsibility. I
am also grateful to R. Raubertas for computer programming and to NSF Grant
#U3TUTX for support.

Models of this type have been analyzed in [1], [ 7], [ 8], [ 9], 2], [14].
Empirical results appear to have been obtained only by Fair and Jaffee [ 7] and

by Fair and Kelejian [ 8] in a model of the housing market and by Goldfeld and
Quandt [ 9] in a model of the market for watermelohs.



appropriate likelihood functions. A question considered only peripherally up
to now is that of testing the hypothesis that the market is in equilibrium
against the alternative that it is in disequilibrium. If the market is in

equilibrium, it is represented by the system of equations

D .
Q D(xt,pt) tu, | (1-5)

(1-6)

w8
Qp = Slxgpy) + Yoy,

in which Qt and pt are the endogenous variables; thus If equilibrium holds

(1-5) and (1-6) replace (1-1) to (1-3) or (1-1) to (1-L), as the case may be.
The various studies concerned with estimating the parameters of markets

in disequilibrium generally distinguish two cases: (1) the case in which it

is known for which observations Dt < St and for.which the reverse is true,

and (2) the case in which such information is not available. In the former

instance there is obviously no meaningful equilibrium hypothesis that requires

testing; either Dt = St for. all values of t in which case the market is in

equilibrium at all times or Dt # St for some t in which case the market is

a disequilibrium market. Thus the only iﬁteresting case from the point of

view of hypothesis testing is the one in which sample points cannot be classified

a priori according to whether Dt < St or Dt ;=St ; this is the case that will

be considered in the rest of the paper. In Section 2 we consider some specific

. models; in Section 3 we describe various possible test procedures and in Section

4 we describe some sampling experiments with the test statistics and empirical

results based on the Fair-Jaffee model of housing starts.

2. BSome Specific Models

The demand and supply functions will throughout be taken to be

= + + -
Dy = ag * ajpy * apzyy *oagz, tug (2-1)



= + + + + -

Sp = 8y ¥ aghy *o8giay toanfyy t Uy (2-2)
where ZogoereoZ)yy are exogenous.2 For convenience we shall abbreviate these
as

Dy = 83Py * Pyy * Uy (2-3)
Sg = 85Dy * boy Uy (2-4)
which define blt and b2t . There are at least two ways in which different

assumptions may be made about the price equation. We may write it in general

as

= + - -
Py = Ppg +ag(D=Sp) +ugy (2-5)
where (1) 1t is either t or t-1 , and (2) where Uy is either a non-
degenerate random variable or u,, = 0 for all t . In any event we shall

3t

assume that nondegenerate errors are Jointly normally distributed; hence

either (ult’th) ~ N(O,Zl) or (ult’uEt’uSt) ~ N(O,Zz) where
7] r--62 o o )
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The probability density function of the observable random variables and hence
the likelihood function are different for each of the four possible cases that
arise by choosing one of the two possible assumptions for T and one of

the two possible ones for u3t . This strongly suggests that few uniform

~

2 . . . .

We simply wish to ensure that both functions, taken in the context of an
equilibrium model, are overidentied. The precise number of exogenous variables
if irrelevant.
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procedures will exist that can be applied to test the hypoﬁhesis of equilibrium,
irrespective of what other subsidiary assumptions are made.3 For the sake of
brevity we shall not derive the pdf and the likelihood function for all four
cases. We shall concentrate on the case in which t© = t and Ugy is not

identically 0; alluding to other cases only as appears necessary to establish

particular points. On this assumption (2-5) now becomes

Py = Pyy *ag(DySy) +ugy (2-6)

and the disequilibrium model consists of (2-3), (2-4) and (2-6) with Q, =
min(Dt’St) .h The corresponding equilibrium model consists of (2-3) and (2-4)
with Q =D =8,  and (2-6) is "missing" altogether.

In the disequilibrium model in question Qt and p, are the only
observable random variables. Letting g(Dt’St’pt) represent the joing pdf

of Dy , 8 , and p_ it is shown in [ 9] that the joint pdf of Q  and Py >

31n some models it may not even be possible to write down the "equilibrium
version" of the model in a unique fashion. Consider the Suits model of the
watermelon market analyzed in [ 9], consisting of
= + + = + =
U = P2y ¥ Py F Uy Xp T bgpe *Byay Doz, Y bg tu, . by Dz + by *
+ +
by * U3y
and y, = min(qt,x ) , where q, 1is the (unobservable) crop, x, is intended
(ex ante) harvest, y, is actusl harvest, p, price and the =z exogenous

variables. The model is a disequilibrium modél because the observed (pt, )
pair fails to satisfy either the first equation (if > x,) or the secong
(if q. . <x.) . A corresponding model that is always In equilibrium can

then be specified as either (1) having Q Z y, » with the second equation

missing altogether, or as (2) having x, = y, . with q, in the second equation
. t t t

replaced from the first.

LLIt is debatable whether the model with u3t # 0 is or is not intrinsically
more interesting than the model in which u g = 0 . It might be argued
that in the latter case, assuming that a § 0 , we can deduce whether D, > 8
or not by observing the sign of the price change. However, from the hypo%hesis
tester's point of view the very existence of (2-6) (with or without an error term)
must be questionable and so the alternative hypothesis including an Equ. (2-6)
and without an error term must be considered potentially viable. For this reason
we shall treat the case of u3 = 0 , peripherally in the text and in some more
detail in Appendix 2. Argumen% in facor of not neglecting this case becomes even
weightier if the price equation is specified to include exogenous variables on the
right hand side (in addition to D;-S, ).



h(Qt’pt) , can be written as5

h(Q,,p,) = fQ 8(Q, »8,,p, )a8, + thg(Dt,Qt,pt)th (2-7)
t

Equation (2-7) can be obtained more explicitly by integrating

|1+ag(ag-a, )| 1 1 M1t
g(Dy 8,50, ) = 3/2 . 11/2 °F {- 3oy vy u3t)22 u, |3 (2-8)
(2m) |22| sy

where we substitute for wu,,, u and u from (2-3), (2-L) and (2-6) and
1t 2t 3t
where !1+a8(a5—al)| is the Jacobian of the transformation. Denoting by oY

the ijth element of g7t

5 » the exponent in (2—8) can be written as

11

2 22
c (Dt—alpt-blt) + 07

2 33 2
Sy-85Py=boy )" + 077 (py-agD +agS by )"

12 13
- - - - - - - + -~ +
+ 207°(Dy-a,p -y ) (8 -agp -b,, ) + 2077(D~a by - by, ) (py-agD tagS -y, )

23
+ 20 (St-aspt—b2t)(pt—asDt+a8St—b3t) (2-9)

where for the sake of uniform notation we write Py &S b Collecting

3t

terms alternately on powers of Dt and S and replacing S

£ or alternately

t
D, by Q (2-9) can be written as

2 (Dt'“lt)2
AlDt + 2A2tDt + A3t =+ Blt (2-10)
w
1
where
Al =(}l + a§033 - 2a8013
_ 13 11 12 23
Aoy = (arpy¥by, ) (07 ag=0"") + (Q-a.p ~b, ) (07 -ag0™")
13 33 ’
+ (aBQt+Pt_b3t)(° -ag0 )
5

This pdf will be conditional on p 13 however, for simplicity, we
neglect this complication and treat Pt-l as if it were exogenous,



11 2 33 2
Asg = © (31Pt+b1t) (Q ~8gP = 2t) + 077 (2gQ +py~bgy )
12 13
(Q +~85PL" 2t)( a,P, - lt) + 202 (- -8, D, - lt)(a8Q P~ 3t)
23
+ 20°7(Q -a5p, -0, ) (agQ o, - B3y
iy = =Ao /Ay
2 _ .
w; = l/Al
By = (Agyhy - A2t)/A | (2-11)
or as
(s, -u 52
2 _ PpTHoy )
A8+ 2A5tSt * Ay = ———:F?——_-+ B, | (2-12)
- Yy
where
A)-l = O'22 + 350'33 + 2380_23

_ 22_, %3 23
Ay = (aspt+b2t)(—0‘ -8, ) + (pt 3¢-88% )(a80 346°3)

13
* (Qt"alpt'blt)(° +a80 )

2 2
A6t = oll(Qt—alpt-—blt)2 02 (a )T+ 033( )2

+ 2012(

5P+ Poy, Pyagl 03

Qu-a;p,~by ) (~agpy by, ) + 20 3(q,- alpt_bltupt RS

+ 2023(-a5pt-b2t)(pt—aaQt—b3t)
Mo T Agy/hy
w5 = 1/Ah’
By = (Agphy- 51;)/14.,+ | (2-13)

Substituting in (2-8) gives

|1+a8(a5-a1)l e_Blt(2 ' e”Bet/2
n(Q, ,p,) = 2“122[1/2 Ai/g (1-0(2,,)) + ——;E7§-(1-¢(22t)) (2-14)



X 2
vhere &(x) = J -——;I7§-exp{— %— }dy and where
-0 (21‘[) :
- l/2 _ .1/2 _
g =AY TQuRAL/A) L R = A T(QrAL /A)) (2-15)

The corresponding disequilibrium likelihood function is
L= In(ap) (2-16)

If equilibrium holds, the pdf is the standard simultaneous equation pdf

la ~a. | u
5 71 1 -1 1t
= - 2=
h (Q, .p,.) 175 exol- Slugy w )T\ 7 ) (2-1T)
on|z_ | _ 2t
1
where w,  and wu, are replaced by using (2-3) and (2-14).

The nature of the problems inherent in testing the null hypothesis of equili-
brium will depend on how the disequilibrium mechenism ig formulated.6 If the
latter is specified so that (2-1k4) is the right density function, disequilibrium
involves four more parameters (012,013,0§,a8) than equilibrium. The question
is whether the hypothesis of equilibrium is nested; i.e., if Hd is the set
of distributions of the endogenous variables in the case of disequilibrium
and H® the corresponding set in equilibrium, is IfECZHd ? The question
might be answered by examining the behavior of (2-1Lk) for large values of ag -
It can be argued that large values of a8 imply rapid adjustment of price;
hence, in the limit as ag + » , the price adjusts instantaneously to demand-
supply differences and thus equilibrium holds at all times. The argument
obtains its justification from observing that,'disregarding the time-varying

u and combining (2-3), (2-4) and (2-6)

character of b » b R ult ) ot

1t 2t

6

One alternative not considered here is the case of a market which is in
equilibrium some of the time and in disequilibrium at other times. Such a
formulation is rather appealing since the disequilibrium model discussed above
allows equilibrium values of the variables only with probability zeroc -- an
implausibly rigid requirement on the basis of casual empirical observations.

A p?ssible statistical model which allows for both states (at various times) is
a mixture model with (unknown) mixing parameter A and pdf given by Ah(Qt,pt) +

(l—A)he(Qt,pt) - The properties of such models remain to be explored.



yields a difference equation in Py with the solution

= 1 t( -p ) + - (2-18)
Py I:EE(EE:;IY Po7Pe Pe
where Pe is the equilibrium price. Thus if ag > ® > Py * P, for all t .
It is such considerations that mske Fair and Jaffee [ 7] suggest that we
should test for equilibrium by examining if l/a8 is significantly different
from zero.
2

Setting 023 = 013 = 03 =0 and ag = @ does not yield a proper density

function but we can examine the 1limit of the sequence of density functions as

ag > (with Op3 = 0q3 = 0). It is shown in Appendix 1 that this limit
is (2-1T7); hence in the present case the hypothesis is nested, but only in
this limiting sense. We note, moreover, that the limit is (2-17) without any
particular assumption about og exéept that it is not identically zero; thus
the test of equilibrium requires only a test of whether l/a9 is zero.
Alternatively, we may wish to specify a version of the disequilibrium model
in which ug, = 0 . In that case it can be shown easily that (2-14) has
precisely the same general form as in the previous example, except of course
that the definitions of Al,...,A6t are different and Z, is replaced by Zl
Although in that case (2-14) has only one more parameter than (2-1T) (a8) .
the disequilibrium pdf isba univariate one, since Py is a linear combination
of Dt and St ; moreover, as is shown in Appendix 2, the hypothesis of
equilibrium is not nested even in the limiting sense since the limit of the
disequilibrium pdf as ag > o is 993_(2-17). In such cases speclal procedures
may be necessary for hypothesis testing. Finally, the disequilibrium model may
lack a price equation altogether and conmsist of only (1-1), (1-2), (1-3. The

parameters in the equilibrium model are identical, one for one, with those in

the disequilibrium model and the corresponding pdf's are obviously not subsets
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of one another; moreover, it is easy to show that even the estimation problem
is burdened with special difficulties, since without improving special a priori
restrictions the likelihood function corresponding to this model is unbounded

and fails to satisfy the usual regularity conditions.7

3. Some Alternative Tests of Equilibrium
In the present section we briefly discuss the advantages and disadvantages

of several possible test procedures.

Tests based on _ag . The intuitive argument, condensed in (2-18) and
employed by Fair and Jaffee, suggests that l/a.8 should be examined for sig-
nificant deviations from zero, where the significance of the maximum likelihood
estimates may be judged by appealing to asymptotic normality. One reason for the
possible inappropriateness of this procedure was pointed_out in the previous
section and consists of the fact that ag = @ need not be stochastically equivalent
to the equilibrium model. Another, and more practical reason, is that even
on this intuitive basis l/a8 = 0 1is the appropriate test only if (2-5) is

specified as (2-6). One might write it as
Py = Ppy * 2g(Dy 48, ) (3-1)

being an alternative discrete time approximation to p = aSCD(p)—S(p)) . The

solution of the difference equation in Py becomes

p, = [1-aglag-a)) 1% (p,=p_) + p_ (3-2)

where Py is the stationary solution, and the corresponding test is on whether
a8(a5—al) =1 . Thus at least two elements of misspecification may be present

in tests based on ag - It should be noted, however, in any event that the

Tor a proof in a similar case see [91].



10.

model based on (3-1) does not become a proper equilibrium model when
aa(as—al) = 1 ; the conditlon ‘1-&8(a5-al)| < 1 merely ensures convergence but
not that Dt = St .

Tests Based on Pr{Dt<St} . It is clear that if the disequilibrium model is

estimated, we can also compute estimates of the probability that Dt < St
Using (1-1) and (1-2) we can write this probability, if u,, = 0, as

D o8 . .
Pr{D(xt,pt) - u(xt,Pt) < Uy ult} irrespective of whether p, is determined

exogenously or from (2-6). If estimates Dt . St‘ and 02 are obtained, where

the latter is the estimated variance of the distribution of u2t - ult , the

estimate of the required probability is

. D, -S, 2,2
Pr{D, <8} = 1- J v L /29" au (3-3)
—~ /or o
In equilibrium Dt = St and also Dt = St H hencé if in fact the disequilibrium

model were estimated from equilibrium data, we would ekpect the estimated
Pr{Dt<St} to be approximately 0.5. This suggests a test of the hypothesis

that the true probability is 0.5. The obvious difficulty with the proposed test
is that the successive values of ﬁr{Dt<St} are not independent. If they were,
they would be treated as observations from an approximately normal distri-
bution with mean 0.5 and variance 0.25/n and we could use the Kolmogorov-
Smirnov test to compare the sampling distributions of (ﬁr{Dt—St}—O.S)//57§§7E
with N(0,1) . |

Tests Based on Embedding Procedures. If fl(y) and fz(y) are two pdf's

for the random variable y , representing nonnested hypotheses, Cox [ 43, [ 5]
has suggested a test procedure based on estimating the compound density fly) =
kfl(y)xfgty)l_x , where A is a (new) parameter to be estimated and k =

1/ Jfl(y)xfe(y)l—kdy , by maximizing the corresponding likelihood function.

Inferences sbout the two hypotheses are to be made on the basis of A , with a
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A-value close to 1 confirming fl(y) and close to O confirming fe(y) . A
somewhat similar embedding procedure is explored in Quandt [13] where the compound
pdf is taken to be Afl(y) + (1—A)f2(y) . Either of the two approaches could
be employed in testing for equilibrium in nonnested cases such as when u3t =0
in (2-6) and the pdf's corresponding to the disequilibrium and equilibrium models
would be weighted with A and 1-A respectively. The maximum likelihood
estimate of X and the estimate of its asymptotic variance would then be used
to decide between the two hypotheses.

In principle these procedures are acceptable and some have been examined
in sampling experiments as well as in concrete models, although not in the
disequilibrium context, and found to produce reasonable results. Embedding
procedures have disadvantages, however, and will not be dealt with further in
the present paper. Cox's embedding technique requires the numerical evaluation
of an integral every time the likelihood function is evalusted in a numerical
optimization algorithm. The procedure based on forming a convex combination of
pdf's will, if either hypothesis is strongly confirmed, lead to maximum
l1ikelihood estimates of X at the end points of the permissible (0,1) interval
with consequent difficulties for the numerical evaluation of the asymptotic
covariance matrix.

Tests Based on the Likelihood Ratio. It is intuitively appealing to consider

the likelihood ratio A = Le/Ld where Le and L denote respectively the

d
maximum of the equilibrium and disequilibrium likelihood functions. In the
principal case of interest here, namely when the disequilibrium model consists
of (2-1), (2-2) and (2-6) the hypothesis of equilibrium is a nested one only
in a 1imiting sense and the likelihood ratio may not be bounded by unity as in

the standard case. The usual asymptotic theory for testing -2logix will be theo-

retically inappropriate but may be adequate as a practical matter. Some empirical
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evidence (Epple [ 6]) suggests that even in nonnested cases A will be smaller
than one if the null hypothesis is in fact false in most instances and a model
selection criterion based on whether A 1is less than or greater than one
provides excellent discrimination.

Tests Based on Posterior 0dds. Cox has suggested in [5] that computing the

posterior odds may be an effective way of discriminating between two competing
nonnested hypotheses. Denote by L(Yle,M) the likelihood of the sample ¥y
conditional on the parameter vector 6 and the model M . Then the posterior

probabilities of the two models in question are

p(Mily) = 5-57'IL(y!9 M, ) mo; (6, M )m (M )a8,  (3-k)
where m, and T, are the prior demsity functions and p(y) is the (marginal)
probability of the sample. The posterior odds of M1 against M2 are
Uy ly)  SLlyloy My Imy, (6, [ Imy( das, (3-5)
3-5

p(MQIy) /L yTéQ’M2)“12 8, (M, )m (M2)d92

It is reasonable to assume diffuse priors over the parameters; in that

case, however (3-5) is invalid because the normalizing constants for 6, and

eé are not comparsgble if T and T, are improper prior densities. A
sensible alternative is to employ Barnard's OAAAA (obviously arbitrary and always
admissible) procedure ([2], [5]) and to compute the ratio of the mean likeli-
hoods which approximates

fL(erl,Ml)del
fL(y]ee,Mz)dez (3-6)

If the number of parameters in either model is sizeable (and in the present case
this number may easily be as large as 15), the evaluation of (3-5) will involve

a many-dimensional numerical quadrature.
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4. Monte Carlo Experiments and the Fair-Jaffee Model

Introduction. Some limited computer experiments were performed to test

the null hypothesis of equilibrium (with pdf given by (2-17)) against the
disequilibrium model consisting of (2-3), (2-k), (2-6) and the min condition
(1-3), (with pdf given by (2-T)). We shall compare the quality of the
estimates from the correctly specified and the misspecified models and
consider tests based on ag s tests based on ﬁr{Dt<St} , likelihood ratio
tests and tests based on the ratio of mean likelihood as an approximation

to the posterior odds. In the standard experiments the true values of the

parameters were a, = 64.0, =80, a,=1.0, ag = 0.75 , & =-10.00 ,

8 2

ag = 10.0 , ag = 0.6 , ar = -1.5 , ag = 0.1 and the true covariance matrices

were

0.1 0.05 O
0.05 0.1 0

o~
=
n

for the disequilibrium model and

0.1 0.05

for the equilibrium model. The exogenous variables were identical in repeated
samples of an experiment and were generated in most cases from the uniform

distribution over the ranges (10,20) for (10,30) for (20,L40) for

Zq Zy s

z, and (5,15) for z, . These ranges are denoted as the "standard" ones.

3
Additional features of the experiments in terms of which the various experi-
ments differed from one another are given in Table 1 and consist of variations
in sample size, covariance matrices, exogenous variables and values of ag -

Equation (2-6) requires an observation on P, &8t time 0; we selected p_

by setting the exogenous variables at the midpoints of their respective
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ranges, assuming zero error terms and that p, Wwas an equilibrium price.
For each experiment we alternstely assumed that the true model was the dis-
equilibrium model and the equilibrium model; for each state of the truth we
estimated both models and computed the relevant test statisties. In most
experiments 50 replications were performed; in some, for reasons of economy,
only 25 replications were used.

The computations based on dats genergted from the equiiibrium model allow
an examination of the test statisties when the null hypothesis is in fact true;
in the alternate case the test statisties may be used to judge the power of the
tests. OSome experiﬁents differ among each other only in the value of a8 y it
should be obvious that in these cases computastions based on the assumption
that the equilibrium model represented the truth did not have to be repeated.
If either estimation procedure failed for any of a large number of possible
reasons, the replication was discarded altogether.8 Numerical optimization
was performed by the Davidon-Fletcher«Powell algorithm and the guadratic hill-
climbing algorithm. [10]. The disequilibrium model was reparametrized so that
we estimated l/a.8 rather than ag directly; asymptotic variances Wefe
estimated by the diégonal elements of the negative inverse of the Hessian
of the loglikelihood function. Denoting the maximum likelihood estimate of
l/a8 by l/;a » the estimate of its asymptotic variance by 55/58, the

relevant test statistic will be denoted as 58 = (1/38)/s The likeli-

| l/ag -
hood ratio is formed by placing the maximum likelihood value from the equili-~
brium model in the numerator and will be denoted by A .

The most important summary results are disPlayed in Tables 2, 3, 4 ana

5. Tables 2, 3 and 4 contain certain summary statistics concerning the goodness

of the estimates when the estimating model is correctly specified and misspecified

~

8For more detailed analysis of failures see the discussion of Table 5.
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respectively, and other summary statistics concerning the proposed test
procedures. Table 5 contains a summary of computational failures.

Effect of Misspecification on Parameter Estimates. Misspecification is

present when the data are generated from the equilibrium model and the dis-
equilibrium model is estimated and conversely. Summary measures of the effect
of such misspecification are contained in rows 1 through 5 of Tables 2 and 3
as well as in Table 4. The‘two models have eleven parameters in common

2 2 ) .

o and ©

(ao through ers 01 5 O, 12

Rows 1 and 2 give the number of
instances that the mean square error (MSE) and mean absolute deviation (MAD)
respectively are smaller when estimated by the equilibrium model than by the
disequilibrium model.9 Row 3 displays the midspread, a robust measure of
dispersion. Rows 4 and 5 respectively contain the median and the mean of the
eleven ratios for each case obtained by dividing for eaéh parameter the MAD
of the disequilibrium estimate by the MAD of the equilibrium estimate.

The results in these five rows of Tables 2 and 3 are completely unambiguous
and as expected. When the truth is equilibrium, the equilibrium estimates
have smaller MSE's in 9 or 10 out of 11 possible instances; when the fruth is
disequilibrium, the equilibrium estimates never have smaller MSE's and MAD's
except in a few instances in Cases 3 and 4 in which the value of ag is
sufficiently large that we may expect the disequilibrium model to mimic the
behavior of the equilibrium model. The midspreads generally indicate smaller
dispérsion for the estimates involving no misspecification. The mean and
median ratios in rows 4 and 5 are comparsble and tell a consistent story.
Considering the medians, when the truth is equilibrium, the MAD's for the

disequilibrium estimates are on the average 6 to 19 percent larger than those

~

9If the parameter estimates could be assumed to be approximately normally
distributed, the MSE would suffice. In the present case it seemed desirable
to display the more robust measure given by MAD. :
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of the corresponding eéuilibrium estimates. On the other hand, when the truth
is disequilibrium, the MAD's of the equilibrium estimates are on the averaée 10
to 40 times as large as those of the disequilibrium estimates, except again

for Cases 3 and 4. 1In theSe~Cases the mean and median ratios are larger, but
as expected, are monotone in the value of ag - When ag is at its largest
value of 3.0, the percentage inferiority of the equilibrium estimates is
roughly the same as that of the disequilibrium estimates in the case in which
the truth is equilibrium.

Additional summary statistics are displayed in Table L. These statistics
represent severe condensation of the informstion contained in the replications
of the experiments and are employed only for the sake of brevity. First, a
crude but useful statistic is the fraction of times that a parameter estimate
is smaller than its true value; ceteris paribus the ecloser this fraction is
to 0.5 the less the bias can be expected to be. In the first four columns we
display, for each state of the truth and each estimating method and each
experiment, the mean square deviation (MSD) of these fractions from 0.5 for
the set of parameters &g through aT . Secondly, for consistent esfimaxes
the ratio of the mean square error to the mesn of the estimated asymptotie
variances will tend to be close to unity. In the second four columns we dis~
play the MSD's of these ratios from 1.0 for the set of parameters a, through
a7 . With two exceptions all mean square deviations forbfhe correctly specified
estiﬁating technique are smaller thén for the corresponding misspecified
technique. Moreover, when the truth is disequilibrium, the inferiority of
the equilibrium estimates is much worse than in tﬁe converse situation;
exactly as the measures in Tables 2 and 3 suggest. We note that an increase
in sample size reduces the MSD's for the correct;y specified estipating

technique and increases them for the misspecified one and that in Cases 3 and
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‘4 (which tend to resemble equilibrium models because of the high value of a8)
the inferiority of the equilibrium estimatés is generally less marked when
disequilibrium is in fact the truth than in the other Cases. In summary, (a)
both estimating techniques are quite sensitive to misspecification; (b) when

the truth is disequilibrium and for small values of ag » the assumption that
the data may have been generated by an equilibrium model is a much more
serious misspecification than the converse; (c¢) as ag assumes larger values
the disequilibrium model begins to behave much more like the equilibrium model,
even in relatively small samples of 60 observations; (a) estimates are generally
good and improve with sampie size from the correctly specified but not from

the misspecified technique.

Tests Based on ;8 . If.the data are generated from the equilibrium model
and the disequilibrium model is estimated, it may be expected to mimic the
former by assigning as estimates large values to ag and thus relatively low
values to the 58 statistic. The behavior of this quantity is displayed
in rows 6, 7 and 8 of Tables 2 and 3. From Table 2 it is evident that the
distribution of 58 is not well approximated by the normal distribution; if
it were, the figures in row 8 should be approximately 0.025 and are, on the
average, an order of magnitude greater. Hence, using ;8 for testing the
hypothesis of equilibrium will tend to lead to a very high probability of Type
I error. On the other hand, the experimentsally ascertained power of the 58
test‘when the hypothesis is false is quite satisfactory; using 1.96 as the
critical value leads to rejection of the false hypothesis in essentially all
instances except (a) Case 2 when the true error variances are relatively
large and (b) Case 4 in which the true value of ag 1is so large as to make
that case resemble the equilibrium model. Even in these cases the power

exceeds 0.88. We conclude that (a) the test based on ;8 is not fully satis-
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factory as it involves too high a probability of Type I error, but (b)
gives satisfactory inferences when the null hypothesis is false.

Tests Based on =2logh. Rows 9, lO and 11 in Tables 2 and 3 contain measures

of the behavi&r of -2logh when the null hypothesis is true and false
respectively. It is shown in Appendix 1 that the null hypothesis 1s a nested
one in a limiting sense (as ag + ®); it is not surprising, therefore, that when
the null hypothesis is in fact true, the maximum of the equilibrium likelihood
occasionally exceeds the maximum of the disequilibrium likelihood, even
' though the parsmeters of the former are a subset.of those of the latter.
This occurs in about a quarter of all cases on the average and thus there is
simply no question of -2logA having a x2 distribution under the null
hypothesis. It is nevertheless interesting to observe that the right tail
of the sample cumulative distribution fits xe(l) reasonably well. This
is consistent with the figures in row 10 of Table 2 which give an average
probabilit& of Type I error of 0.075 (instead of the theoretically ideal
0.05) if the criticel value of x-(1) (at the 0.05 level) is employed. From
Table 3 we ascertain that using this critical level gives excellent ﬁower when
the hypothesis is false. First, there is no instance in which -2log) is
negative; secqndly, the powers are 100 percent in every case except Case L
(which is "closest" in structure to an equilibrium model).

Tests Based on Pifbt<s } . Because of the manner in which the data were

genérated from the disequilibrium model, approximately one half of the data
points in each replication of each case corresponded to excess demand. The mean
ﬁr{Dt<St} over the sample is very close to 0.5 and the grand mean of these
means over all replications is negligibly different from 0.5 for all experi-
‘ments. Obviously the same observation holds for the situstion in which the

data come from the equilibrium model. What is different between the
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"equilibrium truth" and "disequilibrium truth" cases is the sampling variance
of the estimated ﬁr{Dt<St} over the sample points of a replication. The
qualitative behavior of these estimated sampling variances is as expected:
when equilibrium is the truth the variances are much smaller than in the
alternative case but are still 2 to 4 times as large as they would be if the
binomial approximstion were valid. Row 12 in Tables 2 and 3 displays the
averdge over the replications of the Kolmogorov-Smirnov statistic resulting
from comparing the sample distribution of (ﬁf{Dt<St} - 0.5)/(0.5/¥n ) with
N(0,1) . The hypothesis that the fit is acceptabie is rejected in every case;
in spite of the somewhat smeller Kolmogorov-Smirnov statistics in the case in

which the truth is equilibrium, the procedure must be considered unworkable.

Test Based on the Ratio of Mean Likelihoods. We use the ratio of the means
of the likelihood functions as an approximation to the posterior odds. For
both the equilibrium and disequilibrium likelihood functions 300 random
points were generated in a hyperrectangle in the (11 or 13 dimensional)
parameter space centered on the maximum likelihood estimate, with width in
each direction equal to six estimated standard errors for the parametér in
question. Generated points at which the covariance matrix of the implied pdf
was not positive definite were discarded. Attempts to use standard variance
reduction techniques for numerical quadrature (see e.g. Schreider [15]) were
both expensive and ineffective on the whole @md were not employed. The
accufacy of the results reported is low; however, the ratios are typically so
much larger or smaller than unity that the fraction of cases in which the ratio
is greater than or smaller than unity is robust with respect to errors in the
numerator or denominator of several orders of magnitude. In some replications,
repeated overflows prevented the computation of the ratios and these were

omitted from the summary statistics in Row 13; in two Cases the failures
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were so numerous that no summary statistic is reported at all; The conclusions
From Row 13 are (a) if the null hypothesis is true, the fraction of cases in
which the approximation to the posterior odds favors the equilibrium model is
0.6 or larger except when the true residual variances are large in which case
it is>not even one half; thus the probability of Type I error is, as in
previous tests, quite high. (b) If the null hyyothesis of equilibrium is
false, the fraction of cases in which the odds favor equilibrium is negligibly
small, except in Cases 3 and 4 which have structure resembling the equilibrium
model; moreover, the fraction is monotone in the true value of ag -
Error Analysis. Table 5 displays the frequency in which a replication had

to be discarded as a result of various possible conditions. The mﬁst frequent
causes are singularity or non-negative defiﬁiteness in the Hessian of the log-
likelihood function for the disequilibrium model and essentially all failures‘

are due to problems with this model. Difficulties of this type may be encountered
often when derivatives are taken by numerical differencing and are particularly
common to likelihood functions based on pdfis that resemble random mixtures

of normals. The overall failure rate is 32 percent of the replicatioﬁs generated
and cannot be cons&dered satisfactory. It is reasonably certain, however, that
use of analytic derivatives would have improved the success rate.

The Fair-Jaffee Model Revisited. In [7] Fair and Jaffee have proposed

a model of housing starts consisting of the demand and supply functions

= + + . -
U = 89 ¥ X * Ay Foagxy tu, (4-1)
= + + + + -
Q =&, Bk p *oagX)y + BaXo *oagx. +ou,, (4-2)
where Qt is the observed‘quantity of housing starts in month f . Xlt a

time trend, Xpp @ measure of the stock of houses in existence in month +t

b

x3t the mortgage rate lagged two months, xht the 6-month moving average of
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flow of private deposits into savings and loan assoclations and mutual savings'

banks, x the 3-month moving average of borrowings by savings and loan

5t
associations from the Federsl Home Loasn Bank and x6t the mortgage rate

lagged one month. They recognized the disequilibrium nature of their model

but estimated it with ad hoc techniques. In order to translate their model into

the framework of the present paper the following chenges were undertaken:

(1) Q. in (k-1) is replaced by the (unobserved) variable D, and Q

t t

in (4-2) is replaced by the (unobserved) variable 5, -
(2) To make the model genuinely simultaneous, the lagged mortgage rates
x3t and Xg, are replaced by the current mortgage rate, call it Py -
(3) The min condition Q = min(Dt,St) and the price adjustment equation
P, =D 5 * Y(Dt-st) * u,, are added to the system.
(4) The autocorrelation of the error terms was ignored.
The resulting disequilibrium model (assuming zero covarisnces between all
error terms as did previous estimations of the model) as well as the correspond-
ing equilibrium model (consisting of the amended forms of (4-1) and (4-2)
only) were both estimated. The .estimates and the absolute values of ﬁhe ratios
- of the estimates to the asymptotic standard errors, as obtained from the
negative inverse of the Hessian of the loglikelihood function, are displayed

in columns 3 and 4 of Table 6 (for purposes of cbmparison some of the original
Fair-Jaffee (F-J) estimates are displayed in columns 1 and 2). The disequili-
brium estimates of the supply function are fairly close to the F-J Directional
Method I. The estimates of the coefficients of the dehand function have
contrary to the F-J results, a negative sign for the time trend and a positive
one for the stock of houses although the effect of the mortgage rate one demand
is similar to the F-J Directional Method II. Essentially all results are

significant and more so than by either F-J method. Most importantly, the two
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hypothesis tests most successful in the Monte Carlo experiments unambiguously
require rejection of the equilibrium hypothesis: 1/; divided‘by its asymptotic
standard error is 3.33 aﬁd ~2logh = 488. It is interesting to note finally

that ; = 0.03k implying a very slow adjustmeﬁt in price. The equivalent of
Equetion (2-18) becomes P, = .979t(po-pe) + Pe implying that (without

further external shocks)it would take 32 months for a discrepancy between

the initial mortgage rate and the equilibrium rate to be cut in half.

5. Conclusions

It has been shown that there does not exist a uniférmly best procedure
for testing the hypothesis that a market is in equilibrium against the
alternative that it is noﬁ: The various test procedufes may depend heavily on
the precise specificétion of both the equilibrium version of the model and on
its disequilibrium counterpart. A particular difficﬁlty is that the equilibrium
hypothesis is not likely in most models to be a nested one. Samplihg experi-
ments with a simple demand-supply model with a price adjustment equation have
examined the effectiveness of several test procedures. Tests based on the
'magnitude of the coefficient of excess demand in the price equation and on
the likelihood ratio appesr to give excellent power butyfrobabilities of Type
I error that are too large. All proposed test Procedures behave correctly
in the qualitative sense and the quality of the estimates from an equilibrium
model that represents a misspecification are very much worse than from the
corresponding (correctly specified) equilibrium model. This result under-
scores the importance of effectively discriminating between the two types of
formulations. Finally? the Fair-Jaffee model of housing starts was re-
estimated and the null hypothesis that the demand-supply system for housing

is in equilibrium was conclusively rejected.



23.

sajuBI PIBPUBES X ¢ T
07 Tenbs sfueda IsA0 WIOITU(

S98UuBI PIBPUBLS
S38uBI PIBPUBLS
safueJd pJepUBILS

safueJd pJIBpUBLS

I23A0

IIA0

JIDAO

JIDA0

WIOJTUf

WIOFTUR

WIOJ TUp

WIOITUN

S93uBJI PJIBPUBILS JI9AO WIOJITUN

SSTQBTJIB) SNOUSTOXH

©q <Tg T 09 05 9

©q <lg T 0eT 08 “

Cq <lg '€ 09 05 .

Sq <lg ¢ 1 09 ¢z 3

201 ¢ Tzot 1" 09 ¢2 2

Sz < Iq T 09 . 05 T
So0TI18)]{ S0UBIIBAOD Gl 37Z1g ordueg SUoTIB0TTdoY JO - ON 358)

SqUOWTAodXT JO SOI1481Jd9308BaBY)

T °T9BL



Row

n

10

11

12

13

Table 2

Date Genersated From Equilibrium Model

Number of Parameters for Which
Equilibrium Model Has Smaller
MSE
MAD

Midspread

(MAD Disequilibrium Estimate) +
(MAD Equilibrium Estimate)
Median
Mean
Fraction of ag Within 1.0 of Origin
Fraction of ag Within 2.0 of Origin

~

Fraction of ag > 1.96
Fraction of ~2logh < O
Fraction of ~2logk ;:xzos(l)

Fraction of -2logix > X205(2)

Mean Kolmggo§oy-8mirnov Statistic for
Test of Pr{D<8} ~ N(.5,.25/n)

Fraction of 0dds Favoring
Equilibrium Model

24,

Case 1 Case 2 Case 5 . Case 6

10 9 10 10

10 9 10 10

9 7 7 5
1.190 1.151 1.062 1.138
1.233 - 1.260 1.049 1.138
0.20 0.36 0.08 0.16
0.58 0.60 0.40 0.6L4
0.26 0.20 0.2k 0.20
0.28 0.28 0.2h "’ 0.24
0.08 0.08 0.10 0.0k
0.02 0.08 0.0 0.02
0.369 0.310 0.406 0.399
0.625  0.440 - 0.600



Row

w
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11

12

13

Data Generasted From Disequilibrium Model

Table 3

Number of Parmaeters for Which
Equilibrium Model Has Smaller
MSE
MAD
Midspread

(MAD Disequilibrium Estimate) *
(MAD Equilibrium Estimate)
Median
Mean
Fraction of a8 Within 1.0 of
Origin
Fraction of ag Within 2.0 of
Origin

Fraction of ag > 1.96
Fraction of -2logh < O
Fraction of -2logh ;:X?OS(I)
Fraction of -2logh ;:x?d5(2)

Mean Kolmogorgv-§m;rnov Statistic
for Test of Pr{D<8} ~ N(.5,.25/u)

Fraction of Odds Favoring
Equilibrium Model

Case 1 Case 2 Case 3 Case 4

25.

Case 5 Case 6

(o NeNe]

o N o]

051
.110

.02

.98

.00
.00

412

.021

(oN oo

0.100
0.128

0.0
0.12

0.88
0.0

1.00
1.00

0.306

o

0.584
0.709

0.0

0.0

1.00
0.0

1.00
1.00

0.468

0.4ko

™

o

953

. 803

.0k

.92

.96

.9k
.Lh71

.562

[o NN

0.023
0.07T7

0.452

0.0

[oNeoNe]

031
.083

.00

.00

.00

s}



26.

L0800 ¥9%9°0

TLTO™O 99%0°0

165070 99¢€L"0

$090°0 6veC"0

TSPOR "~ TSPOW
‘nbg  °nbestg

WOXF pajrwWIilsH
T9pon “nbg

98ET LS GELO"O
0L56°90Z SLEO O
9GS0 T o¥zZ1'0
cvee’ v S8T1°0
00Zz*0 899¢Z°0
ZeZT SE 06ZT°0
TSPOR T ISPON
*nbg ‘nbastqg

woly pojewTysy
T9po “nbastg

Aq pajeaauss ejeqg

souetaep O9T303dwASYy UBOK & I0IXY
axenbg ueSH JO O°T wWOAJ

0t00°0 8%00° 0

¥¥00°0 ¥100°0

8800°0 960070

LTTO" 0 ¥z10°0
TSPOR ~ISPOR
‘nbg *nbost(qg
woxj polewrlsy

1SPON °nbg

9691°0 8500°0
EO¥T1°0 8%00°0
02010 Zo10°0
000T°0° $0TO°O
<L80°0 89T0°0

BEST"0  9500°0
TSPOR TISPOW
‘nbg  ‘nbasiq
wWoxy pIjewTlsy
T9POW *ubastqg

&g pezexsusn ejeg

9NTRPA 9NIL > S93ePWTISH
FO uUoTIORIJ JO §°(Q WOIg-

uotjeTtaRd oIenbg uevsy

SSIUPOOH JO SOANSLIN ATeuumg

¥ 919=EL

os®e)
ose)
ase)
sse)
ase)

ase)




27.

6L 6L 29 29 719 Lz LE o 06 <8

0 0 0 0 0 0 0 80" 0 0 0

LT°0 600 GT°0 90°0 TR L0°0 6T°0 G0°0 9c° 0" 90°0

0 0 0 0 0 0 0 0 0 0

0T 0 £T°0 €0°0 0 0 0 S0°0 0T"0 €10 cc'0

0 0 0 0 0 0 0 G600 0 0

60°0 6T1°0 c0'0 £ET°0 0 0 80°0 0T"0 9070 €ET°0
*nby *nbssIg *nbg ‘nbasi(g *nbssI(g ‘TbssTg ~uby ‘nbasiq *nby ‘nbssI(g

K £ c

STSATBUY JOJIIW

S STqQEL

PS3BJISUSN S3SB) TBLO]

93TUTIa(Q
9AT98B39)N 10N TSPOR
mmTJIqQTITINDY UT uetssay

93 TUTISQ SATYEIBY
JON TSPOW umIxqT
~TInbsSST( UT uwBISSay

IBTNIUTS TOPOK
uMTIQTITINDY ut ueisssy

IBTNBUTS TIPON WNTIQT
~TTnbesTg UT UBTSSIY

TSPOW WMTIGTTINDY
BurzTwiadp UT LanTieg

TSPOW umTIqQITINDes1Iq
SutzTuiqdp UT sanTIBRJ

T9POW oniy,

EY 5]



28.

Table 6

Results for the Fair-Jaffee Model

Fair-Jdaffee Fair-Jaffee
Directional Directional Equilibrium Disequilibrium
Method I Method II Model Model

2, 193.16 328.43 34T.43 L27.58
(3.10) (6.06) (8.12) (12.93)

a 6.78 3.94  6.1h -16.87
(2.01) (1.69) (3.12) (17.58)
a, -0.055 «0.032 -0.048 0.153
(1.93) (1.63) - (.290) - (17.53)
a, -0.241 -0.471 «0.435 ~0.504
(2.27). (5.73) (5.50) (8.65)
8, -40.84 =T75.87 - -65.33 '0.19%
(1.29) (1.74) (2.86) (0.01)
3 - -0.236 -0.332 -0.338 -0.219
(3.12) (2.71) (6.35) (3.95)
o 0.048 0.047  0.067 0.054
(6.20) (4.32) (12.21) (9.54)
8 0.033 0.012 0.053 0.056
(2.76) (0.62) (7.80) (7.30)

ag 0.116 0.190 0.220 0.124
(2.69) (2.74) (6.30) (3.14)

1/y ' - - - 29.36
: (3.33)

cf 76.38 65.45 452.0l 28.75
(3.68) (1.92)

_cg 57.61 47,06 109.86: : 105.77
‘ (6.07) (6.66)

2

o5 - - - 33.33
(7.90)

log L - - ~1100.76 -856.76



29.

APPENDIX 1

THE LIMIT OF h(Qt,pt) as &g >

Consider the special case in which 22 is diagonal. Then, letting 02

l b
cg R og be the (diagonal) elements of ‘22 .
a2
1,8
A = > + = (A-1)
1 -3
A = = +b. )= - a.(asQ, +p,-b., )= (A-2)
ot 8 PyT01¢/ o T 8glBgR TPy TP o
ag [0}
1 3
2 2 ] 2
) (alpt+b1t) (Q, ~8:Dy - 2t) (8‘8Qt+Pt_b3t)
A = + + (A-3)
3t 02 C2 02
1 2 3
a‘2
1,8
A = 02_+ > (A-L)
2 3
_ 1
Ast = (aspt+b2t) 5+ ama(pt 3t a8Q ) _ (A-5)
2 3
2 2 2
_ (Qg-ayp-b )" (agpi by )°  (p-agQ by, )
Ay = > * > * (a-6)
o oS @
1 2 . 3.
We shall examine the behavior of (2-1k) as ag > = . In order to do so,

we require the limits as ag > of

[1+a8(a5-al)|
Y, = ;
1 2"(122|A1)1/2
|1+a8(as—al)|
q) =
2 2n(|22|Ah)1/2
and of Blt . klt . th, 22t .

But wl and ¢2 can be written as
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|—l-+ 8 -dll
|l+a8(a -a )| 8g 7
Y = 22\172 ~ 2
2na (o +8q0
3 38 3 2\1/2
2n02( > + 1)
&8
and
1
|1+ag ey -al)l l;g’* 252, |
Y, = /2 = 2 |
2no (o 3+ag0 2) zﬁc(f§_+ o2)1/2
a~2 2
8
lag-e, |
and hence lim ¢, = lim y, = 2“2 :1
12

a,8->co a8+oo

Substituting from (A-1) to (A-6) in (2-11) and (2-13), we can write

| 2 2 2
- (agQy*py by ) 2,38\ (. . aB(aaQt+Pt'b3t)‘\
1t 2 2t 2t 2
B, = 3 1 % ' 3
2
a

21,8
0'2 i 02
1 3

where kit ’ k2t do not depend on ag . Simplifying the above expression yields

2
+ +
1t 1/0 + 1/0 8

. - 2 .

wherel k3t s kht . kSt do not depend on ag - Hence ilm Blt 3k3t which
8
may be verified to be equal to (Qt—alpt-blt) /c + (Q aspt 21_J) /c . By
similar considerstions it also follows that 1im th 1im Blt . Substituting
' 3,8 -> oo 5,8 > ®

(A-1), (A-2), (A-4) and (A-5) in (2-15) yields®



31.

2 1/2 2
Y - Q+ k7472g(2g%*Py~P3 /9%
1t o2 o° t 1/02+a2/02
3 1 17873
R R
2 a 2
L1, 2 1/2 agoy 8 03
2 202 1 - 1
J3 %% 22 2
8°1 3
Py~Pay
where th does not depend on ag - Hence 1im glt = - S and by similar
p,~b 8. > & 3
considerstions 1im & =t 3t = -1im 2, ., 8 .
2t o] 1t
a.> © 3 8> ®
8 8
Hence
2 .
. _laga| 1 'FQt'alpt'blt) (Q;-a5p by, ) 2] Py=Pai) [Py Pay
1im h(Qt’Pt) T 2ro.o. SXPy" 3 L 2 + 2 J °\- o @ o
a8 > 172 ‘ o, S, 3 3

2

2

| aS-all 1 [( Qp=eqPyby ) (Qt-aS'Pt_bEt)

2o o, FP|” 2L 2 ¥ 2 (8-7)
O'l : 0'2

which is the same as (2-17).



32.

APPENDIX 2

THE CASE OF Uy = 0 AND THE LIMIT OF h(Qt) AS ag > o

8

in (2-6) is identically zero. In that event D, » 5,

Assume that Ugy |
and Py do not have a nonsingular Joint distribution and we cannot proceed
as in (2-7). However, the pdf h(Qt) " can be obtained from the nonsingular

Joint pdf of Dt , S, as

%
h(Qt)=J g(Qt,sJe)dst}J g(D, ,q, )a, (2-8)
% %

Equation (A-8) is derived explicitly as follows. Substituting (2-6) into

(2-3) and (2-4) yields

u, = (1-a 18g)D, D, + alaas *eg (A-9)
upy = -agegD, + (l+tagegls + ¢, (A-10)
where Cig = _a’lpt-l - blt and c2t = - a5p'b—l - b2t . Hence
ll+8. (8. - )l 1
8 %%/ 1 M1t
g(D,,8,) = exp{- —(u )z } o (a-11)
t 2ﬂ|zlll/2 lt 2+°71 u2t

where in (A-11) we replace u from (A-9) and (A-10) and where

1t > Yot
|l+a8(a5-al)[ is the Jacobian of the transformation from (ult’th) “to. (Dt’st)

Por simplicity we now assume, analogously to Appendix 1l that Zl is diagonal.
The exponent in (A-11) can then be written as

1 2 1 2
—_ - + + -1 - + + -

1 2

Collecting terms>alternately on povers of D and S _, (A-12) can be written as



and

where
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2 , (D, “1t)2
ADy + 2A, Dy * Ay = 5 * By
W
1
(8, -u,,)°
2 _ WyTHo
ASy * 2Ag Sy Ay = 2 * By
W
2
2
. (l-a.las) . ageg
1 2 2
1 2
1 1
2t ;E(l_alaB)(alaBQ *egy) - 3 asagl(ltagag)q +ey, ]
1 %2
A =-—(aaQ+c )2+—l[(l+a.a.) +e ]2
367 2 °1%8% C1s > 588 /9% Coy
1 92
22 2
a ag (l+a5a8)
by =—=%"+—3
9 92
_1, |
Asy= =5 818l (l-ajaglQite, 1 + '"{l+a as)(‘a 8gQy*ey, )
1 2
1 2,1 2
A6t— 0—2'[(1—818.8)Q +c ] c (l a.saBQ +c )
1 2
M= Ao /A
2 _
wy = l/Al

Big= Agym et/Al

Mot= ‘Ast/Ah
mg = l/A)-l-

a 2
Byy = A6t‘A5t/Ah
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Making the obvious substitutions, (A-11) becomes

|l+a8(a -a.l)l B
n(Q,) = 2 {~ 28 (1-0(2.,)) +
% (en>*|zll*gf_'exp 2 1L

|1+a8(a5-a1)| B

ot
+ exp{- —==}(1-0(2,.,)) (A-13)
(2n)® |z, |aF 2 2t

where
- ¥y
Sy = Ap(QuHA, /A)
L. = A%(Q +A_. /A, )
2t R T

We now proceed as in Appendix 1. We first evaluate the limits of the

analogues to ¥, and ¥, and find immedistely that

_ 578
lim ¢, = 1lim ¢, = (A-1L)
&8+ ol a,8+ 2. (or )%0102(8'5/012.+8f§/°§)§

We next evaluate 1im Blt and 1im th . After tedious menipulation we

find
2
[q (a_~a. )+a_c. -a.c.. ]

lin B, =1im B, = & 52 é 25 ;t 21 zt (A-15)

- M 91058 /01 *e5/ )
Finally we obtain

Q, (a,/05+a/03) s
1im & = ~ 1im 2 = - — = g A-1
8 8 *1/91 %8579

which defines 2'1: .

Combining (A-1k4), (A-15) and (A-16) and noting that @(,—2t) =1 - <I>(2,t)

we obtain .
1 2
—_— —a_ )+ -
. |as-a, | QGQ[Qt(aS 8y JHage e oy, ] |
lim h(Q,) = —z e CA-1T)
o

ag* © (o)
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2,2, 2 1/2
= olce(al/cl+a5/0§) / . Equation (A-17) is clearly not equal to

(2-17), the pdf for the corresponding equilibrium model.

where o




[1]

(2]
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