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1. Introduction

The explicit treatment of disequilibrium is a recent phenomenon in economic
theory and in econometrics. The overwhelming bulk of economic theory deals
with markets in which buyers' intentions are represented by a demand function
and sellers'rintentions by a supply functionl; these functions represent the
various quantities that buyers and sellers intend to buy and sell respectively
at altefnative prices and it is usually posited that the presence of an
auctioneer or a similar mechanism resultsyin the establishment of a market
clearing price, i.e., one at which demand and supply are equal. Since
equality of demand and supply means that nobody has an incentive to change
his behavior, this state is one of equilibrium.

Both micrbtheory and macrotheory have traditionally relied on this
conceptualization, the practical and for econometric estimation relevant
consequence of which is the faect that endogenous variable values that are
actually observed satisfy both the demand and supply function. Thus, given

the demand function

Dy = Dlpyox ) + wy (1-1)

and the supply function

Sy = 8lpgaxyy) + uy, (1-2)

*
I am indebted to Gregory Chow, Dwight Jaffee, Donald Sant and Laura
d'Andrea Tyson for useful discussions and to NSF Grant No. L3TL4TX for support.
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It should be obvious that even if the supply function is not defined as

in the case of monopoly, the traditional treatment of such markets still falls
in the equilibrium framework.




where 1 is the price in the tth period, x vectors of exogenous

1t ° ¥ot
variables in the tth period ang -ult , u2t the (unobservable) error terms,
then, if in the +tth period the actually observeqd price—quantity pair is

(p%,qg) > 1t must be true that
* = g¥% = * _v
D(pEsipy) +upy = qf S(pgsxpy) + uy, (1-3)

Ih recent years seferai macro as well as micro-models have departed from
the traditional insistence that prices alwayé clear dfi markets, Articulate
and persuasive acroeconomic formulations dealing with‘the determination of
aggregate employmént and.incoﬁe are due to Barro and Grossman [2], Korliras (8],
and others._ An important microeconomic model devoted to analyzing the demand
and supply of housing startg is due to fair and Jaffee [5]. Much earlier

models of certain agricultural markets, due to Suits [12] ang Suits and Koizumi

certain type. There are mumerous indivigual differences among these various
models. In the macro-liferature, for example, the classical demand and supply
functions based op utility maximization by consumers ang profit maximization by
producers are referred to as "notional demang and supply functions; if, due o
price rigidities, some form of rationing occurs and it becomes impossible for

economic actors to obtain price—quantity peirs satisfying these functions, they

become replaced by "effective" demand and Supply functions which inco orate
rp
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case in which such a minimum condition occurs is in a single-market case, the
demand and supply functions for which are given by (1-1) and (1-2). If prices
are rigid and not assumed to adjust so as to clear the market, the observed

quantity ay must satisfy

q, = min(D,,8, ) (1-4)

t7t

and the simplest disequilibrium model imaginable thus consists of (1-1), (1-2)
and (1-4). Such a min condition is present in all disequilibrium models that

we consider genuine disequilibrium models. It has been more or less customary
to refer to models incorporating some form of price dynamics such as those

containing a partial adjustment equation

- e
p-t - p.t_l = Y(Pt—Pt_l) (1—5)

where pi is the equilibrium price, as disequilibrium models; we shall
specifically rule out from consideration such models unless they explicitly
contain the min condition which is necessary to close the model, i.e., without
vhich one cannot determine what guantity will be observed at prices that are
not equilibrium prices.

In Section 2 we describe some simple single-market disequilibrium models and
derive the likelihood function for some illustrative examples. In Section 3
we point out a potential hazard which is that the resulting likelihood function
may not satisfy the usual regularity conditions under which maximum likelihood
estimates are consistent and asymptotically normal. In Section 4 we introduce
several simple models in which two interrelated markets may be in disequilibrium
and discuss the problem of multiple solutions. The likelihood function for such
a simple model is derived in Section 5 and, finally some suggesfions are offered

for hypothesis testing in Section 6. Some further details on the subject of




Section 4 are contained in an Appendix.

2.' Single-Market Disequilibrium Models2
The simplest disequilibrium model in g single market can be characterizeqd

by (1-1), (1-2) ang (1-4) which we repeat here for convenience:

Dy = Dlppsx) ) +u, (2-1)
Sp = 8lpgexpy) + u,, : (2-2)
q = min(Dt,St) ' (2-3)

It is clear that in the present model P is fully rlgld and hence exogenous:

the model permits no -endogenous price adjustment of any kind. Maximunm likelihooda
estimation requires that we first derive the probability density function (par)
of the observable random variable 9 - The nature of this derivation will
clearly be contingent on what additional assumptions we make concerning infor-
mation available to the investigator. In particular, although Dt and St
themselves are unobservable, we may have information (for each Cbservation
t=1,...,T7) that D, < 8, or that D 2 8. ;5 alternatively we may even lack

t
this knowledge. Denote by g(D ,S ) the Joint density function of D and

St » Which is clearly obtainsble in general from the joint pdf of ult and
u2t Denote further by g(Dt,St]Dt<St) the joint conditional pdf orf Dt
and St ) conditioﬁal on the event Dt < St - If we have no knowledge of

whether Dt < St Or not, we can write the pdf of qt as

h(qt) = f(qtlDt<St)Pr{Dt<st} + f(qthtggt)Pr{Dtiﬁt} (2-L)

2 .
For detaileqd development of several such models see [61, [9] ana [12].
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where f(qt *) is the obvious conditional pdf. Since f(qtlDt<St) =

f g(qt’stlDt<StldSt = (l/Pf{Dt<St})l J g(qt,st)d8£ ‘we can write (2-4) gas
a4y _ ,

vh#(qt) % f g(qt,St)dS£ + J g(Dt’qt)th | (2-5)3
g 2,

whence the likKelihood function is

=

L= nh(q) | : _ (2-6)
b= BT

If, on the contrary, one assumed prior knowledge as to what periods were

periods of excess demand and what were periods of excess supply, the pdf of

q_t would become

f(qtlDt<St)Pr{Dt<St} if D <8

| _ t
h (q.) = (2-7)
f(qt!Dtgﬁt)Pr{Dt;§t} if D28,
and the appropriate likelihood function is
L = g»f(qtlDt<St)Pr{Dt<St} g f(thDt;st)Pr{Dt;§t} (2-8)

1 2
where Tl and T2 are the index sets for which Dt < St and Dt > S, are true
respectively.
A much more interesting and realistic set of ' models is established if one
explicitly introduces a price adjustment equation. Standard microtheory suggests

that price is rising when there is an excess demand and conversely. A significant

variety of models may be obtained by varying the precise manner in which this

3We introduce an index t on the functional form itself, since y, is
not identically distributed over the sample due to the fact that the exogenous
variables have different values for different ¢
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Pt “Pgq 7 Yl(D'r ~5, )+ YéxBr T (2-9)
_ 1 1 2

vector of carresponding coefficients, and where ri and T, may be either

equal to t or t-1 ang where u3t may either be g degenerate random variable

(u;. 20 for all t) or not. It is not worth while to treat each possible

3t
case hére; for detail the reader is référred to [12]. It is sufficient to
observe that in the case that in some sense is most plausible, i.e., when

T = ¢ and Uzt 1s not identically zero, one can analogously.to (2-6) and
(2-8) derive likelihoogd functions that correspond to the assumption of not
having or having prior information as to the claésification of the sample
between excess demand and excess supply periods.

The demand-supply models discussed above are appropriate for studies such
as the Fair—Jaffee study of the housing market [5]. a quite different notion
of equilibrium may emerge, hdwever, in different contexts. The essence of the
Suits models ([13], [14]) of various agricultural markets (such as watermelons
or onions) is that the crop is determined b& exogenous (weather) and other
pPredetermined variables (past prices) but that farmers' intentions to harvest
depend on current wages and Prices; hence it is possible that part of the crop
remains unharvested. This type of model is dealt withvformally and the likeli-
hood function is derived undgr alternative assumptions ip [6]. Let q; denote

the crop, Xy the intended (ex ante) harvest, Py the price, Z1gs 2oy Z3y
sets of exogenous variables ang yt the actual amount harvested. The relations

describing the market areh
U = P2y * by +uy | (2-10)

= + -
- t T P3Pyt Pya +boz, + bg + u,, (2-11)

There is a further, unsatisfactory, complication in Suitg' treatment of the
onion market in that the price which enters (2—12) is the annual average price but
the price entering (2-11) is the price in the third calendar quarter; clearly
related to the former but in an unspecified manner.
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P, = b7z3t + b8yt + b9 + ug, (2-12)

Yy = min(q ,x.) (2-13)

Equation (2-10) is simply the determinant of the crop. Equation (2-11) expresses
the notion that the intended harvest depends on the price, the crop and on
other exogenous variables.-’ Equation (2-12) is an ordinary demand function

and (2-13) expresses the obvious requirement that the sctual harvest not be
greater than the crop. There are basically two possibilities: (1) qt happens
to be very large in which case it is likely that X, < 9 3 then Yy = xt and
the endogenous variables Py » X, are determined from (2-11) and (2-12) or

(2) a4 1is small in which case 4 =¥ » Py 1is determined from (2-12) alone
and (2-11) plays no role. The likelihood function for this model is derived

in [ 6] on each of the following three alternative assumptions: (1) the erop

is an unobserved variable and the investigator has no prior knowledge as to

(2) the crop is unobserved as in (1) but the

when . > X, and Q@ L x

t t 3
investigator at least knows in what periods part of the crop was left unharvested;
(3) the crop is actually observed. The three alternative likelihood functions
are quite different and thus a disequilibrium model can vary econometrically
substantially depending on what is assumed about the investigator's level of
information.

An interesting possibility in disequilibrium models is that the model is

internally inconsistent.6 To demonstrate this rewrite (2-10) through (2-13)

in a simplified form by suppressing all exogenous variables and constants. Thus

5‘I‘he version of the model is g reasonably faithful rendition of Suits!
original model; it may, however, be criticized on.several grounds, among them

the possible inappropriateness of making harvest intentions depend on the actual
cro;g

I am indebted to T. Amemiya for this observation and the following demon-
stration. '
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% = up, (2-14)
X = Dby t bu 4 Uy (2-15)
Py = PgVy * ugy (2-16)
v = min(qt,xt) ’ | (2-17)

This version of the model is equivalent to having error terms with nonzero

A .
means. If q < X, then b, = b8ult + u3t =P eand if b, > 0 , then

3
1 B A B . A
- — = = . It
P, > gg{(l bh)ult u2t] =P and p > p  implies that D, = D
c B C
= - = > .
X, < q. , then 1 (bhbsul_t+b8u2t+u3t)/(l b3b8) P and( o) o)

Inconsistency would arise if simultaneously pA > pB > pc for then the left

c

hand inequality implies P, = pA and the right hand inequality implies b, =D,
a contradiétion. Fortunately in the Present case it ig economically meaningful

to posit b3 >0 and b8 < 0 and these two conditions guarantee that pA > pC

implies pC > pB and pA < pC implies pB > pC and thus the solution is
determinate on econbmically reasonable assumptions. In general, however,

there is no guarantee that such a model is consistent and we conclude that

particular care must be employed to verify in each individual case that g

disequilibrium model is‘consistent.

3. Irregular Likelihood Functions

For simplicity we now return to the model given by (2-1), (2~2) ana (2-3)

We assume that u;p and Uoy are normally distributed with mean zero and

variances Gf ’ cg and moreover that U, and YUyt are independent of one
another as well as of their own lagged values. The Joint pdf of Dt ’ St is
2
( ) 1 {1FDt"D(Pt’X1t))2 (St‘S(Pt’xét))] (3-1)
g{(D,,S = 53— expi- = + 3-1
t°7t 2wclc2 2]_ o2 S g2

1 2

and the pdf of the observable random variable q is
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(q,-D(p, ,x,.))° -S(p, ,x,,)
h(q_t)=_l__exp_ 9t ~P Py o %y Q_¢<qt Gt 2t >>+
VEF-GI 2

2
201

(¢, -S(p, ,x.. )2 -D(p, ,x.,)
hl_expf_ % pz "ot 1 <1 - <1><ch Gt it >> (3-2)
vor o5 L 202 ‘J ‘ 1

where ¢( ) is the cumulative standard normal integral. The expression in

\

(3-2) is the sum of two prdducts and can, for simplicity, also be written as
+ ] . . . .
atBt Ytat The likelihood function is
T

L = tz (atBt + YtG

)

+) (3-3)

We shall now show that this likelihood function is unbounded in parameter space.

The functions D(pt’xlt) and S(pt,x2t) depend on unknown parameters which

)

are the object of estimation. We can always choose the parameters in D(Pt’xlt

in such a manner that for some t , say t=k > Gy = D(pk,x ) and

1k
q < D(Pt’xlt) for all +t#k . Choose for the parameters of S(pt,xgt) any

set of values for which S(Pt’x2t)v is finite. Now consider the sequence of
points obtained in parameter space by letting 0, >0 and the corresponding
values of (3-3). Since the exponent part of o, 1is identically zero, o
itself increases without bound. A1l Bt and Yy 4are nonzero. Since
(qt—D(pt,xlt))/ol =0 for t=k and goes to -» for t#k , 1lim 8, =1/2

and 1lim 8§, =1 for all +t#k ; hence in (3-3) we have all terms bounded strictly
away from zero and one term becoming unbounded and therefore the likelihoogd
function becomes unbounded. It follows that any successful attempt to locate

the global maximum of ‘the likelihood function is guaranteed to produce inconsistent

estimaﬁeS(he to this breakdown of the usual boundedness requirement.7

the reader may note that the nature of the unboundedness and the argument
employed to prove it are rather similar to the case of the likelihood function
for a pdf which is a A-weighted random mixture of normals with arbitrary unknown
variances, :
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model based on the minimal set of prior information, i.e., when neither 9
nor the sample partitionvis known. It ig therefore essential to examine the
likelihood function with care prior to estimation in order to verify that
such unboundedness does not ocecur. Tt is fortunate that there'are also
important ang more realistic case, such as when g pfice adjustment equation

(2-9) is present, when the regularity conditions are pot violated.

L. Many Market Disequilibrium Models

The first model we discuss is g modified version of g model of. a planned
economy proposed by Richard Porteg [10]. This modification isg undertaken
brimarily +to permit the diagrammatic treatment in Figure 1. Por eaée of
notation we dispense with the time subscript t in the first part of the present
section. The varigbles zl,...,z5 denote (sets of) exXogenous variables ang
ul,...,u6 unobservabile random errors. The endogenous variables in the model
are cd and c° (consumptioh demand and Supply of consumer goods ), Zd and
2% (demand for and supply of labor), ¢ (actual amount of consumption),

% (actual amount of lsbor supplied) and y (national income or product). ap

initial version of the model might be

a_ -
¢’ =y + apz) +uy (4-1)




lll

¢ = sy + %),2, + u, ' | (L-2)
c = min(cd,cs) . v (4=3)
da _

L = 052 + uy : (4=L)

,QS = 0.6(2 + uh . (h“'S)

2 = min(2%,2°) (4-6)

Y = 0ok +oagz) + us (4-7)

Equations (4-1) and (L-2) express the dependence of consumption demand and
supply on total income. Equation (4-3) is the usual min condition. Equation
(k-k) states, somewhat unrealistically, that labor demsnd is exogenous ,
suggesting that it depends only on central plan targets established perhaps
as a function of previous years' results. Equation (4-5) states that labor
supply depends on the actual volume of consumption and (4-6) is again the
usual min condition. Equation (L4-T) is in effect the production function.

Our present purpose here is not to belabor how appropriate or inappropriate
the particular model may be for describing centrally planned economies, but to_
examine some of its properties. It is a convenient>vehicle by which we can
suggest the rather generai conjecture that all multimarket disequilibrium
models will tend to have either multiple solutions or no solution (in other
words, to be inconsistent). The latter problem makes econometric estimation
pointless; the former, however, is not necessarily a problem from the econo-
metrie point of view8 but does indicate that the theoretical model is incomplete

in some sense.

8See [T] for a treatment of estimation in the case of multiple solutions
to structural equation systems.
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Both possibilities are demonstrated with the aig of Figure 1. 1In the

first quadrant we represent the consumption demand and Supply relations with
Y on the horizontal axis and consumption quantities on the vertical. A1l
€Xogenous variables and error terms are assumed to be given for the time
peribd in question ang hence the position of all funetional relations is
momentarily given. Quadrant 2 contains the labor demang and supply functions
with labor qQuantities measured to the left of the origin. Two alternative

labor demands are drawn, li and zg 5 We concentrate on the case in which

2% is the labor demand. The actual amount of lgbor determined in quadrant

of the vertical axis and the prodﬁction function in quadrant 4 determines v .
It is‘clear that yo, co, 20 represent one solution to the system and ¥y
¢ 21 represent another. It is easy to verify that the first solution
corresponds to excess demand and the Second to excess Supply in the market

for consumer goods; both solutions involve excesé'demand fof labor. 1In
general, to determine-whether a set of values is & solution to the system we
merely have to verify whether s path such as YahacA B 2 Do returns to g or

0"0%%0%0
whether the path ylAlclBllel returns to yy - -
What is unsatisfactory about having more than one solution is that so
far there is nothing in the model that describes how nature picks among the
two possible solutions. Thus, if the €xogenous varigbles and error terms have

such values as to blace the various functions in the Places they Ooccupy in

observed. Another answer consists of adding additional relations to close
the model and eliminate the indeterminacy. One might wish to define the

additional varisble I (investment) ang assume
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FIGURE 1



1k,

I= agZs + ug | (4-8)

i.e., that investment is given exogenously. We also have the‘obvious identity
y=1I+¢ ‘ (h-g)

But now the model may have no solution st all; in fact it is OVerdetermined'with
probability 1. Egquation (b-9) is a 45° 1ipe in quadrant 1 of Figure 1 with
intercept equal to -I ; unless the value of I from (L-8) ig such as +to
make (L-9) pe represented exactly by the dashed line through A, in quadrant
1, Yo Cys Zl cannot be g solution; unlessg the dashed line goes through AO .
yo, CO’ 20 cannot be g solution. 1In general , thereforé, this enlarged model
will havc no solution. A more detailed analysis of a similar model appears in
the Appendix.

It is noteworthy thét One need not have the rather. complicated structure
of this model to get into difficultics. We shali now state an extremely gimple
two-market quel'with.no attémpt tc depict any particular economje circumstances,
although the reader ey prefer to think of Q@ as denoting goods and L as
denoting labor. We have the following relations, where we reintroduce the time

subscript %

Q _
Dy = oL, + %aZ1y *up, (k-10)
Q. .
8, = oL, + U Zoy + u,, (k-11)
Q = min(_Df;},sff) C (4-12)
DX = 0,.Q. + az s u (h-13)
t 57t 673t 3t
S = a,Q + agz + oy C (be1k)
t T 8°h¢ Lt -
. L L |
Lt = mln(Dt’St) ‘ (4-15)
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Equations 4-10) through (L4-12) may be thought to represent the market for goods

where both the (notional or effective) demand and supply depend on the actual
amount of labor traded (and other exogenous varisbles). Equations (L4-13) through

(4-15) may be thought to represent the labor market and both the demand
and supply for labor depend on the actual amount of goods traded. The reader

may verify with a demonstration similar to that employed in Figure 1 that cases
with multiple solutions or with no solution are possible, depending on the
slopes and intercepts of the structural eéuatiOns.

The problem bears a superficial resemblance to the case of simultaneous
equations with limited dependent varisbles discussed by Amemiya [1], but
appears to be more difficult. One way of formulating it in a completely
general way is to assume that there are n interrelated markets. Let v
(i=1,3,5,...,2n-1) be the demand and ¥i (i=2,4,...,2n) the supply in the
ith market. Define zg = min(yi,yi+l), (i=1,3,...,2n-1) . Denote by ¥y
the 2n-vector of the- Vi by 2z the n-vector of the zZg and by b a 2n-vector

of constants. Then we can write a general system of the type of (4-10) to (4-15)

as
By + Cz =b (b-16)

where B is a 2n x 2nand C & 2n x n matrix of coefficients. The question
then is, under what restriction on B, C and b does (4-16) have no solution,
exactly one solution or more than one solution. The vector g is a subvector
of y and there are 2% possible such subvectors. Indexing these subvectors

by J and collecting terms on the elements of Yy in y and 2z we can rewrite

(4-16) as
By =b J=1,...,2™) (k-17)

where ZB'j contains as its kth column either the kth column of B (irf

Vi does not appear in z) or the sum of the kth column of B and the column
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in C correspénding to ¥, (if ¥, does appear in z). Each of thgse 2
systems may have (&) no solution if either (i) rank(BJ) < rank([B bl) or
(ii) if the resulting solution has the property for any odd value of k that
Vi is included in =z and Ve > yk+l or yk+l is included in 2z and

Vg < Vieq 3 (P) exactly one solution if rank(B ) = rank([B b]) = 2n ang

the condition in (a) (ii) does not occur; (e) an infinity of solutions if
rank(B ) = rank([BJ bl) < 2n and (a) (ii) does not occur. The system as g
whole has a unique solution if and only if (b) occurs for exactly one value

of J and (a) occurs for all others. The reader may easily construct examples

Violating this condition.

2. The Likelihood Funetion in Many Market Models
There are two major cases to be examined. The first one is the case in

which none of the relations defining the unobservable quantities

(such as DQ, 83, Di, i) contains any actual observed quantity (such as Qt
or Lt) « If this is the case (and of course, this is not true for the model

1
the derivation of the pdf for the observable quantities is not different in

given by (L-10) through (4-15) unless o = o3 = 0o = G, = 0 a priori), then

principle from that in the single market case. For we can then derive from

the point pdf of the error terms the joint pdf g(Dg,SS L,S ) . We ‘can write
Q Q
h(Q,.L,) = n(q, ]DQ<S D <sy) Pr{Dt<St,D <s } o+
+ h(Q L, | D3 <sQ D;25; Ly Pr{DS<s§,D 257} +
' (5-1)

+‘h(Qt Lt[Dt_SS D <s ) Pr{DQ>SQ,D£<S£} +

+ n(q, .1, [0}s2,0l>8T) Prins?, oyl
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which is analogous to (2-4) and where a typical term is, for example,

Q. LIy _ [ [ Q Lin@_a® nL_cly o@D _
h(Qt,LtIDt<St,Dt<St) = J J g(Qt,st,Lt,stIDt<s D, '<S )dStdSt

£271 5
9 Ly
= (q, ,8*,L, ,8.)ds as (5-2)
Q.Q L_.L f f S A At Rt el
Pr{Dt<st,Dt<st} Q' Ly

Hence h(Qt’Lt) becomes

_ooco Q I, QL"oooo QL QL
hmt;t)—f f g@tﬁtmtﬁtm%ﬁg:+f f g@tﬁtmtﬁtm%gm;

%Dy % Ly

00 00 Q L Q L . 00 00 Q L Q L
* f f g(D{,Q, ,L, ,8;)dD S, +~f f &(D;»q, ,D, ,L, )ap;aDy  (5-3)
Qt Lt t Lt

and the likelihood function is just the product of terms such as (5—3).9

The second major case is the generally more difficult one when the functional
relations or structural equations contain the actual values of some variables
produced by invoking the min conditions. In this case the conditional
densities appearing in (5-1) are not known and hence that expression ;g not
useful. We shall proceed somewhat differently and the motivation ﬁay be given
in terms of the manner in which nature generates for us observable quantities

t Lt ’

Q
Assume that a set of values.for all the exogenous variables and for the
four error terms is given. Then a pair (Qt’Lt) is a solution to (4-10) to
(4-15) if the value of L, > when substituted in (4-10) and (L-11) yields
a Q  from (L-12) which, when substituted in (4-13) and (4-14) yields the
same value of Lt employed in the first place.
From Equations (4-10), (4-11) and (4-12) we can obtain f(Q|L) ; that is

9The reader will note that the absence of a price adjustment equation will
again allow unboundedness of the likelihood function as in Section 3.
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the density of the random variasble Q conditional on the values of L , 1If
: s Q Q _
g(ult,ugt) is the joint pdf of Uy > Yy, » then g(Dt alLt a2zlt’st a3Lt
ahzet) is the joint density of DS . Sg conditional on Lt and from the

single market model

- .
- Q - Q.
Qg L) fQ 8lQy-oyLy-a,7, . .5, %3l =, Zpy )OS
t .
gDl 02 Q. - ol —y )ap2 (4-16)
Q t 71Tt 21ty 37t ThTor/
t - .
To obtain-h(Qt,Lt) we further require the marginal pdf of Lt R 8(Lt) » for

then
n(QLy) = 2(q, )5, Je(n,) (k-17)

To obtain g(Lt) We note that (4-13), (L-1k), (4-15) can be used to obtain
¢(Ltht) analogously with f(Qt[Lt) + The restriction that the observeqd

values of Q Lt be a solution to the system (4-10) to (k-15) is sufficiently
strong to allow us to derive the required margina] density from conditional
densities alone; a proeedure not normally possible. We now supress the subscript
t and subdivide the real line intovintervalsbof finite(width; Qi and LJ Will
denote the value of Q ang L in their ith apg Jth intervals respectively,
For any value Lj the probabilities of the events Qiij are given by

f(Qi]Lj)in where in is the width of the ith interval. For each possible

outcome Qi there is g range of possible out comesg Llei with probabilities
¢(kaQi)de « In Figure 2 we méasure L on the horizontal axis, both to the
right and to the left of the origin; we measure Q@ on the vertical axis. In
the right hand panel we . depict £(Q[L)) . For the value L, of L £(Q]z,)
gives the densities of the various Q-outcomes. For two of the infinitely

many such outcomes, Q. ang Q; » we show in the left hand panel ¢(L]Ql)

1




19.

and ¢(L[Q2) . Each of these Q-values gives rise to infinitely many possible
L-values. Of all these L~values, however, only one‘is observable due to the
restriction that L-values solve (4-10) to (L-15), namely the value L, -

The relative probasbilities of observing various L-values, say L. , are

1
given by the sum of products of probability elements shown by the shaded
areas, i.e. by PlP3 + P2Ph + ete. More formally the‘mechanism establishes
a transition matrix from L-values to L-values (through intermediate Q-values)
of which only the diagonal élements can even be realized. The diagonal
elements of such a transition matrix are given by §¢(leQi)f(Qi|Lj)indLj

and in order for these to be probabilities they have to be normalized by the

sum of diagonal elements. Hence

§¢(Lj|Qi)f(Qi|Lj)indL

J
g(L,)aL. = ' (4-18)
SR §§¢(LJTQi)f(Qi|LJ)indLJ
Let the intervals dLj ) in *> 0 we obtain as the limit
_ Jo(L]Q)r(qlr)ag
g(L) = 71 (L] Q)F(Q[L)aqar _ (k-19)

Combining (L-1T7) with (4-18) gives the density function h(Qt,Lt) from which

the likelihood function is obtainable in the usual fashion.

6. Tests of Hypotheses
For purposes of discussing tests of hypotheses we return to the single-

market models discussed in Section 2.10 A mgrket in which observations on

prices and quantities are available may be modeled either as an equilibrium
market or as a disequilibrium market. It may be of considerable practical
significance to be able to say which specification is likely to be the

correct one. Thus there arises the question of testing the null hypothesis

lOFor a more detailed discussion the reader is referred to [12].
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. . . s 11
of equilibrium as against the alternative that the market is in disequilibrium.
It is obvious that this question is an interesting one only if there is no

prior knowledge available that Dt < St or Dt > 8

£
Preliminary investigations suggest that there may not be a uniformly

most suitable procedure for testing the null hypothesis. In fact, the best

Procedure may be dependent on the particular‘manner in which the equilibrium

and disequilibrium models have been formulsted. It has been shown in [12],

for example, that in the Suits model discussed in Section 2 there are at

least two different ways in which "equilibrium" could be understood to exist.

In an ordinary demand-supply situation a price adjustment equation méy or may

not have been specified and if it has, it may have been specified in any number

of different ways. Below we mention three test mocedures that appear to be

promising in a fairly broad set of circumstances.

(1) If a price adjustment equation is specified in the form

’

Py = Py * v(D-Sp) +ugy (5-1)

it is easy to show by solving the appropriate difference equation that if

Y >, p > P.» the equilibrium price. On this basis it has been suggested
by Fair and Jaffee [5] that one might test the hypothesis of equilibrium by |
estimating the disequilibrium model and testing whether 1/vy is significantly
different from zero. If it is, y is small (statistically speaking). and

the hypothesis of equilibrium is rejected. Clearly the procedure is feasible

only if the model does incorporate an appropriate price adjustment equation.

llIt is also possible to consider cases in which the market is in

equilibrium some of the time and in disequilibrium some of the time; however,
models of this type have not been sufficiently investigated yet. The most
straightforward statistical model permitting this phenomenon is a mixture

model in which the density function of the random variables and p,_ 1is

8 convex combination of the two separate density functions corresponding

to the equilibrium and disequilibrium models respectively; these being weighted
by the unknown parameters Al, Ag (Al+12=l). : . :
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Failing this other techniques have to be investigated.

(2) Likelihood ratio tests., Tt seems natural to maximize the likelihood
function for the equilibrium model and the disequilibrium model separately
and form the ratio A of the two likelihoods. Superficially, equilibrium
would appear to be a special case of disequilibrium and hence in forming

the likelihood ratio omne would place the maximum likelihood value for the

equilibrium model in the nunerstor. Thué A would appear to be bounded

by O and 1 and one might argue that -2logXk has asymptotlcally x2 distri-~
bution with degrees of freedom equal to the number of coeff1c1ent restrictions
implied by the equilibrium mode]. Unfortunately, things are not nearly

as simple. It is shown in [12] that the hypothesis of equilibrium is not
necessarily a nested hypothesis12 in which case the ordinary likelihood
ratio is not necessarily bounded above by unity; the theorem about the
asymptotic distribution of A then obviously does not hold. A trivial
example of this is provided by the case in whlch the disequilibrium model

is specified as (2—1) to (2-3); the disequilibrium model has exactly as many
parameters as the corresponding equilibrium model and hence the deﬁsity
function for either model cannot be a subset‘of the class of density
functions representing the other model. Special and numerically or mathe-
matlcally very difficult brocedures may have to. be employed in-such cases
vto solve the problem of hypothesis testlng and are based either on der1v1ng
the parameters of the asymptotic distribution of the (generallzed) likeli-
hood ratio of or estimating a composite model in which both the equilibrium
and disequilibrium cases are artificially embedded. Given the difficulty or

thesge Procedures, it may be most practical to choose among the alternative

12For a discussion of tests in the case of honnested hypotheses see Cox

[31, [4] and Quandt [11].
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models on the basis of whether A is bigger or smaller than 1 (if the two
models have the same number of parsmeters). If the disequilibrium model has
more parameters, it may be most practical to form the likelihood ratio in
the usual manner and disregard the nonnested nature of the hypotheses, since
for large sample values of A > 1 will occur only rarely.

(3) It may be preferable to (2) to compute an analogue to the posterior
odds based on uninformative. prior distributions, namely the ratio of the mean
likelihoods over some suitable region of the parameter space. This is clearly
an expensive procedure if low levels of accuracy are to be avoided since it is
equivalent to a many dimensional numerical quadrature.

Some success with each of these Procedures has been achieved but it is
clear that a great deal more remains to be done. The same can be said for
the fomulation of models of the type discussed in Sections b and 5. What is
quite clear, however, is that if continued progress is achieved in these
areas, we shall be able to obtain a significant practical payoff, namely

to estimate macro-disequilibrium models and test them against their equilibrium

counterparts.
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Appendix

We rewrite in linearvform the'essential parts of Porteg' simplified system

given in his Equations (24) [10]. The system is

Y=ol o+ o, : (A-1)
¢ = agy + oy (a-2)
cd = ¢° | (A-3)

c = min(cd,cs) | (A-k)

2° if c?gcd

L = R (a-5)

where we have Suppressed for convenience error terms and exogenous varigblegs
and lumped them together in the coefficients a2, ah, a6 and in co and
2 . Consider the two basic possibilities:

(1) cd é:cs . Then

2 = g° ' © (a-6)
c = cO (A-T)
¥y = a129 + q2 (A-8)

describes the subsystem in effect. This System would fail to have a solution
if the value of ¥ from (A-8), call it ¥°, were such that a3y0 oy o< c® .

Since al and a3 are clearly positive, g solution will exist if ¢° is

sufficiently large; moreover in that case the solution is clearly unique. We
posit this to be the case.

(2) 1t cd > ¢® the subsystem is

v a R + g

.}

1
c = a3y + o),

2

= +
L asc a6




or 1 =0y 0 ¥y
- 0 1 2
%3
0 1 -0 c
21 L.
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No solution to this subsystem will exist and hence the solution to the overall

system will be unique if ala3a5 = 1 and the rank of the augmented matrix
1 -al 0 a2
—(13 0 1 U.h . (A_9)
0 l —OLS a6
- -

is equal to three. Exactly one solution to the subsystem and hence two

solutions to the overall system exist if

0 O30 # 1 and an infinity of

solutions will exist if ala3a5 = 1 and the rank of (A-9) is also two.
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