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MANGANESE MODEL NO. 1

Herman ¥. Karreman

Introduction

The model presented here is the result of an attempt to formulate in
an exact way the various possibilities of obtaining manganese. The objec~
tive is to determine the cheapest method of providing the economy of the
United States, in particular its iron and steel industry, with the amount
of manganese which it will need in the future. It should, however, be re-
membered that the effectiveness of this model has not yet been proven and
that some experimentation may make it necessary to introduce minor correc-
tions or changes.

The model is a dynamic one in the

€]

ense that it is designed to cover
the needs during some future time period, say from 1958 through 1970. The
results will therefore be highly dependent on the amounts of manganese
needed, on the prices of foreign ores and on the costs of beneficiating

the domestic ores in the years to come. The better the ideas are about

the magnitudes of these future gquantitises, prices and costs, the more use-
ful the results will be. It should, however, be stressed that this model
is based on a given technology and major changes in the latter (i.e.changes
other than mere variation in priccs and costs) during the period under con-
sideration will necessitate the comstruction of another model.

The objective function is-in this case a cost function, for which a
minimum has to be sought. It is in essence a non-linear function, contain-
ing in its simplest form linear and quadratic terms. It might prove to be
necessary to replace some of the quadratic terms by linear ones in order

o

to preserve convexity of the objective function which is required for



actually performing the computations. Tha non-linearities, which do not
impair this convexity, will however be retained in order to do as much jus-
tice to the eccnomic aspects of the problem as possible. A technique will
therefore have to be developed for computing the extreme value of an objec-
tive function containing linear and quadratic terms.

The United States economy has been treated in this model as 2 unit
and no distinction has so far been made between private industry and govern-
ment. Consequently it will not be possible to determine, on the basis of
this model, which part of the cost of the program will have to be carried
by each of them. Alsc no provision has been made sc far for the possibil-
ity that one or both would like to limit the amounts that they are willing
to spend on importation of foreign or on beneficiation of domestic ores.
These further complicaticns will be introduced in subscquent models.

The model has only a limited number of constraints: the amounts of
manganese that can be extracted from too domestic ore bodies are in fact
the only important limitations set to the procduction of manganese from dom-
estic ores. It can, however, be expected that other factors will also re-
strict the amount of manganese that can be produced in critical times., The
production of clectric encrgy that will be aveilable in such times for the
production of the alloys or the quantities of beneficiated ores that can
be transported in an emergency to the alloy plants, for instance, can also
hamper the domestic production of mangancse. These other restrictions will
be incorporated in later models.

There are other aspects of the manganese problem which have not been
taken care of in this first model in order to make it not more complicated

than necessary. There is, for instance, definitely a game theoretical
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element in the picture resulting from the fact that a neutral country like
India supplies almost half the amount of ore imported by the United States
and could as a consequence act effectively as a player in a game of strat-
egy. Also, no attention has been paid in this model to the location of
plants, particularly of alloy plants, if it turns out that so much more
capacity is needed that new plants have to be built. The impact of a large
scale beneficiation of domestic ores on other parts of the economy of the
United States has not yet been teken into account either.

2

Tt will be clear from the preceding that this model is only a first
approach, as is also indicated by the title of this paper, to the solving
of this sort of problems by the application of more exact techniques. It
was definitely intended to keep this model as simple as possible by concen-
trating on the essence of the problem and neglecting the other aspects of
it. Models to be developed later will be more detailed and will take the
other constraints as well as the gane-theoretical aspects, the location of
plants and the impact on other parts of the economy into account too. What

model no. 1 achieves is summarized in Section 1I1.

The Model
s £l oy o = - L s 1
The amounts of mangznese that will be needed by the steel industry
in the future will be denoted by @, N{et) T{ons); it is assumed that
these amounts are given for cach future time period i (i = 1,2,.0.,0).

Monganesc can be used by the steel industry in a number of forms, but

Some manganese will also be needed by the chemical industry and in the
manufacture of batteries; these amounts are, however, small in comparison

with what the stecl industry nceds and will therefore be neglected here.



only two of them, viz. ferro- and silicomanganese, are important enough to
be included in this model. So far, ferromanganese has predominantly been
used in steel maiting practice and it'still covers almost 90 per cent of

the current necds. Silicomanganese has become increasingly important
throughout the years and covers at the moment almost 10 per cent of the
manganese requirements. There are indications that in times of emergency

a considerable portion (roughly about 50 per cent) of the ferromanganese
could be substituted by silicomanganese. Whether this will actually happen
depends to a large extent on the difference in cost of producing ferro- and
silicomanganese in those times. And there are good reasons to believe that
a substantial portion of the domestic sources, viz. the silicate ores and
slags can be converted at a lower cost into silicomanganese than into fer-

.

romanganese. Therefore, a distinction has been made in the model between:

1. that part of the manganese requirements for which only ferromanganese

can be used; the N.T. of menganese demanded in this form in period i

will be denoted by kj‘.

2. that part for which ferro- as well as silicomengonese can be used;

these N.T. of manganese will be dencted by /ui .

3. that part for which only silicomangarese can be used; these N.T. of

manganese will be denoted by Iji .

This leaves us with the equality
W = A+ A4 + P, forevery i (i=1,2,...,0) .
i i i i

The A's, p's and V's are suppcsed to be given for each time period
just like the 's . VWhat is not known, however, is how much of the

/Li N.T. will have to come as ferromangancse and how much as silicomanganese;



this will depend on the costs to be made to obtain the one or the other.
Denoting the parts of the o N.7. that have to come in the form of ferro-~
manganese by Xy0g N.T. and in the form of silicomanganese by X0y N.T

2 9

we have the eguality
(1) Hg =Xy Ky for every i (i=1,254..,0) .

The first condition is now that there is sufficient ferromanganese in

every time period to meet the requirements. Denoting the amount of mangan-

ese to be supplied in the form of ferromanganese in period i by X -N.T.,
,-J-

we have the inequality

9]
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(23 x, ., >\, +%x,,, for every
1,0 =717 T

and similarly for silicomangancse

(%) x >x

2.4 213 i o

Ferromenganese can be produced in what is called "last! furnaces

and in electric furnaces. In the past most of the ferromanganese has been
produced by the first method, which seems, under normal conditions, also
to be the most economical. However, in times of emergency pig iron could
very well compete with ferromanganese for blast furnace capacity. On the
other hand, other critical materials are made in the same electric furnaces
as used for ferromanganese. 1t is, therefore, quite conceivable that in
times of emergency only restricted amounts of blast and electric furnace
capacity will be available for the production of ferromanganese. In order
to facilitate the inclusion of these restrictions in a more comprehensive

model, to emerge from this one, a distinction has been made between the



two ways of producing ferromanganese.l
Denoting the N.T. of manganese to be produced as ferromanganese in

blast furnaces in period 1 by x3 5
*

in electric furnaces in period i by X 4
9

we have the equality

(L) X, . =

1.1 Xgo4 v Ey g for every i (i=1,2,...,0) .

The ores from which the ferromangsnese is to be manufactured, one
way or the cther, have to have certain qualifications, which are rather
strict: around 45 per cent manganese, around 6 per cent iron and not more
than about 6 per cent silicon and aluminum together. A substantial part
of the manganese in these high-grade non-silicate ores will be recovered
in the process of making ferromanganese, but some of it will be lost. The
amount of manganese contained in the high-grade non~silicate orc needed

to produce the X5 4 N.T. manganese in the form of blast furnace ferro-
.1

!..J

manganese in period i will therefore be c x N.T.

3,173,141 ’

where the c3 i's are all greater than 1. Moreover, there will not be
)

much variation in these c, .'

- since the process of making blast fur-
g

6]

nace ferromanganese is rathier standardized. Hence, it will here be

assumed that all futurs c3 i's will be the same for all periods under
1

consideration.

To obtain the high-grade non-silicate ores containing 03X3 N N.T.
b

of manganese certain costs have to be maue, say ciB iCBXz ;0 where
ki -9

3,1

1 . . . . . . .
A flowsheet showing the various processes included in this model in their

logical sequence can be found in the Appendix,
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stands for the cost to be made in period i to obtain 1N.T. of manganese

in high-grade non-silicate ore. These will later be defined

%3,1°3%3,1
as the prices paid for the imported ores or the accumulated cost of mining
and upgrading domestic ores. Besides the material cost, there will also
be all sorts of other costs to be made for the procurement of the X ,iN'T'
of manganese in the form of blast furnace ferromanganese. In general,
thesc other costs will be of two soris, wiz. operating costs other than
material costs being the costs of reagents, fuel, labor, etc., on the one
hand, and capital costs like depreciation and interest of the invested
money, on the other.

Denoting the operating costs other than material costs in period 1
by /33,1 and the capital cost by E’E,i per N.T. of manganese, the fol-
lowing expression gives the total cost of obtaining the manganese in the

form of blast furnace ferromanganesc in period 1

B, . =, .c,¥%, ., + L LX. .k v 2X . e
Js 3,1 ,7)1.—591 ﬁ;’ iT73,1 2’/391 3,1

9 -ie

The costs of obtaining the Xy 4 N.T. cf manganese in the form of
1

electric furnace ferromanganese in period 1 are accordingly:

E.=O(.CX.+.:?/’) . + Xy s e
Loi hoipth 4 'J@,ixh,l 5’4,1 b4

Silicomanganese has been obtained in the pest mainly from the same

high-grade non-silicate ores as used for the production of ferromanganese.
Still, it is known that it can be produced from ores which contain on the

average only 30 per cent manganese instecad of the 45 per cent required for
the production of ferromanganese. Moreover, the ores can contain much

more silicon and aluminum than the ferrograde ores, the average being



around 20 per cent. The four most important deposits inside the country
contain in appreciable quantities only ores with a manganese content of
10 per cent or lower. Moreover, some cf these ores and the slags, another
major source of domestic supply of manganese, have a rather high silicon
content. It might therefore very well be the best to upgrade the domestic
manganese, in particular the high-silicon parts of it, to a silico- rather
than a ferro-grade ore. In that case silicomanganese could be obtained
from high-grade non-silicate ore, the usual way up to the present, as well
as from medium-grade silicate ore. It is with this idea in mind that a
distinction has been made between the two ways in which silicomanganese
can be obtained.

Denoting the N.T. of manganese contained in silicomanganese to be

produced from high grade non-silicate ore in period i Dy X

5,1

, and
" " medium grade silicate oo roon

we have the equality
S . = Xo . F ., for every i (i= S 1)
(5) x2,1 5.4 X6, or eversy i=1,2, ,n)

In conformity with the ferromenganese costs, the costs of obtaining

x5 5 N.T. of manganese would then be:
9

E_ ., = X c.X + hid + ¥ X .
uDil > : ﬁr 5

and the cost of obtaining the g N.T., of manganese

In these expressions c¢_ and g stand for the N.T. of manganese

contained in the high-grade non-silicate and medium-grade silicate ore



needed to produce 1 N.T. of manganese contained in the silicomanganese
that is to be produced.

High-grade non-silicate ores will have to be produced in such quan-

tities as to contain sufficient wanganese for the production of all the
ferro- and part of the silicomangsnese. Denoting these amounts of man-

ganese in each peried i by x N.T. we have the equality

= + 4 + C.X. . i i= 1 cee .
(6) X?;i CyXy Ch¥y 5+ C¥s g for every i (i 3 yeeeyll)

These high-grade non-silicate ores can be obtained in two ways, viz.
by importing foreign ores, by far the most important source of supply in
the past, and by upgrading domestic ores.

With respect to the foreign ores, a distinction has been made between
the major exporting countries according to their geographical location,
viz. South Asia (India), South and West Africa (Union of South Africa,
Angola, Belgian Congo, Ghana, and French Morocco), and Latin America
(Chile, Brazil, Cuba, and HMexice). The N.T. of manganese contained in the

imported ores from

South Asis in period i will be denoted by x9 5
k]
S, and W. Africa 7 1 i " 1 i 1 .
} X10,1
Latin America g " 1 it o i "oy .
11,3

The cost at which thesc cuantities of imported ores can be obtained

can be thought to te composed of the following elements:
a) prices fob the exporting countries in period i %7, per N.T. Mn;

these prices include the cost of mining the ore, of transporting it

through the country, of exzport duties eventually levied on it as well as
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the cost of loading it in the harbors; these prices will be determined,
among other things, by the quantities to be bought by the United States

or, to be more explicit,

n_9’i will be an increasing function of x9,i

Tclo,i 1 " 14 i i t xlo,i

nll’i it " 1 it 1t " -Xll , i

b) transportation costs in period 1 ﬁgDi per N.T. Mn;

for Africa and Latin America these rates are compound rates since the ex~
porting countries of thesc continents have been lumped together in this
model; in the past the ocean freight rates have fluctuated tremendously
but, since the quantities of manganese are only a small portion of the
total quantities moved overseas, it may be assumed here that the ocean
freight rates are independent from the amounts of mangancse transported to
the United States; the cost of transporting the cres from the Atlantic

Coast to the Pitisburgh area is also included in the & £y -

¢) cost of convoying the ships in period 1 ﬁigi per N.T. Mn;

in times of emergency it could be necessary to protect the ships that
bring the manganese to the United States against hostile actions at sea j
these costs will in general consist of the cost of cperating the destroy-
ers, mine swecpers, etc., but not the "values" of ships and crews lost in
those actions, in other words the expenses occurred in excess of what it

would otherwise cost to run the ships in those times.

d) dimport duty in periocd i %Tfi per N.T. Mn;

the import duties levied on the incoming ores might later prove to be a
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very useful instrument in the hands of the government to influence the
extent to which future manganese requirements are to be met by imported
foreign ores.

The cost of the imported ores will then be:

m P b . Al
.. =% (T o+ @0t Ot Tqasso
9,1~ ¥9,1""t9,1 T 9,1 9,1 9,1’
and there are similarly expressions for E. .., . and B . e
10,4 11,3

Upgrading domestic ores has barely passed the pilot plant stage. Still

there are reasons to believe that some of the newly developed processes

will be able to compete with foreign ores in the future. But there are al-
rcady more beneficiation processes at the moment than could be included in
this model, so a selection had to be made. The criteria applied in making

this selection were:

1) as many different sorts of domestic supply should be included as pos-—
sible (it is for this reason that the Chamberlain Region ores, which
resemble in composition very much the Cuyuna Range ores, have been

left out)

2) if meny processes can be applied to the same type of orez, the ones on
which we have the best information have been selected (though the

Cuyuna Range ores can be treated in many ways, only three processes

have been chosen for this reason’-

The following processes,  &ll coming up with a high-grade non-sili-

cate ore have been selected on the basis of these criteria:

1 g \ . . . . s
A description of these processes is given in the report: !'"Beneficiation

of United States Monganesc Rescrves," Econcmics Research Project 15t Tech-

nical Report, 15 Janmuary 1957.
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a) Artillery Peak ore - Flotation process

the N.T. of manganese cortained in the high-grade non-silicate ore de-

rived in this way in period i will be denoted by X12,i .

b) Cuyuna Range orc - Dean process by xl},i .
-~ Chemico process by xlh,i .

- Nossen process by x15,i .

¢) Aroostook County orz - Sylvester-Dean process by Xlé,i .
d) Open-Hemrth Slags - " " " " Xgq -

The amounts of mangeness contained in the ores that have to be mired
or produced in the form of open-hearth slags will then be respectively

1F1h, 4 0 ClEXIS,i’ Cl6X16,i’ and cl7xl7,i N.T.

€12%12,1 1 “13%13,1°
where the c¢'s stand in these cases for the N.T. of manganese contained
in the raw material needed to produce 1 N.T. of manganese contained in the
high-grade non-silicate cres.

The cost of producing the Xla,i #.T. of mangenese in the form of

high-grade non-silicate ore will then be, in conformity with the cost of

producing ferro- and silicomanganese:

B,. . = X .Cq X . ~y Ko . T X .
12,1 12,i%5%12,5 © Paz,i%1e,1 T Tan,i%10,1

and there are similar expressions for the other guantities of manganese
to be produced in this form.

It should be remarked here that, contrary to the production of ferro-
and silicomanganese, the plants that will upgrade these domestic ores have

still to be set up. The relation between the Y . up to ¢ . and
2 12,1 VP 17,1
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the construction cost of these plants will be discussed later.

Medium-grade silicate ores will have to be produced in such quanti-

ties as to suffice the manganese requircments of that part of the silico-
manganese that is not to be derived from high-grade non-silicate ores. De-
noting the N.T. of manganess in these medium-grade silicate ores in period i

by X84

we have the cquality
(7) Xg 3 = Cg¥g g for every i (i=1,2,...,0) &

The sources from which these medium-grade silicate ores can be ob-
tained and the processes applicabie to these sources are the following:
a) Aroostook County ores -~ Udy process

the N.T. of manganese contained in the medium-grade silicate ores ce~

rived in this way in period 1 will be denoted by X18 5 *
k]
b) Aroostoock ores - Bureau of Mines process by x19 i°
1
¢) Open-Hearth Slags - " " ¢ " " Xon - o
20,1
d) High Mangonese "Hot Metal! - Wright process by X>q 5 *
o

The amounts of manganese conitained in the ores that have to be mined
or the slags and high mangsnese pig iron that has to be produced will then

5 tivel . L ~X . . 2 .T.
be respectively C18x18,1’ 019 19,1 020x2091' and N.T. where

‘21%21,1
the c¢'s stand again for the N.T. of manganese contained in the raw ma-
terial needed to produce 1 N.T. of manganese contained in the medium-grade
silicate ore.

The cost of pfoducing the XlS,i N.T. of manganese in the form of

mediuwn-grade silicate ore will then be:
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Big,i = %18,1%8%18,1 * P13,:%18,1 * 7 18,1518,1

and there are similar expressions for the other quantities of mangenese
to be produced in this form.
The relationship between the ¥ . up to ¥ .. . and the cost
18,1 ¢ 21,1
of constructing the new plants will alsoc be defined later.

The low-grade domestic ores and slags that have to be mined or pro-
&

duced will have to contain so much manganese as will be required for the
production of the high-grade non-silicate ores and the medium~grade sili-
cate ores. The required amount of mangenese to obtain from each of the
sources of domestic supply can directly be derived from the preceding.

Denoting the N.T. of manganese to be extracted in period i from

the Artillery Pealt by X

(RN

22,

we have the equality
= > .'P" 2 i '=1‘ ) .
(8) Xpp i T Cyo¥ip g TOT cvery i (1=2,2,.04,0)

Similarly we have for the Cuyuna Range

=1,2,40.,0) 3

Pdan N
[

) X o = CqoXoo . + €31 Xe) . + Co X .
(9 23,1 3,3 15 1L 1
for the Aroostook County

(10) Xou,5 = ©16%96,1 * C18%18,1 °19%g, 1 (i=21,2,...,0) ;

for the Open~Hearth Slags

(11) =x =c

25,1 175191 T Ca0¥20,1 (i=1,2,...,0) 3

"

and for the High-Monganese "Hot Metal

(12) % (1=1,2,¢0e4n) .

26,1 © %21%21,4



15

The cost of obtaining the Xy 5 N.T. of manganese from the Artillery
]

Peak will then be

and similarly for the other lo

)
'
(]
H
]
jon}
0]
Q
]
®
(9]
o
3
o
9]
=
©
a9
[¢]

It will be noticed that there are in these expressions no K -terms
representing material costs as there werc in the previous ones. The reason
for this is, of coursc, that we arc at this stage at the crigin of the
domestic supply of manganese. The same remark as made before applies to

the relaticnship of the ¥'s and the cost of constructing the mines.

Having indicated the variables which are inciuded in the model, we
can now turn to the restrictions imposed on them. These restrictions are

in general of two kinds, viz.
a) to make sure that the required amounts of ors will always be available.

b) to keep the ore %o be extracted from the ground within the boundaries
set by nature. Where this last restriction is actually a physical con-~
straint over which we have no control the cther restrictions are more

dictated by a wish to be "on the safe side."

The first "safety' restriction affeccts the variables x and x
v ’

7
the quantities of mangancse to be obtained in the form of high-grade non-
silicate and medium-grade silicate ores. To be sure that there will al-

ways be enough manganese in the first form, the inequalit
g ’ v

=5 5 (i=1,2,...,n)

-1
-
}‘J-

has been included in the model.
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This inequality tells us that the amount of manganese that is needed
in this period for the production of ferro- or silicomanganese is always
equal to or smalicr than the amount of manganese kept available in stock

at the end of the previous period.

Fer the latter can also be written

i-1 i-l i-1 i-1
S, .. =28 + X x. .+ 3 L D ox. .+ D ox .+
1,141 7 71,0 7 %9, 3 j:lxlo,g P b BF IR EN

i-1 i=-1 i-1 31

4+ I x L+ D ox .t 3 XK. .oF X +

1%, 4 o

j:l haledh BV j:}- 1"!'9 jzﬂ -‘-)':.J j:l 16'1']
i-1 i1

+ 3 x .- 5% . (i=1,2,¢..,0) .
T BRI SRS o

In other words, the amount of manganese in the form of high-grade
non-silicate ore in stock at the end of the (i-1)2%Y period is equal to
the amount of mangancse in that form in stock at the end of period O
(i.e. fhe beginning of the 1lst period) plus what has been added to that
stock by importation or upgrading domestic ores minus what has been taken

from it for the production of ferro- and silicomanganese from the first

Vst .
up to the (i-1)=< veriod,
‘“qe, Lacy hwe ve\_o.\\ema\,«i*(:-s
Combining \ARINAANRAZNYA we have
i-1 i-1 i~1
13) +  DH, . L A Xia o+ D ¥ oL+
( 3 - _LO,J j:—‘l ll, jzl 121
i-1 il i-1 i-1 i-1
< < <1 - N
+ = xlB,j + 2 Xl4,j + 2 x15,j + _le16 .+ 2 Xi?,j “sl,O
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In the same way we have for the amount of manganese contained in

medium-grade silicate ore

1) i i-1 i-1 i-1 i-1 5
(1 DX .=l 2 % L+ Xo .t BXan .t DXy o<
j=1 S, 3=1 16,3 j=1 19,3 3=1 20,3 j=1 21,3 1= 2,0
where S2 0 stands for the amount of menganese contained in medium-grade
ki

silicate ore in stock at the end of period © {i.e. beginning of the lst
period).

t can be taken for granted that the amount of manganese in the form
of high-grade non-silicate ore in stock at the beginning of the first per-
iod will be quite substantial (in other words S5; 4 38 large) where that
in the form of medium-grade silicate ore in stock can procbably be neglected.

The second "safety" restriction affects the variables X125 up to

Xy the quentities of manganese to be produced by beneficiation plants

to be constructed and mines to be developed. To be sure that, for in-

stance, the x N.T. of manganesc ‘n the form of high-grade silicate

12,1
ore can always be obtained by the flotation process from mined Artillery

Peak ore, the inequality

i1
Xy o < I + > ' . (izl 2 s 00 (n"l))
12,3 S B2,0 7 A T 1
wTelz
has been inciuded in the model. Kl2 o stands here for the annual (in
3

case the time periods are years) capacity in terms of N.T. of manganese

i-1
of the flotation plants at the end of period O and 2 Y10, 3
J=g1p 9

for the

yearly increases in this annual capacity up to (i—l)ﬁf period taking

inte account a gestation period of B1o at the beginning. Hence, this
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inequality tells us that the capacity of the flotation plant at the end of
the previous period will always be equal to or larger than what is needed
to produce by flotation the required amount of manganese in this period.

This inegquality can also be written in the form
(15) XlZ;i - Y12 1 < Ko, (i=1,2,...,(n=1)).

It should here be remarked that once the capacity has been increased
in period i by Y121 N.T. of manganese per year, it will be possible to
— 19

produce Yoo N.T. a year morc in all subsequent time periods i+l, i+2,
9

Cogde
veesi+ (£ being the "life expectancy" of the ccpacity increase,
usually taken to be about 15 years). After those £ time periods we must

assume that the capacity increasc of the i#® yperiod will vanish, so that

this inequality will give us the "safety" we want as long as

. n .
i+ >n-1 or n<i+ L +1.

If, however, n exceeds this time-span, then there is a chance that
some of the capacity incrcases start to drop out. This will depend on the
period in which the capacity had to be increased first. In that case the
inequality does not glve us anymore the guarantse that the required

. N.T. of manganese can be produced.
2,1 ©
The following variables have been included in the model for the in-
O

creases in the capacities of the beneficiation plants and mines:

Flotation plants (treating Art. Peak orcs) Y1p N.T. Mn a year
. 1" i 1"t 13 " 1 "
Dean Cuyuna le
. it it Yaq - i 1] 4] i Lk}
Chemico Cuyuna Yiy
Nossen it it Cuyuna i yls t n n il

Sylvester-Dean " " Arst. ores and slags Y16 oo onon



=
\O

- Udy plants (treating Arcostook ores ) Y13 N.T. Mn a year
Bureau of Mines " ¢ n Arst. ores ond slags) Y19 e ounon
Wright mixers ( V "hot metall ) you " monon
Art. Pezk mines Yos o onon
Cuyuna n }/’23 1 nonoa
Aroostook i ol iH nonow
Wright blast furnsces (producing ''hot netall) NI n nonon

It will be noticed that the v's have been numbered as much as pos=-
Y

sible according to the corresponding x's . .Further, that no variables
have been introduced for capacity increases of Open Hearth furnaces, which
produce the slags as waste products; on the other hand, the model includes
a constraint for the maxinum smount of slags that can be used as will be
shown later. The relationsk “Qs between the x's and thelr correspending
y's can be formulated by 11 other inequalities (16) up to (26), which are
similar to inequality (15).

The cost of increasing the capacity of the flotatio lant in period
2 I N 1P

i by ¥45 N N.T. of manganesc per year will be denoted by 55112

Alg

. , which
1

amount is, of course, a funciilon of ¥

By investing this amount in the plant it will be possible to produce during
{ years on the average 31? . N.T. of manganese per year more, or in total
2. ¥12,5 ! N.T. of manganese more. It will now be assumed that the $1,

will be equally distributed over the 2. V10 5 N.T. of manganese, irrespec-
’.J-

tive of the fact whether this capacity will be used or not. Hence, every
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N.T. of manganese in the form of nigh-grade non-silicate ore to be pro-
duced by the flotation plant from brtillery Peak ore will be charged with

a capital cost equal to the emount of

This _y>12,i is by definition the same as the V0.4 used before in the
El2 cost expression and the same Lolds for all other capital costs per
N.T. of manganese. But this means that, in order to avoid double counting,

we can drop the terms g .X s s eseg K sy X Lgsess
P ¥yp %0 00000 918,458,100 0 T 22,5722,4

in those earlier expressions 1f we include the amounts 112 i"'°’118 PREREY
L] b}

122 EEEEE in the formula which expresses the total cost of the entire
4

program (see below).

This still needs a correction. TFor at the end of n time periods
(n< i+ £+ 1) there will probably be unusec capacity, the more, the
later the capacity has been increased {the higher the value of i ). It
will now be assumed that the capacity that still exists at the end of the
n¥k period will have a "vilue” per N.T. of manganese per year which is
the same as the ''value! of the capacity in the years covered by the pro-

grari. The conscguence of this is that the program has only to be charged

with a fraction of the investments 1., cyeeaslag syeeosl .,eeee o this
12,1 18,1 22,1
: N n - i ‘Y .
fraction belng u, =~ where {(n - i) stands for the number of years

that the capacity increasc could effectively be used.

The third restriction affects the variables X22’ x27, x24 and

x25 , the quantities of low-grade orcs that can be extracted from the
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Artillery Peak, Cuyuna Range, and Arocostook deposits as well as the 0. H.
slags. (It hes been assumed that Wright's oot Metal!' can aiways be pro-
duced in sufficient quantities.) As for the first 3 variables, nature has
imposed certain limitations on them and not much can be decne to change them
(in contrast to the restrictions dealt with so far). True, the estimates
of the amounts of manganese in the domestic deposits have been increased
repeatedly over the years, but such increases are not limitless. These

constraints have been formulated as follows:
for every i (i=1,2,...,(n-1)).

RZZ,O stands here for the amount of manganese estimated to be present
in the domestic deposits at the end of period O 1.e. the beginning of the
firét periods Tos stonds for the yearly increases in these estimated
amounts. C5n stands for the N.T.'s of manganese that have to be in the
ground in order to obtain 1 N.T. cf manganese in the ore extracted from it
(022 will be high for what is called "#deep: mining" and low for - Wgtpip
mining")., Hence, this inequality assures us that our rcsults willinot call
for the extraction of a greater quantity of manganese frem the ground than
it really contains.

To simplify the structure of the model and to facilitate the computa-

tions, this inequality will be divided through by ¢ which leaves us

22’
with:
N l;l -1
< R' ' I T i 1 = 1 z e &0 -—1
(27) 5;]x2253__ 52,0 + j§1r22,j for every i (i=1,2, ,{n-1))
shere LRI R2290 4 ! r22$1
waer I W= an r =
22 . ..‘\ c - . .
’ oo 22,1 022
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'There are similar expressions (28), (29) and (30) for the amounts
of manganese that can be extracted from the Cuyuna and Aroostook deposits
as well as can be obtained from the O. H. slags.

Finally, the nature of our problem does not allow us to come up with
negative values for the x's. Hence, the model contains also the inequal-
ities

(31) x, 2 0 forall k (k=1,1',2,2%,3,4,...,26)

Hoving indicated the variables of the model and the relationships

among them, we can now turn to the object ive function, which is in this

case a cost function that has to be minimized. The cost of this program
during one period i is the sum of the cost at the various technical levels
during that period, which costs have been defined here before. However,

we have to be aware of the fact that some cost elements appear in more than
one expression. Thus, for instonce, the naterial costs of producing high-
grade non-silicate ore from the Artillery Peak deposit 0412,1012x12,1

are the same as (/?22 s F 3’22 )x i the costs of mining the ore from
that deposit. The same holds for the raterial cost terms in all other ex-
pressions. Hence, this O(~term should be left out in the total cost ex-
pression of that period. Further, it has already been explained that the

terns afla,ixlz,i’ etc., stonding for the capital cost with which the

guantities to be produced %5 i‘,etc., will be charged, can be left out

once the investments I, : , etc., are included in the total cost expres-
btk |

sion.
No attention has, however, been paid to the fact that it costs some

nonev to carry the stockpiles of high-graded non-silicate ore S, . as
gi-g 1,i
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well as that of the medium~grade silicate ore SZ,i during period i .
These costs hove also to be included in the total cost. This calls for
the inclusion of an additional cost term in the objective function, viz.
oL (Sl,i + 8, i) for period i , where = stands for the ¢ost of car-
rying 1 N.T. of manganese in stock one time period further. This <xs

has been assumed to be the same for both types of ore in stock and, more-

over, to be constant for all time periods.

Finally, all future costs have to be discounted, since $1 million
of expenditures in period 1 represent less " sacrifice™ than $1 mil-

lion of expenditures in period (i -~ 1) and the latter again less " sac-

¥

rifice " than $1 million of expenditures in period (i - 2) . To take

this fact into account the costs of pericd i (i = 1,2,...,0n) have to

; v 103
be multiplied by a facter di = (g=—=--) where r is the rate of interest
i T

which is assumed to be constant over tiue.
Summing now the cost expressions of period 1 for all time periods,

we cnd up with the total cost expression of the entire program, which can

be written in the following ex
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n
= hl < - + + + X +
B iildi[('BB,l ¥ :\2 +(§4 +7 4 )Jc,' \p a’[: (/36 3’6 )6 ]
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The first U4 terms under the first summation sign in this expression
stand for the cost of producing the alloys, being operation costs other
than material costs and capital cost. The first term under the second sum-
mation sign stands for the carrying cost of thc ore in the stock-piles; the
ensuing 3 terms represent the total cost of imported ores. The first 3

terms under the third summation sign stand for the cost of transporting the
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upgraded ores to the alloy plants (no domestic transportation costs have
been charged against the 0. H. slags and the "Hot Metal! since these prod-
ucts are mede in the same area as the alloys); the following 10 terms rep-
resent the cost of upgrading the domestic ores, followed by 4 other terms
standing for the cost of mining the ores as well as producing Wright's
"Hot Metal!. (Since the slags are a waste -~ product of the steel industry,
no costs amre involved in producing these slags and the ternm F325,ix25,i

has been left out.) The first 8 terms under the fourth and last summation

ci

sign stand for the cost of increasing the capacities of the beneficiation
plants; the last L terms stand for the cost of incrcasing the capacities
of the mines in the 3 deposits and of the blast furnaces which have to
produce Wright's "'Hot Metai',

This total cost function has to be minimized. As it stands, it is
an expression in 23 x-variables ( besides the x's appearing explicitly
in the formulae, Sl and 82 also include x7 and xg); in addition

the "constraints" matrix contoins 3 more x-variables not appearing in this

function i.e. Xq4 0 Xy and X5 - Morzover, there are 12 y- variables.
However, by using equalities of the model it is possible to eliminate the
variables pid pie

x7 v XKoo Fop XPB, XE“’ Ko and x26, so that the number
-, -y -

of variables can be reduced to 1§ x's and 12 y's, 31 all together.

These %1 voriables are related

o

o each other by 1 definitional equality,
2 inequalities regarding the amounts of ferro- and silico-manganese to be
produced, 2 imequalities regarding the imporitation and beneficiation of
ores, 12 inequalities taking care of the capacitics of the plants and

mines, and 4 inequalities regarding the availability of low-grade manganese
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ore and O. H. slags inside the country. Mocreover, there are of course

the inequalities which have to guarantee us only non-negative values of
the x's . The parameters ﬁi, ¥, %, and ¥ arc in general func-
tions of their correspending variables, making the objective function a
non-linecar onec. However, at this point some sacrifices have perhaps to
be made in order to find a minimum for the funciion as will be explained

in Section IV which deals with the computational aspscts of the problem.
i

IIT Summary

Given the levels of manganesc recguirements, prices and costs assuned
to apply to future time periods, the cheapest method of providing the
United States economy with the required gquantities of mangancse will be
found by computing the minimum of the cost function above. The result of
the computation will indicate not only the cost of the cheapest method,
but also what this method implies in terms of quantities of manganese that
have to be obtained from importation of foreign orcs, from mining and up-
grading domestic ores and . from subtracting from stockpiles. The re-
sult will also tell us the capacities of domestic mines and beneficiation
plants required to carry out the progrom as well as the amounts of capital
that have to be invegsted in thon.

ates economy is treated in this model as a

<

However, thoe United S
unit; no distinction has been made between priwvate industry and govern-
ment. Consequently the model cannot tell us to what cxtent each of thesc
will contribute to the cost of the program. Later models will deal with
this topic.

Tt should ~lso be remarked that this model does not contain a
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restriction on the amount of money that can be spent. In other words it
is here assuned that the combined efforts of private industry and govern-
ment will always succeed in providing all the money required to carry out
the program. It will be a matter of later consideration whether this is
in correspondence with the facts or whether such a restriction has to be
included in the model.

Finally it should be emphasized that the whole result is dependent
on the quantities of manganese assumed to be required in the future as
well as on the prices and costs assumed to apply to it. A change in any

of these parameters will almost certainly lead to another result.

IV Computational Aspects

Before starting the computaetions, the inequalities in the "constraint!
matrix have first to be transformed into equalities, which introduces
another 20 "slack! variables into the model. After this transformation
the number of variables involved in onc time pericd will be 51, related to
cach other by 21 cqualities. This has to be multiplicd by the number of
time periods that the model 1s intended to include, in our case 13. To
obtain an idea about the amount of computational work that is herc in-
volved, iet us assume for a moment that the objective function is a linear
one so that the well-known simplex method can be applied to it. We would
then have to operate with a squarc natrix, colled basis", of 13 x 21=273
rows and columns, which would surpass the capacity of many of the existing
electronic computers and certainly the one herc in Princeton. This made

us search for other methods of computation; such a method can be found in
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Wolfe's paper, '"Computing Manganese Model No. 1," which is included in
this report.

It might also be possible that these computational problems can be
solved by taking full advantage of the special structure of the model.
This structure comes to the fore if one places the variables and equa-
tions for, for instance, 4 times-periods in proper order. It becomes then
clear that the overall matrix can be decomposed into a few matrices of not
more than 21 rows and 30 to 40 columns, which are grouped in a peculiar
way. Because of this special grouping it is possible to transform the
oversll matrix into one with onc of the smaller matrices arrayed along the
main diagonal and another small matrix along the sub-diagoﬁal just below
it. Such z structure would, according to Dantzigl, greatly alleviate the
computational burden, a possibility which will certainly be explored.

Still it could not be easy to find a minimum for the total costs
since the objective function is in esbence non-linear in the x's and y's.
This results from the fact that the parameters 8, ¥, W and W are
in general functions of their corresponding variables contrary to the
other parameters @1 0, etc., which can be taken to be independent from
them. Assuning that 55 s ¥ 7 and Y are linear functions of their
corresponding x - and y - variables, we end up with an objective function
containing linear as well as gquadratic x- and y-terms.

Two requirements have, however, to be met by any model to make it
in principle computable according to our present knowledge about computa~

tions. The first requirement is that all the restrictions imposed on the

1 See for this his paper: 'On the Status of Multistage Linear Programming
Problems," RAND paper No. P~1028, February 20, 1957.
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variables are cast in linear form; this requirement is met by this model.
The second requirement is that the objective function must be convex to
compute its minimum (or maximum)y this requirement is here not automati-
cally met. TFor, an increase in the quantities to be produced could, in
the actual situation, lead to a decreasc in fh@ production costs /3 ¥
and QJ reflecting in that wey "economies of scale® that might be present.
This could impair the convexity of the objective function and we might
therefore be forced to assume that these parameters are independent from
their corresponding variables. This is, according to the industry, a not
too stringent assumption, since the technology is such that the quantities
to be produced would only slightly affect the costs of vroduction. Hence,
the non--convex terms in the objective function could, if necessary, be re-
placed by linear terms in order to safeguard its convexity.

The import prices 7y have been strongly correlated in the past with
the imported quantities. But there is this difference that where an in-
crease in the quantity led before to lower production costs it leads here
to higher import prices. (This merely reflscts the dominant position of
the United States as buyer of foreign ores.) The latter relationship does
not impair the convexity of the objective function, on the contrary. Hence
there is from a computational viewpoint herc less necd to replace the non-
lincar terms by linear ones as there was in the case of domestic produc-
tion costs. Such a replacement would on the other hand do injustice to
the economic aspects of the problem and might, in certain cases, even
lead to trivial solutions. Therefore, it has been decided to keep the
non-linearities, which do not impair the convexity, in the objective func-

tion. It has now become our task to compute the minimum of an objective
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function which contains linear as well as quadratic terms.

Finally it should be remarked that all parameters indicated here
by Greek letters refer to future nceds, costs, and prices; hence, there
is much uncertzinty about their magnitude. It is therefore our intention
to run several computations, each with one particular set of parameters
and observe the effect of their changes on the outcome rather than to

rely on one such set cnly. Such a procedure will provide a good basis

for decision maeking under uncertainty.

Economics Research Project
" Princeton University

August 29, 1957.
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COMPUTING MANGAVESE MODEL WO. 1
Philip Wolfe

1. The mathematical model for the allocation of Menganese developed by
Karreman [71, despite its conceptuel simplicity, presents some formidable
difficulties with regerd to the available computing facility -- the Ins-
titute for Advanced Study computer -- when conventional means of dealing
with the computetion are considered, These difficulties will be outlined
briefly below. They force us to develop a new computational method which,
owing to facile use of the dats of the problem, 1s well adapted to the IAS
machine., The mathematical development of this procedure, with brief ref-
erences to the machine characteristics which conditioned it, will be
given below,
2 Karreman's formulation [7] of the problem for a period of T years,
in each of which n variables are to bz chosen to satisfy m constraints,
is a programming problem of Tn wvariables subject to Tm constraints.

The objective function f(x) to be minimized is not rigidly defined;

in the original forsulation it is guite zenersl, being nonlinear and pos-

sibly also non-convex, in which case no conjectured (even) computing
method could assure & sclution; but it sppecrs thet it can, without undue
violence, be taken as convex, so we will assume this done throughout.
Mathematical technicques exist [6] for the minimizetion of a quadratic con-
vex function under linear constraints; altnough they take more computing
time than when employed on linear objective functions, they use similer
procedures and regquire only slightly more data-storage; hence their feasi-
bility is about the same as that of the lineer programming routine.

If the Manganese problem were to be taken to bte a linesr problem, it

would require storage of 2 m n data (using a very compact form) for the

sonstraint matrix, and T(m+n) data consisting of constants: costs and



requirements. These numbers are not large; but the ordinary computational
method for this problem — the Simplex Method [4] — requires storage of
at least ('Im+l)2 auxiliary data — the inverse of a "pasis," a (Tm+l)
by (Tm+l) matrix. Thus, at least (Tm-'r-l)2 + T(m4n) + 2mn > mET(T+l)
words of high-speed storage are needed. At present, the IAS machine has
& total capacity of 5,120 words (which will be enlarged to 17,408 this
year). Supposing a minimally adequate program (whose limitations will be
further considered below) to use 400 words, there are left about u4,700
(17,000) words for storage. The number of constraints m appears to be
flexible: we have considered 13 < m < 20 . For these figures, the size

(in number of time periods usable) of the largest problem computable can

be given: storage
N | 5,120 17,408
m
13 b 9
20 2 6

A very crude estimate of computing time needed for the larger problems is
of the order of magnitude of one hour.

Experience with large~scale problems, however, suggests that the
avallable storage should be counted as half the above figures because the
accumulation of round-off error probably requires "double-precision” cod-
ing. A standard code (the RAND code [8] for the Simplex Method) uses 18-
decimal floating-point data, whereas single-precision floating data on the
I4S maéhine have 9-decimal precision.

These considerations, as well as the length of time that would be re-
quired for the programming and coding of the Simplex Method, have led us
to seek other means for our problem. It should be emphasized, however,
that a general Simplex Method routine for the IAS machine would be of great

velue in a variety of other problems in the area of this Project's interest.



Mention should be made of the work of Dantzig, reported briefly in
[5], in exploiting the special structure of dynemic problems with a variant
of the Simplex Method. It appears [private communication] that these ideas
would permit the computation of a fully linear model of the size we are
considering by hand in a matter of hours. Unfortunately, this new pro-
cedure has noﬁ yet been reduced to a machine program, and details on it are
not yet available to us. When the procedure beccmes fully available, it
will certainly supplant the present proposal.
3.  Cur problem will be approached through an application of the differen-
tial procedure of Brown and von Neumann [2] for the calculation of the
optimal strategies of a zero-sum two-person game. They show that if H 1is

a skew-symmetric P by P maﬁrix then the differential equations

az, ‘.
(l) — = Max {0, > H, .z ] )
at Lay 330
with starting condition

zi(O) >0, some zi(O) positive

have solutions zi(t) such that for any € there exists T such that for

t > T the numbers zi(thEZ’zl(t) constitute a mixed strategy for the

symmetric matrix game i giv;ng a yield within € of its value (zero).
The connection between this result and programs is given by the

theorem of Dantzig [3]: If the m by n Llinear program
(2) Min {ex: x >0, Gx >1b)

has a solution, then the symmetric matrix game on the next page has an
optimal strategy (x,u,s) such that s > 0; and for any such optimal stra-
tegy, g is a solution of the program, and % of its dual.

It can further be shown [10] that if the constraint set {x: x >0,

Gx Z'b} is bounded and has an interior, then every solution of the game



Xl ses xn ul.Il um ]

5

. 0 GT -cT
(3) %n

u

i1 -G 0 b

Y _

s c -bT 0

must have s >0 ., Thus, differential equations for (x,u,s) drawn from

the above game will yield solutions for the programe These equations are:

r dxj )
-t = Max 10 5? u.g8.. = 8¢,
at o fay 143 J
du, fa
(k) { —2 = Max {0, sb, - ) 8y .3
ds _ -
T = Mex {0, cx - ub}
\
x,(t)
Normalizing, the quantities J( are the solutions desired. This is
s (t)

the basis of thé iterative procedure we use.

in unsatisfactory feature of these equations is the fact that the x,
u, and s never decrease; if a term must be zero in the solution of the
program, but is initially positive, it only approaches zero through divie
sion by the increasing s{t) . As a computational experiment, we shall
use differential equations like (4) with added "cutback” terms whose effect
will be to reduce unneeded positive variables. Iet

Z if z>0

(5) bly,2) ={ 2™ if 2<0 and y>0

L 0 otherwise



We shall compute with

( ax,
- ¢ Ix ,Z U8y - sc.)
at I Ly J

dui !
© Tom T ke ngijle
ds T N
— = Max {O, Z' cC.X, =~ Z u.:bi] *
at g i”

\
Experiments canvbe run with k = 1,250 (kx = 0 is known not to work) or
with k so large as to reduce (6) tc (4).

Tt seems likely that equations (6), as do (&), should yield conver-
gence to a solution of the program at a rate proportional to t'l 3 but it
has not in fact been proved that (6) provides a solution to the program at
all.

We propose also to handle the nonlinearities of the objective function

£ in (6), by letting

of (x)

(7) ¢ = CJ(X)= ~§§;" .

Although we have not proved that this device will solve the nonlinear
problem, it is essentially the scme as that of the method of Uzawa [9] and
Arrvow-Hurwicz [1] for the case of a strictly convex objective function. In
any case, it is the obvious extension of the method for the linear problem.
In our problem; each cj will either be constant or linear in xj .

Of course, this type of iterative procedure will not yield exact
answers for our problem, but only answers valid to the level “"e". We see
this, however, as fully consonant with the state of the data that will be
used.

4, The numerical method for solving (6) is the followings: Rewrite the



equations, using difference quotients ij/at, Aui/At, As/ﬁt in place of
the derivatives; select an appropriate value for At , and initial values
xo,uo,sO 5 then, for any n = Oy.;ess, calculate the right-hand sides of

(6) using x",u",s", and define

(8) FH 2P + 0%, =W s, s®H < &P 4 ps.

For computetion on the fixed-point IAS machine, it is necessary to
adopt a suitable scale in which to express the numerical quantities dealt
with. Now the problem we are dealing with is homogeneous, i.e., if all the
constants b were multiplied by a constant k , and all the costs ¢ by
another constant m , +then the solution of the new problem would be pro=-
portional to the solution of the old -— its activities k times the
former?s, and its cost km <times the former?s. Thus, we may assume in ad-
vance that the constants have a certain order of magnitude; and we will
take them to be of the order of magnitude of 1 . This will tend to keep
the solution-values x/s and u/s of the order of 1 ; and since, from
any initial solution x,u,s we obtain, on dividing by s , a new initial
solution x/s, ufs, 1, we are assured that periodically "normalizing"
by division by s 'will keep all the variables of the order of 1 .

Finally, however, the machine representation of the data requires
keeping all the data substantially less then one. Thus; we will make the

following replacement of all the parameters of the problem

Replace b by 27
" ¢ " Ewloc
(9) wox o 2
" u " 2720,
" s " 2‘10s .

This will clearly make the data fit; the equations for the ccmputation now

become, with all letters standing for these new variables,



—_
ij = O [xj,> U85 - scj}

bt
E—] r - X
(10) tuy =06 o [ui, sb, E:jgij j]
L] =
ps =220 At Mex (O,> c.X, = }_. uibi] .
-20

Initial values for this system must be taken of the orders A4x =2 )
=20, pg =210,

4

The distance from optimality of the given approximation is measured by

s-l times the sum of all the quantities of (10). Our program will use an

initial distance, € in conjunction with an initial time-step, Amo »

proceeding with the iteration until the distance measured by (10) falls be=

low eo . Then both € and At will be reduced by an appropriate fac-

tor — 4 geems reasonable —— and the process repeated. When finally the

distance is less than a preassigned € we will be through.

J

5« We shall perform the calculation on a sub-model of Kerreman's [7].

Our problem, for T +time periods, has 21T varisbles, 14T constraints.

Its matrix can be compactly written in the form (for T =5 )

1.2 2 5 )
Xl ses Xgl Xl e Xgl sae eta Xl e s xgl
Ul
ol
N
14
2
u
°n F+H B
ik
. H P+ H E
. H H F+H B
w2
:5 H H H F+H E
u
14
M L 5 5
Cl ese 021 . . . . . cl vee 021

SR )
AN =\



where E, Fy, and H are three 14 by 22 watrices given in the appendixe.

Here x; denotes the level of activity Jj in period v , ete.
. o
If, for convenience, we define the additional quantities xJ. =0,
uT+l =0 , we can rewrite the summations of (10) as follows:

uigij becomes (for J in period < )

i
M T T 1
(11) Z ure,, + > ui e, 4 Z h.,Z 1 u; ;
Rt SRTAVY B i M lagata
™
and 2 8; 5%, (fFor i in period T ) becomes
53 J
T-1
T Tl
12 e xt+ ) 1 £,4% ) b
(12) ZjiJJ L'....ljl E.:Jljz

These forms indicate how much storage will be needed for the problem.

Making use of the fact that the matrices E, F, H have very few non-zero
entries, the constants of (11) and (12) can be incorporated into a very
high-speed program for the formation of these sums, which can be kept en-
tirely in the electrostatic storage unit (WM), Drum storage is needed for
the'rremiining variables and their sums and constaents, i.e., for x; ’
y lx:; P cd » and likewise for u , for T = Oyjees,T+l « A precise
count for our problem gives the drum storage requirement of 88(T+l) words,
permitting caleculation with a 20-year model under present conditions (4,096
words, with two words used per datum for certain technical reasons).

In the Appendix we give a more precise statement of the numerical probe

lem and the nature of the program for the IAS irachine.
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APPENDIX IX: NOTE ON PROGRAMMING

The program written for this problem has been designed to minimize the
time required for computation. Data~input and output speed has been sacri-
ficed to flexibility; problem data mey be individually modified at any point
in the calculation.

The bulk of the calculation being the formation of the summations of
(10), we illustrate this by sketching the formation of uz of (12).

In the calculation for time period T (=1l,.e.,T) , the following
quantities from the previous iteration have been brought to WM from the drum
(3 =1y00,2L3 i =1;,.,14):
<571, ], o], Wyl (), (o)) b)),

(A1l date are stored on the drum in the order indicated by the above fragment.)

T+l
{ui }

A new u; will be formed from the old by adding &u; calculated from (12).

Here the expression is quite simple:
T

. T T T T
Aul = At (b[ul, Sbl Xy - x2] .
The orders then are:

1. MULTIPLY s and b;‘

2.  SUBTRACT x;

3.  SUBTRACT xg

4, STORE result (for future use)

5« SHIFT A places right (multiplies by 24 = At)

6.  TRANSFER to 8 if result > 0, otherwise execute T
"eutback”

7. SHIFT W places right (muitiplies by 27 )

8, ADD u;

9. TRANSFER to 11 if result > O, otherwise execute 10
new u;_>_ 0 {10, STORE 0 for new u;

ll. STORE sum for new uI .

Only orders l-3 are specific to the variadle (ul) being acted on; L-1l

appear as above for each of the 35 varisbles. Such a program, while occupying
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a great deal of space in WM, is capable of more efficient operation than a
more compact one in which orders 4-1ll were formed when needed: Firstly, be-
cause modifying orders 4, 8, and 11 would require 3 additions, and secondly
because of the possibility of "read-around" due to frequent reference to the
storage of the block,

Once the general progrem has been stored in WM, communication with the
machine tskes piace entirely through punched cards in the read hopper. Single
cards bear inetructions to load data, to start the computation, to change
perameters of the computation (such as N or p above), and to print re-
sults, which are punched on gards in such a way that they may be used as

initiating data.

Department of Mathematics and Economics Research Project
Princeton University

Mey 31, 1957,



