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1. 1Introduction

It is generally thought that the monetary system plays an important role
in the coordinafion of economic activity in a decentralized economy. However,
the theory of genéral equilibrium, which is designed to analyse the coordination
of economic activity, has no meaningful place for a monetary system. Therefore,
some authofs argue that the usefulness of general equilibrium theory is rather
limited. Yet, most economists seem willing to accept general equilibrium theory
as an approximate description even of a monetary economy. The present paper
uses an explicit model of monetary exchange to analyse what role the medium of
exchange actually plays and what precisely are the limitations of general equi-
librium theory in the context of a monetary economy.

I stﬁdy the use of a medium of exchange in an economy with many agents
who meet pairwise at random times. If exchanges are voluntary, such an economy
cannot in general reach the same allocation as an economy with multilateral
trading. To attain at least a degree of multilateral exchange, agents must
engage in indirect trading. In the model presented here, indirect exchange is
limited to a single commodity, which is traded back and forth and serves as
the medium of exchange. This medium of exchange has no intrinsic commodity
value of its own.

The specification of expectations is the key to the theory of indirect
exchange. An ageﬁt's willingness to engage in indirect exchange depends on his
expectations about future exchange opportunities. He will not buy a good for
which he has no use unless he expects to resell it at a profit. The value of
fiat money, which has no intrinsic commodity value of its own, deriveé solely
from the expectation of its value in future exchanges. If fiat money was
expected to be worthless in future exchanges, it would be worthless in current

exchanges.
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The model of this paper contains at least two equiliEria in which expecta-
tions about future exchange opportunities are self—fuifilling. In one equi-
librium, the value of the ﬁedium of exchange is always zero and the economy is
restricted to the exchanges fhat are possible under direct barter. In the other
equiiibrium, the medium of exchange has.positive value and supports a certain
amount of multilateral exchange.

Once money has been “invented", it seems likely that the direct barter
equilibrium can never be reached by a disequilibrium adjustmeﬁﬁ process. On
the ‘other hand, the economy may'start in the directbafterequilibrium because
agents have never become aware of the scope for indirect exchange. If at some
time, they.learn about the potential for trade, and begin to use a medium of
exchange, the shift to the monetary exchange equilibrium represents a singular
and irreversible historical event.

In this paper, the frequenéy of meetings between agents is treated as
an exogenous parameter of the economy. This assumption is artificial and used
only as a simple and tractable way to model the frictions which I believe to
be essential to the understanding of a monetary economy. In reality, it is
likely that an agent with an empty refrigerator will exert himself to meet
the grocer. However, I am confident that the results of this paper hold for
more general specifications of the trading process.

If the frequency of meetings is large, there is little friction in the
trading process, and the cost of arbitraging between different trading partners
is small. In the limit as the frequency of meetings grows out of bounds, the
allocation of resources in a monétary exchange equilibrium approaches the
allocation of resources in frictionless multilateral exchange at competitive

equilibrium prices.



3

Specifically, consumption and production flows approach their competitive
equilibrium vaiues. But at the same time, commodity inventories and real money
balances, which are designed to smooth the frictions in the trading process, go
to zero, because they are no longer needed. If frictions are assumed to be
negligible, the theory of general competitive equilibrium approximates the al-
location of production and consumption flows in the monetary economy. However,
as a theory of the frictionless economy, general equilibrium theory is inherently
incapable of analysing how the monetary system itself works, i.e. how the holding
of inventories and the use of<money as a medium of exchange enable the economy

to deal with a given amount of friction in the trading process.

The limitation of general equilibrium theory is illustrated succinctly
by the-concept of the speculative demand for money. The classical argument
that there can be no speculative demand for money in a long run rational expecta-
tions equilibrium is valid in the limit as the frequency of meetings becomes
infinite. Therefore, the classical quantity equation with a technological
velocity of circulation becomes valid as the frequency of meetings becomes in-
finite.

However, when the frequency of meetings is finite, there exists a specu-
lative demand fér money, which invalidates the classical quantity equation.
This speculative demand for money is due to the randomness of prices in differ-
ent meetings. In a given exchange, an agent may hold back on the purchase of

a commodity and keep his money until the next meeting because he hopes to get a

better price then. Thus, the underlying friction of the trading process is
responsible both for the transactions and for the speculative motive for holding
money. For all practical purposes it is impossible to distinguish the two mo-

tivations.
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The next section develops the basic model, first of individual behaviour,
then of economic interaction. The first part of section 3 discusses the simul-
taneous existence of direct barter and monetary equilibria. The rest of section
3 is devoted to é tentative analysis of the motives for holding money. In par-
ticular, I consider the role of the speculative motive in any given trading in-
stant, and derive its implications for the pricing of multiple media of exéhange!
Furthgrmore, I discuss the‘importance of consumption and accumulation behaviour
for the‘analysis of long run monetary equilibrium. Section 4 analyseé the re-
lationship between monetary exchange and general competitive equilibrium by
considering monetary exchange equilibria at high trading frequencies. All proofé

are collected in the appendix.

2. The Basic Model

2.1. Individual Behaviour

A representative economic agent solves an intertemporal maximization

+1

problem. At each instant, he produces a constant commodity vector a € s

n+1l

+ - He manages a vector of in-

and he consumes a commodity vector c(t) & IR

n+l

ventories y(t) € DR+

» SO as to maximize the expected present value of
utility of consumption over an infinite time horizon. His inventories must
never become negative.

The first good (indexed by "0") is money, which is neither produced nor
consumed so that a, = co(t) = 0.

The evolution of the agent's inventories is governed by two regimes:

For almost all t, it is given by a simple accumulation equation:

y(t) = a - c(t).
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o]
In addition, there is a random sequence of instants {Ti} , at
i=0
which the agent can trade the excess demand vector Z;5 8O that the inventory

dynamics at Ti are given as:
y(Ti+) = y(Ti—) + Z,

For any time intervél of lengtﬁ I, the number of trading'instants in
I satisfies a Poisson distribution with mean uI, where U 1is an exogenously
given parameter.

At any trading instant Ti’ there is a price vector pi and two ration-
ing vectors bi, si, such that the value of the excess demand z; at the price
pi is zero, and furthermore, the amounts purchased (socld) do not exceed bi
(si). The agent assumes that the triple (pi, bi, si) is drawn from a stationary
probability distribution G(°), which is independent and identical for different
trading instants. Moreover, he assumes that the distribution G(-) is indepen-
dent of his own inventories prior to trading.l »

I shall consider distributions G(*) on the space IR+ x " x IRi(n+l):
All prices are expressed in terms of an exogenous unit of account; the price
of money may be any nonnegative real number; the n-vector of real commodity
prices lies in the n-dimensional simplex. The fationing constraints may be
given by any pair of nonnegative (n+l)-vectors. I shall take the set of distri-

no_ IR2(n+l)

butions on R,k x X to be endowed with the topology of weak con-

+
vergence of probability measures.
In a previous paper [ 13 ], I have shown that the agent's problem can
be formulated as a dymamic program: Let V(y) be the value of the optimal

policy starting from initial inventories y in the absence of a trading in-

stant. Then, one can write:



(1)
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V() = Max j,e*p*“)t(ucc(t)) FW(y(e) dt
c(+) 5
s.t. y(t) = a - c(t)
y(e) >0
y(©0) =y,

where the function W(:) is defined as:

(2)

W(y) = J Max V(y+z) dG(p,b,s)

]
N
A
[/}

y+z > 0.

The value of the optimal program for initial inventories y 1is composed

of the value of the optimal consumption path that will be followed until the

next trading instant and the expected present value of the optimal consumption

program after the optimal trade at the next trading instant.

I shall make the following assumptions about the instantaneous utility

function:

A.l:

A.2:

Pq s n+l . .
The instantaneous utility function u: IR+ T [E} G] IR is twice con-

tinuously differentiable and bounded.

J, such

The set of all commidites can be partitioned into two sets J 5

l’
that:
a: For all j € Jl’ and all ¢, uj(c) > 03

b: For all ¢, the matrix <ujk)’ i, ke J

1 is strictly negative definite;

G



c: If {ck} converges to ¢, where ‘Ej = 0 for some j € J,, then

l b
X k
limu,(¢c) =
oo
d: The set J1 contains at least two commodities;

e: For all j £ J,, and all c, uj(c) = 0;

22
f: 0O ¢ Jz.

There may be commodiﬁies in which the agent is not interested at all.

But for those in which he is interested, his utility is strictiy increasing,
strictly conéave and satisfies an Inada condition at the origin.

Assumptions A.1l and A.2 imply that the valuation functions V, W exist,
are continuously differentiable, concave and bounded. Furthermore, they have
the same monotonicity properties as u, and V 1is strictly concave wifh respect
to goods in Jl.

An optimal policy is given as a pair of functions c(y; G), z(p,b,s; y; G).
The consumption function ¢ determines the individual's consumption when he
does not trade as a function of his inventories and his expectations about
future trading conditions. The excess demand function =z determines the de-
sired exchange at a trading instant as a function of current trading conditions,
inventories and expectations about future trading conditions.

Optimal policies may not be well defined when prices or price expectations
are at the boundary of their domain. Therefore, I shall restrict expectations

to the set of distribution functions that assign positive weight to the interior

of the price set:

F={c|G({p|p>o,po<w}xm2<n+l))>o} .
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Then the following propostion is a straightforward generalization of

Propostions. 2.2 and 2.3 in Hellwig [13 ] and is stated without proof:

Propostion 2.1l: Let G € I'. Under Assumptions A.l and A.2, the consumption

function c(y; G) is single-valued and jointly continuous in y and G. Let
x(y, 8) = (min(yi, si)); then, for p > 0, p'x(y,s) > 0, the excess demand
function z(p, b, s; y; G) is single~-valued and jointly continuous in p, y and
G. For any G € I, let (p, b, s, y)k converge to (p, b, s, y), where Ei = 0,

b, = §i = @ and p'x(y, s) > 0; then limllz(pk, bk, sk, yk; G) H =

i Ko

Thus, consumption and excess demand behaviour are well défined and con-
tinuous whenever both, prices and price expectations are in the interior of
their domains and moreover, in the given trading instant, the intersection of
the budget set with the nonnegative orthant has a nonempty interior. Further-
more, as the current price vector approaches the boundary of its domain, the
excess demand for at least.one commodity grows out of bounds.

Under Aésumption‘A.Z.f, money is not consumed. It is acquired and held,
only because it can be resold. Therefore, optimal behaviour satisfies the
neoclassical homogeneity postulate: The excess demand for goods and for "real"
money balances as well as consumption behaviour are'homogeneous of degree

. 2 . : .
zero in money balances and all money prices. To make this statement precise,

T first intreduce some notation:

Define the function f: IREfz - IR_?_+l :

(3) f(m, x) = (mxo, x(0)),
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where m is a positive scalar, X the element of x with index zero and
x(0) the vector obtained from =x by omitting the element with index zero.

l, let f?l(m, X) denote the inverse

Further, for m > 0 and any set )(C:IR2+
image set of X .under the function f(m, .).

Then, one obtains a class of transformations Tm: I'> T on distribution
functions by the condition that for any Borel set P x B x S,

#1 .1

(4) (TmG)(P x Bx 8) = G(f'l(m,P) x f (Es 1

B) x £ (i; S)).

To motivate the use of the transformations Tm, note that money prices

4ys-+-q, are given in terms of accounting prices as pl/po,...pn/po. Thus,

n
multiplying money prices by a constant is equivalent to dividing the accounting
price of money P, by the same constant. To perform the classical homogeneity
experiment, one has to divide P, in every transaction - expected as well as

current - by the same factor, by which one multiplies money holdings and the

quantity constraints on monetary transactions. Then, it is easy to prove:

Proposition 2.2: Let G € I'. Under Assumptions A.l, A.2, one has for all

positive scalars m:

c(f(m,y); Tl/mG) c(y; G)

z(f(1/m, p), £f(m,b), f(m,s); f(m,y); Tl/mG) = f(m, z(p,b,s; v: G)).

2.2 The Structure of the Economy

a: Preferences and Production Vectors

The economy consists of n types of agents (as many types as commodities).

%
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There is a continuum of unit mass of each type. Each type is characterized by
a quintuple (u, p, a, Y, G) of preferences, a production vector, a trading fre-
. quency and expectations.
To keep the notation down, I assume that all agents have the same time
preference and the same tfading frequency. This has no effect on the results
of this paper. Production vectors and preferences are given by  the following

assumptions:

B.1l: The k-th type's production vector is given by:

ak =0
(o]

ak(O) a ey,

where e, 1is the k~-th unit vector.

B.2: The instantaneous utility of the k-th type satisfies:

{ k, k + 1 (modulo n)} ,

0 for all i # k, k+1 (modulo n).

An agent of the k-th type produces commodity. k. He consumes commodities
k and k+l. Presumably, he would like to sell somé of his production of commodity
k in return for some units of commodity k+l. However, commodity k+l is produced
by agents of type k+l who in turn want to buy commodity k+2 rather than commodity
k. Thus, the ecoﬁomy has the familiar chain structure of Samuelson's consump-
tion-loan model, in which the pringiple of the double coincidence of wants is

most difficult to meet.
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b: The Specification of the Monetary Exchange Process

Agents meet in pairs. At a trading instant, an individual draws a
trading partner at random from the rest of the population. The exchange be-
tween two agents of types j, k with inventories and expectations (yJ, GJ),
k _k . . . i | k k \ .
(y ', G, is determined by a quintuple (p, b”, s?, b, s ) of prices and quantity
constraints.

'I shall assume that trading leaves the aggregate inventories of all

commodities unchanged:

C.1l: For any j, k, (yJ, GJ), (yk, Gk), the quintuple (p, bJ, sJ, bk, sk) of

trading conditions satisfies:

) . . 3 . * k k k k k
(5) zJ(p, b, s¥; yJ; ¢l + 2 (p, b, 83y G) =0.

The chain structure of excess demands under Assumptions B.1l and B.2 im-
plies that there must be indirect exchange, if there is to be any trade at all.
Agents must be willing to accept payment in a commodity which they do not want
to consumé, but which they hope to resell. It will be assumed that all such

indirect exchange is limited to a single commodity, money:

C.2: For all k, s? =0 for all i # k, O.

An agent of type k is unable to sell any good except commodity k and
money. Therefore, he will never acquire inventories of goods other than k,
k+1 and money. He derives no utility from other commodities and he cannot re-
sell them; thus he is unwilling to spend anyAresources on acquiring them.

Assumption C.2 represents the idea that money serves as ''the'" medium of

exchange. It correspondsclosely to the view of the "monetary budget constraint"
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that is prevalent in the literature.3 Unfortunately, this constraint does not
emerge endogenously from the way the economy operates, but has to be imposed by
assumption.

However, it should be noted that this assumption can be supported by a
set of self-fulfilling expectatibns. Suppose that agent k is known as the pro-
ducer of éommodity k; other agents do not bother to ask him whether he has any-
thing else to sell. Then, he does not hold any inventories of goods other than
k, k+l1 and money. In any given trading instant, the constraint-C.Z is not re-
garded as binding, because he has no inventories with which to violate if.
Moreover, the odd agent who does ask him whether he has anything else to sell
receives a negative answer and will soon learn not to ask.

It femains to specify the determination of prices and the other quantity
constraints. Which specification one chooses does not éeem to matter very much.

But an equilibrium specification is more appealing than any particular disequi-

librium specification. Therefore, I shall assume that in any given bilateral
meeting prices adjust to clear the "market" between the two agents who meet.

Equivalently, with one exception, agents face no quantity constraint in addi-

tion to those given by Assumption C.2.
The exception is a prohibition of purchases of commodity k+1 by agents

of type k from agents of a type other than k+l. This additional quantity con-

strgint avoids the irrelevant pathology when agent k with y§+l =0, V§+l = o

meets agent k-1, and in equilibrium, P+l > 0, Py = 0, P, = 0, so that pk/po

is not well defined even though it is the most crucial relative price.

C.3: For all k, sk = sk = ®.
o} k
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C.4: For all k, all i # k+l1, b? = o

for all k, bt+1 - {O if agent k meets an agent of type j # k+1.

00 if agent k meets an agent of type k+l.

For future reference, it is useful to introduce the equilibrium price

correspondence PJk for agents of types j, k:

ik, 3 k. _j .k 3.3 3.3 . k k k. k. k
(6) PGy, vy e, 6 = {Plzj(p, bl 835 vyl @) 4+ 25(p, b, 8 ¥ G = 03
bJ, SJ, bk, sk satisfy C.2 .- C.4} .
Lemma- 2, 3: Let GJ, Gk € ' Then the equilibrium price correspondence PJk is
nonempty and upper-hemicontinuous with respect to yJ, yk, GJ, Gk.

The functioning of the monetary exchange process given by Assumptions

C.1 - C.4 can now be sketched as follows: An agent of type k holds inventories
of commodities k, k+l and money. When he is not traﬁing, he builds up his in-
ventory of commodity k and runs down his inventory of commodity k+1. When he
meets an agent of type k-1, he sells commodity k in return for money at a price
that equates demand and supply between these two agents. When he meets an
agent of type k+l, he buys commodity k+l in return for money. When he meets
another agent of type k, they may trade commodities k and money, but this sort
of exchange is presumably of minor importance. When an agent of type k meets

an agent of a type other fhan k-1, k or k+l, they talk about the weather.

c¢: The Evolution of the Economy

I shall not consider the time path of inventories for each individual

agent. Instead, the evolution of the economy over time is studied in macro-
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scopic terms through the frequency distribution of inventories across agents of
a given type.

At any time t, the macroscopic state of the economy is a vector

S;:t = (Fi(')) of distribution functions omn IR2+1, such that FE is the dis-

tribution of inventories across agents of type k at time t. For any measure-

able set Y IRT.1

,.Fi(Y) is the proportion of agents of type k with inventories
yk(t) e Y. The state of ﬁhe economy évolves over time as the individual agents
producé, consume and trade.

The description of the monetary exchange process in C.1 - C.4 is incom-
plete, because the competitive equilibrium between two agents‘who meet need not
be unique. 1In this case, the price at which two agents actually trade is assumed

to be drawn from an arbitrary, but fixed probability distribution on the set of

equilibrium prices, Formally, the trading process is represented by a pair of

matrices(:§,= (QJk), C¥<= (KJk),'éuch thats

(7)  TFor all j, k, y3, v5, &3 eT, 65 e T,

(. : yJ, yk; GJ, Gk) is a probability distribution on IR, x En,

k

ik, ik, 3 ke 3 k9 ke _
b: V@I, v 6, 695 v, vy 6,60 =1

Dk 3 k . k _ k . ] 3 . k 3
e KI5 ¥, v 6d, 69 = Qj ({P|YJ + 23 (p, yj, ¢y e X}; vi, v 6, Gk)

for all X C nRifl.

The mapping ij specifies the proﬁability diétrihution of prices at
which agents j and k trade ;s a function of their inventories and expecta-
tions. Similarly, the mapping 'Kjk specifies the probability distribution of
agent j's inventories after a trade with agent k as a function of their in-

ventories before the trade and their expectations.
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Let the vector of expectatioﬁs %% = (Gj(°)) e I and trading matrices
(:;_,C\<isatisfying (7) be given and suppose that for all Borel sets X, the
function Kjk(X; ‘, ';'Gj, Gk) is measurable. Then the evolution of the economy
under the consumption functions ck(l H Gk), k=1,...n, and the trading matrices

(2Lj3¥<is determined by the following system of forward equations:

(8) For all k, and all Borel sets Y C;IR2+1,
k _ k, k
oD = (1 - uh) L)

e . . . . .
+uh J K y,rs 66 Fiey™ Hayd) +om,
=1 n+l
: +
where: A¢k(Y) = {x|y(h; X) € Y}.

and: 1lim O(h) _

h»0 h 0.

Proposition 2.4: Assume A.l, A.2, B.l, B.2 and let the vector of expectations

E% e T be given. Then, there exist trading matrices C;L,C¥{ , satisfying (7),
such that the process (8) is well defined and furthermore, there exists a state
of the economy that is stationary under the process (8).

The discussion of this paper will be limited to stationary states.
I shall neglect the question whether the economy must converge to a stationary
state. If the economy is in a stationary state, the population from which an
agent draws his trading partners does not change over time. Therefore, the
distribution of trading conditions that he encounters is stationary aﬁd can be

inferred from the actual frequency distribution.
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n . .
For given expectations(gg e I'", let C;l ,C\%\ be trading matrices sat-

L .
isfying (7) and ?5} a stationary state for the process (8). Write .sk for

agent k's sales constraint according to C.2 and C.3, bko for his purchasing

k, k+1

constraint in trades with agents other than of type k+l and b for his

purchasing constraint in trades with agents of type k+l, according to C.4,

Then, the experience for an agent of type k in the stationary(zg is written

5
as:

(9) a:- Ek(P X {bko} x {sk};(AJ:},c%) = %‘ z J QkJ(P; yk,yJ; Gk,GJ)Fk(dyk)FJ(dyJ)
. jm1

skt 2D

+

b BN x (5K 4 {Sk};Q’C}’%) _1 J Foktlip, Jk KA1 ok okt

n
13_2 (n+l)

+ 7@y Fl (ay®)

for any Borel set P.

The economy will be in a rational expectations equilibrium, if the original.

expectations% coincide with the actual experience given by (9):

- Definition 2.5: A ratiomal expectations equilibrium is a pair of vectors of

* %
distribution functions‘?% ,(%g for inventories and trading conditions and a

. * BDYL]
pair of trading matrices R (V\, such that:

' * % *
a: Given the expectations %% , the trading matrices (;;_, Ck(_ satisfy (7);

% .
b: Cér is a stationary state under the process (8);

c: for all k, Ek( . ;@:‘,%*,%*) - ¢k ).

The existence and most important properties of rational expectations

equilibria under monetary exchange will be the subject of the following section.
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3. Equilibrium under Monetary Exchange

3.1. Rational Expectations Equilibria for Money and Direct Barter

In this section, I propose that monetary exchange works becausé it is
expected to work. Since fiat money has no direct use, agents buy it only be-
cause they hope to resell it at a later time in return for real resources.
if they expect that the value of money in all future transactions is zero, they
are not willing to give up real resources for money, aﬁd money cannot function
as the medium of exchange. on the_other hand, one can find a rational expecta-
tions equilibrium in which money has a positive price and serves as the medium

of exchange, so that a positive level of trade can be maintained.

Proposition 3.1: Given A.1 - B.2, C.1 - 4, there exists, for any M > 0, a

rational expectations equilibrium (?}*, E%ﬁ’cg~§’c¥<§)’ such that:

ar ] j yk ng(dyk) = M3
k=1 ©

b: for all k, ng({plpO = 0} x {bX°, XKty o MYy - 1,

c: for all k, F%k({ﬁly(O) =0}) =1;
d: for all k, ng({ylck(y; Gﬁk) = ak}) = l-6
Proposition 3.2: Given A.1 - B.2, C.1 - 4, there exists, for any M > 0, a

rational expectations equilibrium (Q;*, E%&, Ciﬁ,(%<§), such that:

a: ) J yk F*k(dyk) = M;
k= o} M
n+1
IR+

1
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k,k+1} . {sk})

b: for all k, Gﬁk({plpo > 0} x {bk°, b =1.

The no-trade equilibrium of Proposition 3.1 represents a direct~barter
economy, in which money has not been "invented'" and agents are unaware of the
possibility of indirect exchange. In this economy, no exchange takes place
at all.

The existence of this no-trade equilibrium presents a technical diffi-
cult§ for the proof of Proposition 3.2. One needs a mapping whose fixed points
are precisely those rational expectations equilibria in which the price of
money is positive. The no-trade equilibrium must not be among the fixed points

of the mapping.

 Curiously, the solution to this problem is based on the homogeneity

property'of the demand for money.7 Since agents are interested in real money
balances, their demand for nominal money balances rises when the price of money
in all current and future transactions declines. As the price of money approaches
zero, ceteris paribus, the demand for nominal money balances grows out of bounds,
and there is a large disequilibrium in the "money market'. The no—tr;de equi-
librium at a zero price of money arises only from 4 discontinuity in money de-
mand at P, = 0.

More precisely, for given Gk e, p >0, yk, with yE > 0 consider the
correspondence:

~ K ko k. Kk K
2(q) = 2 (£(a, ), b 0, 53 ¥ TG

which gives agent k's excess demand for money as a function of the price of
"money when relative pfices and inventories are held constant.

Thié correspondence is drawn in Figure 1. For q = 0, the value
of E(q) is arbitrary in the interval [—yi, ©), However, for q £(0, «), ;(q)

is single-valued and continuous, by Proposition 2.1. By Proposition 2.2, it
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Figure 1
z
. . — -
3 SN
!
, k . N .7 k
ranges over the interval [- Yoo ®), with lim %Z(q) = ©, and lim z(q) = Vo

Thus, the excess demand for money is discontinuous at g = 0.

- To. apply a fixed-point argument, one must smooth out this discontinuity?
Because lim ;(q) = o, the smoothing procedure can be chosen so that the point
q>0
q = 0 is automatically eliminated from consideration as an equilibrium.

Figure 1 also suggests that the economy does not arbitrarily 'choose"
whether to operate under monetary exchange or under direct barter. It seems
that, starting from a positive price of money, conventional disequilibrium ad-
justment processes cannot reach the no-trade equilibrium. As q approaches
zero, the excess.demand for money becomes large and exerts an upward pressure
on the price of money, keeping it away from the point q = 0. A move to the
no-trade equilibrium at q = 0 seems to require a discontinuous break away from
monetary exchange and bagk to direct barter. Under normal circumstances and
in the absence of hyperinflafion, I do not see any forces that would induce
such a break. Although the medium of‘exchange hangs by its own bootstraps, the

bootstraps are both robust and elastic.
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Historically, the economy might have started in the no-trade eduilibrium
of direct barter. Then it would remain there until by some accident agents be-
came aware of the potential for indirect trade and "invented" a medium of ex-
change. This would represent a singular and irreversible historical event.

The existence of a monetary exchange equilibrium and a direct barter
equilibrium, side by side, underlines the importance of expectations for the
functioning of bilateral frading proéesses. Different expectations about future
trading possibilities support different levels of éxchange,_and more than one
set of expectations can be self-fulfilling. How much trading actually takes
place may depend on the dynamics of extra-economic information processes,
through which agents learn about trading opportunities. To the extent that
such learning is irreversible, the multiplicity of rational expectations equi-
libria, in particular, the coexistence of monetary exchange and direct barter
equilibria seems to leave room fbr a weak form of historicity of economic

processes.

3.2. On the Demand to Hold Money

A central problem for a more detailed study of monetary exchange is what
determines the equilibrium value of money. At an elementary level, this ques-
tion is, of course, answered by the classical proposition that the price of money
is inversély proportional to the quantity of money: A doubling of the nominal
‘quantity of money entails a doﬁbling of all money holdings and all money prices
(a halving éf the price of money), but leaves all real inventories, consumption

and utility unchanged.
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Proposition 3.3: Let CQ%*, ;3*, Q&f,(aﬁﬁ) be a rational expectations equilib-

k
%
l/qG' )

(Tl/qQ*Jk), (TqK*Jk)) is a rational expectations equilibrium for the quantity

rium for the quantity of money M. Then, for q > O,((TqF*k), (T

of money ¢M, where Tq, Tl/q are as defined in (4).

The neutrality of money shifts the focus of the analysis to an explana-
tion of the amount of real money balances held in a rational expectations equi-
librium. One has to consider the implicit returns which induce agents with
positive time preference to hold money even though it bears no explicit interest.

An analysis of this problem must proceed in two steps. In this and the
follqwing sections I take agents' consumption behaviours as given and analyse
their decisions to trade money for commodity inventories in a given trading'in—
stant. In section 3.4, I shall then take the cbnsumption decisions into the
analysis.

In a given trading instant, the decision to hold money until the next
trading instant is based on two considerations: First, in a meeting with an
agent of type k-1, an agent of type k gives up commodity k for money because
he hopes to use the money to acquire commodity k+l and to make an inframarginal
gain., Secondly, in a meeting with an agent of type k%l, he may decide to hold
on to his money in the hope of obtaining a more favourable price in a later
trading instant. Thus, the decision to hold money combines bpth exchange and
speculative motives.

The relationship between the two motives is quite subtle: The specula-
tive mdtive is subordinated to the exchange motive, but it is not, therefore,

imsignificant.
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In the absence of an exchange motive to hold money, the speculative motive
alone cannot support a positive level of real money bélances. For suppose that
money is held for speculative purposes only. Then, current speculators pay a
positive price for money, beéause they hope for an increase in the value of
money. This increasé can only be brought about by future speculators who in
turn base their behaviour on the hope of an additional increase in the value of
money, etc. as in a chainvlétter. This pattern of speculation is incompatible
with a stationary price distribution, contrary to our definitién of a rational
expectations equilibrium. Thus, the speculative motive for holding money is
predicated upont the existence of an additional '"real" reason for holding money.
In the present model, it cannot operate independently of the exchange motive.9

Nevertheless,-the speculative motive must not be regarded as negligible.
If agents meet'only pairwise, the distribution of prices is nondegenerate, and
in a monetary exchange equilibrium, there is a significant amount of speculative
activity. Consider an agent of type k who has not bought commodity k+l for a
long time; but holds significant money balances. If he meets an agent of type
k+l who has just sold all his inventory of commodity k+l, their combined in-
ventory of commodity k+1 is .small and the price of commodity k+l is very large.
As a result, agent k is unwilling to spend all his money to buy commodity
k+l. 1In a given exchange proceés, this type of meeting has a ‘fixed, nonnegligible
probability. The speculative motive is caused by the nondegeneracy of the price
distribution and is thus, indirectly, as much a consequence of the bilateral
character of trading as the exchange motive itself.

For préctical ﬁurposes, tﬁe close interaction between the exchange motive
and the speculative motive to hold money makes it unlikely that the two can be
separated, analytically of empirically.. But one must be aware that the ''de-
mand for money" contains both‘speculative and exchange motives which are closely

10
intertwined, and neither of which can be neglected.
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3.3. Monetary Exchange with Several Media of Exchange.

To underline the importance of the preceding considerations I shall apply
them to the analysis of economies with more than one medium of exchange. In
particular, I want to focus on the relative prices of different media of exchange.
I shall analyse the relative price of two fiat monies and the relative price of
a fiat and a commodity money in them.

To study multiple fiat monies, I consider an economy with n goods (indexed
"1,2,...n") and m fiat monies (indexed "ol,oz,...om"), in which all fiat monies

are equally acceptable as media of exchange. Assumptions C.2 and C.3 are re-

placed with:

D.2: ‘For all k, s,

0; 1i# k, 07505+ 210 =

]
8

D.3: For all k, S, ; 1=Kk, 015095 «+-0 .
Alternatively to contrast fiat money and commodity money, I consider an

economy with n real goods, of which the first is acceptable as a medium of ex-

change, and fiat money (good 0). The use of the commodity money does not entail

any transactions costs. Assumptions C.2 and C.3 are now replaced with:

E.2: For all k, s?

0; 1i+#k, 0, 1.

It
8

" E.3: For all k, s, ; i=%k, 0, 1.

Rational expectations equilibria are defined as before, with D.2, D.3
and E.2, E.3 replacing C.2, C.3 in the definition of the trading matrices.

The main results are summarized in the following propositions:

Proposition 3.4: Assume A.1 - B.2, C.1, C.4, D.2, D.3 and let Ml""Mm be

the nominal quantities of the m fiat monies.
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m . . ; R
a: For any vector q € L , there exists a rational expectations equilibrium

with a vector of expectations (%%**, such that for all k,

k ' po. q.
(10) Gex“({p| —t=-L, 3 =1,2,...m}) = 1.
Pol ql

b: For any rational expectations equilibrium with a vector of expectations

'G% %%, there exists a vector q € Zm, such that for all k, (10) is satisfied.

Proposition 3.5: Assume A.1 - B.2, C.1, C.4, E.2, B.3 and let M > 0 be the.
nominal quantity of fiat money. For any rational expectations equilibrium with

a vector of expectations E%***, one has for all k,
(11) G***k({p|p0 = 0}) = 1.

The relatiVe'price of two fiat monies is arbitrary, but fixe&, i.e. thé
same in every transaction. In contrast, the presence of a commodity money
forces the value of fiat money to zero, making it disappear from the economy.

Fiat monies are demanded only.for use in future transactions. They are
neither produced nor consumed, and no agent ever has a more pressing need for
one fiat money than for another. Under D.2 and D.3, an agent who expects the
relative price of two fiat monies to be the same in all future transactions
will treat them as perfect substitutes with a rate of substitution equal to the
expected reiative price. If all agents expect the same relative price to
prevail in all future transactions, this relative price must also prevail in

all current transactions.
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If the relative price of two fiat monies in future transactions is random,
an agent's marginal rate of substitution between the two fiat monies is strictly
larger than the smallest possible future relative price. Therefore, any actual
equilibrium price is .strictly larger than the smallest possible future price.
Then, the distribution of future relative prices and the distribution of current
relative prices of the two fiat monies cannot be the same, in contradiction to
the definition of a ratioﬁal expectaﬁions equilibrium. Tt follows that in a
rational expectations equilibrium, the relative price of two fiat monies is not
randomn.

Under E.2 and E.3, fiat money is again demanded for future transactions
only; but commodity money‘is demanded for future transactions and for consump-
tion. In particular, agents of type n want to consume commodity 1 and are will-
ing to buy it at a premium over its value as a medium of exchange. Applying
the same reasoning as before, one finds that if the price ratio pl/po, i.e. the
relative price of commodity money and fiat money, is random, then’fhe equilibrium
value of the relative price pl/p0 in any given meeting must be strictly larger
than the smallest possible value of this price in any future transaction. This
again contradicts the condition for a rational expectations equilibrium.

On the other hand, the premium over the value as a medium éf exchange
that agents of type k are willing to pay depen&s on their inventories and is
random, unless P, = 0, and the ratio pl/p0 is unbounded. Combining the two
arguments, one concludes that commodity money crowds out fiat money.

Propositions 3.4.b and 3.5 exemplify the assessment of the speculative
motive for holding money in the preceding section. Under D.2 and D.3, there
is no real basis for randomness in the relative price of two fiat monies.

Therefore, agents do not speculate on this price. But under E.2, E.3, there
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is a real basis for randomness in the relative.price of commodity and fiat money.
This generates a speculative motive to hold commodity money, which is strong
enough to destroy the fiat. money altogether.

If the apparently different fiat monies under D.2, D.3 are traded at
constant relative prices, the Hicks-Leontief Aggregation Theorem can be applied
to aggregafe them into a single fiat money. No matter what the relative prices
of fiat monies are, the existence of a rational expectations equilibrium then
follows directly from Proposition 3.2. The relative price of two fiat monies
is arbitrary.

Under D.2, D.3 different fiat monies should be regarded as different
units of the same currency, comparable to nickels and dimes, rather than differ-
ent currencies. - The introduction of an additional fiat money, or a change in
the relative prices of fiat monies are purely monetary phenomena. They affect
the quantity of the money aggregate, but because of the neutrality of money,

they have no effect on the allocation of real resources.

—Corollary 3.6: Assume A.1 - B.2, C.1, C.4. For any rational expectations

equilibrium under D.2, D.3, there exists an economy with a single fiat money,
satisfying C.2, C.3 with the same ‘allocation of consumption, real goods inven-

tories and real money balances.

3.4. Wealth and Welfare Gains From Monetary Exchange

Up to now, I have analysed the holding of money in terms of the choice
between money and commodity inventories in a given trading instant. A complete
analysis of the level of real money balances in a rational expectations equilib-

rium must go beyond the choice between non-interest-bearing money and non-inter-
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est-bearing commodity inventories and must encompass the decision to accumulate
commodity inventories in the first place. Unfortunaﬁely, an explicit analysis
. of the relationship between the instantaneous utility functions and the equilib-
rium level of real money balances is beyond the scope of this paper.

Instead, I shall merely use an example to illustrate the importance of
consumption behaviour for the monetary exchange equilibrium. Returning to the
comparison between monetary exchange and direct Barter, I shall discuss the
proposition of Pesek and Saving [ 20 ] that the welfare gain from monetary
exchange can be measured by the difference in the level of private wealth be-
tween monetary exchange and direct barter. This proposition has previously
been criticized by Johnson [ 16 ], but Johnsonfs criticism is seriously incom-
plete, because it neglects the role of accumulation behaviour.

In a monetary exchange equilibrium, an agent regards his commodity
inventories and his real money balances as tangible wealth, In the absence
of a single equilibrium price vector, I shall use the agent's own marginal
valuation to calculate the shadow value of his inventories as y'V _(y; G). TUnder
direct barter, he holds no inventories of goods or real money balances.

Leé%} U*,S%ﬁ* be vectors of inventory distributions and expectations in
a monetary exchange equilibrium at the frequency u. Let g%ﬁ be the vector of
expectations in the no-trade equilibrium of direct barter. Then the proposi-

tion of Pesek and Saving would use the quantity:

k, k, k k k,. k
13 'y s G* ) Fx(d
(13) Jy y.(y U)u(y)‘

n+l
Ry

as a measure of the average welfare gain from monetary exchange:
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. “k
(14) [ v (5 G;k> ng(dyk) - 7505 ox).
n+l ‘ ’

IR+

Proposition 3.7: Assume A.l1l - C.4. TFor all k,

a: J [v5(s 659 - ¥ viGRs 6891 Eaar®) - V605 avp) > o0

n+l
R,

k k k k
vV (0; Gﬁ Yy -~V (9, G*B) _

b: 1im " = 0
o0
c: lim J yk'Vk(yk; G*k) F*k(dyk) =0
o y p L
. IRn+l
+

lin f VRS ey - y8vRek; axf)] meay®) = 1im vE(0; o#%y.
o u y fl U 1
H n+l Hree

IR+

Proposition 3.7a confirms Johnson's assertion that a measure of wealth
must always understate the true welfare gains from monetary exchange.
It is instructive to decompose the bias into two parts by adding and

subtracting the term Vk(O; Gﬁk) on the left hand side of Proposition 3.7a:

. k k
an | IO o - YRR e - vRos T e

n+l
IR+

+ Vk(O; Gﬁk) - Vk(O; G*g).

Both components of this expression are positive. The integral represents
inframarginal gains from inventories within the monetary exchange process. Be-

cause the valuation function is strictly concave, this term is strictly positive
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whenever inventories are positive.

The tefm Vk(O; Gﬁk) - Vk(O; G*E) is strictly positive because monetary
exchange is preferable, even if one has no inventories. Under monetary exchange
Qne can accumulate inventories over time and then trade, but under direct barter
this possibility is precluded.

Johnson's criticism of Pesek and Saving rests entirely on the first com-
ponent of expression(l5), i.e. on their failure to account for consumer surplus
above the measured level of wealth. Johnson neglects the possibility of inventory
accumulation and does not consider the second coﬁponent 6f (15). This neglect
is justified when the trading frequency is small. Because of the Inada condition
on V, the consumer surplus term then is of the firét order of smalls while the
second component of (15) is of the second order of smalls (Proposition 3.7b)
and can be neglected.

In general, this neglect can lead to misleading results. For instance,
if the trading frequency is large, commodity inventories and real money balances
are small; both the shadow value of inventories and the first component of ex-
pression (15) are small. On the other hand, the welfare gains from monetary
exchange are large because agents have many trading opportunities which would
all remain unused under direct barter. In the limit as the trading frequency
goes to infinity, inventories and real money balances go to zeré; both, the
Pesek-Saving estimate of the welfare gain from monetary exchange and Johnson's
measure of their bias go to zero, even as the welfare gain from monetary ex-—
change actually reaches its maximum.

Equilibrium holdings of inventories and real money balances reflect
agents' desires to trade at the next opportunity. They may be unwilling to
accumulate large inventories either because the chance of another trading in—
stant is so remote that it is not worth while or because additional trading

instants after the next one are so likely that they do not need to make the
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most of the next one. In particular, when the trading frequency is large, an
agent of type k is willing to rely on future production of commodity k and ad-
ditional. trading instants to provide for his future consumption.of commodity k+1.
‘ This example indicates the importance of consumption and accumulation
behaviour fér the equilibrium amount of real money balances. Because money
serves as the medium of exchange, the equilibrium amount of real money balances
will be of the same order.of magnitudé as the level .of commodity inventories
held in the economy. A low level of real money balances does not necessarily
mean that the trading frequency is small and monetary exchange functions so
badly thaf agents do not care much abouL it. It may mean instead that the
trading frequency is large and the monetary exchange process functions so well
that agents do not need to carry large inventories and real money balances

in order to profit from monetary exchange.

4. Monetary Exchange and General Competitive Analysis

4.1. Monetary Exchange at High Trading Frequencies

To stud§ the relationship between the monetary exchange process and the
theory of Walrasian competitive equilibrium, I consider a sequence of monetary
exchange equilibria at succeésivelylhigher tra&ing frequencies. As the fre-
quency of meetings grows out of bounds, the monetary exchange equilibrium ap-
proaches a Walrasian equilibrium allocation. The present section discusses the
economic forces behind this convergence result. In the next section, I shall
apply this result to assess the psefulness of general equilibrium theory for
the analysis of monetary exchange equilibria.

In the frictionless compétitive economy, agents have no incentive to

hold inventories. Therefore, they decumulate their inventories of commodities
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and real money balances towards zero. One can then define the set of stationary

competitive equilibria as:

Wk = {(p*, c¥*, y*) c*k maximizes uk(ck) s.t. p*'(a - ck) = 0, all k;

Y*k(O) =0, all k; p* = 0; ) oxf = ) ak} )
k=1 k=1

Proposition 4.1: Given A.1, A.2, B.1, B.2, C.1 - C.3, and the aggregate nominal

quantity of money M, let (C'g-ﬁ, %ﬁ, Q\ﬁ

librium for the trading frequency u, such that for all k

,C}(ﬁ) be a rational expectations equi-

»G*k({p|po > 0}) = 1.

For all €, n>0 there exists uo, such that for u 2-“0’ there exists

(p*, c*, y*) € W* such that:

a: for all k, F*k({ykl ||Yk(0)||> n}h < g;
U

b: for all k, Fﬁk({yk! &5 - o[>0} < e
k .

c: for all k, cx Cel llp =p*ll>nh <«

The monetary exchange equilibrium of Proposition 3.2 converges in dis-
tribution to the set of Walrasian equilibria. In particular, the price dis-
tribution any type faces converges to a single Walrasian equilibrium price.

As the frequéncy of meetings becomes large, the cost of waiting for a better
price at another meeting becomes small, so that agents are able and willing to

arbitrage away any price dispersion between different meetings.
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Furthermore, an agent of type k who expects to trade again very soon
does not need to purchase a‘large quantity of commodity k+l. - Hence, he need
not hold a large invenfory of commodity k or of real money balances. In the
limit as the trading'frequency goes to infinity, both his goods inventories and
his real money balances go to zero.

The willingness to arbitrage betweeﬁ different trading partners is the
main economic force behind ﬁhe convergence to Walrasian equilibriuﬁ. This fac-
tor operates under most bilateral trading processes; it genefates similar
convergence results for an economy with commodity money'(Assumptions C.1, C.4,
E.2, E.3) or generalized indirect barter when every commodity can serve as a
medium of exchange. The main exception is the rational expectations equilibrium
under direct barter, i.e. the no-trade equilibrium of Proposition 3.1 which is
independent of the trading frequency and does not converge to a Walrasian equi-
librium.

Under monetary exchange, the arbifrage motive is not the only factor
which drives the economy to a competitive allocation. Even if expectations
are not rational and agents unwilling to arbitrage there is an additional force
at work to make the economy converge to a competitive equilibrium relative to

revealed préferences.11
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Suppose that expectations of future prices g% e T and of the trading
frequency ue < ® gare given and give rise to fixed valuation functions Vk(yk),
Wk(yk) and policy functions ck(yk), zk(p, yk), k =1,2,...n. Then, one can

show:

Proposition 4.2: For given valuation and policy functions Vk, Wk, ck, zk,

—
k=1,2,...n let<&§¥u be a stationary state for the monetary exchange process
(8) with the actual trading frequency u. For all e, n > 0, there exists uo,
such that for all u 2—“0’ thére exists a price vector p > 0, such that for all

k,

B 125, v 11> b <

If the actual trading frequengy is large, exchanges occur almost as soon
as new production and consumption flows make them desirable. 1In a stationary
state most of the gains from trade have already been taken. The remaining potential
gains from trade depend on the‘lag of exchanges behind production and consumption
activities, which is of the order of 1/u. In the limit as the actual trading
frequency goes to infinity, no noticeable gain from an additional trade can be
left.

By this érgument the stationary state of an bilateral trading process
approaches a pairwise optimal allocation for large |, whether expectations are
rational or not. If expectations are not rational, a pairwise optimal allocation
need gemerally not be Pareto optimal, so that if need not be supported by com-
petitive prices.12

The monetary exchange process has the property that a pairwise optimal

allocation is always Pareto optimal relative to the revealed valuation functions
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Vk The medium of exchange is desirable for every agent in the economy. There-

fore, it provides a common yardstick for the measurement of relative values.
’ .
Every discrepancy in marginal rates of substitution that gives rise to advanta-

.geous multilateral trade must also give rise to advantageous bilateral trade wlth

money serving as the medium of exchange. Therefore, a pairwise optimal allocation

must be Pareto optimal.

Proposition 4.2 indicates that the choice of the medium of exchange as
numeraire is less arbitrary than the classical approach to price theoryvmight
sﬁggest. A good can only serve as numeraire if every agent is willing to pay
a2 positive price for it. A good with this property can serve as a .medium of
exchange to bring about the equivalence of pairwise optimality and Pareto
optimality. Conversely, in a complex economy with a single medium of exchange,
the medium of exchange is the only commodity which is guaranteed to be desired
by every agent in the economy. Thus, the use of money as a.unit of account re-

flects a very real economic function that is served by the medium of exchange.

4.2. Monetary Exchange, Walrasian Equilibrium and the Quantity Equation

Proposition 4.1 illustrates both the étrength and the weakness 6f general
equilibrium theory in the analysis of a monetary economy. For high trading fre-~
quencies, both the allocation of real consumption flows and the allocation of
real money balances and of commodity inventories are close to the Walrasian al-
location. Thus, Proposition 4.1 supports the view that general equilibrium
theory provideé an approximation for the allocation of real resources in a mone-
tary economy at high trading frequencies.

The usefulness of thisnapproximétion depends on the questions one wants
to ésk. On the one hand, the Walrasian approximation for relative commodity
prices and for the ailocationvof consumption flows is acceptable, because it

focuses precisely on those problems that a value theorist is interested in.
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On the other hand, the Walrasian approximation for commodity inventories
and for real money balances merely confirms the fact that as friction disappears
from the economy, agents no longer need to hold inventories of goods or money.

It contributes nothing to our understanding of monetary exchange at a given level
of friction, which is the problem the monetary theorist is interested in.

Thus, it appears that general equilibrium theory provides us with a good
analysis of the allocation of fesourcé flows, even in a monetary economy; how-
ever, iﬁ is not the appropriate tool to analyse the funcfioning of the monetary
mechanism itself. The Walrasian approximation for the allocation of real resource
flows is the better, the less need for money there is. Money is designed to deal
with circumstances that preclude the strict validity of general equilibrium
theory.

It follows that the use of general equilibrium theory to criticize Key-
nesian ideas that are related to the monetary exchange process is illegitimate.
More generally, general equilibrium theory cannot be used to analyée macro-
economic phenomena that arise from the monetary exchange process.

The concept of the speculative demand for money may serve to illustrate
this\point. For the long run rational expectations equilibrium of the competi-
tive economy, Leontief [17] has shown that the speculative demand for money must
be zero. 1In a long run rational expectations équilibrium, the rate of interest
is constant and is expected to remain comstant. Then the Keynesian speculative
demand for money must be zero, because it is positive only when the rate of
interest is-expected to rise.

On the other hand, in the monetary exchange equilibrium there always is
a speculative motive for holding money. When the frequency of meetings is
finite, the distribution of priéesencounteredby the individual agent is non-
degenerate. In a rational eXpectatioﬁs equilibrium, the distribution of prices

does not change, whereas the individual price may differ from meeting to meeting.
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The speculative motive to hold money‘arises from the desire to search for the
most favourablé price.13

In thé limit as the frequency of meetings goes to infinity, the distri-
bution of prices becomes degenerate. Therefore, the speculative motive for
holding money disappears. Not only real money balances, but also nominal money
balances held for speculative pufposes go to zero. All nominal money balances
are devoted to the exchange motive. In the limit, the demand to hold money re-
flects the purely mechanical need to carry out transactions and becomes '"rather
impervious to direct economic incentives" (Hicks [14, p. 15]). As a result,
the classical quantity equation with a technologically determined velocity of

qirculation becomes valid.

Proposition 4.3: Given A.1 - B.2, C.1 - C.4, and the aggregate nominal quantity
of money M > 0, let f§'ﬁ,ciﬁ, Giﬁ,qkiﬁ) be a rational expectatiohs equilibrium
at the trading frequency W, such that for all Kk,

. . .
G ({plpo > o}) = 1.

Then,

1 o k k, k .k k,, k
lim‘M——E——qu J [ak-ck(y;G*)]F*(dy)|=0-
e n K=1 mn‘l‘l

+

where for all k,

q =0 J 35_ Ek—l(dp X {bk_l’k} x {sk_l} 5 C%f,(§%*, SS*).
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In a stationary state of the economy, the mean accumulation of commodity
k by agents of type k must equal the mean acquisition of commodity k by agents
of the type k-1. The latter, multiplied by the money price of commodity k must
be equal to the ﬁean sales of money from agents of type k-1 to agents of. type
k. 1In the absence of a speculative motive, sales of money by agents of type k-1
are equal to ﬁheir money holdings, so that the quantity equation holds, with
the frequency of meetings between agents of types k and k-1 as the velocity of
circulation.

For finite frequencies of meetings, the classical quantity equation breaks
down because of the nondegeneracy of the price distribution and the presence of
speculative behaviour.

Thus, the theory of general competitive equilibrium may be applied to
develop the monetary theory of a frictionless economy in which money is invisi-
ble. It is inappropriate for the analysis of the monetary exchange process in

an economy with frictions, in which money has a significant role to play.

5. Concluding Remarks

The present model of monetary exchange makes the role of the medium of
exchange explicit, according to the principle that "money buys>goods‘and goods
buy money, but goods do not buy goods'". The model has confirmed Clower's [6]
suspicion that general equilibrium theory has little to contribute to the analysis
of monetary exchange. However, the presence of a monetary system need not im-
pair the approximate validity of general equilibrium theory as a theory of the

allocation of resources.
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In many respects the model,presented here is rather crude and can only be
regarded as a first step in the development of a basic framework for the analysis
of decentralized monetary exchange. In particular, it .is necessary to consider
alternative meeting processes and make the frequency of meetings endogenous.

In a simple way this could be done by making the frquency of meetings a func-
tion of the amount of effort spent in looking for a trading partner. This formu-
lation would present some.technical difficulties, but would not changé the con-
ceptual basis of the present model. |

A more important generalization would take account of the fact that agents
do not draw their trading partners at random from the rést of the population.

In this context, one must analyse the phenomenon of intermediation, i.e. the
appearance of agents whose functioﬁ it is to serve as trading partners and
thereby facilitate exchange. Presumably, such intermediaries would determine
prices and evict the auctioﬁeer as well as the auction hall from the theory of
decentralized exchange.

Whereas the foregoing desiderata pose considerable conceptual and techni-
cal difficulties, it is fairly easy to generalize the specification of prefer-
ences and technologies. It seems that necessary conditions’ for the existence
of a monetary exchange equilibrium can be developed along the lines of Hayashi
[12] to link the existence of monetary equilibfiUm to the underlying desire to
exchange real commodities.

This paper is based on the proposition that monetary exchange is designed
to attenuate the stringency of decentralizgd bilateral exchange. From this
point of view it is necessary to‘reexgmine the propositions of monetary theory
that were derived within the general equilibrium framework to see which of them
can be extended to an economy with frictions. 1In the present paper, the neo-

classical neutrality postulate was confirmed even for finite frequencies of
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meetings. On the other hand, the validity of the quantity equation was limited

to the frictionless economy with an infinite frequency of meetings. It will be

important to consider other propositions, on the optimum quantity of money or

the role of monetary policy, to determine their validity at finite frequencies
IS

of meetings.
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Appendix: Proofs

An optimal solution to problem (1) satisfies the Euler equation:

(a.1) u, < (0 W) u - W,

with inequality only if the corresponding consumption is zero; furthermore,

the transversality condition:

(A.2) lim e P T W Sy 1y (y(1)) = 0.
. o v

The envelope theorem implies:

(A.3) u <V,

with inequality only if the corresponding consumption is zero; furthermore:

=]

(A.4) Vo= 1lim e P+ Wty oy +.J (Pt u L) dt.
Y e oy y
(o]

Proof of Proposition 2.2: It is sufficient to note that the set of feasible con—
sumption paths for every realization of trading instants and trading conditions
is-independent of m. Then the optimal consumption program must be independent

of m. This is achieved by the policy rule in question.

Proof of Lemma 2.3: Existence of equlibrium:

, . - kK _
a: If j # k-1, k, k+1l, choose Po> Py» Pys SO that po/pk = VyO/Vyk and po/pj =
v vl
y yj
o
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b: If j = k-1 and yg > 0, yE > 0, the existence of equilibrium follows from

Proposition 2.1 and Theorems 5.2 and 5.4 in Arrow and Hahn [1]. If j = k-1

and yi = 0, choose Ps pj, Py as in (a). If j = k-1 and yt = 0, choose

p./p, = min [vd i, Vk /Vk ]. The cases j = k and j = k+1 are treated
o'k Yo Vi Yo Y

k
analogously.

Upper-hemicontinuity of the equilibrium price correspondence in the one-
point compactification of the price space (IR+\J {«}) x 2" follows directly
from the continuity of the demand functions when inventories are positive and
by inspection of (b) above when inventories are zero. Q.E.D.

Let IPm be the space of probability distributions on IR? and H’;
be the space of n-vectors of probability distributions on IR?. The distance
between two elements Fl’ F2 of I% is given by the Prohorov metric (Billingsley
[3], p. 238), p(Fl, FZ) which induces the topology of weak convergence of prob-

‘o . . . . =
ability measures. The distance between vectors of d1str1but10nsc§Fl 155 € IP:

il . . )
is given as E p(Fi, F;) = d@&lxigz).
i=1 _ ’

To prove Propositions 2.4 and 3.2, I shall need a fixed point theorem
for probability distributions. The following lemma combines the basic ideas of

the Kakutani and Schauder theorems:

‘Lemma A.l: For any compact subset ‘E})C:.IPm, let IF be the set of distribu-
tions F, such that for any compact set KC IR?, there exists P € IFO, .such
that F(K) z_P(K);

If the correspondence ¢z IF' — IF" is convex valued and closed, it has a fixed

point.
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Proof: Let {r(l), r(2),....} be an enumeration of the rationals in ]Ri .
For any q, let 1IF(q) be the set of distributions in F whose mass is concen-
trated at r(l), r(2),....r(q). For any distribution F € IF, let ¢Z(F)t:LIF(q)

be the distributions in TF (q) that are closest to F:

WZ(F) = {P € TF(q) | p(P,F) < p(Q,F) for all Q ¢ IF(q)} .

Let ‘tpq: F" — IF(q)" be the vector correspondence with typical elemént
w:(Fi). Clearly, wq is upper-hemicontinuous and convex valued. The compbsi—
tion wq O ¢ ]:E'(q)n — ]ZF(q)n satisfies the conditions o;f Kakutani's fixed
point theorem and has a fixed point CS’ * g npq o (b(%’c‘;).

By Prohorov's Theorem (Billingschley [3], p. 37), the set F_ is tight.

Hence, the set IF is also tight, by construction, and therefore compact, again

n

oY .
by Prohorov's Theorem. Hence the sequence 3‘: has a limit point%‘* € T
Because the rationals are dense in IRi, it is easy to show that

lim d(qu(%), (%) = 0, uniformly for (\'S' € IF'. It follows directly that &*
q—-)-oo

is a fixed point of the correspondence ¢. _ Q.E. D.
. . . q. n
In the following, a state of the economy is an n-vector £ ]Pn+l
of probability distributions on ]17.;l l. Expectations are given by a vector

€ IPg(n+l) of probability distributions on the space of trading conditions

IRB(HH') . Consider the correspondence AJk: IRz(n+l)x 1"2 — TP ’ KJk:
3 : + n+l
2(n+l) 2 . . S . .
IR+ x 7 — IPn+l’ from inventories and expectations into probability

© distributions on prices and inventories:

ks
Wo, v ¢, e

~
]

| {Q e ]Pn+ll| e, 5 6, ¢ - 1};

ik, i k. 3.k
I, v 6l 69

. . s jk
{K £ IPn-!-l \ (7.c) is satisfied for Q € A }
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Now Lemma 2.3 has the following obvious

Corollary A.2: For all j,k, GJ, Gk € T', the correspondences XJk, KJk from din-

ventories and expectations into probability distributions on prices and inventories

are nonempty, upper-hemicontinuous and convex valued.

Proof: It suffices to note that the set of equilibrium prices is closed. Q.E.D.

Lemma A.3: ‘ . ik ‘k
a: There exist measurable selections of the correspondences A s K3<,
b: Let QJk be a measurable selection from the correspondence Kjk. For any
. jk i ky .
Borel set P, the function Q0 (P; ., .; G°, G ) is measurable.
c: Let KJk be a measurable selection from the correspondence KJk For any

Borel set X, the function KJk(X; ey o} GJ, Gk) is measurable.

Proof: a: By the neutrality of the unit of account, one may restrict the cor-
respondence KJk to distributions on the n+l-dimensional simplex. This restric-
tion to the n+l-dimensional price simplex satisfies the conditions of Lemma 1,
p. 55 of Hildenbrand [15]. Hence it has a measurable selection, say QJk. By
continuity of the demand function, the mapping KJk defined by (7.c) and a

. . ik ik .
measurable selection Q of A is measurable.

b: It is to be shown that for every closed set A, the set of pairs (yJ, yk),

such that QJk(P; yJ, yk) € A is closed. Let IFA = {F € IPn+l

F(P) ¢ A}.

Clearly, IFA is closed and furthermore,

{(Y.j, yk) l ij(P; yj, yk) € A} = {(yj, yk) } ij(- H yj, yk) € IFA} .

Thé assertion follows directly from the definition of QJk. Part ¢ follows

immediately. 0.E.D.
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Lemma A.4: Assume A.l, A.2. For all x ¢ IR:+1, the set

Y(x) = {y € mi

<
73 Yo € IR+, G € T, such that c((yo, y); G) = x}

is compact.
Proof: By concavity of V, V((yo; ¥); G) - V(0; G) 2 (yo,?Y)'Vy((YO, y); G).

By boundedness of v, (u - uw)/p 2 Yy Vy 2 yiuc" where the latter inequality
i i :

follows from the envelope condition (A.3). The lemma follows immediately. O.E.D.

Lemma A.5: Assume A.l1 - B.2. Let IF  be the set of states of the economy

that satisfy, for some g% € Fn, the conditions:
. k _k, . k
) J yo Frldy) = X;
n n
. k, k. kik, k k
ii: z J c (y 3 GHF (dy ) S z a .
k=1

Then IF" is compact.

Proof: For given k, (i) and (i1) imply:

F( {Yk ‘Yg z.A}) S M/A  for all A < =
| | ]
Fk( {Yk|yk(0) ¢ Y}) < min sup A 1 -
i vy, c;(y > v(0)); 67)

y(0) € mi -y

for all compact Y. It follows from Lemma A.4 that IF" 1is the finite product

of tight sets of distributions. Q.E.D.
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Proof of Proposition 2.4: Measure the distance between sets of distributions

by the Hausdorff distance ¢ with respect to the Prohorov metric p. The for-

ward equations for the evolution of the economy are given by the correspondences
n
*: — h that:
Xh TP IPn+l’ such that

. * = yk v%
a: Xh+g Xh xg, and

b: for any compact set FtC IP2+1, there exists A < %, such that for all

D

(0 D, O, Ty, <A %, k=1,2,...n

n n . . ]
where Xp IPn+l _— IPn+l is given by the system:

(A.5) For all k, all Borel sets Y < IRi+l:

(%, T () = @ - uh) FOE (D)

n
1 ki, k k 3, ko dipkoo ke ]
+ h ] H'j KOsy L,yIs 6, 6DF (dy ) F(dyD),
371 |

where >

¢k(Y) = { x|y(h; %) € Y} .

The correspondence Xp is obtained from the forward equations (8) by

dropping terms of order higher than h and by admitting any measurable mapping
Kjk e Kjk.l4
It follows from Corollary A.2 and Lemma A.3 that the correspondence Xp

is nonempty, upper-hemicontinuous and convex valued. Furthermore, the correspon-

dences X, and ¥x¥* map the compact set of states of the economy IFn, defined
h Xp map
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in Lemma A.5 into itself. Therefore, Xh satisfies the conditions of Lemma A.1

~ N

and must have a fixed point SS'h. By compactness of IFn, the sequence of fixed
N

.\ ~
points f%gh/q} has a limit point, say gg. It is to be shown that Qs is a
q=1 -

~

fixed point of the correspondence Xﬁ’

Consider the distance:

k
h/q

~k

) k' "n/q’

A
: - , q
(O e F (/e By

A

: A
9 q
5(0G/q T/ Hnjg D nygded-

)

Clearly, q§— is a fixed point of the correspondence Xﬁ’ if the right hand
side of this inequality goes t? zero as q > ©. I shall show that the right hand
side is uniformly bounded above by the quantity Ah (eLlh -1) /uq. Using the tri-

angle inequality, for anycg} € IFn,

A

qCx q i 4 q-1
SCOG/a D) Oy Dy S 80063 B g g 48,2

+

: q-1 q-1
8 (Ohyyq X787 D s Gtuyq Xiyg T

The first term is less than Ahz/qz, by part (b) of the definitiom of‘xg.
Therefore, the assertion that the left hand side is bounded above by the

quantity Ah(euh—l)/q follows directly by induction, if it can be shown that for

gllcg 1 G&z e IFT,

| ‘% k. . uh
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But this inequality follows directly by inspection of A.5 if one notes

that every element .Kkj € KkJ

can be represented as the convex combination of
mappings that are concentrated on single measurable selections from the equilibrium

inventory correspondences. ‘This completes the proof of Proposition 2.4.. Q.E.D.

k,k+l} X {sk})= l/ﬁ;

Proof of Proposition 3.1: Let Glé({po =P = 0} x {b

Gg({po = 0} x {bko} X {sk})=l - 1/n; k = 1,2,...n. Then agents expect never to
trade and therefore VS = W; for all k. The Euler equation requires ﬁc < Pu, s
with inequality only when the corresponding consumption is zero. Therefore,

all commodity inventories are decumulated to zero, proving parts c and d of the

proposition. When commodity inventories are zero, commodity prices in a given

meeting can be set to satisfy the above construction. Furthermore, from (A.2)

and (A.4), Vs = 0 for all k, and therefore P, = 0 in every meeting. This proves
o
part b of the proposition. Part a is automatically satisfied. Q.E.D.

To prove Proposition 3.2, I shall use a simpler representation for ex--
pectations. Note that in meetings between agents k and k+l, only the relative
price of commodity k+l and money matters. Represent agent k's expectations of
the money price of commodity k+1 in a meeting with agent k+1 by the distribution

(—;k S k+1

e IP such that, for any measurable set P,

l,

ko ktl Boktly o gy

® =n ¢“(plp,, /o, € P} x {b

Similarly, in meetings between agent k and agents other than k+l, only the rela-
tive price of commodity k and money matters. Represent agent k's expectation of
the money price of commodity k by the distribution Gko € IPl, such that

for any measurable set P,

GO = (1 - D “Uplp /o, € B x (") x (D).
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Thus, expectations will be considered as a vector of measures G(S e P :2Ln
Let T € IPl be the set of measures G, such that G((0, «)) > 0, so that with

positive.probability, the money price is positive and finite.
In a rational. expectations equilibrium, the distribution of prices en-
countered by agent k in meetings with agents of type k+l must be the same as the

distribution encountered by agent k+l in meetings with agents of type k. Hence,

the analysis will be restrlcted to the subset ]H C I,ch ]Pi » such that for
— —
any C& € IH2 , there exists S € IPl, such that:
(A.6) ‘éko -1 ak—l,k + n-2 ak.
n-1 n-1
Proof of Proposition 3.2: Consider the correspondénces wh: r® x ]H2n ———

IF" x IHzn given as:

i: \Dh (CS,%) = xh(%), where Xy is the correspondence defined in (A.5), with
1 .

behaviour 1nduced by the expectations

n@D'

ii: For any k, the k-th component of Ll)h Q‘S is given by the condition that

for any measurable PC.IR+,
k,k+1 -~ k,k+1 k  k+1,_k +1, . k+1
lbh (P;cﬁ,%) = J A ({I>|pk+l/po €EPl;y,y F (dy ) 7 (dy );
FOr, T Q) = L rz‘
h2 i (& n-1

j #k+l

J ij({Plpk/po e P}; yk, yk)Fk(dyk) Fj(dyj).

To extend the correspondences wh to the boundary of the space Y x ]Hzn

I make use of the vectors 050 = (Fk) where F}:(M/n, 0, 0,...0) =1,

So (G KL 5ROy here G kJ”l({l}) =1 =1, k = 1,2,...n. T isa

state of the economy, in which money balances are distributed evenly, and not real

commodity inventories are held. %0 is a vector of expectations in which the
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money price of every commodity is one.

2n —%'IFn X ]{Zn of

, n
One can define a new correspondence wh: IF " x IHC c

the closure of iFn X IH2n into itself as follows:

i: Wﬁ533,§§ Al’ AZ’ A3) = 5%}6, QSO) whenever wh is undefined;

ii

w§(9§/CS,A1, A,y Ay) = athﬁ},ég) + (1 - a)(QEE,SSp),

where (X(g'quAl’ A2, A3) is a continuous function with range [0, 1], such that:

a: a(q5, g&,‘Al, A2, A3) = 1 whenever:

-k k ~k,k+1 k k, ,=zko
% > %
max mai J Z l(p, y* ) dG + j zg(p, y*7) dG T < Al’

k y*%

where ck(y*k) = ak and ygk_i A3;

b: a(?S) q&,Al, A2, A3) = 0 whenever:

kK ktl ZE(P’ 5+5) 4550 5 4

k ky ,=
*
max max J zk+l(p, y* ) dG 2 A,

k y*k

where ck(y*k) = ak and ygk_i A3.

Given any h, Al, A2, A3, the mapping wﬁ is upper-hemicontinuous and con-

vex valued whenever the mapping wﬁ is defined. Moreover, wﬁ is continuous when
o

wh is undefined: Consider the sequence {C?Sq, ?3?)} » where expectations con-
verge to the boundary of IH L If for some k, eitheg=l the money price of
commodity k+1 in meetings with agents of type k+l, pk+l/po’ or the implied rela-
tive price of commodities k+l and k approaches zero in probability, there exists
y*k as specified in (ii.b) above, such that zE+l(p, y*k) grows out of.bounds in

probability. This is obvious from the first order conditions (A.1l) and (A.3).
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Alternatively, suppose that for all k, the money price of commodity k+1,
pk+l/po-grows out of bounds, while all the implied reiative commodity pricés are
bounded away from zero - in probability. By Proposition 2.2, real consumption
behaviour is independent of fhe value of money. By (A.1) and the Inada condition
on the instantaneous utility function, ||y*k|L as defined in (ii.b) above remains
bdunded away from zero. Excess demand for real money balances at (0, y*k(O))
remains bounded away from zéro, so that excess demand for nominal money balances
at (0, y*k(O)) grows out of bounds.

It follows that the correspondence wﬁ: is upper-hemicontinuous and convex

2n

valued over its whole domain IF x IHC . Therefore, its range is compact. More-

over, from the preceding paragraph and Proposition 2.1, its range is contained

in IF" x IHzn, i.e. there exists a compact set IF" x Iﬁgn(:L IF x Bizn, such that

wﬁ maps the set IFn,x Hiin into inself. When restricted to this set, wg satisfies

the conditions of Lemma A.l and has a fixed point, E(h, Al, Ays A3).
; . n 2n
For given Al’ A2, A3,‘clearly E(h, Al, AZ’ A3) e IF x IHo for all h.
Then let E(A,, A,, A.) = lim E(h, A, A, A.) € IF" x H>". By the same argu-
1 f2r By T 1 %20 By 0

ment as in Proposition 2.4, E(Al, A2, A3) is the fixed point of the correspondence
n 2n n 2n . . . " 1 ‘
wﬁ*: IF x IHO - IF x IHO obtained by substituting the '"true" forward equa-
tions xﬁ for X in the definition of wh and wﬁ above.
For any A3 and sﬁfficiently large Al’ A2, E(Al, A2, A3) is a rational ex-

pectations equilibrium of the economy. For suppose not, so that for some A_, and

3
a}l Al’ A2 (E(Al’ AZ’ A3), Al’ AZ’ A3) > 0, and mean excess demand at the sta-

tionary point y*k as defined in (ii.a) exceeds Al for some k. By Proposition 2.1,

the vector of price expectationsAat E(Al, A2’ A3) must go to the boundary of

IHzn as Al’ A2 diverge.
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Suppose first that the implied relative commodity prices are all bounded
away from zerd, in probability, while the price of money goes to zero. Taking
a subsequencé if necéssary, let the distribution of implied relative commodity
prices converge. By Propositions 2.1 and 2.2 optimal consumption and.excess de-
mand functions converge. Then, for A4 > 0, one can find a positive probability
that is independent of the price of money, such that.an agent of type k is in an
n-neighbourhood of a point (m, y*k(O)), m j_A4. In this region, he is starved

for commodity k+1, and for any A. > 0, one can find > 0, such that for po/pk <z,

5

his excess demand for money exceeds As. This contradicts the assumption that
the price of money goes to zero in probability.
Suppose next that for some k, the relative price pk+l/pk goes to zero in

probability as A A2 diverge. From the first order conditions (A.l) and (A.3),

l’

it follows that aggregate consumption of commodity k+l by agents of type k must
grow out of bounds, contrary to condition (ii) of Lemma A.5. The same argument
eliminates the possibility that for some k, the relative price pk+1/Po goes to

zero as A A2 diverge.

l’
Hence the assertion that the vector of expectations at E(Al, A2, A3) goes

to the boundary of IH2n as Al’ A2 diverge leads to a contradiction. This proves

the assertion that for given A3 and sufficiently large Al’ AZ’ E(Al, A2, A3) is

the desired rational expectations equilibrium. To complete the proof, it is
sufficient to note that condition (a) of the proposition is condition (i) of

Lemma A.5 while condition (b) is a direct consequence of the fact that for all

. = n 2n =2n
<
A, Ay, E(Ap, Ay A € IF x IH wx T, 0.E.D.
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Proof of Proposition 3.3: This propostion follows trivially from Proposition 2.2

and the definition of a rational expectations equilibrium. Q.E.D.

Proof of Proposition 3.4: I consider only the case m = 2, because the general

case follows by induction.

From (A.2) and (A.4) one has:

v - J R ROL T e, SACOD) S

y
ol o 1
k Q0
- + K .
Yy = f P WE p K, y(e)p dt,
02 o o2

where AK(p, y(t)) is a Lagrange multiplier,

If for some fixed, but arbitrary q € [0, 1], agent k expects that po\q'=

. 1
P, (1-q) with probability one, he has:
2

= (1-q)/q.

Thus, if all agents expect the degenerate relative price q/(l—q),rthis
éxpectation is self-fulfilling. By the Leontief-Hicks Aggregation Theorem, an
economy in wﬁich the relative price of the two fiat monies is fixed at q/(l—q),'
may'be treated like an economy with a single fiat money available in quantity
M= Ml + qM2/(l—q). It follows from Proposition 3.2 that for any q € [0, 1],
the economy has a rational expectations equilibrium in which the relative price
of the two fiat monies is fixed at q/(1-q).

It remains to show that in eve?y rational expectations equilibrium. the

- relative price of two fiat monies in transactions that involve both of them must

be nonrandom.15 Suppose the contrary and define:
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q = inf q, s.t. P, 4 =P, (1-q) for some p  supp. G**k, some k.

1 2 .
Define the random variable n, so that (po + n)(l-q) = p, g Then, one can write:
2 1
k
Vv oo
y _ et ok ]
02 _ q + o e ]JE}\ (P’Y) Pol n dt S q
k —_ 1,00 _— pu—
v 1- -(p+)t k 1l-q
y 4 I e~ () WEA (p,y) p_ dt
o o o
1 1
By definition of a, there exist j, k, such that for every € > 0, there
exist yJ, yk, such that:
VE v;
o - o -
<
" 2 S g_ + £ 2 ¢ —ﬂ: + €
v 1- v 1-q
Yo Yo
1 1
As € + 0, the second term in the expression for Vy /Vy must vanish.
0 o, -
In turn this requires that V must grow out of bounds. 2 1 But then it is
necessary that yk yk yk °1
k+1’> 70.’ ‘o, > 0,and similarly for j.

1 2

Suppose that j = k-1 and that every neighbourhood of q contains a q

such that q/(l-q) is the equilibrium relative price for a transaction between

agents k-1 and k. Then there must be a sequence of yk in the support of F**k

such that yt, yt+l, yg , yi all converge to zero. But by inspection of the
1

. 2 .
optimal policy for agent k, the support of F**k is bounded away from the vector
. A .
¥ = 0, so that we have a contradiction. Hence, the relative price of the two

fiat monies in transactions between agents j = k-1 and k is bounded away from

a/(1-9) .
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Let q/(1-q) + & be the smallest relative price of fiat money two in trans-
actions between agents k, k+l; k = 1,2,...n. Suppose a relative price a/(l—a) +
€ 1is quoted in transactions between agents j and k? j # k-1. Since agent j holds
money only because he eventually wants to buy commodity j+1 from an agent of type
j+l, he will for small enough € offer all his holdings of fiat money one in re-
turn for fiat money two. But since this is true for all j, the equilibrium rela-
tive price of the two fiat monies is bounded awayfronla/(l-a), contrary to the

definition of i. This completes the proof of Proposition 3.4. Q.E.D.

Proof of Proposition 3.5: From (A.4) and (A.2), one has, for all k,

(e 93
k . - + k
Vo o= J e W EGKG, yo)) p a,
YO o
(o]
and for k # n,
k * —(o + u)t k
Vo= | e T EREY G, vy b, at,
vy,
(o]
o]

and: ¢
NN ef(o + Wt

UuEKkk(p,‘y(t)) p, dt.

In the same way as before, one shows that if the price ratio Pl/Po is random,
and a/(l—a) is the infimum of the ratio pl/po over ali transactions that may
occu}, then the equilibrium price ratio in any one transaction is bounded above
a/(l—a), a contradiction.

- However, in transactions involving agents of type n, the price Py is
random, depending on their need for commodity 1. Then the price ratio pl/p0

is nonrandom only if‘po = 0.
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Proof of Corollary 3.6: This follows directly from Proposition 3.4.b, the

Hicks-Leontief Agrregation Theorem and Proposition 3.3. : Q.E.D.

Pro6f of Proposition 3.7: Part (a) follows by inspection of (15), from the strict
concavity of Vk and the fact that under moﬁetary exchange an agent is free not
to trade, thus attaining the same allocation as under direct barter. Part (c)
follows from the assertion,.to be proved as part of Proposition 4.1 that as

U * «, real inventories and real money balances go to zero. To prove part (b),

note that from (1),

605 o) - vE0; ex) 1] e WE L) - V05 ),
o

and that inventory accumulation goes to zero as W - 0, from (A.1). Q.E.D.

Proof of Proposition 4.1: First, I show that for all k, the distribution of the

price ratio pk/p0 that agent k encounters must become degenerate in the sense
that the ratio ‘pk/po/E(pk/po) converges to ome. Suppose not, and consider a
strategy of selling commodity k whenever its money price exceeds its mean by x¥%
and buying commodity k whenever its money price falls short of its mean by x%. .
If there is a positive probability of these two events, there exists for every
vector of inventories y* and every € > 0 a number n, such that inventories
no less than y* are held after n meetings with a probability no less than

1 -¢€. But then, there exists a number T, such that inventories exceed y*
after a period T/u, with probability no less than 1 - €. Letting successively
u.+ ©, € > 0, and y* > o, one infers that an optimal strategy must bring
utility to its upper bound. This in turn implies that consumption flows are
infinite, contrary to the condition that aggregate consumption cannot exceed

aggregate production in the long run.
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The preceding argument holds for all k. The limit points ak of money
prices will not generally be finite. However, it follows from the argument in
the proof of Proposition 3.2 that the ratios ak/aj are finite, so that oge may
introduce the vector q, where q = ak/aj' By Proposition 2.2, this normaliza-
tion of prices does not affect real consumption behaviour.

For any U, the valuation function Vk is given by the solution to the

Bellman equation:

(A.7) Vk(y; G) = f;%ﬁy Wk(y; G) +

25%37' m:X[uk(c) + (af-cF) Vg(y; 6)].

Along the same lines as in [lB],vone can show that as u > «, the value
of trading at the true price distribution and the value of trading at the certain
prices q converge as | -+ , Therefore, the optimal policy for (A;7) converges
to the optimal policy that agent k chooses when he can sell commodity k for real
money balances at the fixed price 9 at frequency U/n and buy éommodify k+1
for real money baiances at the fixed price U] at frequency u/n.

In [13], it is furthervshown that the value of the latter problem

Vk(y; q), in turn converges to the value of the frictionless problem:

(A.8) Max J e_ptuk(c(t)) dt

s.t.

§(t) = a* - e(t); y(0) =y, given;

q'y(t) > 0 for all t.
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The optimal policy in the frictionless problem results in inventory de-
cumulation to zero in finite time. Therefore, it follows that real commodity
inventories held by any agent in a rational expectations equilibrium must go to
zero in probability as the fréquency of meetings goes out of bounds. This proves
part (a) of the Propositiom.

For any vector of inventories yk in the support of the stationary dis-
tribution under random tréding at the fixed price q, the optimal excess demand
policy requires that in meetings with agent k-1, agent klsells his total inven-
tory of commodity k in teturn for money, and in meetings with agent k+l1, agent
k sells his total money balances in return for commodity k+1, both of course
at the price q. (Hellwig [13]). If q 1is an equilibrium price vector and agent
k+l's holdings of commodity k+l1 go to zero in probability, then real money
balances must go to zero, i.e. the price of money P, goes to zero in probability
as W > «@. Otherwise there would be an excess demand for commodity k+l in a
meeting between agents k and k+l. This proves the first half of pért (c) of
the proposition.

Next, I prove that q = p* and ck goes to c*k in probability. Consider
agent k in random trading at the frequency u, in a stationary state FE(.; q) .

In a stationary distribution, mean utility does not change, and therefore:
kK ki, k _k I, K “k
J(c - a )'Vy(y; Q) F (dy; q) =u J[W (y; @ -V (y; ] F o dys ).

Substitute from the Bellman equation for the left hand side and cancel terms to

obtain:

%—J uk(ék) ﬁﬁ(dy; q) = I-Vk(y) fﬁ(dy; q)-‘
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From the result in [13], Vk approaches the value of the frictionless problem
(A.8) as | > ®. The latter is at least as large as uk(c*k(q))/p, so that

we have:

lim J uk(ck) fﬁ(dy; q) 2 uk(c*k(q)).

oo

Fufthermore, from the stationarity of inventories at FU’ we have:
J(ck - &) Fﬁ(dy; qQ =u J E 2°(q; ) Fﬁ(dy; q) .
Premultiplying by q, this implies:
q'_J(ck - a9 Fﬁ(dy; qQ =0,

from the budget constraint on excess demand.
But'by definition of c*k(q) and strict concavity of uk, the constant

function ck(y; q) = c*k(q) is the unique maximizer of

J W“(c*y; ) Flay)

'subject to the constraint:

q' J(ck(y; qQ) - ak) F(dy) = 0,

for all distributions F. It follows that ck must go to c*k in probability.
Since furthermore, aggregate consumption in the rational expectations equilibrium
is always equal to aggregate production, this completes the proof of the propo-

sition. : Q.E.D.
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Proof of Proposition 4.2: At a stationary state, aggregate utility is stationary.

This implies:

J[v‘%x) -V ] & ax; v, yj>fvﬂ<dyj> ﬁﬁ(dw . % fcck - &b v‘; ﬁﬁ(dy»

From the Bellman equation for Vk, the right hand side is bounded above by (p + )
(u - u)/pu, where U is the expected trading frequency. Thus, average gains from
an additional trade in the stationary state vanish as 1/p. As U becomes large,
the state of the economy becomes approximately pairwise optimal.

By Lemma A.5, the set of stationary states is compact. For any ¢ > 0,
there exists a compact set K, such that Fk(K) >1-¢, The.excess demand func-
tion zk(p; .) 1s continuous on the compact set K. By the definition of weak con-
vergence, it is sufficient to show that any pairwise optimal state of the economy
that is stationary under the process (A.5) is supported by a competitive price
vector p > 0.

To prové this, I assert that for all k, there exists a set Yk with

_ . . . . k k
positive measure under a stationary distribution, such that for v e Y,

yllz > 0, y112+l > 0, yls > 0. This will directly imply the existence of a competit.ive

price p > 0, because one can set:

It

b: - for almost all y ¢ Yk, Py Vk (y)/Vk (y);
Ve y

[¢)

_ vk k )
p =V /v ()
kL e Yo
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To see that under pairwise optimality, the price vector p is well defined

by conditions (a) and (b), note that pairwise optimality requires:

' k k k .
i: For all k, almost all x, y € Yk, V; (y)/Vy (y) = Vy (x)/Vy (x), as otherwise
k k

(¢} o

agents with inventories x, y could make a profitable trade.

k+ k k k+1 k+1
ii: For all k, almost all y € Yk, xe¥Y l, v () /v (y) : \Y x)/V T (x);
. Y+l Yo Tr+1 Yo
otherwise the two agents could make a profitable trade.
Finally, stationarity requires:
iii: For almost all y € Yk, X € Yk+l, Vk (y)/Vk (yv) : Vk+1_(x)/Vk+l(x), for
Vil Yo Y+l Yo

otherwise an agent of type k with inventories y would be unable to buy

commodity k+1 and therefore y must be a transient state.

I leave it to the reader to gheck that the vector p defined in (a) and (b)
will also support the inventories of agents not covered by the definition of p.

It remains to show the existence of the sets Yk, k=1,2,...n. From (A.1)
and the Inada condition, one has forg%‘s Fn, ct(O) < at, all k. All agents find
it advantageous to accumulate at least some inventory of their prqduce so as to
be able to receive some units of the other commodity they consume. Furthermore,
an agent of type k will never run down his inventories of commodity k+l in finite
time, and therefore, almost all agents of type k must have positive inventories
of commodity k+l.

Furthermore, a set of positive measure of agents of type k must héld
money. For suppose not. Then, there exists an index J, such that agents of type
J holds a positive amount of money, while almost all agents of type J+l holds no
money. In a stationary state, this implies that agents of type J are not buying

commodity J+1 and hence must have zero inventories of commodity J+1. But then
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they are willing to pay an arbitarily large price to obtain some of commodity J+1
in return for money, implying a contradiction to the statement that they are not
buying any of commodity J+1 at all.

Finally,va set of positive measure of agents of type k hold both. money and
commodity k. For suppose not. Then agent k accumulates inventories of commodity
k only if his money balances are zero. This contradicts the continuity of the

consumption function. This completes the proof of Proposition 4.2. 'Q.E.D.

Proof of Proposition 4.3: The stationarity of inventories of commodity k+1 im-

plies:
k+1 k+l k+l) KL o R+l
J[ak+l 1y 1 FETTyTT) = J k+l(y) iy “(ay")
Because agent k's inventories of commodity k+l are stationary, the right hand

side is equal to

U k oo ky kyk+L Lok kL kAl kD, ko k
o J z,,1(P5 ¥ Q (dps y°, vy ) FE "Wy 7) FA(dy ).
i 3 k 1 . . X .
Substituting for Z 1 from agent k's budget constraint, this term is
equal to

p k,k+1 k+l k. . k+1,. k+l k,. k
—Ef-*——o Z(p,y)Q (dp; y ~, y) F* “(dy ) F* (dy ).
nJ Py H H

Multiplying by ak+l and adding, one has:

|8

n D
k k k - 0 k k k,k+1 k+1 k

- x5 = - o . s % %
K J(ak ck)dFu kzl J Gty Pren zo(p, vy ) d4Q dFU dFU .

I e~18
Yoy

k=1

- As U > © the right hand side approaches the quantity:
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Tk -k k
(A.9) - 2 zo<(ls Q); y ) dF*U’
k=1 ‘

from Proposition 4.1. Further, from the argument in the proof of Proposition 4.1,
the quantity zi(l, q), y) is equal to - Yo for any vector y in the support of

a stationary distribution. Hence, the quantity (A.9) approaches the quantity:
n

) J y& are® = u. - Q.E.D.
=]_ o . ’

k U

It should be noted that for finite W, this proof breaks down at two points:

First, if there is a speculative demand for money, the quantity (A.9) is strictly
less than M. Second, if the distribution of prices is nondegenerate, the co-
variance between money balances and money prices perturbs the aggregation of
excess demands for money. If the equilibrium in every trading instant were unique,
it would be easy to show that the bias arising from this must go in the same di-
‘recfion as that from speculative demand, because high excess supplies of money
entail high money prices and receive low weight in the aggregation procedure.

But it is not clear whether this conclusion can be maintained if equilibrium in

a given'trading-instant is not unique.
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Footnotes

This assumption rules out the possibility of strategic consumption be-
haviour which attempts to affect the trading conditions at the next
trading instant. For a detailed discussion of this problem, see Hellwig

[13].

Trivially, consumption and excess demand are also homogeneous of de-
gree zero in the accounting prices.

Clower [6], Barro and Grossman [2].

This argument suggests dropping the sales constraint on commodity k+1.
This can be done without any change in the results of this paper.

Presumably, the agent could also find out the impact of his own inventories

on the prices at which he trades. However, the strategic consumption
behaviour that this information would induce would cause awkward prob-
lems of nonconvexity. I integrate the effect of the agent's own inven-
tories on the prices at which he trades out to avoid these difficulties.
For a more detailed discussion of this problem, see Hellwig [13].

This proposition was originally introduced in a different context by
Hahn [10].

This was first seen by Hayashi [12].
See e.g. Arrow and Hahn [l],'Ch. II, 8.
I leave it to the reader to make this argument rigourous to prove that

the price of money is zero in a rational expectations equilibrium under
multilateral exchange, satisfying C.2 - 4, and, in lieu of C.1l, the

multilateral market clearing condition:

n
v k ky _k,. k
XJZ(p;y)F(dy)=0,
k=1 n+l

IR+

so that money is not needed to facilitate exchange.

For this view see Pesek and Saving [20], pp. 323 ff. 1In contrast, Hicks
[14], pp. 14 ff. maintains that the exchange motive is "impervious

to economic incentives" and "not a demand for money the way that the
other is'".

This observation is due to Feldman [8]. See also Harris [11].
This is obvious for a generalized indirect barter process, in which

agents have price expectations appropriate to direct barter. For a nu-
merical example see Feldman [8].
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The reader should note the similarity between the discussion of specu-
lation in Section 3.2 above and the role of search behaviour in the
models of Diamond [7] and Butters [5].

It should also be noted that Robertson's [21,‘p. 25] famous criticism
of the General Theory that "the rate of interest is what it is because
it is expected to become other than it is; if it is not expected to
become other than it is, there is nothing left to tell us why it is
what it is," while similar to Leontief's proposition, is directed at
the treatment of the speculative demand as an independent phenomenon,
apart from other factors.

See Hildenbrand [15], p. 33 for the definition of the integral of a
correspondence. '

I neglect the fact that in meetings in which one of the fiat monies
is not held by either agent, the relative price of them is arbitrary
within certain bounds. This is without economic significance and can
be resolved by setting the relative price of the fiat monies equal to
one of the two agents' marginal rate of substitution between the two
monies. Then the proof can be directly applied to this case.




