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PREFACE

Much economic theory is founded on the supposition of given prefer-
ences. Yet, in practice, these preferences are seldom given. The preblematic
character of how preferences can be empirically known is very conspicuous in
the literature. There has been a gap between formal theory that has been an
intricate preoccupation of econcmists for fifty, or perhaps a hundred years,
and the posgibility of obtaining a corresponding empirical content.

At the other extreme of this thecretical activity, which can only
be considered a kind of pure mathematics, there is found the attitude that
the absence of elsborate mathematics is the sign of empiricism. So long as
observed numerical data are handled, and anything at all plausible is done
with them, then that is considered being properly practical. But the process
to be applied to the data is not a matter of choice, but has to be implicit
in the structure of what is asked from what is given. The mathematical task
is properly to formalize, and then to explore this structure, to make the
latent logical Pbossibilities manifest.

The data have their meaning only in their conceptual setting, and
only this should dictate what is done with them. But for some questions
that arise quite naturally in economics, it is not at all obvious what is
to be done. Often such questions are abandoned as belonging to an abstract
doctrine that has no empirical significance. This has been the fate of
various parts of consumer theory. The present effort is to take the clagsi-
cal theory of the consumer through as far as possible to its logical conclu-
sion in a system of €mpirical analysis. Tt is of no moment nowadays if

the calculations are somewhat complicated, because, once their intention
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is clarified, they are a tasgk for an automatic computer.

An expenditure configuration defines the basic object for analysis
which is involved in empirical methods that are logically inseparable from
the hypothesis of preferences in consumer theory. It is a configuration
formed by a set of hyperplanes in the n-dimensional commodity space, each
corresponding to the expenditure-price constraint given on some occasion,
together with a set of points in that Space, one on each hyperplane, corres-
ponding to the consumption point given on the same occasion. Fach consump-
tion point is to be envisaged as a unique and stable equilibrium under the
corresponding expenditure-price constraint in respect to some hypothetical
preference scale.

The fundamental problem is to characterize the totality of hypo-
thetical preference scales that are admissible on the data presented by
such g configuration.

A normal preference scale determines a unique equilibrium on
every expenditure-price constraint. Llet an admissible equilibrium be one
that is determined by an admissible scale. Then the general problem is to
determine all the admissible equilibria on an arbitrary constraint. The
characterization of the totality of admissible scales is intended to be
one that will ensble this problem to be solved. Tt will be shown in o
further memorandum»how these admissible equilibria form a finitely gener-
ated convex region on the constraint hyperplane, defined by a system of
linear inequalities. In an analogous fashion, the cost-of-living measure-
ment can be turned intb a classical linear brogramming problem. Every
admissible scale determines g corresponding admissible value for the ratio
which defines cost-of-living. The admissible values describe an interval

corresponding to the totality of admissible scales. Though there is no
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finite construction for the totality of scales, this interval can be com-
puted exactly, by finite operations. This provides the most exhaustive
solution for the cost-of-living measurement problem, by a combinatorial
type of analysis. Also, it gives the proper framework for approaching the
traditional index-number type of solution. |

This memorandum is concerned with certain algebraical aspects of
the problem of suitable characterization. (It is associated with material
in Research Memoranda Nos. T, 11, 13, 18 and 20 of this series.) The well-
known Houthakker axiom, as applied finitely to such a directly observable
expenditure configuration, rather than to the theoretical concept of an
expenditure system, which is a kind of infinite configuration, appears in
a new fundamental role. Tt provides necessary and sufficient conditions
for the consistency of certain systems of simultaneous linear inequalities.

The coefficients in these inequalities are essentially the traditional

index-numbers of the Paasche-Iaspeyre type.

The material in this and related memoranda is provisional, and

is eventually to be absorbed into & single exposition, The Analysis of

Expenditures, dealing with that subject in the framework of the hypothesis

of preferences. The historical perspective will be left to this account,
together with detailed references and acknowledgements. Planned to Tfollow
this memorandum, there are further expositions on theory for the construc-
tion of a cost-of-living index, on the practice of construction illustrated
by numerical data, on the characterization problem, and on application of
this characterization to equilibrium analysis and cost-of-living measure-
ments. The material falls broadly into two parts. One is analysis,

depending on limiting operations, being concerned, by means of relation-
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theory, differential calculus, convex sets, and so forth, with preference
Scales and expenditure systems, and gives the formal basis for the subject.
The other is algebra, being concerned with finite operations on finite
data, involving systems of linear and quadratic functions, linear equa-
tions and inequalities, finite polyhedra and so forth, made formally
intelligible on the background of the analysis.

Underlying the entire subject is the principle formulated by
Samuelson, by which preferences are determined from expenditures. This,
together with the axiom of Houthakker for the strict consistency of
preferences, constitutes the basic method, and supports the theoretical
structure for the empirical analysis of consumer behaviour in terms of
preferences. The earlier axiom formulated by Samuelson in conjunction
with his principle is contained in the Houthakker axiom. But it does
have an importance on its own, in that it is breserved under small
disturbances applied to an expenditure system; whereags the axiom or
Houthakker can be destroyed. Thus, in empirically estimating parameters
in a model expenditure system, one can expect to fing only the weaker of
these conditions, given by the negativity but not the symmetry of the
Slutsky matrix. However, by an Operation .of symmetrization, it is pos-
sible to view a Samuelson system as disturbed from an associated
Houthakker system. Hence, according to the approach, the one or the
other can be the more basic empirical condition.

I have to express my thanks to Professor Oskar Morgenstern,
who has in €very way aided this work. Also my thanks>are due to

Mrs. R. M. Crooks, who has done the typing.

Princeton, N. J. S. N. Afriat

February 7, 1961
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1. Market equation

A simple commodity ,{; available on the market has, on any
occasion, a certain price no ; and it can be obtained by purchase on that

Occasion, in any amount §O ; Tor an expenditure eo equal to the cost

nogo of that amount at that price. Thus, in the nature of the market,

there is the market equation

€ =nE ,

the market price existing as the cost of each unit of the commodity,
irrespective of the number of units obtained.

Let there now be considered some n commodities /{1,...,~é;

e, T
1’ ’n

forming a composite commodity A {’gl"'” %;}, with prices =x

on any occasion forming the composite price vector D = {nl,...,nn] .

Amounts gl,.",gn of these commodities for a composite amount given by
the vector x = {gl,...,gn}, defining &.composition in those commodities.
The purchase of composition x at prices P requires an expenditure e
equal to the total cost of the separate amounts at the separate prices.
Thus :

oo+ WE =pix

where p'x denotes the scalar product of the price and composition vec-

tors p and x . Thisg is the composite form of the market equation. »

2. Purchases

The action of a consumer is to make purchases on the market,
represented by expenditure on certain commodities, at certain prices, to
obtain the commodities in certain amounts.

Let there be considered a particular censumer, irrespective of




the nature of that consumer as an individual, or a bPopulation of individusls
consuming from the same market; and let there be considered the purchases
of that consumer on g variety of Ooccasions, say k 1in number, in respect
to a class of some n simple commodities, forming a composite commodity
“45. On any occasion r = 1,...,k let P, be the price vector, and X,
be the composition vector, these defining the purchase (pr,xr) of the
consumer on the occasion. Then the market equation provides
®r = prvxr

as the total expenditure on the occasion r

Any data on the consumer is to be in the form of purchase data,
for a variety of commodities on a variety of occasions. The principle

adopted is that any assertions to be made about the consumer must be

obtained on the basis of an analysis of such data.

5. Expenditure balance

The cost of any composition x at the price pr of occasion
r is pr'x - Hence, the condition that any composition =x could have
been obtained instead of X. » on occasion r , for no greater expendi-
ture than that made in X, is

Y< ?
P,.'x <p_'x

r r
It would have been possible on occasion r to exchange X, for any such
composition x , with s saving, or at worst an exact balance of resulting

expenditure. All such compositions x under this condition form a

region, which may be called the expenditure domain, determined by the

Price and the expenditure of the occasion. The condition can be written

ur'x <1,




where

kel

T
u ===
r e
r
is the vector of ratios of money prices to total expenditure, defining the

balance vector, whose elements define the relative prices for the occasion.

Any composition x is said to be within, on, or over the balance

u, according as ur'x <, =, o0r >1. Thus the expenditure domain con-

sists of all compositions within the balance. Since there is fhe relation

u 'x =1,
rr

which is to define the balance condition, the composition X, lies on the
balance u, - Any composition x is exchangeable with X, with a balance
of expenditure, or with no greater expenditure, provided it is within, or

on the balance ur

Thus, from a purchase (pr,xr) there is derived the vector pair

b

r
u ;X such that u 'x =1 where u_ = —— and e = 'x ;3 and
[ r’ rJ ’ r Tr ’ r er r p ’

this is to define the expenditure figure associated with the purchase,

with U, X for its balance and composition vectors.

I, Expenditure configurations

Given any expenditure figure [u;x] » belonging to purchases made’

on a certain variety of occasions, the balance and composition vectors are

considered restricted to certain balance aﬁd composition regions BO and
CO > Which are in the positive orthants B, C of Buclidean vector spaces .
which are replicas of each other, being of the same dimension n . Thus:

ueB , xeCdC
o o]

where

B,CB,c Cc.




The domain and frontier of s balance u ¢ BO are defined as the sets of
compositions y € CO such that u'y <1, and u'y =1 . Since u'x =1
for an expenditure Tigure [u;x] , the composition in the figure lies on
the frontier of ité balance.

Geometrically, the frontier of a balance u e Bo is the inter-
section with CO of the hyperplane given by the locus of composition y
such that u'y =1 . Thus an‘ expenditure figure E = [u;x] appears
geometrically as g hyperplane section of CO » determined with coordinate
vector u , together with a point x on it.

Any set of expenditure figures forms an expenditure configuration,

with those figures for its elements. Thus g configuration is, geometric-
ally, a set of hyperplanes together with s point on each. Now, for the
purchases (pr’Xr) (r=l,...,k) +there are obtained the expenditure figures
E = [ur;xr}, forming the configuration §F=={Er} associlated with those
purchases. It will be generally assumed that u + u, and x, + X (r +s).

The analysis of the purchases is to be an analysis applied to this config-

uration. The composition and balance sets of the configuration are defined

by X = {xr}, U = {ur}, and with these the configuration may be denoted

by F = [U;X]

5. Cross-expenditures

Given a set of purchases (pr’xr) for occasions r = ook,
the expenditure C.q which is required to obtain, at the price P, of
occasion r , the composition X found in occasion s » 1s determined

by

and defines the cross-expenditure from occasion r to Occasion s . With




this definition, the cross-expenditure from one occasion to itself is the
same as the expenditure on that occasion:

e = e
rr r

If the cross-expenditure from one cccasion to the other is
compared with the expenditure on the one occasion, there is obtained the

relative Cross-expenditure

from the one occasion r to the other occasion s . With this definition,

f =1
rr
Accordingly,
(p.'x_) D
f = L =(—r)'X
rs e e s
r r
N =u_'x
r s
The relative cross-expenditure f between two occasions 0,1

ol

is identical with the laspeyres index with 0,1 representing the base

and current periods, respectively; and, correspondingly, fi“ in the

10
Paasche index.
6. Cross-structure
Iet ¥F = {Er} be a given expenditure configuration with figures
E = [ur;xr] (r=l,...,k). The cross-deviations between the figures are
defined by
= ' — = . 9 a
Do = u.'x. -1 (r,s=l,...,k)

and the cross-structure of the configuration is defined by the array

D; - {Drs}
formed by the cross-deviationg, Since ur'xr =1, it follows that

D =0
rr




If the figures E  are derived from purchases (pr,x ) , then

r

D = f -1 ;
rs rs

S0 a cross-deviation is the deviation of g relative Cross-expenditure

from unity.

Iet U = {ur}, X = {Xr], and F = {frs}, 50 that

is a matrix of rank at most min{k,n)} . Therefore, if k >n ; every
sub-determinant of P of order n + 1 mist be zero. Thus the Cross-
coefficients of g k-fold configuration with k > n  automatically satisfy
a system of algebraical identities.

If D= D; denotes the Cross-structure of g configuration of
dimension n > then the configuraﬁion F is said to bé 2 realization of
the cross-structure D > in dimension n . While every configuration has
a uniguely défined cross-structure, any given cross-structure admits g
variety of realizations in every sufficiently large dimension. Since a
realization in dimension n < k implies certain identities, such as have
been indicated, these identities provide g necessary condition for such
a realization. TIf they are not satisfied, then realizations exist only

in dimension n >k . But if at least one realization exists in dimension

to define its essential dimension.

. Preferences
o= o oHCESs
Iet I = {Er} be a given expenditure configuration, with

figures Er = [urixr] (r=l,...,k)




Should one object be chosen for purchase on an Occasion and not
another which cost no more, and the choice is to be considered regulated
by preferences operative on that occasion, then, since it is supposed that
no expenditure is ever made without compensation, it must be taken that
the one object is preferred to the other.

Accordingly, there is formed the preference relation P}

associated with the figure Er’ with the definition
— - b
xf}y =X = X AY $ X, A u, 'y <1

That is, x has the relation P} to y if x is equal to x.,and y
is different from X, and within the balance ur «  The understanding is
that if 3§ is g relation giving a preference system which could be oper-
ative on the occasion r to which the Tigure belongs, then it must con-
tain P

r

| P} Cs
As applied just to the base set X = {xr} of the configuration,

the relations Pr are decided by the cross-deviations between the

figures, thus:

*PXg =D <0, (r 45s)
it being assumed that X, 4=xs (r 4s)

A binary relation, as g Propositional function of ordered
couples of elements, is also g set, of all those ordered couples which
have the relation, from the first element to the second. Accordingly,
there are operations between relations corresponding to all the basic
operations between sets, and the same notation can be used for both.
Further to these, there is the Operation of adjunction, of two relations
Q R to give a further relation QR , with the definition

XQRy = \g:xQz;A zZRy .




That is, x has the relation QR +to ¥ 1f there exists an element g
such that x has the relation Q +to g4 > and z has the relation R
to y . Adjunction is associative, that ig

P(QR) = (PQ)R ;
80 the expression Rl""R can stand, unambiguously, for the adjunction

m

of a sequence of relations; and
R' = R....R
can stand for the adjunction of g Seéquence of m relationsg all identical
with R, defining the mth power of R . Obviously,
REtR _ R
A sequence of elements x seeeX 18 said to form an R-chain

0 m —_

if they have the multiple relation defined by

XORXl A ree A Xl'ﬂ—lRXm .

m’ =
A two-element R-chain is called an R-link, and is formed of any two
elements which have the relation R :

R(xo,xl) = x Rz, .
Now mey Just means that X»;¥ are connected by an R-chain of n links,

or m + 1 elements. There can be formed +the relation R which all elements

have which are connected by an R-chain, of whatever length, thus:

R =UR"

m=1,2,....

defining the chain extension of R . Since RmRn = gie > 1t follows that

xﬁy A yﬁz => xRz

showing that R is transitive, which condition also has the statement

-2 -

R CE.
So if T =R, it follows that T'C T, and then that TCT. This

condition, that g relation contain, and therefore be identical with, its




every link is an R-link; and R is said to be acyclic if no R~cyeles
exist. Also an element x ig called R-reflexive if XRx , that ig if
it has the relation R +to itself; and R 1s called irreflexive if it
has no reflexive elements; equivalently,
xRy = x 4y |
which can be written
R C 4.

Now any element is ﬁFreflexive if and only if it is an element
of an R-cycle. Hence the acyclicity of R ig equivalent to the irreflex-
ivity of R .

A relation which is irreflexive and transitive isg called an
order. Thus R > 1In any case transitive, is an order if and only if R
is acyclic.

Now a preference\ggstem is given by an order relation. For it

is absurd that any object be preferred to itself, so the relation must be
irreflexive. Also, if it is required that any best element in any set be
the unique conclusion to all Processes of elimination, which reject from
arbitrary subsets elements which are inferior to any in those subsets,

then it must be transitive.

8. Consistency
= b LEHCy
Any preferences are considered consistent irf they could belong
==L ebent
to the same system. Thus g pair of opposite Preferences (a,b) ang
(b,a) is inconsistent. For if they were given to belong to g transitive,

irreflexive Bystem, say g > 80 that it ig given that aSh and bSa ,




-10-

then the transitivity would imply aSa » which contradicts the irreflexity.
More generally, any preferences forming a relation R, are consistent if
there exists an order § containing them, that is,

R C s
In this case, the order g may be said to obtain the consistency of R

as a preference relation. Now, taking chain extensions,

R C §.
But § is transitive, so that

S C s
Therefore

R C s

But S ig irreflexive, 50 that
s C + ;
therefore,
RC +,
so that R is irreflexive, and, since already transitive by construction,
therefore an order; equivalently, R ig acyclic.
Thus the consistency of R , that is R CjS for some order S,

implies that =R is an order. But, conversely, if ﬁ is an order, since
R C R,
it follows that R is consistent. Thus R being consistent is equiva-

lent to ﬁ being an order, and this is equivalent to R being acyclic.

THEOREM I. TFor g relation R +to be consistent as a preference relation,

it is hecessary and sufficient that it be acyclic. In this case R is

——

an order, containing R ;> and contained ip every preference system S

which contains R and thus obtaing its consisgtency.
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Now consider the preference Pr associated with the figure Er
cf a configuration "7 = {Er}o Any one relation 'Pr must be consistent.
For, from the form of Pr’ in which all the links have the same leading
element X5 1O ,Prwchain,of more than one link can be formed, and
therefore no Pr—cycles, since a cycle requires at least two links. Thus,
for the preferences obtained Ffrom a single figure, the consistency condi-
tion is vacuous, since automatic. However, when all the preferences from

the different figures of are taken together, to form a relation

then inconsistency is possible. The relation Qg’ defines the base prefer-
ence of the configuration.¥F , and then
-

PgEQ,?

defines the preferences of the configuration. Preferences which are not

base preferences are called derived breferences; so that all the preferences

are obtained from the bage preferences, together with the derived prefer-
ences, determined between the extremities of the base preference chains.

Now J is defined to be a consistent configuration if ite base

preferences Q} are consistent, that is acyclic; or equivalently, the
preference relation P} is an order.

Since the superior element in any base preference is a base
point,  any bage preference cycle belongs to a cycle of base points,
indexed by a cycle of elements rySyteons,q,r +taken from lyoao,n,
such. that

X AX 5, X QX o000, X QX .
I“Q”;zsy SQ?‘t’ ? q_Q%-r

But




=12~

So this is equivalent to the condition

Dg SO, D, <0,..., Dr S0,

defining the occurrence of a cross-deviation cycle. Acyclicity is now

equivalent to the impossibility of a cross~deviation cycle; and this is

the Houthakker condition

=0,D,<0,...,D <0=D_>o0,

rs st — Pa qr

usually stated

r

¥ < ? ¥ < 1 1 ¥ — 1 > 1
Pr¥s S P %y P'x Sp "% ..., b 'x < X, =P, 'x. >0p Xq

in terms of purchase dats.

THEOREM L. A necessary and sufficient condition that an expenditure

configuration ¥ with cross-structure Dy = {Drs} be consistent is

that

D .<0,D, <o yere; D <O0= D >o0.
rs — st — rq — qr

When this condition is satisfied, the order relation B; on the base set
X = {xr] of the configuration is determined from the cross~siructure D; R

with the property

Dy S0, D, <0,..., Dy SO = x, P %,

It can be defined as the minimal transitive relation with this property.

9. Preference hypothesis

Any order S represents an admissible breference hypothesis

applied to the configuration F if it contains all the base preferences

of F , that is

which is equivalent to
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where
-

k
Uy ='>ilPr and Py = Q. ;
and it requires P.SC to be an order. Thus if any preference hypothesis
is admitted, then P?_ represents one such hypothesis since P} Cff% K
and any other one, say S , is limited to the extent of being a refinement
of P; . Thus the consistency of ¥ is the condition for the admissi-
bility of some preference hypothesis; and then P; represents a minimal
hypothesis, which must be contained in any other.
In principle, the preference hypothesis may be applied to each
of the figures of the configuration, separately. For these on their own,
there can be no contradiction. For it is always possible to assume dis-

tinet orders Sr ; operative on each of the different occasions

r =1,...,k , such that

PI‘C SI’

The occasions being distinguished as belonging to different times, or
different Consumers, 80 also are the hypothetical preference systems
operative on those occasions are distinguished. Hence there is no sur-
prise when it turns out impossible to find a single enveloping preference
system, which contains all the preferences Pr found in the different

occasions. Thus it may turn out impossible to set

where S is to be g preference system Operating throughout the occasions.
The method then is to admit that the preference system assumed to operate
on any occasion, fictitious though it is, must change from occasion to

Occasion, in such s way that the preferences actually manifested on those

Occasions cannot be fitted into g single system.
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This is the general method for the introduction of preferences
into the analysis. Tt can always be done; but it may be useless. TIts
object is to search out permanencies underlying a variety. The elements
of permanence are to be preferences; and their stability throughout
occasions is shown, or at least saved from denial, in the possibility of
fitting those which are manifested into a single system, which is to
express the desired stability connecting the occasions. The preferences
taken separately amount to nothing: it is their Joint consistency that
has to be decided, before the method has validity. For to have preferences,
but different ones on every different Occasion, is an empty hypothesis.
The hypothesis with content is that preferences regulate choices, and that
these preferences have s permanence. Thus, to make choices is not neces-
sarily to have preferences, except in g completely vacuous sense. Prefer-
ences are automatically observed whenever a choice is made. But this need
not mean anything is revealed. They might be considered revealed when
bermanence is granted; and the means available to granting this is in
their consistency. The essence of preferences is that they should have
stability, so that they can be considered perpetuated once observed. Or
if they are to change, then it should be with explanation in terms of
causal forces for that change. But time alone is always a sufficient
cause.

What is here described is the narrowest method, in which stabil-
ity or permanence, is interpreted as absolute rigidity. This model must
lie at the centre of any method based on preferences. But obviously
what is also wanted eventually is a statistical form of analysis, which

is not barred by inconsistencies; but which can be universally applied,
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with a smaller or greater measure of significance; and which can present
inconsistencies as‘disturbances from an underlying consistency. However,
the exclusive concern here is with application of the rigid hypothesis

of preferences, though this, once completed, gives a basic framework that

may be made the starting-point for a more flexible form of analysis.

10. Normal expenditure systems

A complete expenditure configuration.‘a on regions BO 5 CO in

the balance and composition spaces B,C is a configuration whose balance
and composition sets are identical with these regions. Tt is an expendi-
ture system if, for [u;x], [v;y] e £,

X=J=y=—~>u=l=v,
which is defined to be responsive, if, further

utv = xdy;

and to be uniformly responsive, with response coefficient p >0, if

lx-y| > plu-v| .

An expenditure system & is thus a kind of infinite expenditure
configuration, represented by a single-valued function x = x(u) , subject
to u'x =1, mapping a region in the balance space into the composition
space, subject to the balance condition, thus:

& B, — C, (u— x; u'x = 1).
The responsivity condition is that there is always a finite change in
composition in response to any finite change in balance; and is the same
as invertibility. It requires the wapping to be one-to-one, and deter-
mines balance inversely as a function u(x) of composition. Uniform

responsivity is a stronger form of the responsivity condition, assuring
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that the response to a movement of balance through a certain distance
will be by a movement of composition through a distance at least s
certain fixed multiple of that distance. It implies +the inverse
continuity of the system, that balance is g continuous function u(x)
of composition. Moreover, if a system is invertible and differentiable,
in a closed region, then it is uniformly responsive in that region.
Thus uniform responsivity is a condition intermediate between the
conditions obtained by taking invertibility together with continuity
and with differentiability.
Given an expenditure system E; on (BO,CO) any configuration

F - [U;X]  such that LICiBO , X € CO is said to belong to E, if
T C E,, that is every figure of F is a figure of Z; ; and in this
case the system E is said to be a completion of the configuration EF .

Thus a system is s completion of every configuration which belongs to it.

The preference relation PE of an expenditure system E, is

defined by PE ='§£, where
XQSY =x $+yu'y <1.

Accordingly, if F C & , then P§ C Pg ; and the preference relation
of an expenditure system is the smallest transitive relation with this
property, that it contains the preferences of all its configurations.
The consistency of E is defined by the consistency of Q?; > which is
that P& be an order. Since P& is by construction transitive, this
Just requires that it be irreflexive.

A normal expenditure system is defined to be one which is

uniformly responsive and consistent. Any normal expenditure system has
the property that there exists a differentiable function ® , called a

gauge of the system, such that
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o(x) > o(y) = xRy .

The gauge can always be chosen to be convex. Any function which is a

gauge for a normal expenditure system will be called a normal preference

function. It ig an increasing function with convex levels.

A relation R which is antisymmetric, and whose negation R
is transitive is called a scale. Bince it follows from these properties
that it must itself be transitive, and also irreflexive, since any
antisymmetric relation is irreflexive, it is also an order. It has the
further property that its complete negation R = RNR ; where R?
stands for the converse of R » 1s an equivalence, being reflexive,
symuetric and transitive. The classes determined by ﬁ are to be

called the equivalence classes in the scale R . A scale is finally

characterized by the property that it reduces to a complete order of its
equivalence classes. Thus, if Py stands for the equivalence clags with

representative x , then
XRJ‘ = pX?pr
where R, is g complete order, that is, an order whose complete negation

is identity:
R <=2 =g

Any relation R with the property that it is measured by
some numerical function ¢ , that is, such that
XRy <= o(x) > oly) ,
must necessarily be a scale.
If Z is any expenditure system, to suppose P& is an order

1s not necessarily to have it as a scale. Thus, the indifference

relation PE is not then necessarily transitive. However, if & is
bk

uniformly responsive, then thisg further condition requires that P
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cannot be an order without also being a scale. In this case the indif-

ference relation is an equivalence; and indifference classes may then

be defined as equivalence classes in the preference scale.

Thus the preferencerrelation of a normal expenditure system is
not merely an order, but a scale. Any relation which is the preference
relation of a normal expenditure system may now be called a normal

preference scale. Tt is measured by a normal preference function.

If ¢ is a normal preference function with gradient g = @X ,

the associated normal expenditure system is determined from the equili-

brium condition

g =uh ,
where the multiplier A has the value

A=x'g,
since u'x =1 .

A normal expenditure configuration is defined to be one for

which there exists a normal completion. Thus a configuration F is

normal if there exists a normal expenditure system E containing it.

11. TIevels and multipliers

A set of number pairs (q%,hr) define normal levels and

multipliers for s configuration F = {urgxr} if there exists a normal
preference function ® , which is a gauge for some normal completion
?i of ¥ and is such that
(P(XI') = (PI‘ ) K(XI‘) = >\-r
Then if g is the gradient of ¢ , and

g(XI") = gI’ >

the equilibrium condition provides that




~19-

& = urkf ’

Now the convexity of ¢ requires that
- . -
(Xr Xs) s > @ Ps
Therefore,
- ? -
(Xr Xs) us}\’s > Py P >

or equivalently

}\OSDSI‘ > (Pl"‘ B (PS

Moreover, since ® must be an increasing function, it is required that

A >0 .
T

Iet any solution (¢%’Xf) of the system of normal inequalities

Nr >0, kstr = P - @

define coherent levels and multipliers of the configuration ¥ with

cross-structure D_ = {Drs} ; and let F be called a coherent configura-
j_ ——

tion if this system of inequalities is consistent. Any normal expenditure

system having a convex gauge, the following has been proved:

THEOREM. A configuration is coherent if it is normal; and any set of

normal levels and multipliers is also a set of coherent levels and multi-

pliers.

.The converse is also true, but will be broved elsewhere.

12. Coherence and concordance

Any solution of the system of inequalities &r >0,

A D + A D + oo + A

> > o ne i i
+Drg <Dt quqr O when r,s,t, »P  are distinct elements

from 1,...,k defines a set of concordant multipliers for the configur-

ation F with cross=-structure D? = {Drs} ; and ?3 is defined to be a
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concordant configuration if these inequalities are consistent.

THEOREM. A configuration is coherent if and only if it is concordant;

and any multipliers form a coherent set for the configuration if and

only if they form a concordant set.

If A= {hr} is a coherent set of multipliers, let ¢ = {@r}
be an associated set of coherent levels, so that hr >0, and for any

distinct elements r,s,t,...,q

hrDrs > P - @

Xstt > P - s

2

AD > -
q qr 91 P
so that, by addition,

AD + A D + co.

rrs s st D >0,

A
q ar
showing the multiplier set A +to be concordant. Conversely, if the
concordance condition holds for A = {hr} then the consistency theorem
for a system of inequalities of the form . > Xr - Xy (Res. Mem. No. 18)
shows the existence of a level set © = {¢ )} such that AD > ¢ - Q. ;
r 5”8 r 8
whence A is coherent. It follows now that the coherence and concordance
conditions for the configuration are equivalent; and also that in order
to construct the coherent sets of levels and multipliers it is possible
first to find the coherent multiplier sets separately, these being
identical with the concordant sets, and then, with any such multiplier

set, to determine all the level sets which can be formed with it under

the condition of coherence.
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13. Concordance and consistency

THEOREM I. 4An expenditure configuration ig concordant if apd only if it

is consistent.

A >0, AD + A D + oo +AD >0
r rrs 5 st P pr

for every distinct Tsgst,...,p and this implies the impossibility of

Drg 0 Dst S0 Dpr =0,

which is equivalent to consistency.
Now, conversely, suppose the configuration is consistent, so
that P? is an order; and take any complete order refinement R of P&
Then R 1is g complete order with the broperty that
Doe SO0 = xRz (ris) .
Without loss in generality it can be supposed that the elements of’ the

base set X = {Xl’°°°’Xk] of the configuration gre already given in

the order R s0 that

and hence
or equivalently,

The proof will now be completed by‘induction, by showing that the con=-

cordance of the sub-configuration ?ﬁnml = {Ef]r<m of F implies that
of ?Fm - Thus, it is assumed there have been found multipliers {AT}r<m

such that
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o0

hrDrs + Astt + oo+ Aqur >0 (r;...,q < m)

Now

D >0 (r<m),
mr

Therefore, it is possible to define

b= . min AfDrs + kstt e+ quqm

m Tyeoo,q<w er

Then {kl A} is a concordant multiplier set for every A >y
seee, I m m
In particular, it is Possible to choosge Am > 0 . Hence the configur~
ation i;m is concordant. The case m =2 1is obvious. Therefore,
by'induction, ?ﬁ§==?F is concerdant.
It appears from this proof that it is possible, moreover, to

find a multiplier set such that

Accordingly:

THEOREM II. Corresponding to every complete order which refines the

order of descending Preference of g consistent expenditure configura-

tion there exists concordant setg of multipliers with that complete

order for their order of ascending magnitude; and any initial sequence

of such multipliers in this order determines a lower bound for the

next multiplier, which can be chosen arbitrarily large.

1k, Consistent and concordant scales

If an expenditure configuration F isg consistent, its
preference relation P, is an order, and any scale applied to the
configuration elements, which is g refinement of thig order, will be

called a consistent scale. Since any order can be refined to g complete

order, which is the same ag a complete scalé, it follows that consistent
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scales exist for every consistent configuration, even if, in the case of
PSL being a camplete order, the only instance may be P¥ itself. But when
P? is a partial order, it will have g variety of scale refinements.
Now with any set ¢ = {Qr} of concordant levels, there is
determined a scale S, with the definition
XrSXs =09 >>q%
Any such scale, belonging to a set of concordant levels, will be called g

concordant scale of the configuration.

as follows:

THEOREM. For any expenditure configuration, consistency is €quivalent to

concordance; and the consistent scales are equivalent to the concordant

scales.
il

Now assume F to be a consistent, angd therefore also g concordant

configuration. Then, as part of this condition,
D <0 =D >0 .
rs = sr
Iet {@r,Kr} be concordant levels ang multipliers, so that

hr =0, kstr > P = P > _AfDrs

If S 1is any consistent scale, then
Drs 0= b m % 20 .
Hence any concordant scale ig g consistent scale. T now has to be shown

that any consistent scale ig a concordant scale.

Without loss in generality, it can be assumed that the Tigures




=2k

of the configuration are already given in a8 complete order which refineg
any desired consistent scale, Then it is required to fing concordant levelsg
such that

@r > @S <> r <g P)
it being given that

D <O = p<g

rs —

Suppose the solution has been found for the Subnconfiguration
Ezm-l formed out of the first mp-1 Tigures Thus s
MPsy % % 7 MNP (r<s<m) .

Then it is required to fing Km, ®, such that

Mol > Py > Ml (r <),

Q. - Q. >0 (r <m)

where
Dmr>0 (r <m)
TLet
A = s?i?.,.,q %ans + hstt oo %qur
and
rm s,t?%?,,q fors + A’stt e 4 %qum
for rss,t,.0.,g <m . Then the conditions for g solution are

%m=> %“E%n>w%m’
or equivalently,
Qr * Arm >'%ﬂ > ?r - Amr ?

together with

Now, since D >0 (s <m) it ig possible to have A . arbitrarily large,
by taking Am large. Moreover, Arm is independent of }m - Therefore,

with any %n such that
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min min
cpm < r<<m {QDI' + A‘rm} and ch < r<m (Pr ?

it is possible to choosge %.m > sufficiently large, such that
max .
% >J:'<m {(Pr - A

then km,cpm have been found, asg Tequired. The solution can then be

carried a step further, extending the one supposed already found for gtm 10

thus to obtain s solution for 3m . By_induction, the process can be

continued to 3— = + Bince the two-figure case is obvious, the proof
R

by induction ig complete.
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