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ABSTRACT

A model is developed to explore the effect of expenditure
and finance policies on capital accumulation in a stochastic en~
vironment. When wealth-holders maximize the expected discounted
utility of consumption over an infinite horizon, the rate of
capital accumulation is found to be invariant to the average
share of government expenditure in income and to the level of
lump-sum taxation. Tax measures that raise the average return
on capital and reduce its risk increase the growth rate of a
surplus-labor economy and the capital-labor ratio of a neoclas-
sical economy. An increase in the overall level of uncertainty
has an ambiguous effect in either context. The effect is, how-

ever, more likely to be negative in a full-employment situation.



~ FISCAL POLICY, INFLATION AND THE ACCUMULATION OF RISKY CAPITAL

Jonathan Eaton

| i. ‘Introduction.' " ol

| Recent discussions of a possible "capital'shortage“‘in thé:United States
focus attention on the role of government expenditﬁré and finance on capital
accﬁmulation. Proposals to raise the level of busihess investment have includ-
ed overall tax cuts, tax incentives to spur investment and a reduction in the
level of government spending.

This paper presents a theoretical apparatus to explore'the-relationships
between fiscal policy, government debt, inflation and capital accuﬁulation. A
one-sector monetary growth model embodying a stochastic produétion function is
developgd. Atomistic agents in the economy choose consﬁmptibnllevels and allo-
cate their wealth between risky capital and risky government debt to maximize
expected discounted utility over an infinite horizon. Fiscal policy,’by affect~-
ing asset yields, affects the composition of portfolios, the price level and
the accumulation of capital.

The model is used to answer three general questions:

(1) Does the level of government expenditures affect the rate
of capital accumulation and inflation in steady state?

(2) Does the mode of govermment finance, when‘the choice is
between an income. tax and deficit finance, affect these
magnitudes?

(3) what is the efféct of uncertainty in the productivity of
capital on growth and inflation in a monetary economy?

-The analysis relates to several areas ‘of literatﬁre:, {1) the analysis of
the relationship between capital accumulation and debt, (2) the theory of
ﬁhe demand for money, (3) considerations of the effect of income taxation
on risk bearing, and (4) the analysis of capital accumulation under un-

certainty.



1. The effects of the goverpmént's~expenéifﬁfé'deCiSion and its deci-~
sion to finance its expeﬁaiture by taxation or debt issue on output and the
capital stock are explored in two major bodies of econamic theory. The litera-
ture on the "burden of the debt" as developed by Modigliani [1961], Diamond
[1965], and Phelps and Shell [196%9], for example; iééliés that policies which
increase the value of outstanding government debt w1ll tend to lower the level
:Qf the capital stock by dlsplaclng capital with' publlc debt in private wealth.
_The theory of money and growth as represented’ by Tobin [1965] and sidrauski

[1967].aléo'implies that governmgntldebt displaces capital, but specifically
_recognizes the role ofﬁca§i£;l.gaiqg.g ’ |

The conclusion.that the'mode of government fihancé:is not neutral in terms

y of its effect on the ieve1'§£ the capital stock”deéendé; in‘£hese models, on
_the assumption that government debt is,regardéa as net wealth by the private

, séctor. Barro [1974] has pointed out that this aséﬁmption is closely tied to a

* _

life-cycle theory of savings.;n which‘intergeneraﬁional‘bequests do not typi-

‘qglly occur. Barro concludég that if a bequest motivejié opefative "fiscal

~effects involving changes iﬁ the relative amotnts of tax and debt finance for

a given amount of public expénditure would have no efféct on aggregate demand,

interest rates, and capital formation." (p.1116) That'é finite optimization

horizon bn the part of wealfh_holders is erucial to the relationship between

finance policy and capital‘accumulation.is implied in an earlier model of

Sidrauski [1967g] in which thé capital;labor rafio in‘an economy ccnsisting

of a single infinitely-liveé'household is found to be invariant to the rate

of monetary growth. A cohcluéion'gf the presenfxanalysis is that, while the

choice between‘deficitvfihance and lump-sum taxation is neutral in its effects

on capital accumulation f§r the infinite horizon case, the choice between defi-

‘cit finance and income takation is not.



2. Tobin's [1957] classic interpretation of the demand for money as
risk-averse behavior assumes money is riskless. The risk associated with
money arising from price level variation has become increasingly evident,
however. 1In the present paper, a stochastic inflation rate is derived from
an underlying source of uncertainty in the .economy. . The return on money is
thus related to the return on the alternative asset. Optimal behavior is

still typically characterized by portfolio diversification.

3. The effect of incéme taxaiion on portfolio allocation has been ahal-
yzed by Domai and Musgrave [1944]!and Stiglitz [1969] in a partial equilib-
rium éontext; Whilé these‘studiéé &emonstrate that increased taxation of in-
come from capital can increase tﬁe'deﬁand for a risky asset, the consequences
of the implied randomness in tax revenues are not taken into account. If the
risky undertaking in question is large in relation to the economy as a whole,
the taxatioﬁ of income from this unaertaking will geheréte uncertainty about
either the level of government expéﬁditure or fhe size of the deficit. Risk
in the value of government debt is in either case affected. The ptesént
study incorporates a general equilibrium analysis of the effect of taxation
on the demand for risky capital taking into account iﬁs effects on the yield
characteristics of government debt; It is‘found that an increase in the ex-
fent to which the government sharés in beaiing the risk of capital doés not

necessarily increase the demand for capital relative to debt.

4. The model developed in this paper also extends the literature on
growth under uncertainty developed by Mirrlees [1971], Leland [1974], BIQCk and
Mirman [1971, 19731, Mirman {1972], Bourgignon [1974] and Merton [1975] fcr non-
‘monetary economies. . The last two authors demonstrate that introducingvuncertain—

ty about the natural rate of growth tends to increase average capital intensity.ln



4.

this paper it is shown that thé.presenée of uncertainfy in the.production re-
lationship has the’ opposite effect.

To obtain a tractable closed«fofm.characterization of the steady state
of an economy of the type described in this paper requires a number of speci-
- fic assumptions about behavior, technoldéy and the natﬁre of uncértainty. Ex-
ploration of the implications of more.generél ass&ﬁﬁfions represents an inter-
esting but difficult undertaking. The preéent anéi}s;s is intended to demon-
strate a natural.means of introducing government debt and policy into a stoch-
‘ést;c, d&namig;model and to indicate the types and possible directions of
effe&ts ﬁhat policx gnd uncertainty may have on steady-state growth.

The model incorporates government debt which is monetary in the sense
that it dqes not bear interest. It is shown in Appendix 3 that introducing
explicit interest payments on government debt will not affect the proposi-
tiéns derived from the analysis. 1In the present context, then, the distinc-
tion between money and bonds is not essential.

The model developed in this paper is a positive one. It incorporates
optimizing behavior on the part of wealth-holders only in order to charac-
terize consumpti¢ﬁ behavior and asset demands. Optimal government policy
cén be derived by maximizing a social welfare function specifying the trade-
offs among_private consumption, government expenditure, inflation and real
money balances, subject to the constraints imposed by the model.

Part 2 of the paper is an analysis of the effects of policy on growth
in a stochastic, surplus-labor economy. The effecfs of policy and uncertainty
on the steady state of a stoéhastic, monetary, neoclassicalveqonomy are tregt-
" ed in part 3. Part 4 contains é summafy of tﬁe major conclusions and discus-

'sion of some possibilities'fofrfurthet inguiry.



2. Inflation and Growth in a Monetary, Surplus-Labor Economy

The effect of fiscal policy and debt on inflation and growth are explor-
ed. Section a is a presentation of ﬁhe aggregate model. The optimal behav-
ior of an atomistic investor in such an economy is derived in section'b. In
section c¢ the two analyses are joined to obtain a characterization: of the de-
mand for money and capital in the equilibrium of this econamy. The effects of
fiscal policy, debt and uncertainty on the rate of growth are discuésed in
section d and on the rate of inflation in sectioﬁ é. Appéndix 2 explores the
stability of the steady state. The consequence of introducing interest-bear-
ing debt is discussed in Appendik 3. Appendix 4 derives the implications of-

lump-sum taxation for the certainty case.

a. The Aggregate Model

Net output at time t,Q(t), is a stochastic function of the capital

stock, K(t), and employment, L(t), of the form:

uLl—a

(2.1) g = K dt + OoKdz

where dz represents a standard normal Wienexr process: expected output is a
Cobb-Douglas function of capital and labor while the instantaneous variance cf
output is proportional to the square of the capital stock.l/

Labor is supplied elastically at a real wage w. Given a capital stock

K(t) expected-profit-maximizing firms will employ
(2.2) 1 = [(l—oc)/w]l/aKv.

They will produce

(2.3) Q = uKdt + oKdz ,

where



u = [l_u)/w](l—a)/a .

The inccme from capital before tax is output less wages or
(2.4) ouKdt + OKdz .

Tax revenue .T is a fixed proportion tkm of the deterministic part of

capital income and a proportion t’ of the stochastic part of capital income:
(2.5) T = toukdt + t'oKdz ; t t'e(0,1) .

Similarly, govermnment expenditure G is a pfoportion g of the deter-

ministic part of income and a proportion ¢’ of the stochastic part of income:
(2.6) G = guKkdt + g'oKdz , g,9,'€(0,1) .

The model allows the government to tax the random component of capital.
income at a rate different from the rate at which it taxes the deterministic
part. Such a differential tax rate will arise if, for instance, the govern-
ment explicitly coinsures risky undertakings in a degree beyond that implied
by the average tax rate. Furthermore, a non-proportional income tax with a
full-loss offset is better approximated by allowing ,t' to différ ffom tK .
Progressivity, for instance, would imply tK < t’ . Similarly, the level of
public spending, while proportional to income on average, may not vary with
random movements in income in the same proportion. This may be due to slug-
gishness in the budgeting process, for example.

The government deficit is financed by monetary issue,
(2.7) G-T = —,

where M represents the nominal money supply and p the price level.

Net investment is net output less consumption C and government spending,



(2.8) dk = g ~C=~-G.

All labor income is consumed. The growth rate of the capital stock is

therefore

a o :
2.9) . 5% = [l-glu - C/Kldt + (1-g’)odz
where CK tépresents‘consumption out of capital income.
The term H is defined as the ratio of real‘money balénces'demanded to

~

the capital stock,

(2.10) [%}D = HK .

Values of H and CK consistent with optimal behavior of wealth-holders -

are derived in section b.

‘The price level p adjusts instantaneously to maintain equilibrium in

€

the money market,

(2.11) p = -;ii

The after tax rate of return on capital r is thus given by

K

(2.12) x, = ou(l-t)at + (1-t’)odz .

The real return on money derives from changes in the price level and
is equal to the increase in the real value of money less real monetary issue.

The rate of return on money Ty is thus

e - [ (3)-91/ (3]

If H is constant, expression (2.13) is equal to the growth rate of

capital and output (2.9) less the deficit per:unit cof real money balances,



(2.14) r, = [lou(1-t )—c /K- g-oct )u/m]dt + [(-t")=(g'~t")/mlodz

where - H.
l-n

Expression (2.9) implies that for a given ratio of consumption to capital,
tax parameters have no effect on the rate of capital accumulation. From ex-
pressions (2.12) and (2.14) it does appear, however, that tax parameters do
affect the rates of return on capital and money. Only to the extent that con-
sumption behavior responds to changes in asset yields will the method of finance
of government spending affect the rate of capital accumulation. In the next

section, optimal consumption and portfolio plans for atomistic wealth-holders,

who take asset returns as given, are derived.

b. Optimal Savings and Portfolio Choice

For analytic convenience, a class distinction of the type associated. with

Pasinetti ([1961] is made: capitalists do not work and workers do not save.
The set of capitalists I is a continjum indexed by i

Each capitalist i has an objective functional of the form 2/

(2.15) E [j %c &) Ye ~ Stqe 8e (0] )

YE ('Oorl)

where Ci(t) represents consumption in period t by capitalist i and &
is the discount rate. The change in the ith capitalist's wealth in period

t, dwi(t)' is the flow of income from wealth less consumption:
= - - s
(2.16) dwi(t) [rMmi(t) + rK(l miQﬂ)]Wi(t) Ci‘t)

where mi(t) represents the share of financial wealti held in the form of

real money balances in period t.
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The set of available assets may equivalently be characterized as one risky
asset, capital, with return Ty given by expression (2.12), and one safe asset

consisting of a proportion fi of money and 1-fi of capital, where

A m(l—t')
(2.17) m Gty
When capital and money are held together in these proportions; the stochastic

components of their returns exactly offset each other. The rate on the com-

posite safe asset is

{(1-t')
(g’=t")

(]

(2.18) r_ {uu(l—tK) + [(athg)u - mcK/K]} .

Expression (2.16) may be written as:
(2.19) - dw; () "= {[r_ + (1-o, (£)) (u(-t)-r )W, (t) - C, (t)]at
o (L-wy (1) (1-tT)ow, (t)dz

where mi(t) is the share of wealth held in the risky asset in period t.

The maximjzation of (2.15) subject to the stochastic differential equa-
tion (2.19) represents a continuous-time stochastic dynamic programming problem
of the type discussed by Merton {1969, 1971]. If (2.15) is bounded optimal

consumption is given by

: . }
(2.20) CY(t) oW, (£)
where

2 ¥ 2 2
§ - vy [, + (ou(l-t,) - r)°/2(1-y) 1-t")"0"]
1-v

C =

and the optimal share of the risky asset in wealth is

ouf{l~t ) - ¢
(2.21) W = S — .
(1-y) (1-t%)"0
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The optimal share of money in wealth is therefore

. - L 2= i - )%
- (2.22) w} m(l mi)

c. Portfolio Equilibrium

If all capitalists have identical tastes then

¥ . *
(2.23) m}

= m
and
(2.24) CK~ = ¢cK/(1-m)

The solutions to the individual investors' dynamic programming problem, expres-—
sions (2.20) and (2.22),may be substituted into expression (2.10), the aggre-

gate demand for money, to obtain an expression for the ratio of money demanded

to capital
(2.25) H = ?-\-
c
where
A= uloteg) 4 (1-y) (1-g") (g'-t")o?

The following propositions concerning the effect of uncertainty and

policy follow from expression (2.25)

Proposition 2.1: For a monetary economy to exist the average deficit

per unit of capital must be stricﬁly less than (l-Y)(lwg')(g'-t')U2 .

This condition guarantees that the:demand for money is strictly positive.
Introducing a transactions demand for money would imply a less stringent con-

dition for the existence of a monetary economy.
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Proposition 2.2: In the case of a Bernoulli utility function (y=0)

an increase in the variance of the production process increases or

o - PN R . . ) ) . >
decreases the demand for money relative to wealth as g’ < t’.

If 'g'>t! then increased unéeftaipty in the production :elatipnship iﬁ-
creases the variance of the return on money more than the variancé of the re-
turn on capital. Conversely if g'<t’ , when YQO"uncértainty'has no effect
on the consumption-wealth ratio and increased uncertaiﬂty in the underlying
production relationships raises the demand for the safer asset. e

When :Y¢O ; Vh&ﬁever} increaéed*uncertainty aoés affect thé rati9:9§ céﬁ-
sumptionvto weélfh. Higher consumption implies greater inflation and avlower

demand for money. One may infer:

Proposition 2.3: When money and capital are equally risky (g'=t’{
increased riskiness of production will increase or decrease the de-

. <
mand for money relative to capital as Yy > 0 ..

When Y<0 increased uncertainty lowers consumption and therefore inflation.

Conversely when vY>0 .

Proposition 2.4: If +vy<(l-m) (a) an increase in the tax rate on

the expected return on capital, tK , lowers the demand for capital;
(b) an increase in the share of government's risk bearing, t' ,
raises the demand for capital; (c) when tht' an increase in the

proportional tax rate raises or lowers the demand fqr capita; as
< .
Cou > (l—Y)(l-g')02 .

Conversely if A > (k-m) .
Increased taxation of the random component of the return on capital re-

duces its riskiness, making it a more attractive asset. The results of Domar
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and Musgrave :[1944] and Stiglitz [1969] on the effects of taxation on risk
bearing reély on ‘this partial equilibrium effect. If the degrec of relative
rlsk aversion is very low, however, a reductlon in the variability of the re-
turn on eapltal lowers the ratio of consumption to wealth, reduc;ng inflation
'and makzng debt a more attractive aeset. A tax-induced reduction in the pri-
vate'rlskxness of capltal can thus lgggz_the demand for capltal relative to
‘debt. The flnding that reduced taxation of the average return on capital will
1ower the demand for capltal for low values of risk aversxon a‘so derives from

reduced consumption 1owering inflation.

d. Eguilibrium Growth

An expression for the rate of growth of the capital stock is obtained by
substituting expressions for optimal consumption (2.20) and demand for money

(2.22) into the differential equation (2.9) to cbtain

(2.26) ax _  ou(l-t,)-8
K 1-y

(1-g")0% [g'-t ¥ y(1-g')/21}at

+ (l-g')odz .

Two propositions concerning the effects of average government expendi-~
ture and taxation pclicy on the average growth rate follow from expression

(2.26):

Proposition 2.5: The average rate of government expenditure does

not affect the expected rate of capital accumulation.

An increase in the rate of government expenditure when the tax structure
is unchanged initially increases the inflation rate and lowers the demand for
money. The consequent rise in the price level reduces real financial wealth

which in turn reduces consumption in an amount equal to the increase in
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While the level of government'expendiéure does not constrain the growth
rate di:ectly it does limit the exgent to which tax cuts may be used to sti-
- mulate growth without causing the demand for money to fall to zero. A reduc—
_tionvin’gbvetﬁmentlépending will shift the MM curve to the left but not affect
‘the GG curve. If the tax rate is unchanged the growth rate will not be affect-
ed while the demand for money will rise. A larger tax cut wh1ch does not
ellmlnate money demand but does raise the average growth rate‘ls now feasible.

The effect of uncertainty on the average growth rat¢<is summarized in the

following two propositions:

Proposition 2.7: The average growth rate is positively related

to the government's share in bearing the risk of capital, t',

An increase in the marginal tax rate reduces the riskiness of capital and
raises that of money. Money demand falls, prices rise, consumption-falls and

investment rises.

Proposition 2.8: An increase in the uncertainty of the pre-tax rate
of return on capital or a reduction in the marginal expenditﬁre rate
g’ raises or lowers the maximal sustainable monetary growth rate as

<
Y > 0 and raises or lowers the average growth rate as
s 14 I r
Y > 2(t’-g") (1-g') .

An increase in o2 ér a decrease in g’ raises the variability of incoms
from wealth. This increases or reduces savings as ¥y S 0 , a result obtained
by Leland [1973]. Increased uncertainty also increases the demand for the less
risky asset, capital if t' > g’ and money otherwise. 1In contrast with
Leland's result, if t' # g’. increased uncertainty wiil affect the expected

growth rate even if vy=0 because of its effect on portfolio equilibriuvm. Iif,



E(dK/K) , H

FIGURE 1
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for example, t' > g’ increased uncertainty may increase the expected growth
rate even if the degree of relative risk aversion is less than unity by reduc-

ing the demand for money, the riskier asset.

e. The Rate of Inflation

A reduced-form expression for the rate of return on money may be obtained

by substituting expressions (2.20) and {2.14) to give

(2.30) , = [au(l—tK) - A'/mldt + [1-t' - (g'-t’)/mlodz
= uMdt + GMdz . 4/
where
A= 1Y) (-g") (g'-t e .

Differentiating the deterministic part of this expression with respect to t

and g vyields

(2.31a) du : 1
M l1-mi2| _, l-m
g, " “uﬂ‘ar} [pere] - e “1]

(2.31b) du

Moo g im,y2
ag- = -u - ) {»"/c) .

Both are ampiguous in sign. Since, from Proposition 2.5, the growth rate
is independent of g and, from Proposition 2.6, it is negatively related to

tK' there is in general no trade-off between inflation and capital growth.s/

3. Neoclassical Growth

This part extends the model developed in 'payt 2 to the case in which

labor is supplied inelastically. The labor force is now assumed to grow at
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rate n :
(3.1) Lit) = Loe

while output continues to be given by expression (2.1).

Tax revenue is a proportion t. of labor income, tK of the deterministic

L
part of capital income and t’ of the stochastic part of capital income. In

per worker terms:

(3.2) T/L

[tL(l-a) + atK]kadt + t'okdz

H

where k R/L.

Government expenditure is a proportion g of the deterministic part and g’

of the stochastic part of output:
(3.3) G/L = gkt + g'ckdz .

Tke deficit is financed by monetary issue.

The rate of change of the capital stock is

6.9 Lo [@-g+ @kl C /KAt + (1-g')odz .
X L
The after tax return on capital is
OL"'l ’
(3.5) r, = (l—tK)uk dt + (1-t')oaz

while the return on money is

1

- a-1
(3.6) r, = {(l-tK)aku - CK/K -~ [g = atK - (l-a)tL]k /m}dt

M

+ [(1-t®) - (g'~-t’)/m]odz .

The optimal portfolio and consumption decisions which the individual cap~

italist faces are those described in section b of part 2. A complication,
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however, is that the capitalist is exposed not only to "asset risk," variation
in the instantaneous returns on capital and money, but to "market risk" caused
by variation in the capital-labor ratio itself.s/ This céﬁpliéateé'éhe solu-
tion to the dynamic programmipg problem for the general isoelastié mﬁrginal
utility function to the point of intractability. | |

For the special case of the Bernoulli utility function .(Y=O) ; Jhowevér;
the presence of market risk is irrelevant to the individual capitalist's dynamic
pPregramming problem as demonstrated in Appendix 1.

For this case the rate of change in the capital-labor ratio is given by the

stochastic differential'equation

dk - S
(3.7) 3 [a(l-tK)ka 1. n-¢ -~ (1-g) (g'—t')ozldt + (1-g')odz
The instantaneous change in k is thus a function of the form

o ' >
3.8 = - -
(3.8) dk [alk azk]dt + ajkdz a; = 0

Bourgignon [1974] has proven that a non-trivial steady-state distribution ex-
ists for the continuous~time diffusion process given by expression (3.8) . /
Application of the result presented in pppendix 2 yields as an expression
for the marginal product of capital :
iyl ' 1y a2
1 n+ 6§+ (l-g )[5{1+g ) - t'lo

Q-
(3.9) Efek™ 71 = (l*tK) .

The effect of fiscal policy on the average marginal product of capital is

summarized in:

Proposition 3.1: HNeither the average share of output devoted to

government expendiﬁure nor the rate of taxation of labor income
affects averége capital intensity. Increased taxation of the aver-

age income from capital reduces capital intensity.
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The direction of the effects of average eXpenditure and taxation rates
_ on_capital intensity in the neoclassical econémy are the same as their effects
. on the average growth rate of capital in the surplus-labor economy summarized

. in propositions. 2.5 and 2.6. Also parallel is:

Proposition 3.2: An increase in the share of government absorption

. of the risk of capital &' increases average capital intensity.

' The effect of increased uncertainty on capital intensity in the neoclas~
sical context differs, however, from its effect on the growth rate of the

surplus labor econonmy :

 Proposition 3.3: an ihcrease in the coefficient of the random

component of the production function raises or lowers the ex-~

pected marginal product capital as =
(3.10) £ 3 (14g")/2 .

In the surplus-labor model the corresponding condition is ﬁhétiiﬁcféésed un-
ce:tainty raises or lowers the growth rate as f'z g’ .‘ In boéh casgs in-
creased uncertainty has a "portfolio adjustment"” effect, shiftiﬁé demand to-
ward the safer asset. BAn additional effect is present only in thé'neoclassi-
cal case. Increased uncertainty in output implies increased variability in
the rate of capital accumulation and hence’in the capital=-labor: ratio. Since
output is a strictly concave function of k and the interest rate a strictly
convex function of k increased uncertainty in the distributioﬁ of k lowers
the expected value of output and hence of savings and raises the expected mar-
ginal product of capital. Unless money is much riskier than capital a reduc-
tion in overall uncertainty will tend to increase capital intensity.
Bourgignon [1974] and Merton [1975] have shown that increased uncertainty

in the natural growth rate raises capital intensity in a non-monetary
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neoclassical economy. Their result derives from the convexity of.the.capital—
labor ratio itself in labor. In the non-monetary case of the present model
g'=t’=0 and proposition 3.3 implies that increased uncertainty in the return

on capital will reduce capital intensity, in contrast with their result.

3. Conclusion

The model developed in this paper has explored the effect of uncertainty on
capital accumulation in a monetary, general equilibrium context. The findings
support the view that if economic agents optlmlze over an infinxte horlzon the
choice between lump-sum taxation and deficit flnance of a given level of govern-
ment expenditure is irrelevant to capital accumulation. ‘The model demonstrates
furthermore that the average level of government expenditure is relevant only in-
direcFly. When the alternative to deficit finance is taxation of income from
capital, howevgr, the mode of finance is.crucial‘to the qﬁestion of capital ac-
cumulation. Fiscal policy then changes fhe average yield and riskiness of capi-
tal relative to government debt thus affeéting investment and thereby growth or
capital intensity. The results do not suggést a trade-off between inflation and
capital implied by some previous models of money and growth'for the general case.
They do suggest, however, that to a limited degree deficit finance will yield
greater capital growth than tax finaﬁce.‘

It would be useful to know the extent to which the assumptions embedded in
the model may be relaxed w1thout affectlng the basic results. Certain restric-
tions such as the Cambrldge—style savings assumpt;on, Cobb-Douglas technology

8/

and isoelastlc marglnal utility of consumptlon are probably innocuous. Others,.
such as the restrlctlon to a rsxngle sector and a 51ngle source of uncertalnty
may be more crucial. The first precludes discrepanc1es from arising between the
replacement cost and market value of capital and no doubt causes the model to

understate the efficacy of policy. The model has demonstrated by construction

the existence of an equilibrium to a stochastic, monetary economy. A useful
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task for future research would be to determine the most general set of assump-

tions about tastes, technology and policy which ensure the existence of a steady

state equilibrium.

APPENDIX I: Optimal Consumption and Portfolio Allocation When Asset Yields
Have Variable Means and Variances

Define: -
(a1.1) T ,x(6), ) = e Smax EQ”L -l-c('c)Ye"‘STd-r,
c(t) o) ey -
Subject to:
(BL2) W@ = 0 ) -z ) +x G - o)
Expression (Al.l) may' be decomposed to:
(al.3) JW(t),x(t),t) = max E J Zctme 2ldar + J(W(t+e) X (t+€) ,t+€)
cto,um Y v

Taking the limit of (aAl.3) as & -+ 0

max[-:;-cmY +d43] = o .
C.,0

aJ is obtained by applying It8's lemma to diffefentiate J  yielding:

. , 1. 222

(AL. 4) W = Tlolu () - 1 () + r_GoW - c] -+ 20,0 wch
+ J oalx) +1'-J 02() +AJ o W + J

x> X T2 YaxOx X . XW XK t °

Here x(t) is a stochastic process given by
(a1.5) dxz(t) = a(x(t))at + cx(x(t;))dzl
such as k given by (5.7) and

(Al.6) rK(x) = uK(x)dt + GK(x)d22 .
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Necessary conditions for a maximum are

(a1.7) c* =(JW)1/ y-1
eI (u(x) -1 (%)= T.0
(A1.8) oo R T T )™ YeuY%x
, I W2
ww Ok

Consider a solution of the form

(a1.9) J(w;x,t) = e—Gta(x)WY/y .

Substituting expressions (al.7), (Al.8) and‘(Al.Q) ynto (Al.4) gives:

1
I | 2.
(1.10)  a' t(ey) o+ ylr (0 + (G0 - rgx))/2(-0] =6
a'c 02 + a'o(x)/a + a"oztx)/Za = 0 .
T.Y XK/X X

A simple solution for (Al.10) does not exist for arbitrary values of Yy . For
v=0 a=1/8 provides a solution. For the case of the Bernoulli utility func-
tion, then, the probability distribution of x is not relevant to optimal con-

sumption or portfolio decisiars.

APPENDIX 2: Stébilitxfof the Steady-State Under Adaptive Expectations

For any level of the capital stock, the state of the economy modeled in
sections a and b of Part 2 is fully characterized by the variable m, the
share of real money balances in total wealth. When condition (2.25) obtains
capitalists are satisfied with. exxstlng money balances at the given inflation
rate. This inflation rate in turn is sustained at the existing level of money
balances. Condition (2.25) thus characterizes an- equilibrium value of m and
hence the equilibrium of the econcmy.

The rate of return on capital, expression (2.12), is independent of m

and therefore is the same whether or not the eSonomy is in equilibrium. Both
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the mean and the variance of the rate of return on money, expression {(2.14),
however, depend on m.

In steady state tﬁe rate of return oh'debt‘ié given by expresgion (2.30):
the equilibrium rate of return 6n mbney.exceéds the rate of return on capital
by a risk premium of - A'/m.

The difference between the actual and the equilibrium return on money for

any value of m is:

'(A2.1) e (A/m - ¢/(1-m)) .

while

(a2.2) e

1]

s 3 (t'-g%)/m

is the difference between the standard deviations of the returns on money and
on capital.

No éttempt is made to derivefeXplicit’formulatibns'of Séfiﬁéi éonéumption
and POfthIio programs in disequilibrium. Instead behaQio; is characterized

by three assumptions:

Assumption 1. The ratio of capitalists' consumption to wealth is given by

cﬁn,éi, é;) where ¢(m,0,0) is defined in expression (2.20) and where

éi is the expected change in the variable éi;’i=1, 2.

Assumption 2. The change in capitalists' share of real money balances in wealth
is | |

(a2.3). m = he,,é ) hl >0, h2 > 0, h3 < 0; h(0,0,0) = 0.

Assumption 3.  The eﬂpécted change in the variable ei-’is formed according to
the rulé:

(a2.4y " &% = cpé, . i o= 1, 2.
i iti
.Under assumptions 1-3 local stability obtainss f and only if'§§-< 0 in the

neighBorhood of the steady state value of m. Differentiating'expression (a2.3)

totally with respect to m and evaluating the expression at m = 0 yields )
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. h
=0 1l- hzblA - h3b2(g'-t'?/m

where

2 2 Pty |2
A = -Am® - c/@-m)” - lej+e,b Atc b, (g'~t’) [m°1/(1-m) .

Unless the change in the money-wealth ratio affects the consumption-wealth ratio
significantly the numerator of expression (A2.5) is negative in a monetary
economy.gl For bl 2 0 the first two texms of the dencminator are positive if
the change consumption-wealth ratio is again small. For b2 2 0 the third term

in the dencminator is positive or negative as g'§t’ - These observations may be

summarized in

. Proposition a2. :Under*assumptioné.1-3iloca1;stabi1ity is guaranteed

if (1) the consumption-wealth ratio is a non-increasing functicn of

m, (2) money is riskier than capital and (3) expectations are non-

regressive.

This result contrasts with the instability often observed in monetary
growth models under adaptive expectations and myopic perfect foresight

(bl = b2 = 1) in particular.lo/

In the present model the effect of a positive
perturbation in real money balances is to increase real wealth and therefore
consumption. Increased consumption in turn leads to increased inflation and

a lower demand for money. The wealth effect in the consumption functions thus
provides a stabilizing element. Also contrasting with other monetary growth
models is the finding here that regressive expectations are potentially desta-

bilizing.ll/

APPENDIX 3. Bond Finance and Growth

This section modifies the previous analysis by considering-government -debt

which bears interest. Following the development of Blinder and Solow [1973] the
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government is assumed to finance its deficit by issuing bonds which continuous-
ly yield one unit of output in perpetuity. The number of such bonds is B
each of which has a value in terms of commodities of Pg- The government bud-

get constraint becomes
(a3.1) B+G~-T = deB.

The demand for real bonds represents a fraction D = b/(l1-b) of the capital

stock, i.e.
4 D
(a3.2) (pBB) = DK

and the price of bonds adjusts instantaneously to maintain equilibrium in the
bond market.

The capital gain on bonds is given by the change in the real value of
bonds less tha-valugiof new bonds issued:

(83.3) © da(pgB) - pydB.

Capital gains are taxed at rate tcg while coupon payments are taxed at rate

tB. Tax revenue is therefore:

. = - roxd
(a3.4) T [thuK + tBB]dt + tcg[d(pBB) deB] + t'OKdz

and the after tax rate of return on bonds is

(l—tcg){d(pBB) - pydBl + (I-t )Bdt
(A3.5) X =
B PgB

Solving this, one obtains an expression for identical to (2.14), the re-

B

turn on money; after-~tax capital losses exactly offset the after-tax debt ser-
vice. Subsequent analysis is thus identical to that for the monetary case.

The result for the neoclassical case is equivalent. One may conclude:
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Proposition A3: Whether or not an interest coupon is paid on govern-

ment debt is irrelevant to the rate of return on debt and to the rate

of-growth .of -output.

A corollary to this result is that the tax treatment of debt: servicei and
capital gains on debt is also irrelevant to the real return on debt and to the
rate of capital accumulation. According to this model the taxation of interest
payments on debt is not relevant to the bonds as net wealth issue as suggested

by Feldstein [1976a).

APPENDIX 4: Lump-Sum Taxation

The effects of tax policy on steady-state growth obtained in part 2 per-
tain to taxation of income from capital. Taxation therefore places a wedge be-
tween the marginal product of capital and the net refurn on éapital. This sec-
tion considers the effect of lump-sum taxation on the steady-state growtﬁ path.
To simplify the analysis lump-sum taxation is introduced into a deterministic
version of the model developed in section 2.

A lump-sum tax in amount OK is imposed on capitalists. The discounted .

value of future tax obligations at time t is therefore

(ad.1) T

J:GK(t)e(n—r)tdt

K(t)/(x-n)

where n is the now nonstochastic growth rate of the capital seock and thero—
fore tax obligations and r = cqu(l~t) is the after tax rate of return cn
capital.

In the deterministic model in which both money and capi*al are held in

strictly positive amounts the rate of return on money must ejual the interest
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rate. The inflation rate is equal to the growth rate of the money supply minus
the growth rate of capital:

(n4.2) = [dM/M - nldt.

d:

The government budget constraint implies that

(a4.3) %g- = [g-ot)u - O1K
so that

- J{g-ot)u - 0 _
%f T n.

Since

r -dp/p

in equilibrium

(34.4) Y = [(@t-glu+ 0]/ (wn)

is the only value of the monéy-daﬁiﬁal ratio consistent with portfolio diver-
sification. Note that the demana for monéy'reiative to capital depends posi-
tively on the lump-sum tax rate.

The optimal consumption program of the gapitalist*described in section b

of part 2 is given by

(A4.5) Cz(t) = cWi(t)
where
M
wote) = K (8) + (5 ), - T, (&)
and
(24.6) c = (8§ - YE)/(1=y) .

Here Ti represents the discounted present value of the lump-sum taxes imposed

on capitalist i .
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In the aggregate, therefore,

(24.7) cK = ¢[1+H-06/(r-n)]IK

and the rate of capital accumulation is

(a4.8) %_ = n = (e~q)u - cll + H - 0/(r-n)] .

When H = H* the growth rate is given by

(24.9) ot o= r+ (g-at)uliT) - 1] - ¢

an expression in which © is absent; an increase in lump-sum taxation has the
direct effect of lowering capitalists net wealth and therefore consumptiqn. It
has the indirect effect, however, of raising the demand for money which in-

Creases wealth and consumption. These effects are offsetting.

Proposition A4: An increase in the level of lump-sum taxation

raises the demand for money but has no effect on the steady-

state growth rate,

Expression (4.9) is Quadratic in n*-r. Its solutions are given by

(24.10) n*

(z-8)/ (1-Y)

u(a-g) .

Only the first is compatible with a positive level of consumption by

capitalists.

APPENDIX 5: Properties of Functions of Stationary Diffusion Processes
Expression (3.9) is derived from expression (3.7) by application of the

following theorem which is presented in Soong [1973] and Merton [1975].
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Theorem
Let x(t) represent a continuous-time diffusion process with equation

~ of motion given by
~ (a5.1) dx(t) = olx(t)ydt + a(x(t))dz(t) .

If x(t) has a non-trivial statiohary distributionh, then for any continuous

~ function f£(x(t)) which is bounded on any finite interval:
(85.2) E[a(x(e)) - £ (x()] + ZE[6°(x()E" G(E)D] = O .
Proof:

If x(t) is stationary then so is £(x(t))..

Therefore
dELf(x(£))] _
(a5.3) & 0.

Applying Itd's lemma to evaluate this expression gives expression (a5.2) .
Expression (3.9) may be obtained by applying this theorem to the diffu-

sion process for k in (3.7) using  £(k(t)) = log k(t).
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Footnotes
1. . Raridomness of this.form can be géﬁeréted by a Stochastic rate of deprecia-

‘tion of capital, for instance. This spe01f1cat10n of uncertalnty generates

asset returns which are themselves Wiener processes of the form assumed in

the capital-asset pricing models of Merton [1969, 1971, 1973]. This is not

the case when randomness derives instead from a stochastic rate of labor-

force growth as in the models of Bourgignon [19741 and Merton [1975}.

2. Assuming an infinite horizon of optimization removes problems of non-sta-

tionarity and specification of the bequest function. It need not imply

iﬁtergenerational altruism if, for instanée, age at death is characteriadty
a ' Poisson process as Cass and Yaari [1967] and Merton [1971] have demon-
strated.

The assumption of iscelastic marginal utility of éonsumption is highly
convenient in its 1mpllcatlon that Optlmal consumptlon and asset demands
are proportional to wealth. It 1s also consonant w1th empirical analysis

of behavior towérd risk.v On the basis of a cross-sectional estimation of

asset demands, Friend and Blume [(1975] conclude that their empirical results -

"indicate that the assumption of constant proportional risk aversion for

households is a fairly accurate description of the market place." (p. 919).

3. The transversality condition is satisfied if and only if ¢>0 . See
Merton [1969].
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The average real return on money differs from the negative of wne iaflation
rate by an amauntMpropértionalrto the variance of the inflation-rate, a
manifestation of Jensen's inequality. Since the expression for the rate

of return on money is slightly less camplicated than that. for the~iqf1ationf

rate, this analysis addresses itself to the first magnitude. -

Feldstein [1976b] also finds that increased inflation may be accompanied
by reduced capital accumulation when .the rate of savings out of disposable
income depends positively on the interest rate. . His results are not fully

- comparable since he does not explicitly relate inflation to fiscal policy.

Merton [1973] discusses this dlstlnctlon in detail.

Loosely speaking, the Inada conditions guarantee that the drift term in
expression (5.7) is positive and large relative to the variance for k

nhear 0, whlle it is negative and large in absolute value for verylarge

_ values of k . Thls guarantees that the distribution of k is compact and

does not include the origin.
A non~trivial steady-state distribution would not exist if, say, the
tax treatment of cépital were highly regressive rather than proportional
in the neighborhood of the origin. The convexity of the tax function would
then "undo" the concavity of the production function and introduce a posi-

tive probability of extinction.

Certain, although perhaps pathological, specifications of preferences, tech-

nology and policy may threaten the existence of a steady state. See Mirman

- and Zilcha [1976] for an example of this in a non-monetary stochastic

growth model.

For the case of the Bernoulli utility function (y=0) the optimal. con-
sumption-wealth ratio is independent of asset returns as demonstrated.

in Appendix 1. . For this case, A is unamb;guously positive.

See Sidrauski [197651 and‘Sidrauski; Shell and stiglitz [1969] for ex-
ample. Ross, [1975] shows that introducing randomness of bounded varia-
tion in the returns on heterogenéous capital goods does not in itgelf .
enhance the stability of the heterogeneocus capital~good model.

In the stationary-state model analyzed by Tobin and Buiter [1976],
stability is also enhanced under adaptive expectations. Wealth effects
play an important role in this result as well. ‘



