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1. INTRODUCTION

,bne of the more interesting extensions 6f Arrow-Debreu general equilibrium
‘ theory concerns the role“of externalities. Considerable effort has been devéted
to refiniﬁg the conditions for existenee of eguilibria with externalities, and
to establishing the relationship between equilibria and obtima. This paper ié
concerned with the characterization of eguilibrium grpwth paths in‘a decentral-.
ized economy in which externalities arise from a éarticular form of interxe;ated
preferences; namely. where each generation cares aSout the welfare of other gen-
erations. Behaviour under thése circumstances xaises.important guestions for
macroeconomic analysis, but, while the general issue has been raised frequentl&
in the literature; there has been little formal analysis of the problem. The
méin objective of this paper is tc show that with certain restrictions on the
nature of the gquilibriumyjtke economy with intergenerationally-dependent preferf
ences can be formulated in a‘wﬁy that leads to an economically interpretable
steady state.

The literature on intetgénerationally-depen&ent’preferences has developed
in twé stranééi Cne appr@agh, foilowing Beckexr (1974), fgrmalizes the concern
abqut other génerations by "ﬁested" utility functions: fbr‘éxample, if an indif
vidual in generation t cares ébaut the welfaze of his immediate descendants,
their maximum attainablé_ﬁtiliéquill appea:‘as arguments in his utility func-
tion., This apéroach has been fqlleed by Barre (1974), and more recently bﬁ
brazen {1978) aﬁd Buiter (19?9) in examining the question of Qhether or not gov-
ernment bénds are perceived as net weéith, An alternative approach that builds
on the analysis of consistent plans by Strotz (1956) and Pollack (1968)vinclu&es
the consumption levels of the relevant individuals in the decision-maker‘s utii—.
ity fﬁnction. This approach is used by Goldman (1979} to examine the question

of consistent plans with interdependent preferences. Under certain conditionsl
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the two approaches can be shown to be equivaleﬁt, The choice of one or the
other should therefore be dictated by the needs of the problem. For the pur-
pose of characterization the nested utility function approach is more conven-
ient and for this reason I will consider only models of this type.

The paper is divided into two main sections. Section II presents the an~
alysis of behavicur when the individual cares about the welfare of only one
other generation ~- either his immediate fcrebearerz or his immediate desden-
dant. I will refer to this as “one~sided.” Secticn IIT considers the more
difficult but more interesting “two-sided® case in which the individual cares
about both his immediate forebearer and descendant. For the analysis to be
tractable, the two-sided case requires some restrictions on how the individual
views égg behaviour of his forebearer and descendant., bThese restrictions are
formalized in the notion of an "intertemporally asymmetric Nash economy.® The
interp;etation of the steady-state equilibrium under these restrictions is
shown to be a logical extggsion of the one-sided equilibrium. Section IV is a

summary of the paper.

II. GIFT AND BEQUEST BEHAVIOUR: THE CONE-SIDED CASE

The first problem ﬁhat must be faced in setting up an analysis with inter-
dependent preferences is the choice of an appropriate concept of equilibrium.
The possibilities range from a cooperative equilibrium where the agents effec-
tively gather and discuss their joint behaviour pricr te the start of the econ-~
omy, to a competitive solution where the individual ignbres the effects of his
behaviour (including transfers) on other generations and simply imputes to him-
self some undefined "utility from giving” as a motive for making transfers.

The latter is inconsistent with the nested utility fupction specification. The )

former, while it is of some interest as a type of "supernrational*solution,



‘defeats the purpose of decentralizing the exchange procéss.3
Between these two extremes, there are a number of possibilities. The con-

cept that I will use here is essentially a Nash equilibrium in that the j~d.w:-
ual in pericd t has a perception of how other generations will respond to hisg
rehaviour, and he incorpcxaﬁes the response intc his decision-making process.
In the one-sided case, there are no behavioural feedbakks between generations.
Because‘of this, it is not necessary to impose any restrictions on either the
perceptions that the individual forms or the way in which he uses his percep-
ticns. In the two-sided case examined invSection III‘éémg restrictions will be
;eqﬁixed.
| The economy éonsists of overlapping generations of identical:individualsa,
each of whom lives for two periods (denoted by sﬁperscriéts 1 and 2). Saving
takes the form of accumulating real capital. This enables individuals tc allo+
cate consumption intertemporaliy given the constraint that they work in the
fi:st‘period and retire ig the second. A&All individuals have perfect foresight
with respect to aggregate‘parameters. Firmes produce a single, non-depreciating
output according to a constant-returns-to-scale production function, with labor
and capital as inputs. The output can be either consumed or used in production
{as capital). Population grows at an exogenously given rate, the econcmy is

fully decentralized, and all markets are competitive.

Ix{a) The Individual's Choice Problem: Bequests

Consider the case in which the individwsl coves cnly abodl Acs descendan],
This concern is modeled by including the maximum utility attainable by his
descendant as an argument in the individual's utility function. The individ-
ual is able to express his concern for the descendant aﬁd”te influence his be-
‘haviour through bequests. For analytical convenience, I will assume the individd- ‘

uwal’s utility function to be additively separable with respect to his descendant's
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utility.s The utility function for a typical member of generation t will thus

be of the form
1 2 %
(1) U, = v(ct, ct) + Ut+1/(1 + 6)

&
where cl and c2 are first-~ and second-period consumption, UE+1 is the

descendant's indirect utility function as perceived by the individual, and §
is his interpersonal discount rate. The utility fuﬁétion is assumed to be
strictly quasi-concave in cl and c2 ,» with vlco,c2) = v2(c1,0) = , and
Vl(w,cz) = Vz(cl,w) = 0 . Individuals are indexed by the period in which they
are born,6 and the time subscript ¢ will be dropped whenever there is no
ambiguity.

The individual'’s budget constraint is

(2) e +a<w

02 + (1 + n)bt < (+rx

ee1) @ F By

l)
where w is wage income, a = is holdings of real capital, Xig1

(perfectly foreseen) one-pericd real rate of return on capital purchased in

is the

pericd t , bt—l is the bequest left by his forebearer (as the bequest is
allocated in one period and received in the next, I assume that it is invest-
ed in real capital for the interim pericd), and bt is the per capita bequest‘
that he leaves for his descendant.

The first-order conditions for a ukility maximum of (1) subject to (2)

{3} Vl/V2 =1 + Tee1

3b%*>F

will be the general notation for the derivative of V(<) with

(4 {1+ n)V2 > if > then b, =0

where vi,t+j



respect to its ith argument for a member of generation t+j . The Nash eguil-
ibrium concept and the individual‘'s perceptions of how his descendant will be-

have become operative in evaluating the marginal utility from a bequest BUt/Bbt .

In the one-sided case, we can assume that the individual has full knowledge of
his descendant's behaviour. One unit of bequests provides his descendant with

(1 +x )bt of second-period endowment. The descendant can consume this extra

t+2

endowment as ct+1 or c§+l : leave it as a bequest to his heir, or some combi-

nation of the three.

Lemma l: The marginal utility that t expects ¢+l to derive from a unit of
bequests from t to t+l can be expressed entirely in terms of t+l's margin-
al utility from second-period consumption as
3 %
U1

Bbt

= (1L + x ))

e+2' V2, e41

Proof: By definition, t+l's utility gain from dbt is the sum of the util-

itsée that he derives from his dispoaal of the proceeds:
* 1 2

Wiyy -y %y v TSt . 4y . b4y
: 3bt l,t+l dbt 2,t+1 dbt 8bt+l dbt

If the descendant is at a utility maximum, he will be indifferent between these

options at the margin provided they are already at positive levels;8 that is,
(i +n)

from his first-order conditions {1 + n)szt_i\_.1 =Aﬂvl,t+l/(l + rt+2) Z-aUt+1/abt+1 -

. . 1 2 -
From the descendant®s budget, (1 + rt+2)dct+l + dct+1 + (1 + n)dbt+1 (L +rt+2)dbt. .
Therefore, OJA'
&*
3u
t+1 . e
—td Y o
35, A+ r 227 41 o° s
) “ . QW; fn iy

&
Note that the individual can calculate 3Ut+1/8bt without needing to know

how his descendant disposes of the proceeds. Since the individual is affected only

%
by Ut+1 ¢ he is indifferent to how his descendant spends the bequest as long as
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he does it optimally. This is a consequence of the one-sided nature of the modeiu
Tlie ability to express the marginal utility from a bequest in terms of the margin-
al utility from consumption is fundamental to our ability to interpret the steady
state of a system with operative transfersg9 Lemma_l and equation (1) allow ﬁs

to write (4) as

) VZ}V/YZ,H-}. >+ /L4 +8)

H
s A

In this form,ﬁthé decision to leave a bequest is seen to invelve a trade-off be-
tween the individual®s utility fyom consumption and his descendant's htility

from consumption. If the system converges so that a solution to (3) end 4’)

5 v

o i 1
NG LA

can be written in solution form as a function of LA rt+1

‘exists thenfly
m@g ;

and bt—l - Further, the functional form of this solution will be the same for
all periods t . In his analysis of bequest behaviour, Drazen (1978) uses this

convergence along with an asgumption of static expectations to write (4°) as

(4") v (w,,b ) (L +2)/(L+8)(1+n) <V )

2,t+1 2,£WrEbe g

He then intexprets this condition as generating positive, zero or negative desir-
ed beguests according to whether (1 + §) 4is less than, equal to, or greater than
{1+ x)2(L + n).

This interpretation is too‘simplisticg Pirstly, the precision of the re-
lationship is lost if we drop the assumption of static expectations. Becondly;
and more importantly, while r is given to the indié@du@()&éﬁ%%s’ﬁflﬁ'o&ﬁe}méke¢j;4

the general equilibrium by individual actions and is influenced by the bequest

. motive. The investigation of the conditions that lead to operative bequests is

a general- rather than a partial—equilibrium problem. Thirdly, the equality of
(1 +38) and (L + r})/(l + n) does not imply zeroc bequests. The level of be~
quests in any period t depends on twe sets of factors: the initial conditiohs

‘(the capital intensity and the level of bequests from generation t-1 ) , and the



" rium in the capital market

(@) a_ +#b_ .= (1+nlk

nature of the stéady state (in paitigular, wheth%r or not steady—staté bequests
are positive). These two sets of factors determine the solution form of V2 as
well as the time paths of Q . ¥ and b . If the steady state involves positive
bequests then it is likely that bequests will be positive along the time path
converging to the steady state. The problem requires a more detailed analysis of

the aggregate temporary and steady-state equilibria.

IT(b) The Aggregate L conomy and Bequests in the Steady State

The aggregate economy consists of overlapping generations of identical indi-
viduals, and cost-minimizing firms. The firms face a standard neoclassical produc-

tion technology, population grows at a constant rate and all markets are competé$,

tive. These assumptions are formalized in the following relationships 10 ,'Q%ﬁ_
(5) N, =N (1+mE

£t~ o n
(6) 'y, = £0k) , £ >0, £9°< 0, £(0) =, £ (%) =0

() x = f'(kt)

o~
2]
R
£
#

f(kt) - ktf (kt)

where Nt is population, n 4is the population growth rate, Yo is per capita

ocutput, kt is the-capital—l@bg; ratio, and (7) and (8) reflect the assumption

Wy

of competition. |The temporary equilibrium of the economy is described by equilib~

¢

t t-1 t+l

The steady-state definitions of f£fir>t- and second-period consumption are found by

substituting the steady-state equivalents of (7) -~ (9) into the budget constrad( a1

(2)

(10) et (k,b) = wik) - (1L + n)k + b

c2(k,b) = (1 + n) (L + r{k)dk -~ (1 + n)b



=

\‘\;

The steady-state properties of the system can be analysed by substituting (10) in-

to the marginal conditions (3) and (4°). This provides the steady-state marginal

conditiquﬁs V
(11) V) (,b)/V, (k,b) = 1 + x(k)

(12) (L +n)(@Q +68) >1+r(k

vi(cl(k,b),cz(k,b)j for i =1,2 .

where Vi(k,b)

<
[j '%é;”;§Before examining the properties of this system, it is necessary to impose a re-

striction on the feasible values of the interpersonal discount rate in the steady

state

U= vict,c?) + U/l + 8)

= (_l—:_g;-—s;l- ° V{cl'cz)

For the steady state to exist in the quadrant of positive consumptions, steady-

1z

state utility must be positive and bounded. Thié leads to the following assump-

- tion

Assumption l1: The interpersonal discount rate, & , is strictly positive.

As a referencé point when discussing optimality I will follow the literature‘
on growth theory and define an optimal steady state as one that maximizes steady-
state utility for a representative generation.l3 As shown by Diamond (1965) we
can think of this optimum as resulting from a social planner who maximizes

V(cl,cz) subject to the social budget constraint

et + %/ +n) < £00 - nk

The social planner's decision leads to the following optimality conditions



where the second of these conditions requires that the capital intensity be at the
golden-rule level kG. o I will refer to a decentralized steqdy—-state equilibrium
in wh;ch k > kG as overcapitalized and tb one in which k < kG as undercapital-
ized.

A decentralized steady-state equilibrium in the bequest model is a point
(k*;b*) , 0< k* , 0 < b* , that satisfies (11) and (12) . The main qualitative

property of this equilibrium is contained in the following proposition

Proposition 1: If the individual cares about his descendant only, the steady-state

equilibrium with operative bequests is undercapitalized with k < kG .

e
“%

Proof: From (12) and Assumption 1, operative bequests imply that n < r = £'(k) . [}

i
s
:

Equations (11} and {(12) suggest that provided the solution for b from (11)
is non-negative, the bequest motive determines the steady-state interest rate ac~

ﬁ%; coxding to the standard modified golden rule of optimal growth theory: : at is,

' , _ L0
modified to weconnlt’ fov T[MG'?YﬂFEWQWCEf4 - The steady-state level of bequests is

then determined by the "within-life” endogenous marginal rate of time preference.15 -

The modified golden rule capital intensity is sub-optimal is—sub~optimal in terms

i
v

of the cptimality critgrion stated above.
The nature of the ste&dy-state equilibrium with bequests is illustrated in
Figure 1 in which PQ is the steady—state consumption possibilitiés frontier under
the assumption that individuals receive and leave no beguests. It is found by
~ solving (10). fox c2 as a function of c1 with b set equal to zero. The effect

“ﬁ%\ of introducing positiv%Z?feady»state bequests is to slide the steady-state
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consumption posgibilities ffontier from PQ downward to thé right alohg a line

- with slope -(1 + n); that is, a unit of b increases cl by one unit and de-
creases c2 by (1 + n) for all c1 énd c2 . The new locus for a given quanti-

~ ty of bequests will lie below PQ (for example, P'Q’ in Figure 1(a)). Negative
desired bequests would éhift PQ in the opposite direction at the rate (L +n) .
With bequests constrained te be non-negative, the attainable consumption frontierxr
is BAQ as shown in Figure l(a)‘wheré the peint A cﬁxresponds to the consumption
ievels on PQ generated by the modified golden rule level of capital intensity. A
steady-state equilibrium with positive beéuests will occcur if there exists a point
on AB at which an indifference curve is tangent to the line with slope ~-(1 + r(kA)),
where r(kA) is the solution to (12) . Such an equilibrium is shown as C, in Figure

/
1(a) where the bequest level is DC . ' oy SR

If such a tangency does not exist on AB , bequesfs will be zerc and a solu-
tion on AQ will occur. This case is illustrated in Figure 1(b} where the solu-
tion to (11) and (12) results im a tangencf at ¢’ which involves a negative de-
sired bequest. The zero~bequest equilibrium is at a point such as E on AQ . The

_actual outcome depends on a combination of the production technology and preferences.
One obvicus implication that can be drawn from Figure 1 is that for a given tech-
nology, the likelihood of operative bequests increases as the discount rate decreases

and as the within-life preference for cl over cz increases,

PR

o 1re)sises \ (e @ e Pt
AN o
The analysis of a situation in which the individual cares about his forebearer

but not his descendant is very similar to that in Section IXI(b) above. The individ-

ual’s utility function in this model is assumed to be of the form
1 2 ®
(13) U, = Vi{c",c7) + U /(1 + &)

®
vhere Ut— is the perceived maximum attainable per capita utlility of his immediate

1
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forebearer. His budget constraint is

{14) cl + a4+ gt/(I + n)'f_w

2< (e,
K | 13*,t)a + gt+l

where Fesl is the level of gifts received in the second period of life from his
descendant, and 9, is the per capita gift that he gives‘to his forebearer.16

The first-order conditions for a maximum of (lB)fﬁk@JC&“to (14} are

VgV, =l

3y,
v,a + r‘+;) 24+ n)sa—- » if > then g =0

€ t

where the second conditioﬁ makes use of the equality invthe first. [ét this poinﬁ,
ff we face a decision on how toyspecify the individual‘'s percepticns of his fore-

" bearer's behaviour. One'possible formulation of the probiem is to take all past
_actions as given. Wwhen fhe individual announces his plané‘at the beginning of
hig first period, his forebearer is already in tﬁe second period of his life'sp ‘
that when the individual evaluétgs the effects of his maxginal decisions, he willv
considér only second-period responses from his forebearer on the grounds that Ehe
past cannot be changed. An alternative formulation of the problem takes the
viewpoint that given perfect foresight, the forebearer will have anticipaﬁed all
possible decisions that the individual may make and will have acted accordingly.
Undexr this formulation, the individual will include all possible reactions of1 |
his forebearer, regardless:af whether or not they have already occurred. In
ﬁhis and fk# ﬁqﬁﬁzigeﬂf section, I Qill use the formei approach which I will call
“inﬁertemporally asymmetric.” Both the gymmetric and agsymmetric formulationS‘aré'
consistent with pexrfect forésight in that agents know the true behaviocural rules
that other agents follow. The difference between them is in the way in which

they specify the behavioural rules. The qualitative resu1ts of the analysis are
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independent of the formulation chosen, although the quantitative properties of the
two-sided models are different»l7

We pan now extond Lemma 1 to the one-side case with gifts.

lzoma 2: The marginal utiliﬁy that t expects t-1 ;o-derive from a unit of
bequests f:em t to t-l can be axpreséed entirely:in terms of t-l1's marginal
-atility from éecon&fperio& consumption as

3u,

t-1

Bgt

= Vy,e-1

Proof: A unit of gifts from t to t-1 provides the forebearer with 9, of
extra second-period endowment. When t announces his plans, t-1 is already
in the second period of his life. He therefore has only one option available

~ to hix -~ he must consume the gift as c2 18

J/ t-1°
The steady~state expressions for first- and secoﬁdnperio& consumption in

this economy are

cl(k,g) = wl{k) - (1L + n)k - g/(1 + n)
2k,g) = (L+n)(A+ 2Kk +g

In combination with Lemma 2, these definitions lead to the following steady-state

marginal conditions

(15) V) (kN (kyg) = 1 + £(K)

(1e) (1 + 5)/&1 +8) <1+ xk

Pl

where Vi(gjé}{}; Vi(clik,g);cz(k'gb), i= ;;g'. If assumption 1 is satisfied,l9

& % Lk E)
the steady-state equilibrium (k ,g) , 0<k , 0<g of the system (15)

-,
&

f} .
Sf‘x‘-’ﬂ«(dg ‘{ﬁri?

and (16) has the following propertxrw o )
\ ~ "‘L : 4 . ;r :f z’/
VAm — “%& th g ins | Out
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Proposition 2: In an economy in which the individual cares about his forebearer

only, the steady-state equilibrium with operative gifts is overcapitalized with

> ®
k kG
5 Proof: From (16), operative gifts imply that n > r ., ‘ - a

Again, it is the intergenerati§nal transfer motive (if operative) that deter-
mines the steady-state capital intensity. In this case, however, the capital in-
tensity is determined by an inverted modified geclden rule condition.20 As well

Mﬁ&w as being sub-optimal in terms of the reference criterion stated above, this equg}l—
ibrium is inefficient in the Phelps~Koopmans sense. In terms of Figure 1, the a;:i
tainable frontier now consists of the zero-transfer locus from P up to the point
corresponding to the consumption allocation determined by the inverted modified
golden rule capital intensity (H in Figure l(a)). From this point, the frontier
will be a linear segment exchanging cl for c2 at the rate (1 + n) . As was
the case for bequests, the conditions that determine whether or not steady-state
gifts will be positive depend upon the production technology and preferences. In
this case, a sgfpng within-life preference for cl over c2 and a high discount

,ka

i,
f%“* rate will reduce likelihood of operative gifts.

h A

III. GIFT AND BEQUEST BEHAVIOUR: THE TWO-SIDED CASE

The above analyses of steady-state behaviour are instructive but limited.
Why should individuals care about one but not the other of their related genera-

tions? Each individual’s life overlaps with that of his immediate forebearsy anl
I thes case Hhous
descendant. It is more realistic to assume that he cares about boti. Che—gues-
e ey Qs o inbergh, ‘\1‘-“\%«%@\3 wadae
:&%ﬂ ,“°:d,:ruQ;‘;;ié;;:iﬁll“jjx;yv,e:?gﬁgg.gj;ae; what conditions will either, neither,
: Seom /Ly

or both of the intergeneraticnal transfer mechanisms be operative? %ﬁd,‘Qhat are

A
\ SGQQJ” %iiﬁ}ﬁ“5;35§Q%yg%\
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the implications of two-sided caring for the steady-state capital intensity?

The analysis in the two-sided case is made considerably more complex by feed-
back chains; the individual cares about his descendant and the descendant cares
about him. 1In this situation the individual will not necessarily be indifferent
to the way in which 413 dlescendant dpends hig 6‘3?“957 because sne (3058:\6;‘(\‘.(‘3 is
that part of the bequest is retucned to him as a gift. My understanding of the
model is that for each individual to know every other individual‘'s actual behaviour-
al reactions, and for him to keep track of all feedbacks, leads to intractable an-
alytical problems. For this reason, I will deal only with a model in which certain
restrictions are imposed on the way in which the individual perceives the behaviour
of others. The main restriction is that the individual knows the budget and first-
order conditions of all other generations but does not (or is not able to) compute
their actual behavicur. In defense of this restricfion, it should be noted that
the step from knowing the‘budget and first-order condit}nns of every other genera-
tion to being able to solve for their actual behaviour is non-trivial. This re-
striction can be viewed as a (non-stochastic) rational expectations equilibrium in - -
which the information set available to each individual is limited. Given that they
all have the same information set, and know that others behave on the basgis of this
infermation set, the equilibrium will not involve any misperceptions or unfulfilled
expectations. The full nature of the equilibrium concept is contained in the fol~

lowing definition.

- Definition 2: An economy with intergenerationally-dependent preferences wiil be

called an "intertemporally asymmetric Nash economy" if each individual bases his
actions on his perceptidns of the behaviocur of other generations where these per-
ceptions cbey the following assumptions:

{a) The individual announces his plans at the beginning of hisg first period.

{b) When he makes his plans, he knows the utility levels of all past generations,
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up to and including his immediate forebearer.

(c) When evaluating the effect of marginal changes in his actions, the individual

ignores the effects on generations that are already dead.

{d) While the individual can affect the utility of other generations through all

his actions, he can influence their behaviour only through direct transfers.

{e) The individual treats his received transfers as parametric.

Assumptions {(9) and (b) are not restrictive and have been implicit in the
preceding analysis of the one-sided case. Assumption (¢) is the scurce of asym-
metry as mentioned in Section II above. Assumption (d) is equivalent to imposing
additive separability on the individual's utility function with respect to the
utility of other generations. Assumption (e) is the restriction that the indi#i—
dual does not know the actual behavioural response of other generations to his
marginal actions. This assumption, together with (d), is essential to our abil-
ity to express the marginél utility of a transfer in terms of a marginal utility

from consumption.

IXI(a) The Individual's Cheoice Problem

In this section I wilivretain the assumption that the individual's utility"
function is additively sgparable with constant interpersonal discount rates. As ‘
menticned above, the separability is necessary for the Nash equilibrium concept

‘ﬁo be consistent with actual outcomss. ‘The constant discount rate assumption is
‘unnecessary but convenient. The gualitative results are unchanged by relaxing

this constancy. Consider then a utility function for individual t of the form

‘ 1,2 u é : 8
= (17) U= V(c,c) + U2F+l/(l +64) + U, /(L +65)

‘where 6& and Gf are the interpersonal discount rates applied to the descendant

¥£ and forebearer respectively. The inﬁlvual;é budget constraint is

N .
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{18) cl +a+ gt/(l +n) <w

¢+ W+nb € W+r,)@+b

t+1 -1 * Tea1

The first-order conditions fov¥ a maximum of (17) subject to (18) are

U, 93U
t t

(19) 521'525'3 i+ el
t t

aut oU
(200 @ + n)—5 >
act abt

CLA U,
(21} —7/@ + n) > — + if > then g, =0

act Qgt

(14

, if > then bt = Q

The notation BUt/aci is used to indicate the sum of marginal utilities derived by
t from consuming a unit of ci . In the one-sided case, BUt/act = Vi £ " In
[

the two-sided case, 3Ut/3ci > A due to the presence of utility feedbacks. The
: ¥

t
feedbacks will be defined more precisely below.

Assmuption 2: The product of the interperscnal discount facto}g is greater than

=4 uni‘%} S8 > 1.

‘s
]
Sl

This restriction is necessitated once again by the requirement that steady-

state utility be positive and bounded. In the steady state,
1 2
U=vi{e",eT) +0/(1 + 8 +u/(1+ Gf)
1 2
= V{c ,c)/11 - 1/(1 + Sd) - 1/(1 + Gf)]

The condition for positivé and bounded utility is that 1 > 1/(1 + Gd) + 1/(1 + Gf) s
or equivalently, def'ﬁul .« This condition implies that if the individual cares
vabouﬁ both his forebearer and descendant then the sum of the weights that he gives.
them in his utility function must be less than the weight that he gives to his own

utility.zl
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I;I(b) Expression of Transfer Utilities in Terms of ConSumgtion Utilities

In the one-gided cases above, the interpretation of ﬁhe steady state was mﬁde
possible by reducing the margihal conditions associated with transfers to a com-
parison of consumption utilities available in two related generations. This prin-
ciple will be followed in th@E section. The problem in this case is made moré com-—
plex by the fact that all marginal utility terms involve an infinite chain of feed-
back effects on utility; for example, if individual ¢t éonsumes a unit of ci he
obtains v2,t directly. This increase in his utility increases utility for t-1
and t+l by vz,t/(l + Gf) and vz,t/(l 4+ Gd) xrce:s,t_:oc,ac‘c.j.'@'e-.ly..22 The utility gain
for t-1 feeds back on t . The utility gain for t+1l feeds back on both t and
t+2 . In other words, t's consumption sets up an infinite chain of utility ef-

(W&WW%W WWM‘%Z% cha .

fects.23 We can now define the marginal utility from a unit of ¢, as

A t
U 3 .
(22) —Savy t+1/(1 +8 + ~E1,0 46
A ac? £
o t | 4
where
&* %
u 29U
(23) —=% =~/ + 5
3c2 c d
t +
and
% )
su- £ U ou
(20) X *2‘*’1*1'(1 ‘g v t+i 1/(1 L5
act Bct act

‘for all i > O . The role of the Nash equilibrium concept in defining these margin-
al utilities should be clear. If a dhange in t¢'s utility altered the behaviour
{in particular, the transfer behaviour) of other generations, (22) would be congid-
eralily more complicated.z4 The relationships in (22) - (24) are illustrated in
Figure 2 where the convergence assumption‘is reflected in the decline in marginal

utility as generations become more distant from ¢ . A similar set of relationships



- defines the chain of marginal utilities resulting from a unit of ct .

Uypps | ‘ | - FIGURE 2

de

L1 M

;ﬁ:’%
¥

CIf bequests are operative, they involve;u.transiér of resources from the indivf'
idual to his descendant. As was the case with t‘QFTcdﬁéumption, t-1 is affgc;gd 
by the utility link only}i‘iﬁr t gets utility fro@iieéﬁing a bequest then t%i-‘
dérives utility from t'sb utility. The evaduation 6f'the effect on t+l1 , héw-
ever, must account for ﬁhe fact that t+l's behavi&ﬁivﬁiil change because he;fe—
ceives an Increase in his endowment. From Definitién'2, the only thing thatdﬁét-
ters to t in his calculation of SUt/abt is the ﬁtility that t+1 derives fzoixi ‘:

‘the hequest.25 The expression of this utility requires an extension of Lemma 1.

Lemma 3: In the two-sided case, the marginal utility that t expects t+1l to
derive from a unit of bequests received from t can be expressed in terms of

t+l's marginal utility from consumption as

%

U 41 41
b t+2 3c
t t+1

Proof: Generation t+l's marginal utility from a beguest can be defined as
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A

3y oU dc 3u ac® . 3u db U

t et el + t+l  TTedl + tHl | edl + t+l | dgt+1
' 1 2 -
9k, 8¢, db 9,y b W, db %ﬂ - dby
9.

From t+l's Ffilrst-order conditions, this can be written as26

+2 °

* 2 1 T ‘ |
oU 14) de . de db_ (L+rx ,.) 4dg
152 §+1‘[ L1 S + ) tHl 1 4 n) —ETE t+2 . £l
b, sy Iy dby o d, !'+3) - dby é;fgg
" From t+i's budget, the terms in the square brackets sum to 1 + r J

We can define the marginal utility that t expects to derive from a unit of

bt as
8u aU* 80*
(25 —£ = —ELa 5+ 2046y
3b, 3b, o,
where
* *
ou U
(26) —2 = —5/(1 + 8,
3, 3b,
and
*
3u u
(27) ....._t:..%. = (]_ + T 2)___%‘!:!‘.
b T2 5
t £+l

Substituting {26) and (27) into (25) vields

U - . ;
28) —& =y @+r, % s Lo
bt 4;’.?2).._._._..,, vy KRN 1
ok ¢ 2 :
t [ 2¢

where Y, = (1 + 6f)/i(l + §d)€l + éf) - 11 .



‘Proof: Generation t-1 can spend the gift on cz
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If gifts are operative, resources are transferred from t to t-1 . Lemma

2 can also be extended to the two-sided case.

Lemma 4: In the two-sidedvcasg,‘the marginal utility that t expects t-1 to
derive from agunit of gifts received from t can be expressed in terms of t-l's

marginal utility from consumption as

&
aut_l 3Ut_1
=72
agt act_l

or bequests back tc ¢ ;

£-1
that is,
3 3 2,
o R W o S = W o
2 . o
99, 9y dgp ¥, _, dg R

' . 7 ?
Generation t-1°s first-order conditions and second-period budget constraint then 6;14 ’
yield Lemma 4/3\ "’”ff“ ) : : , R

\ - e,

, The marginal utllity derived by t from a unit of gifts is defined by

/‘% A \ :
3u . | U U
(290 —& = —Fra 46+ —ELa s 8y "
99, 39, . 99, | i
where
: 302_1 aut_l
(30) =—
: agt Bct_l
and
*
U aU 3U
oy k| Tedel o 5y + el s
' Bgt Bgt agt

for all i > 0 . Equation (29) does not ccllapse ixmwbhétely intec an expression
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involving only BUE_l/Qci_l as (25} did. In ozder to obtain this reduction, we
make use of the following observation. Equations (24) and (31) define the utility

chains for t{i}(i > 0) arising from c2
. =

& and N regpectively. In both these

instances, the Htility that t+i derives from t's action depends crucially upon
the utility that t derives. Because these actions do not transfer resources to
generations later than t , the only source of utility for t¥i is‘ t's utility;
if dUt from the action is zero then so is ‘dUt+i . These pure utility chains are
independent of the actions that generate them. If consuming a unit of ct yiel&#

o, units of utility for t and a units for t+i , and a unit of gifts from

t t+i

t to t-1 vyields o, units of utility for t , it follows that t+i w?ﬁ{ derive

¢ )

i units from the action involving the gift. Therefore, any action in t (or

t-l) that does not involve a change in t+l's resources will generate the fbllow—‘

‘ing relationship:

a*
Vel

aut

(32)

=V

t

Wheré vt is a constant that depends upon the time period t , the discount rates,
and the utility functions of t and t+i (i > 0) , but not on the specific action
that generates it. The definition of pure utility chains, implicit in both (24)
ané {(31), and the condition that these chains converge imply that

0< 1/(1L + Gf) <V

e < 1 . Substituting (30} and (32) into (29) yields the desired

expression for BUt/agt in terms of +t~l1°'s consumption ytility

w U oW,y
(3) —=vy_, -
ag, I ac?
t t-1
= (L+8 g (L + 6 ] 1 32) to
where Ygt = {1 + d}/E\ + f)( + a- vt) . We can also use ( O express
BUt/Bcg and BUt/Bci in terms of the underlying cwn-utilities from consumption
vl,t and V2,t
(34) _aji‘—t. = e ¥
17 Vi¢
d¢
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B 5—5.3 Yo © Va,¢ ,
Lo + \g

—~ ( "
where Y = (1 + 8g) {1+ 80/11 + 81+ 8 - 1+ Gf?Ygﬁ- 1.

I1I{c) The Steady-State Economy in the Two-Sided Case

We. now describe the steady-state equilibrium of the economy. From {18),

the steady~state consumption levels are
(36) c*(k,z) =w - (1L +n)k + 2

cz(k,z)

(L1 +n){(l +x}k~- (1 +n)z

where z Z b - g/(1 + n) is the net bequest level. Substituting (33) - (35) and

(28) into the first-order conditions (19) -~ (21) and imposing the steady-state re-

strictions yields the steady-state marginal conditions
(37) V) (k,2) /9, (k,2) = 1+ r(k)
(38 (1 + n)/Yb > 1+ xik)

(39) (1 + n)Yg S 1+ x(k)

where ei(k,z) = Vi(cl(kpz),cz(k,z)) o

Lemma 5: In the steady state, (i) 1 > Yb > I[{C&%‘Gd) . and

(idy 1 > yg > 1/(1 + Gf) .

Proof: From the definitdon of Yp ¢ (i) implies that _
1> {1+ 5f)/E(l + Gd)(l + Sf) - 11 > 1/(1 + 6d) . By rearrangement, the right-
hand inequality can be written as (1 + 6f)(1 + Gd) > {1+ Gd)(l + Gf) ~1 which

is true. By rearrangement, the left-hand inequality can be written as
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i+ Gd)(l + Sf) > (1 +v6f) + 1 which is true given Assumption 2. The definition
of Yg ‘and the fact that 0 < v < 1 gives Yg > 1/41 + 6f) . Now, suppose
‘Yg > 1 ; by rearrangement, O Z_Gf(l - V) -V + §d6f which implies that Gdéf <i.

This contradicts Assumption 2.

The steady-state properties of the economy in which‘the individual cares about

both his forebearer and descendant are summarized in the following propositions.

Proposition 3: At most, one of the intergenerational transfer mechanisms can be

operative in the steady state.

Proof: The steady state is characterized by two .endogenous variables, k and z .
These two variables have to satisfy three equilibrium conditions. Unless
Yg = l/Yb . at least one of the equations (38) and (39) must hold with a strict

inequality. From Lemma 5, both Yg and Y, are strictly less than unity so

s,
i

el

that it can never be the case that Yg = 1/*{b . L

An intuitive explanation of Proposition 3 can be given as follows. Both gifts
and bequests involve a weighted comparison of the consumption utilities of two con-
secutive generations. In the steady state, consumption utilities are stationary
across generations so that‘the ﬁeights applied in the comparison become the sole
determinant of operative transfers, The fact that the individual applies a posi-
tive discount rate to both his forebearer and descendant leads to the conclusion
that if conditions are conducive to one type of transfer being operative, it is not
possible for the conditions to support the other type of transfer. For example,
operaﬁive bequests involve deferring consumption in time (from the individuwal to
his descendant). For a given set of discounﬁ rates and population growth rate.

operative bequests require a high interest rate. Because gifts involve shifting
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consumption forward in time, coperative gifts will require a low interest rate for
the same growth and discount ratesc Proposition 3 is strictly a long-run condition.
In the temporary equilibtium_the conditions determining operative gifts and bequests
involve variables from different time perigds. .As these variables are nof station-
ary in tg% temporary equilibrium, it is possible that both transfers could be oper-
ative in the same period; for example, consider a tgmpcrary equilibrium that in;

volves a substantial rise in the interest rate from the preceding period.

Proposition 4: A steady state with operative bequests is undercapitalized.

Proof: If bequests are operative, (38) holds with equality. From Lemma 5,
Yb < 1 so that n < ¥ which implies that the capital intensity is below the 7

golden rule level . ™

Propogition 5: A steady state with operative gifts 1s overcapitalized.

5 £
Proof: If gifts are operative, (39) holds with equality. From Lemma 5, Yg <1 :J‘”<j

I &

C. J—
so that n>r . s

From Propositions 4 and 5, the two-sided case can be seen tc be a natural ex-
tension of the two one-sided cases. Quantitatively, the equilibria are different
but qualitatively, they are identical. | |

The actual steady state outcome depends upon the nature of the solution for
the net bequest, 2 , from the two simultaneous pairs of equatiohS (37) and (38).:
and (37) and (39). With Yy and Yg both less than unity, the inequalities can be
satisfied for any feasible values of z and k . If the solution for 2z is posi-

tive in both cases then (37) and (38) will determine the equilibrium with positive
beguests being spevalive. T the sofuction |5 wequliva n btk then (37)%4 (3Q
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will determine the equilibriﬁm with positive gifts being operative. If the solu-
tion te the first pair yields 2z negative and to the second pair z is positive
then {(37) alone determines the eguilibrium with both transfer mechanisms inoperatiée.
ﬁm%w The twc-sided case can be illustrated diagrammatically. For 2 given discount
4o &
rates, the presence of concern for both forebearer and descendant alters the attain-~
able consumption possibilities frontier. The effect is to reduce the degree of in-
‘efficiency asscciated with both gifts and bequests. In terms of Figute 1{a), both
A and H move toward the golden rule point. The new‘cdnsumption possibilities
frontier is illustrated in Figure 3 where BAQ is the bequests-only frontier
-* |
(Ut-l
~4%%;\‘ B'A’H’Jaxzis the gifts and bequests frontier.

L
not in Ut) . PHT is the gifts-only frontier (U

e+l not in Bt) , and

Fromf;igure 3, it can ke seen that having both motives present increases the
likelihood that the intergenerational transfer mechanism will be operative, not
only because it allows both types of transfer but also because it expands the feas—
ible consumption possibilitieg frontier associated with eéch type of transfer.
This last result follows frcm Lemma 5. Once again, whether or not gifts, begquests,
or neither will be operative depends upon a combination éf the production technol-

ogy and preferences.

IV, - SUMMARY -AND CONCLUSION

In-this paper, I have attempted to present a rigorous analysis of economic
behaviour when finite-lived individuals care about thelr immediately xrelated gener-
ations. By expressing the marginal ugiliﬁy of a ;i sfer in terms of the recipi-

1\ ol ‘

- - s —Ensbiy,
< &ﬁi ent's marginal utility from consumption, . . te to write the steady-state sys-

tem in a way that %g% a natural economic interpretation. To keep the model tract-
\S
able in the two-sided case, it was necessary to restrict the scope of analysis to
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equilibria of the Nash type with imperfect perceptions. The advantage of this reQI

striction is that it allows us to calculate complex marginal utility terms without

‘having to know the exact behavioural reaction of all agents. The conclusions are

limited to situations that satisfy this concept of behaviocur.

The analysis'suggests a number of characterisfﬂcsvthat will be displayed by

an economy with intergenerationally-dependent preferences of the type considered --

(1)

(ii)

(iii)

(iv)

At most, one form of intergenerational transfer will be operative

in the steady state.

The likelihood of one of the transfer motives being operative

A
increases as the interpersonal discount rates decrease.

Any steady-state configuration of capital intensity, growth rate,
and consumption pattern is possiblgf%;the actual outcome depends

upon both the production technology and preferences.

If optimality is defined as maximal steady-state utility for each
generation then a steady state in which either transfer motive is
operative is necessarily sub-optimal. The sub-optimality stems
from the fact that transfers are a means of allocating life-time
consumption. The rate of transforming consumptiowwkfntertemporally
through transfexs, determined by a combination of the population
growth rate and interpersonal preferences, exerts a portfolio ef-
fect on the rate of return on capital, thus causing it to divexge

from its optimal value.
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FOOTNOTES

Reserve Bank of Australia. The work reported in this paper owes a Svliatantial
debt to Willem Buiter and Ed Green. Their encouragement and suggestions im-
proved the work immessurably. Any remaining errors are of course my own re-
sponsibility. The views expressed in the paper are my own and do not neces-
sarily reflect the views of my employer.

Namely, the condition. that steady-state utilzty be positive and bounded (see
Agsumptions 1 and 2 below).

Throughout the analysis all gériables will be expressed in per capita units. .
As population will be assumed to grow at the constant rate n I will refer
to descendants and forebearers as though there were only one of each; the
descendant will be (1 + n) times "bigger,” and the forebearer (1 + n)
times "smaller" than the individual.

Buiter (1979) provides one of the few attempts to define the steady state of
an economy with gift and bequest behaviour. He appears to have this super-
rational concept of equilibrium in mind. Consequently, his conclusions are
different from those presented in this paper. In particular, the super-
rational equilibrium with operative intergenerational transfers is necessarily
optimal under the definition of optimality introduced below.

The basic consumption unit is the household. As the analysis does not dis~
tinguish between the household and its individual members, I will refer to it
as though it consisted of a single individual.

In Carmichael (1979} I show that the properties of the one~sided models are

~unaltere b§ the use of a general utility function of the form

= v(ct,c 2% ) .

wt thotel

\[\«
At tlmes I will use the convenience of labeling an individual by his bxrth
periocd; for example, "individual " will be a2 member of the generation
born in period t .
The assumptions about V(<) ensure that cl and c2 are pesitive and that
the budget constraint holds with equality.

IE bequesls are at « copner sa(dfiDV) db,,./db, will be zero. It is possible

that dhe extra bequest from t may induce an interlor solution in which case
this derivative will become pcsitive.

Note that we could also have chcsen to express Lemmz 1 in terms of the margin-
al utility from first-periocd consumption. This alternative choice would not
alter any of the results.

Throughout the paper. upper case letters will represent aggregate values and
lower case letters will represent per capita values.

11
The term "“temporary" is preferred fshﬁrt run® as a description of equilibrium
as all factors of production are fully employed at all times.
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The requirement that utility be pesitive assumes that V{-) is defined to be
positive. 1If we allow for arbitrary definitions of WV(-) that include V(-)
everywhere less than zero then the restriction of positivity is replaced by
the requirement that utility does not change sign for any value of § .

This is not the only possible concept of eptimelity in a dynamic economy.
Nevertheless, it has been used widely and its limitations are well known,

This modified golden rule outcome is comsistent with the interpretation of be-
quest behaviour as extending a finite-lived individual into one with an effec~
tively infinzte horizon.

This is a reversal of roles compared with the nhort;run in which the‘marginali

rate of time preference determines kt+l {through rt+1) and the bequest
T ‘ .
Mal C? then determxnes‘ bt given kt+1

As gifts can be made while both the giver and the recipient are alive, there is
no need &£ assume anything about the form in which the gift is stored. A gift

'is a current-period transfer from young to old.

The symmetric Nash economy for the two-sided case is presented in Carmlchael :
{1979) .

Note that Lemma 2 would be unchanged by the assumption of intertemporal sym-
metry. The proof would follow the same lines as that (oY Lemma 1.

Assumption 1 is still necessary for steady-state utillty to be positive and
bounded.

The reason that caring about cne's parents does not replicate the steady state
of the infinite-lived individual lies in the nature of the discount rate. An
infinite-lived 1ndividua1 applies a negative discount rate when discounting
censumption forward in time from ¢~1L te ¢t . The reason is that he prefers
earlier consumption to later. In the finite-lived case, the discount rate is
intexrperscnal rather than intertemporal. B cause descendants consume in the
future and forebearers in the present, the implicit time discount rate is
symmetric about each time period rather than asymmetrlc as is the case with
infinite-lived individuals.

An intuitive interpretation of this restriction is that if the individual
cares about his relatives tco much he will tend to give his resources away.
In the steady-state this will lead to a degenerate solution.

Although the forebearer is dead when ci is cdnéumed, he is affected because .
t announces his plans in period ¢ . ‘ '
Note that while Befinitioh‘z rules out the need to account for feedback.effects
in terms of resource transfers, it does not rule cut the need to account for .
utility feedbacks.

For example, suppese t's consumption of cz, raised ¢t+l's utility to the.
point where it caused t+1 to stop his promised beguest to t+2 ; this would
reduce t+2's endowment and cause another infinite chain of effects. These
in tur¥, would generate more changes.




25, Th;s is the only thing that matters to t in as much as knowledge of
U, ,/3b, enablesvhim to calculate 3U /3b_
26‘, Again, if either Tpsy ©F b

t+l
dbt will be zerxo.

is at a corner solution, its response to
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