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1. Introduction

The first and second optimality theorems of welfare economics state
respectively that, in “"neoclassical environments," (a) every market equilib-
rium is Pareto optimal, and (b) every Pareto optimal allocation is a market
equilibrium relative to some initial endowment, except in certain cases when
the allocation situates some agent at the boundary of his consumption set.
Several attempts have been made to extend these theorems by relaxing the as-
sumption (part of the definition of a "neoclassical environment”) that each
agent's preference among social states depends only on his own consumption.
In particular, S. Winter [6] has generalized (b), T. Bergstrom [l] has adapt-
ed the theory of Lindahl prices to prove a generalization of (a) and (b), for
agents whose preferences satisfy a condition of non-malevolence. However,
Bergstrom suggested that some Pareto optima could not be supported if pairs
of individuals were allowed to make mutually beneficial gift transactions. S.
Goldman [4] has constructed an example of such an unsupportable optimum. In
order for the optimum of his example to be maintained as an equilibrium, co-
alitions must be subjected to a constraint which differs markedly from those
imposed by market institutions.

In a neoclassical economy, a market equilibrium is both (c) an alloca-
tion decentralizable by a price vector, and (d) an allocation reached by the
actions of coalitions operating in a market institution. Bergstrom's results
are the generalization of the welfare theorems (a) and (b) which is obtained
by considering allocations which satisfy (¢). In the present paper, an alter~
native generalization will be obtained by considering allocations (or more
generally, social states) which satisfy (d). Corresponding to Bergstrom's
use of Lindahl prices as a generalization of market prices, the representa-

tion of an exchange economy as a cooperative game will be used here to



generalize the notion of a market institution. Examples like Goldman's show
that Bergstrom's criterion for benevolence must be tightened if this general-
ization is to be successful. This will be done by adding a condition which

closely resembles one introduced by Bergstrom [2] in work closely related to

that just discussed.

2. Societies and environments

In this section, the theory of neoclassical exchange economies will be
generalized to a formal theory of societies. A society will be specified by
a vector S = <N,X,P,M> . N ={1,...,n} is a set of agents. X is a set

of social states. A social state is the generalization of an allocation or

state of an economy (ef.[3 /P.751). P = <Pl,...Pn> is an assignment of
preferences over X to agents. Each Pi E&XZ is an irreflexive relation.
For x€X , yeX , ieN and CE N , xPiy will be interpreted to mean that
agent i strictly prefers state x to state y , and xPCy will abbreviate
Jiec xP;y and ¥jeC[xP;y or not yexl .

If S is an exchange economy, then every state x is an assignment
<xl,...,xn> of consumption bundles to agents. Agent i is called individual-
istic if, whenéver X, = xi and y, = yi » XP;y and x'Piy' are equiv-
alent.

A coalition is a non-empty subset of N . An institution M is a pre-
scription of authority to various coalitions to make specific changes of so-
cial state. Formally, M E_(ZN—{¢}) x X2, and <C,y,%x>€M will be inter-
preted to mean that coalition C is authorized to change the social state
from x to y . In particular, if S is an exchange economy, a coalition

is allowed to make any transaction which does not alter the consumption of

non-members. Formally, the elements of M are all triples <C,y,x> such that
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vifc X; =y; - Suchan institution will be called a market.

Besides the institutional constraints on coalitions, there are constraints
of technical feasibility on the society as a whole. These constraints are
specified by the environment E = <A,x> . A < X is the set of attainable
states, and x is the initial state. In an exchange economy, x is the en-

dowment and A = {xex| I x, = I 2;} .
ieN ieN

If A is a set of attainable states for a society S , a state x is
Pareto-optimal in A if (a) =xeA , and (b) there is no yeA for which

yan .

3. Finality and the first welfare theorem for non-imposed societies

In a society S , the institution M and an enviromment E = <A,x>
naturally determine a cooperative game without side-payments. Specifically,
coalition C can obtain state x if <C,x,x> €M and x € A . Coalition
C can improve x if, for some y , C can obtain y and ych . State x
is in the core of E if (a) some coalition can obtain x , and (b) no coali-
tion can improve x .

If A is a set of attainable states, a state x will be called final
in A if xeA and x -is in the'core of <A,x> . Finality is the equilib-
rium concejt to be studied in this paper. That a state is final means that,
once it has been reached by the activity of coalitions, no coalition can bene-
fit (asuming that its members do not act strategically to manipulate other co-
alitions) from further recourse to the institution. The close connection be-
tween the core and the Walras equilibria of an exchange economy with individual-
istic agents makes finality an appropriate equilibrium concept to use in a re-
formulation of the welfare theorems.

In this setting, the first welfare theorem holds for every society having
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an institution which allows any change of social state to be made by unani-
mous consent. A society with such an institution is called non-imposed.

Formally, S is non-imposed if {N} X2~ M ..

Theorem 1l: 1f S is non-imposed, and AC X is any set of attainable states,

then every final state in A is Pareto-optimal in A .
Proof: Suppose X €A, y €A, and yPNx . Since S 1is non-imposed,
<N,y,x>e€ M. Thus y improves x for N , so x is not in the core of the

enviromment <A,x> . I.e., x is not final in A . Q.E.D.

4, Societies for which the second welfare theorem holds

In this section, instances of the second welfare theorem for two types
of society will be proven. The first instance of the theorem will apply to
generalized exchange economies with individualistic agents. The second in-
stance will apply to non-imposed societies in which any departure from the
status quo must be made by unanimous consent. A striking distinction be-
tween the results of this section and the usual welfare theorem for Walras
equilibrium is that, because the use of finality as an equilibrium concept
abstracts from the issue of decentralizability, no convexity assumptions are
required here.

The notions of exchange economy and individualistic agent have already

been defined in section 2. A generalized exchange economy will satisfy all

the conditions defining an exchange economy, except that the attainable
states may be any subset of X . Intuitively, one may think of a general-
ized exchange economy as being a description of those aspects of a produc-

tion economy which do not pertain to individual firms.
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Proposition 1: If S is a generalized exchange economy with individual-

istic agents and A ¢ X , then every Pareto-optimal state in A is final in

A

Proof: Suppose that x € A and x is not final in A . Specifically, let

y improve x for some coalition C . I.e., y€a, yPéx  and <C,y,x> € M.
Since M is a market, Yy ¢ X for all i ¢ C . Since agents are individual-
istic and P, is irreflexive for all i , not ¥xP.y for any i $ C . There-

fore yPNx ¢ S0 x is not Pareto-optimal in A . Q.E.D.

Many economists and political theorists have observed that, if an insti-
tution permitted a change of state proposed by any agent and not vetoed by any
other agent, then a Pareto-optimal state unanimously weakly preferred to the
initial state would ultimately be reached in any environment. This insight
may be formalized conveniently within the theory presented here. Let

D = {<x,x>|xeX}, and define M to be a unanimous consent institution if

M ({N}xxz)iJ((ZN—{¢,N})XD) . Note that, in a society having such an insti-

tution, the initial state i1s the only state which a proper sub-coalition of N

can obtain in any environment.

Proposition 2: If S is <« society having a unanimous consent institu-

tion M , and 2 < x , th-! €very Pareto-optimal state in A is final in A .

Proof: Suppose that X € A and x is not final in A . Specifically, let

YEA, yFX,and <C,y,x> € M . Since P_ is irreflexive, <y.x> ¢ D .

C

Therefore, since M is a unanimous consent institution, C =N . Since yPNx ¢

x is not Pareto-optimal in A . 0.E.D.
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There is a great difference between markets and unanimous consent insti-
tutions. Markets are introduced in a formal theory of societies for two
reasons. First, a market as defined here is an idealization of a concrete
institution which plays an important role in determining the equilibrium
states of actual societies. Second, a market is defined here in terms of a
characteristic which is shared by many other social institutions, that each
coalition is allowed to determine those aspects of the social state which
are of direct concern only to its members. The fact that a market is charac-
terized in terms of this feature, rather than in terms of features which dis-
tinguish actual markets from other actual institutions, makes it plausible
that theoretical results about markets may be valid with respect to social
organization in general.

In contrast, although unanimous consent institutions satisfy the formal
definition of an institution, it is not suggested that any actual society
could operate without granting considerable autonomy to individuals and to
small coalitions. Thus proposition 2 does not convincingly refute the con-
jecture that the second welfare theorem fails for societies in which agents
are not individualistic. For a convincing refutation, it istnecessary that
the theorem be established for a class of non-individualistic societies hav-
ing a market or a closely related institution. To do this is the goal of

the remaining sections of the paper.

5. Exchange economies for which the second welfare theorem fails

It was shown in the proof of proposition 1 that, whenever any coalition
in an exchange economy'with individualistic agents can obtain an improve-
ment, the change of state is in fact a Pareto-improvement. It is evident

that this condition will not hold in general for societies in which some



agents are malevolently disposed toward others. Surprisingly, the condition
need not hold either for societies in which agents' preferences might seem
to be non-malevolent. Two characterizations of non-malevolence which have
been used in the economics literature will be stated in this section, and
for each characterization a counterexample to the second welfare theorem
will be constructed. Each of the counterexamples is an exchange economy
with a single good (so that the only exchanges are voluntary transfers)
which has a non-final Pareto-optimal allocation in which every agent has
strictly positive consumption. Thus, the allocation is not a boundary opti-
mum which the minimum-wealth constraint might prevent from being a Walras
equilibsium if the agents were individualistic(cf. G. pebreu [3, p.96]1).

There are two natural criteria for non-malevolence. First, a non-
malevolent agent ought to weakly prefer an allocation which provides better
consumption bundles both for himself and for others. Second, a non-malevo-
ient agent ought to weakly prefer an allocation which provides him with a
better consumption bundle and which is weakly preferred by all other agents.
These two criteria will be called hedonic non-malevolence and libertarian
non-malevolence, respectively.

Note that these criteria would be trivial if the term "better consump-
tion bundle" were defined in terms of agents' preferences. A concept of
individual hedonic welfare similar to that used by the classical utilitarians

1S needed. Formally, an ascription of welfare to a society S 1is an assignment

- . . . -2 .
w <W1r-..,Wh> of irreflexive orderings W, £X to agents in N . Agent

i displays hedonic non-malevolence relative to W if, whenever yPix ’

ijx for some j € N . Agent i displays libertarian non-malevolence rela-
tive to W if, whenever YP.X , either YW.,x or ijx for some j # i .
The informal descriptions of non~-malevolence in terms of consumption

bundles imply a restriction on W .An ascription of welfare to a generalized



(1)

(2)

exchange economy will be called individualistic if each agent's welfare de-

pends only on his own consumption (i.e., if the agents of the generalized
exchange economy <N,X,W,M> are individualistic). Note that, if an ascrip-
tion of welfare is individualistic, the market institution does not permit
members of a coalition to reduce the welfare of non-members. Formally, if
<C.¥,x> € M, then not xW, y for any i ¢ C . Whenever this formal condi-
tion is satisfied by an arbitrary society S (not necessarily an economy) and
welfare ascription W , it will be said that S respects W . The main the-
orem of this paper will state that if a society is welfare-respecting and if
agents display both hedonic and libertarian non-malevolence relative to the
welfare ascription, then the society satisfies the second welfare theorem if
standard convexity and non-satiation conditions are met.

Examples are now presented to show that neither of the non-malevolence
criteria is sufficient without the other to guarantee the second welfare
theorem. To make these examples easier to follow, preference and welfare
relations will be represented by real-valued utility functions. For each
agent i , functions pi:X+R and wi:x+R will be specified, and Pi and
W, will be taken to be {<y,x>|pi(x)<pi(y)} and {<y,x>]wi(x)<wi(y)} , re-
spectively. For agent i to display hedonic non-malevolence relative to W ’
it is sufficient that a differentiable real-valued function Fi be defined on
a convex region of R® containing all points <wl(x) roes ,wn (x)> fér xe X,

. &
and that this function and its partial derivatives F; satisfy

P () = F W (%), ... P (X))
for all x € X , and
0 < Fr
- 3]

for 1<j<n, everywhere in the domain of F* . For agent i to display



libertarian non-malevolence relative to W , it is sufficient that there exist
a differentiable real-valued function Gl defined on a convex region of r?

- . i 1 i~ i+
containing all points <w (x),p (x),...,pl 1(x),pl l(x),...,pn(x)> for e X,

and that this function and its partial derivatives G; satisfy
i i, i 1 i-1 i+
(3) P = @ W), e ), @), B )
for all x € X , and
(4) 0<at
= 3]
for 1 < j £ n , everywhere in the domain of Gt .
Example 1l: Let S be an exchange economy with three agents and a single

good. I.e., N = {1,2,3} , X is the non-negative orthant of R3 . Let

agents' preferences be represented by the functions

(5) pl(x)

1 1l 1
ln(xl + '5') + 2 ln(xz + -2-) + ln(x3 + 5)
and

(6) b2 (x)

3x) = L L
p (x) = 1n(x2 + 2) + 1n(x3 + 2) .

Consider the ascription of individualistic welfare represented by the func-

tions
N wix) = Inx, + 3 i=1,2,3 .

That all agents display hedonic non-malevolence relative to this welfare

ascription is seen by verifying (1) and (2) for the functions

(8) Fl(z) =z + 222 + z

1 3

and



(9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

- 10 -

2 3 _
F(z2) = F (z) = z2 + 23 .

Consider the set of attainable states A = {xsxlxl + X, + x, =1} . De-

2 3
fine states x and y by X, = X5 = /8 , x, = 3/4 , Y, = /8 , Y, = ¥3
= 7/16 . State x is the unique state at which pl achieves its maximum

in A, so x is Pareto-optimal in A . State y improves x for the co-~

alition {2,3} , though, so x is not final in & .

Example 2: Let S be an exchange economy with four agents and a single
good. I.e., N ={1,2,3,4} , X is the non-negative orthant of r? . Con~-

sider the ascription of individualistic welfare represented by the function

W (x) = xf_  i=1,2,3,4.

Libertarian non-malevolent preferences will be constructed by specifying func-
tions Gl which satisfy (4), and by solving for utility functions pl which

will satisfy (3). 1In particular, consider the functions

1
G (z) = zl + z, + z3
Gz(z) = Z_ + 2
T BT E
Gs(z) = Z_ 4 22
1 4
4
G (z) = z1

By (3), (11), and (12),

phx) = - [xi + X% 4 po(x)]

2

By (3), (13), and (14),

3,, .2, .2
p X} = X3 + 2x4



(17)

(18)

(19)

- 11 -
and

4 2
p (x) = X%,

Therefore, by (15) and (16),

1 _ 2 2 2 2
p (x) = [xl + x2 + x3 + 2 x4]

and by (18), (3), and (12),

2 2 2 2 2
p (X)) = ~ [2xl + X, + 2x3 + 4x4]

Note that, although all agents display libertarian non-malevolence rela-
tive to the welfare ascription, agents 1 and 2 spectacularly fail to display
hedonic non-malevolence. With such perverse agents, it is not surprising to
find a Pareto-optimal state which is not final.

Consider, in particular, the set of attainable states A = {xsxlxl + x,

+ X, + x, = 1} . Define states x and y by x = 1/7,

3 4 =X, =X, = 2/7, X

1 2 3 4

Y =¥, = 2/7, y3 = 0, Y, = 3/7 . State x is the unique state at which pl
achieves its maximum value in A , so x is Pareto-optimal in A . State vy

improves x for the coalition {3,4} , though, so x is not final in A .

6. Non-malevolence with linear preferences and welfare

Since both the hedonic and libertarian criteria are reasonable to impose
as necessary conditions for an agent to be considered non-malevolent, it makes

sense to impose both criteria jointly. An agent will be said to be non-malev-

olent relative to a welfare ascription W if he displays both hedonic and

libertarian non-malevolence relative to W . Under some technical assump-
tions, the second welfare theorem holds of a society which respects a wel-

fare ascription relative to which its agents are non-malevolent. This will
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be proven as was proposition 1, by showing that a state which some coalition
can improve is not Pareto-optimal.

Heuristically, let S respect W , let preferences and welfare be repre-

sented by utility functions as in the last section, and suppose that y im-
proves x for C , a proper sub-coalition of N . Without loss of general-

ity, let ¢ = {k+l,...n} . If S respects W , then y improves x for C

implies that
(20) wi(x) ﬁ_wi(y)

for i <k (because <C,y,x>cM implies not xWiy for i¢C) , and
(21) phx < priy)

for k < i (because yPCx) . For i¢c » define 1 to display C-non-malevo~-

C

lence relative to W 4if there exists a differentiable function H defined

. k+1
on a convex region of Rn containing {<wl(x),...,wk(x),P (x),...pn(x)>‘xex}

which satisfies

(22) pr () = HC (%) ) e e W () B ) 4 e DR ()

and

C

(23) 0< H; (x)

for 1<j<n . Equations (20) - (23) imply that p (x) < p>(y).Thus if all
agents outside .C are C-non-~malevolent, yPCx and.x is not Pareto-optimal.  If i is

C~non-malevolent for all i and C with i¢c,then, the second welfare theorem holds of

S. Note that, when i ¢ C ch (which takes as arguments W ’ wJ for

s

J

some other agents, and p for the remaining agents) is in a sense inter-

mediate between F- (which takes as arguments w and w? for all other

]

agents) and Gl (which takes as arguments w- and o) for all other agents).
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A reasonable conjecture is that if agents are non-malevolent, the non-negativity

conditions (2) and (4) will imply the non-negativity conditions (23) for the

agents in N . This conjecture is easy to prove if the functions pl and w

are linear, and it implies a preliminary version of the second welfare theorem

in that case:

Theorem 2: Let a non-imposed society S and a welfare ascription W satisfy

the following conditions:

(a)

(b)

(c)

(@)

(e)

{£)

(9)

and

X E?Rq for some natural number gq , and X is open .

For every i € N , there is a non-zero p:L € Rq such that

Pi = {<y,x>50 < pl - (y-x)} ,
For every 1 € N , there is a non-zero wl e RY such that
W, = {<y,x>|0 < w" - (y-x)} ,

th

% .
The gxn matrix P , the i column of which is pl [i.e.,

%*
P = (pl...pn)] has rank n ,

" .
The g x n matrix W , the ith column of which is w~ [i.e.,

*
W = (wl...wp)} has rank n ,

S respects W , and

Every agent in N is non-malevolent relative to W .
Then, for any set A « X , every Pareto-optimal state in A is final in

The only hypotheses of this theorem which need any comment are (a) (d)

(e). The openness requirement of (a) rules out, for instance, the
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specification of X as the non-negative orthant of commodity space in a gen-
eralized exchange economy. This restriction is not very serious, because the
set A of attainable states is still allowed to be closed. The purpose of
the openness requirement is to rule out pathological behavior of preference
and welfare orderings at boundary points of A .

Conditions (d) and (e) are naturally viewed as assertions that agents are
significantly different from one another, in terms of both their actual prefer-
ences and the welfare orderings ascribed to them. These conditions require
that n < g but they are innocuous when this inequality is satisfied (e.g.,
when S is a generalized exchange economy). Technically, the set of prefer-
ence-welfare pairs (P*,W*) which satisfy (d) and (e) is open, dense, and of
full measure in the Euclidean space of -gX2n matrices when n < q .

Four lemmas facilitate the proof of theorem 2. The first two describe
algebraic consequences of non-malevolence, and the third and fourth,matrix-

theoretic results.

Lemma 1: If X is open in Rq ; P and W satisfy conditions (b), (c) and
(e) of theorem 1, and agent j displays hedonic non-malevolence relative to W ,

then there exist non-negative coefficients bij » for 1 < i < n , which satisfy

(24) P’ = Ib. w .
ieN
Proof: There exist unique v € rZ ,bij € R such that pJ =v+ I bi' - and

. . ieN
v l_wl for all i € N . Suppose first that v # 0 . Choose a state x € X .
Since X is open, x + tveX for some t >0 . pJ o ((x+tv)-x) = tpJ - v
= t{v+ X b..wl) cv=tv-v>0, so x+ tvP.x by (b). However,
. 3
i 1eN i
W ((x+tv)=x) = tw ° v

0, sonot x + thix for any ieN, by (c) .

These results contradict the assumption of hedonic non-malevolence for agent 3 ,
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so v=0 and pJ = Z bi.w .
ieN
Now suppose that bij< 0 for some i € N . There are unique 2z ¢ r?,

a € R for k#4i, such that w- =2z + akwk and =z _]._wk for all k #1i .
k#L . .

By (e), z# 0. Forsome t< 0, x+ tzeX. pJ((x+tz)-x) = th -z

=t(bi.(z+ Zakwk)+ Eb.wk)-z=tbijz-z>u,so X+t zZP, & by

ki Kti 3

(b). However, W o. ((x+tz)=-x) = (2 + I akwk) +z=%tz - 2<0, and
k#i
k k

w o ((x+tz)-x) =tw - 2=0 for k#i, sonot x + tZP X for any ke N .

k

Again the assumption of hedonic non-malevolence for agent j is violated, so

0 S-bij for all ieN. 0.E.D,

Lemma 2: If X isopen in R, P and W satisfy conditions (b), (c) and
(d) of theorem 2, and agent j displays libertarian non-malevolence relative
to W , then there exist a strictly positive coefficient djj and non-negative

coefficients eij for 1 <i<n, i#3j, which satisfy

pJ =d,.w + I ei.pl .
] i

Proof: Closely analogous to the proof of lemma 1. Note in particular that,

x

once it has been established that 19:J lies in the subspace of R spanned

by w and {pl]i¢j} , (d) implies that djj # 0 and that there exist z # 0

J =24+ akpk : Z l_pk for k#3j . Q.E.D.

and ak such that w
k#3

Lemma 3: (L. McKenzie, [5,p.50]): If A = (a,.) isarn n X n matrix which

i)
satisfies the condition (a) "0 < aij <=> i = j , then the conditions (b) for

some X € e ¢ 0<x and 0< Ax , and (¢) A has a non-negative inverse

(i.e., for some n X n matrix, C, C= A-l and 0 < C) , are equivalent.

Lemma 4: If A is an n X n matrix which satisfies (a) and (c) of lemma 3,
e
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(27)

(28)

(29)
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1 E_kl LIRS km <n, and B is the m X m matrix ( ) ., then B has a

a
k.k.

13
non-negative inverse.

Proof: By lemma 3, 0< x and 0 < Ax for some X € R" . Define Yy € R

by vy, = .0<y,and 0< (ax),= Za_.x. < T b, .y. = (By), for h=k,
i xki h j<n h? 3j j<m i343 B} i

so 0< By . B satisfies (a) of lemma 3, so it satisfies (c) as well. Q.E.D.

Note that (24) and (25) express (1) and (3) for linear preferences, and
that lemmas 1 and 2 assert (2) and (4), respectively. Lemma 4 will be used

to derive the linear version of (22) and (23).

Proof of theorem 2: In addition to the coefficients defined in lemmas 1 and 3

let dij =0 for i# 3j and €y = 0 for i=3j . Let B= (bij) , D= (dij),

BE = (eij). By lemmas 1 and 2, respectively,

P =WB
and
* £ 3
P =WD+PE.
Equation (27) is equivalent to

* *
P (I~E) = WD .

*
W is assumed to have rank n, and D has rank n by lemma 2. Therefore,

I-E has rank n and is invertable. By (26) and (28)
%* *
W B(I~E) = WD .

I-E satisfies assumption (a) of lemma 3, by lemma 2. To show that (c¢) of

lemma 3 holds also, premultiply (29) by D-lW*'l and postmultiply by (I—E)-l .
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This yields

(30) pie = (-)7t .

o] g_D-l by lemma 2 since D is diagonal, and 0 < B by lemma 1, so 0 f_(I—E)—l
Therefore, lemma 4 applies to I-E .

Consider a state x which is not final in A . It must be shown that x Ii.
not Pareto optimal in A . Since x is not final and S is non-imposed, thev:
exist a state y and a coalition C such that y € A , 'yPCx and <C,y,x> € ¥.
If Cc =N, then x is not Pareto optimal. If C # N , assume without loss of

& ® * * * &
generality that € = {k+l,...,n} . Let P = (p,,p,)) and W = (W, ,W,) , where

* * * *

P1 and Wl correspond to agents in N-C and P2 and W2 correspond to agents
| Dip © En o Br2

inC . Let D= 0 D22 and E = 3 E22 where D11 and Ell are

k X k matrices. Then by (27) ,

3 » * * 11 * 11 * * *
(31) P, =W +P = WDy, + PE,, +PE)y -
0 E
21
Equivalently,
* * -1 * 5,)

-1
0<D and 0 < E by lemma 2, and O < (I-Eyy) by lemma 4, so (32)

11 21
states that there exist pon-negative hij for ieN , J ¢ C , such that

h,w + Ih,.p -

z
i¢c iec ™

ypcx implies that O _<_- pi . (y-—x). for iecC. <C,y,x> EM implies

(34) p’ =

that 0 < wi « (y-x) , since S respects W . Therefore, because

0< Ih v+ (yx) + I hi.pl(y-x) =p) - (y-x) for j & C,yRX . OQ.ED
~ ife 1] iec HJ
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7. Non-malevolence with smooth convex preferences and welfare

Hypotheses (b) and (c) of theorem 2, which require that the preference
and welfare orderings of all agents be representable by linear utility func-
tions, can be relaxed substantially. 1In this section, the theorem will be
extended to cover a class of societies including those for which these order-
ings are representable by differentiable quasi-concave utility functions.

The linearity assumptions were used twice in the proof of theorem 2.
First, in proving lemmas 1 and 2,ilinearity was used to justify several as-

sertions such as:

p:l © ({x+tv)-x) > 0 , s0 x + tijx '

and

wi * ((x+tv)-x) = 0 , so not x + tvwix .

Second, at the end of the proof of the theorem itself, linearity was used to
infer not xPjy from O f_pj + {y-%) , and conversely.

In the lemmas, it was sufficient to find one non~zero t for which
X+ tv and =x would be related exactly as prescribed. Since + could be
taken arbitrarily close to 0 , the lemmas could have been stated for prefer-
ence and welfare orderings representable by differentiable quasi-~concave
utility functions. The gradient vectors of these functions at x would be
used instead of the vectors pj and wi , and Taylor's theorem would be used
to show that, for small ¢t , the proof for the linear case remains valid.
Note that, if wu: X + R is differentiable and quasi-concave, V = {y|u(x) < u(y)}
for some x € X, and Vu(x) # 0 , thén V is non-empty, open, and convex, x
is a boundary point of VvV , and:.Vu(x)/qu(x)l is the unique unit vector v.
such that 0 <v - (y-x) for all y eV . Furthermore,. for-any z € rZ , AF

0 <‘Vu(x) -+ z then for some positive t , x +rz ¢ V forall 0 <r <t . It
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will now be shown that this equivalence follows directly from the properties
of Vu(x) and V Jjust cited, without appeal to u itself. This result

leads immediately to generalizations of lemmas 1 and 2.

Lemma 5: Suppose that Vg RY is a non-empty, open, convex set which has x
as a boundary point, and that v is the unique unit vector in RY such that
0 <v * (y-x) for all y € V. Then, if =z is any vector in R? such that

0 <v * 2, there is a strictly positive real t which satisfies

¥re(0,t) x + rzev .

Proof: Since V is open and has x as a boundary point, =x + tzeV implies

that wre(0,t) x + rzev . Thus, if the conclusion of the lemma does not hold
for a vector z , V is disjoint from the convex set B = {x+tz|01;} . By the
separating hyperplane theorem, there is a unit vector - w € R?  such that

YyeVWueg 0< w* (y-u) . In particular W¥yeV 0<w - (y-x) , s0o w =V . Also,

since x is a boundary point of V , Oiw-wa).1£” v« (z-x) <0 .Q.ED~

A society S with welfege ascription W will be called smooth and convex

at a state x € X if X is open in RY .and, for each i € N , {ysxlyPix} and
{ysxlywix} are non-empty, open, and convex, and have x as a boundary point,
and there are unique unit vectors pi and wi in R%? such that 0 < pi » (y-x)
[resp. 0 < wi « (y=-%x)] for all y such that yPix [resp. yWix] . S and W
will be called reqular at x if they are smooth and convex there, and if fur-
thermore the ¢q X n matrices P* = (pl...pn) and W* = (wl...wn) are both

of rank n . Smoothness and convexity guarantee the applicability of lemma 5 to
upper contour sets of orderings P, and W . The additional rank conditions
for regularity were used to prove lemmas 1 and 2. Generalizations of these

lemmas will now be given.
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Lemma 6: If S and W are regular at x , and if agent 3j displays hedonic

non-malevolence relative to W , then there are non-negative coefficients bi'

n .
such that p:l = I bi.wl .

i=1 Y
Proof: As in the proof of lemma 1, if such coefficients do not exist, there
exists a vector vy € R? such that 0 < pJ +y but W y <0 for all
iegN. By lemma 5, x + rijx for some r > 0 . However, since W ry = °

not x + rywix for any i € N . This contradicts the hedonic non-malevolence

of j . 0.E.D.

Lemma 7: If S and W are regular at x , and if agent 3j displays libertar-

ian non-malevolence relative to W , then there exist a strictly positive co-

efficient djj and non-negative coefficients eij for i # j which satisfy

Pj =d,.w + I ei.pl .
izg M

Proof: Analogous to proof of lemma 6.

The second use of linearity in the proof of theorem 2, to guarantee the

equivalence of not xPjy and O 5.pj * (y-x) , is less simple to replace by

a convexity argument. That 0 < pJ

+ (y-x) if not XPjy may be guaranteed
in a natural way by asserting that 3j's indifference set through x is thin,
i.e. that not xPy implies y€c1({z|szx}) . The implication follows from
continuity of the inner product, since 0 < pj if szx . However, the con-
verse implication, that not xPjy if o0 f-Pj - (y-x) , may fail in a serious
way. For example, let X = R2 and define Pj by the utlity function

pj (x) = x, - xi . Let x= <0,0> and y = <1,0> . Then ij(X) = <0,1> , so
0 j.ij(x) « (y-x) , but xPj(l-r)x +ry forall r > 0 .

Thus, when S and W are regular but not linear, yPx and ¥j¢c not



- 21 -

xway may not entail, as in the proof of theorem 2, that some convex combina-
tion of x and y is Pareto-preferred to x . What will be shown is that,
if there is some =z which all agents j ¢ C prefer to x , then some convex
combination of x , y , and z is Pareto-preferred to x . That is, it is
regquired that members of C be able at x to make a concession to non-mem-
bers. If this concession is thought of as acceptance of a.trade on unfavor-
able terms, the ability of an agent to make a concession seems intuitively re;uﬁ@&
to the minimum wealth constraint in neoclassical theory. Although this analogy
is not exact, it can be shown that there is a "large'class:' of Pareto-optima
at which every agent can make a concession.

FPormally, if E = <a,x> , define y to be a concession from agent Jj at
E if yeA and ¥i # j'ypix . It is well known that, if A is convex
and every agent's preference ordering Pi is represented by a quasi-concave

function pl ; then (a) for every Pareto optimum x of A , there exists a unit

n - . i
vector a € R+ such that x maximizes % a.pl on A , and (b) if. =
, iezN
. i ; , : X
maximizes z aip on A and Wi 0 < ai , then x is Pareto-~optimal in A .
ieN

If aj = 0 , clearly j cannot make a concession. It will now be shown that,
except in this special case, local smoothness of the set of attainable utility

profiles guarantees that every agent can make a concession.

Proposition 3: Suppose that A <€ X is convex, that agents' preferences

are representable by quasi~concave utility functions pi: ¥R . Define

B = {rsRnI EﬂyeA Y1ENTr glpi(y)} . Suppose that x € A is a Pareto-optimum,
that ¥i r: = pi(x) , that there is a unigue unit vector v € R" guch that
YreB 'V'(r—r*[ﬁ 0 , and that Vi 0< Vi oe Then every agent can make a con-

cession at <A,x> .

Proof: Suppose that agent j cannot make a concession. Define
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; , * *
C = {SERn{Vi # 3. ;< si} . Both B and C are convex, C is open; r is

on the boundaxry of C , and B C = ¢ . By the separating hyperplane theorem,
there is a unit vector w € R° such that WreB¥seC W* (r-s) <0 . By con~

* .
struction of C, ¥WreB w-(r-r ) <0 and wj = 0 . This contradicts the

uniquesness of v. Q.E.D.

This paper concludes with the second welfare theorem for regular non-

malevolent societies.

Theorem 3: Consider a society S , a welfare ascription W , and an environ-
ment E = <A,x> . Surpose that:

{(a) S and W are regqular.

(b) If not XP.y then yecl{z!zPix} .

(c) If not xWy , then yGCL{zleix} .

(d) § respects W , and is non-imposed

(e) Every agent in N is non-malevolent relative to W,

(f) A is convex, and x 1is Pareto~optimal in A , and

(g) every agent can make a concession at E .

Then, x is final in A .

Proof: Suppose to the contrary, that vyeA , ~YPCx , and <C,y,x>€ M. By

essentially the same argument as was used to prove theorem 2, Vi f_pl « {y-x).

For some jEC, ijx let z be a concession from j at E. Then O<pj.(y—x),efficient

djj and Vi#f O<pli(Z?W). For some small te£(0,1) , ¥ieN O < pl '»?Y(l—t)y A et

hY
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Thus, by lemma 5, for some small re(0,1), WieN((l-r) ((l-t)y+tz) + rx)Pix .

This contradicts the Pareto-optimality of x in A . 0.E.D.
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