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I. Introduction

When we consider a bargaining situation among bersons, many
complicated factors will be found which affect the final outcome to each
participant of that bargaining. Even in the case of bargaining between
two players, many theories have been proposed [1,6,7,8] which have given
rise to much controversy [2,9].

In this paper we should like to generalize the idea of the Nash
solution for a two-person bargaining game to the n-person case. Along
this line of generalization, Harsanyi [3] has developed an interesting
theory. We received recently his revised paper [4] on this problem, in
which he replies to criticisms raised by Isbell [5]. The purpose of this
Paper is to develop a more generalized treatment of n=person bargaining
games which includes Harsanyi's and Isbell's results in part as special

cases.

IT. Summary

In our n-person bargaining model, we take into consideration
the preliminary meetings among the members of each subset—that is, of
each coalition & —of the all-player set N as well as the plenary
meeting among all the players. Even though the final payoff to each
player may be determined st the plenary meeting, we shall assume that
the final payoff ui is constructed by adding up the incremental ray=-
offs A? which could be attributed to the effect of a player i advanc-
ing from one coalition to a larger one. On the basis of this final
payoff structure, we define the equilibrium strategy set as the one
which satisfies the internal balance among the incremental rayoffs

(Definition 1),
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In this case we take into consideration explicitly the dependence
of the outcome space which a coalition S could attain on the strategy
chosen by the complemeptary coalition § =N - § .

Our first task then was to prove the existence of such an
equilibrium strategy set under certain assumptions (Theorem 1). The second
task was to choose an .optimal strategy set among equilibrium strategy sets.
For that we defined the deflated final payoff A which could be rewritten
as the weighted sum of the quantities which one coalition wishes to maxi-
mize and its complementary coalition wishes to minimize. Iooking at this
expression of the deflated final payoff, we defined the optimal strategy

set by requiring the realization of the maximin property between each pair

-of complementary coalitions. However we made clear that the optimal strat-

egy set will depend only .on the maximin property between the one-player
coalition and its complementary (n-1)-person coalition and not on the
maximin property among the other pairs of complementary coalitions

(Theorem 2).

ITTI. The structure of the n-person bargaining game

We consider the structure of the neperson bargaining game T
as follows.

Iet N Dbe the set of n players 1,2,...,n of the game T* .
We call every subset & of N —including one member subseis and all
member subset N , but not an empty set—a coalition. In playing the
game I', each coalition S C N announces its Joint strategy ZS . This
strategy ZS may be cooperative or non-cooperative, but at any rate, it

must be one element of the given strategy space @S of the coalition

5 . Iet © De the product space of all Cﬁ » SCN .




Fach element 7 of © consists of (2n=l) strategies ZS 3

that is

S S

Z = {27 SC N}, where 7° ¢ @° .
If a strategy set Z(e ®) 1is announced by all coalitions S C N, then a
final payoff Uy to each player i, 1 = 1,25000,n , is determined by
the all player strategy AZN(G 7Z) according to the rule of the game I,
that is

s I =1,2,0.00,n

This situation may be considered to represent the fact that a final payoff
to each member of the game will be determined at the blenary meeting among
all members 1,2,...,n . Tt would appear, therefore, that the strategies
announced by the coalitions—in other words the strategies decided at the
various preliminary meetings among the members of the coalitions ScN
—have no effect on the final payoffs u; 1 =1,2,0003n & But, we assume
that the final payoffs u; i=1,2,...,n , are constructed by adding up
many components which depend on the strategies chosen by the coalitions

S in the following way.

(3
Zl\ (1)

(i) Correspondigg to a pair of strategies Z(l) and » chosen by

a one-person coalition (i) and its complementary coalition N- (i)

respectively, the rule of the game guarantees a payoff 0(;) = A(;) to
player i . This will be written:
i (i i N- (4 .
(1) o*(;*) = A“:iL) = fi(Z(l), VA (l)), 1= 1,2,000,m ,

This payoff A(i) may be interpreted as the amount which player i can
guarantee by himself.

(i1) Corresponding to a pair of strategies Z(ij) and ZNa(iJ) , the
rule of the game guarantees a payoff G(ij) to each player u in the

coglition (i;j) o This will be called s dividend to player-=u  from s
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coalition (i,j) and can be written:

s s 13 - (43 o
(2) o) g (209, 0Dy
M K
In this case, we define the quantities A(%J) and AA(%J) by the following
J i J
equations:
(3) A1) _ () @) ) ) A
i i i J dJ dJ
that is
(%) 13} L A0 A8 ) () a3
i i 1 J J

Then, A(ij) [or A‘?j)] may be interpreted as a net incremental payoff to
player i [or Jj] which is attributable to the formation of a coalition
(1,9) -

(i1i) Proceeding in this way, 1f we take any proper coalition Sc¢ N , a
pair of strategies ZS and .Z§ announced by a coalition S and its
comﬁlementary coalition § ( = N-8) ‘guarantees a payoff, that is a divi-
dend, U? to each member i of § according to the rule of the game.

This will be written:

S S .S, .
(5) of = fi(Z 52 ), 1 e s .

Of course, in this case, the rule of the game also guarantees a payoff,

that is a dividend, 0? to each member j of S . This will be written:

(6) c? = fj(zs,zs) 5 Jes .

For simplicity, we will sometimes express (5) and (6) by
@ = fS(ZS,ZS) and o° = fg (ZS,ZS) 5

respectively.

At this stége, assuming that quantities A? s that is the net
incremental payoffs to player i from the coalitions R » are defined
for all proper subsets R of S s we define A§ by the following
equation:

: 5 _ 8
(7) A =ol -5 oA,




that is
(8) of:z Af,ieso
Ryi
ReS

Then, this,quantity A? may be interpreted as g net incremental payoff

to player 1 > Which results from the fact that player 1 advanced from
(s=1) -person coalitions to an s-person coalition S , where s is the

number of the members in the coalition S(c N) .

(iv) As mentioned above, a strategy zN chosen by all-player coalition

N determines a final payoff U EE-G? to each player 1 s> that is
N N .
(9) u =0 o= fi(Z ) 5 i =1,2,0..,n .
But we assume this final payoff Uf > 1 =1,2,...,n » Which results from

a strategy set 7 = [ZS, SC N} is made up from the net incremental pay-
offs Af from all coalitions Sc N 5. 0f which 1 is a member, and a net
incremental payoff Af to player i from all rlayer coalition N s

where Ag is defined through the equation

(10) ai-sz A_ff, 1=1,2..,n,
Ri
ReN

as in the case of AS > SCN o We will call s final payoff u = (ulgue,,au,%n)

an equilibrium payoff if all net incremental payoffs Ag » constituting
final payoffs U; » possess some kind of an internal balance which will be

defined in the next section.

IV. The equilibrium strategy set and the equilibrium payoff

fa

Iet ¢ = {ﬁsﬁ ScwW), &t ¢ Cﬁ be a given strategy set in the
game TI' . Then for any coalition S and g given fixed strategy gs 5
where S is a complementary coalition of S, we will represent a set of

all dividends to the members i in 5, resulting from the choice of g




strategy ZS € @S s Tthat is
(11) t5(2% %) = (2,565, 1 es)
as a point in s-dimensional Euclidean sgpace E° > Where s is the number
of the members in S .
5(5)

let P (&

(12) P00 = 15,0255 2 e o

be the set of all these points, that is

We should like to remark here that this outcome space PS(ES) will depend

on the strategy gS chosen by the complementary coalition S of S5 . We

assume that PS( S) is a compact and convex subset of E° » and the upper-

£
S/.5y . :
right boundary of P () is represented by the equation
5
(13) H(Xi:x-y“"yx 3 87) =0 )
dJ

where S = (i,j,...,k) . We will denote this upper-right boundary by
HS(gs) - For simplicity, we assume the differentiability of the function
H with respect to each variable XM in it.

Now, in defining the equilibrium strategy set, we will discuss
successively the two-person subgame ,..., the S-person subgame ,..., and
the final n-person game in the Tollowing way:

(i) At first, we consider the two-person subgame P(lJ)(ENa(lJ)) , for
all two-person coalitions (i,J) in the game I' , under the condition
that the strategy chosen by the complementary coalition N-(ij) 1is
N={ig

N-(13)

In this subgame P(ij)(EN;(iJ)) between two players i and J
they can choose any strategy Z(ij) in ®(ij) « I they choose a strate-
gy Z(ij) » then the resulting payoffs to each player i and J are
given by (11) with S = (i,3) . Accordingly the outcome space of this
subgame is given by (12) with & = (i,3) .

In this subgame P(l’J)(gNﬁ(lJ)) > We require that the dividends
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resulting from g(lJ)(e £) , that is
(1) o(13) _ o (1) , () w) | £, (13) ) (M (13),
i i J J
constitute the Nash bargaining solution, when we take the point

) 2 W) L ) )

L
o) o ) (J) ) (3)
(13) 2 ) _ g ) e

as the claim point of this bargaining subgame. I should like to remark
that here and in the following, we will use the definition of the Nash

solution in the generaligzed sense which is given and the existence of

which is proved in Harsanyi's paper [3].

Iet

(16) | a(i‘j)(éN" 13)y . aH(Xi):i;gNa(lJ)) (13)
5 X =0 s B =1,]
Thep, the above condition will be expressed by
(a7) (e 1), 5(33),- M)y o
and
(18) a(ij)(EN-(ij))A(iij) =a(§J)(§N=(iJ))A(§J) 9

for all 2-person coalitions (i,3) s Where A(ij) and A(EJ) are defined
by (3) .

The situation may occur in which the Nash solution could not be
expressed by the conditions such as (18) and the ones which will appear
later. However, I should like to remark that in proving the existence of
an equilibrium strategy set, we will not rely upon the conditions expressed
in (18), but just upon the fact that there exists at least one Nash solu-
tion in the subgame as proved in Harsanyi's . paper [3]. But in section
VI below, in our treatment of the optimal strategy, we will consider the
cases in which the Nash solution of the subgame could be characterized by

the analytical expressions, like (17) and (18).




(i1) Next, we consider 3~person subgames P(le)(gN-(le)) , for all 3=
person coalitions (ijk) in the game T » under the condition that the

strategy chosen by the complementary coslition N-(ijk) is gN“(lak)

°

In this subgame among players i,j and k , the domain of joint strategies
.Z(ijk) is @<ijk) » the resulting payoffs to each player i,j and k¥ are
given by (11), and the .outcome space 1s given by (12), with 8§ = (ijk) .

In this subgame F(ijk)ﬁEN_(ijk)) » We reguire that the dividends

resulting from g(le)(e £) , that is

S S .5, 8 s .S, S S .5
(19) Gi :fi(g }E )) cj =fj(§ Jg )} Gk:fk(g )E ) 2
where S = (ijk) , constitute the Nash solution, when we take the point:
d(iak) _ A(;) ""A(?) +A(:iik)
d J J J
d(l]{-Jk) = A(llz) +A(ik) +A(}J§k)

as the claim point of this bargaining subgame, where all A(i), A(;J> etc.,

are defined in the stage (i) .

Let

N- (ijk)
. - OH(x, ,%,,X ;3
(21) a(lgk)(ENm(lgk)) _ (XI)XJ’Xk’g )

H ox b4 =~0(lJK), Bo=1,3,k .
Then, the above condition will be expressed by

s s s _ .8
and
s,.5,.8 5,.5, .8 S/.5,,8
(23) o; (€7)a) = /(¢ )85 = e (7)),

for all 3-person coalitions S = (ijk) , where AS s o= 1,3,k are defined
by (19), (20) and the relation (7)

(iii) 1In this way, assuming that A? > 1 € R, which satisfy conditions
such that (17), (18); (22), (23); and so on, are defined through the given

strategy & for all broper subsets R of & € N , we consider the s=person
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subgame I‘S(ES) > under the condition that the strategy chosen by the comple-

mentary coalition § is §S - In this subgame ™ (gS) among the members

in the coalition & » the domain of the Joint strategies ZS is @S s the

payoff to each member i e § is given by (11), and the outcome space

5 (¢5)

13 is given by (12). We require that the dividends of this subgame to

each member W of the coalition § through the strategy gs(e £) , that
is

(2k) UE: fu(gs,gg) s W=15d5000,k;5 S = (1,3,...,k) ,
constitute the Nash bargaining solution in this subgame Ps(gg) » when we

take the point

, S R .. .
(25) a- du= A, M =1i,3,.00,k; S = (1,J5...,k) ,
Ryu
ReS

as the claim point of this game.

Let g
—_— aH(Xi’X.,ooo,Xk,'g )

(26)  a2(s") - Jaxu

5] .. ..
X =0, W=1,05000,k5 8 = (1,0,00.,k),

and we define Ai by the equation
S S R

(27) A =07 - 2 A
" H Ryp
that is, ReS
S s .8 R
(28) UH =fu(é SE) = & A P)
Ryu
ReS

using the net incremental payoffs AS s for the proper subsets R of 85,

which are defined in the preceding subgames through the Nash solutions.

Then, the condition for o° = {Uﬁ] to be the Nash solution of the

subgame I‘S(gs) will be expresse@ as follows:

s s s .S
(29) H(Ui; G-)°°°5UKE 3 ) =0 9

— g -
(50) O Y .

. o

where 8 = (i,3,...,k) cl.
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Definition 1. If in a strategy set ¢ = {&S, Sc N}, §S € C§ » each strate-

gy gs(e £) , § 22, Sc N, wvhere s is the number of the members in S,
gives the Nash solution for each subgame Fs(gg) among the members of the
coalition 8 , taking the point i as defined by (25) as the claim point
of this game, then we call ¢ an equilibrium strategy set, and we call the
set of the net incremental payoffs A = {A5 5 HES, 5S¢ N} an equilibrium
incremental payoff set, and the resulting set of the final payoffs

u = (ul’u2’°'°’un) , Where

(31) u = % A? ,
Ryi
ReN

an equilibrium payoff.

V. The existence of an equilibrium strategy set

In order to prove the existence of an equilibrium strategy set,
we assume .our n-person game I’ satisfies the following additional condi-

tions:

Assumption 1. In each subgame PS(ZS), SC N, for the given ZS(e @S) 5

8(z5)

the outcome space P is a compact and convex subset of s-dimensional

Euclidean space ES .

Definition 2. If fS(ZS,ZS) € HS(ZS) s then we call 70 good for i

w0

It ZS is good for ZS s and ZS is good for z? s bthen Zb and Z

are mutually good.

Assumption 2. If ZS is good for some »ZS s then ZS is good for all
Z‘IS € @S . (We should like to remark that in some cases we can do with-

out this strong assumption as will be shown later on. )

Assumption 3. If ZS and Z"S are both good for some ZS , then

HS(ZS) = HS(Z“S)
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Assumption 4. If 70 is good for some ZS s and HS(ZS) = HS(Z’S) for

same 75 and 75 (47 ) , then

( S) = fs(zs,zvg) .

Theorem 1. Under the assumptions 1 # 4, there exists at least one equil-

ibrium strategy set ¢ = {gs, Sq;ZN} for the n-person bargaining game T .

Proof':

(1) At first we will prove that, for any two complementary coalitions
S and S s there exists a pair of mutually good strategies yS(e Cﬁ)

?g(e ég)

and

Now we choose arbitrarily a pair of strategies Zs(e @S) and

ZS(e @S) o Then, there exists S(e @S) guch that

(32) (5,25) ¢ B,
and there exists yg(e @g) such that
(53) t 6555 e 69
by the definition of HS(Z§) and Hg(ys) .
Since (32) means yS is good for Zg » by Assumption 2, yS is

also good for yS , that is
S .8 s, 5
(3%) £(y7,57) € B (y")

Accordingly, (33) and (34) show that ys and ys are mutually good strate-

gies (see Fig. 1). 1In this way, we obtain a strategy set y = {yS, S cNJ

[

T (Z S)

Figure 1.
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in which each pair ys and yS for two complementary coalitions S and

S form a pair of mutually good strategies. In this strategy set ¥y s

yN is an arbitrary element in @N o

Note: For example, in the following case, we can prove the existence of
a pair of mutually good strategies yS and &g without relying on
Assumption 2. We assume Cﬁ and ég are compact and convex subsets in
E° and ES respectively. For any 7o ¢ @° , let @l(ZS) be a set of
all elements Zg € ég such that Zg is good for ZS s that is

0 () = (2° | 5502 7) ¢ B

and for any Z° e 6° , 1let 9,(2°) be a set of 811 7° ¢ 6 such that

ZS is good for ZS s that is
s s . 8 5]
9,(2°) = (2 | £,(2°,2°) e B5(25)) .

Now we define a mapping ¥ from @S X Cﬁ to subsets of @S b8 5 by

s 8 S S
Vo (25,27) = (,(27) , o (20)) .
If ¢ and ®, are upper semicontinuous, and @l(ZS) and ¢2(ZS) are
convex, then by Kakutani'ts fixed point theorem, there exist ys and yS

such that _ _

5% e @65 , @ %) .
That is, there exists a pair of mutually good strategies yS and y§ .
(ii) Starting from a strategy set y = {ys, S¢C N} constructed in stage
(i), we will attain an equilibrium strategy set ¢ through several steps
of the modification of strategies.

1) We consider all two-person bargaining subgames Pgij?(yNﬂ(iJ)) 5
for all two-person coalitions (ij)'g N . In this subgame, the strategy
space is @(ij) and the outcome space is P(ij)(yNa(ij>) with the
upper-boundary H(ij)(yN"(iJ)) - We take the point

(35) aH) =g (W), -2y £, 1), -0y
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as the claim point of this bargaining subgame P(iJ)(yNG(lJ)) s and we

define
’ U(::::) = A(i) = fi(y(i): yNw(i)) 2
(36) . . s 3
5(3) - A(g) - fj(y(J)’ A=)y

et o(1d) _ (c(;J), 0(33)) be the Nash solution of this bargain-
ing subganme. Then, by the definition of the Nash solution,
(37) (1) m{1d) (- (15)

2

and there exists g(lJ)(e @(ij)) such that

20) £0yyy (81, QAN ),

Then, we define A(;J) and A(ﬁJ) through the equations

o) (1) ()

i i i 2
P e ) NI
J dJ dJ

where A(i) and A(g) are defined by (36). Moreover, we define E(i) as
(40) (1) _ ey

9 i=l,2,ooo}l’lo
Now we construct a new strategy set y!' = {y“S; SC N} from a

glven strategy set y. = {yS,' Seg N}, by defining
y“(iJ) = g(lJ) » Tor all two-person coalitions (i3),

yVS = ys s Tor all other coalitions 8 5

where g(l) and g(lJ) are defined by (40) and (38) respectively.

Now, all the terms which may be affected by this modification from

| 1) m-( 1) W-(ig
y to y' are f(ie)(y( D, -y =(i3)(y<lJ)’ 7)) ang
HNE(lJD(y(lJ)) . But, f(ij)(y(id), yN;(lJ)) is changed so as to give the
Nash solution to the subgame P(la)(y“N;(lJ)) > by our definition of y?

From Assumption 3 and the definition of yv(la) s 1t is clear that
(h1) HN?(lJ)<y(lJ)) _ Hmé(la)(yg(lg)) .

Also we have




1l

(42) fN;(ij)(y(iJ)) yN;(iJ)) . HN“(iJ)(y(ij))

by the property of y . That is, yN;(lJ) is good for y(lJ) . Accord-

ingly, by Assumption 2, me(lJ) is good for y(lJ) and y’(lJ) s, and

Accordingly,
we have (L41). [from‘Assumption L, we have
(13) 0 W= (1), _ (13)  _W-(1J)

Consequently, from (41) and (43), we see that, by changing from y to v,
we just obtain the Nash solution of the subgame F(ij)(yNa(iJ)) s Without
giving any variation to other terms.

2) Now, with respect to the new strategy set y' , we consider S-person
subgames P<ijk)(y‘N;(ijk)) for all 3-person coalitions (ijk) - TIn this
subgame P(ijk)(yVN“(ijk)) » the strategy space is ®(ijk) > and the outcome
space is P(ijk)(y'N“(ijk)) with the upper boundary H(ijk)(y“Ng(ijk))
Taking the point d(ijk) defined by the relation (20) as the claim point
of this game F(ijk)(y“N”(ijk)) ; we can find a strategy g(ijk) which

gives the Nash solution c(le) to this subgame. Then, we construct a new

strategy set y" = {y"S; S5 C€ W} by the following rule:
y“(ijk) = g(ijk), for all 3-person coalitions (ijk) ,
y"S = yVS » Tor all other coalitions SCN.

Tt can be easily seen, as in step 1), that by changing from y' +o vyt
we just obtain the Nash solution of the subgame P(ijk) » without giving
any variation to other terms,

3) Proceeding in this way, we can attain a strategy set & = {¢”: s c N}
in which each strategy gS gives the Nash solution to the subgame T™(&
when we take the point a® - {dfj i e 8} defined vy

d? = X A? s 1 €8

Ryi
Reg

as the claim point of this subgame . Accordingly, the resulting strategy
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set & = {gs; S g;N} is an equilibrium strategy set of the n-person bar-
gaining game T . This proves the existence of an equilibrium strategy

set & as we intended.

VI. The optimal strategy set and the solution of the game.

In the preceding section, we defined the equilibrium strategy set
of the n-person bargaining game I' and proved the existence of such
strategy sets. But, usually, there may be many such strategy sets, as will
be seen later in Example 3. So, in this section we will try to define the
optimal strategy set among the equilibrium strategy sets and to prove its
existence.

Tlet & = {ES; S g_N} be an equilibrium strategy set of the n-
person bargaining geme I' . Then, we define the quantities WS, US and

v:.,L as Tollows:

(bk) W= 5 3 aﬁ(gR)AS s
HeS  Rau
ReS
(45) = = aﬁ(gs)aﬁ,
LES
(k6) v, = Rz a?(gR)Ai ;1 =1,2,.00,0
kA
ReN

where aﬁ(gﬁ) and A& are defined by (26) and (27) respectively, and in
the case where R is one-person coalition R = (i) , then we define
a(i)(gN”(i)) =1 for i = 1,2,...,0n - Then, from these definitions, it
is clear that

(%7) WS = % UR , for each SC N .
‘ ReS

From these equations, solving for UR , we have

(48) R = n ()T
SeR
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where r and s are the numbers of the members in R and S respec-
tively.

Tn this section we treat the case where the analytical character-
jzation of the Nash solution of each subgame considered in Section IIT is
given by conditions (29) and (30) (see Harsanyi [3] and [k]). Then, from

(30) we have

(49) aﬁ(gs)éi = % , for each u €S , and for each S¢ N .
Accordingly, from (46), (48) and (49), we have
(50) v, = Z % Wy s %4=1)r’sws .
Ryi Ryi ScR
RCN Rell

So, following the same reasoning as Harsanyi [9], we have

(51) v, = % (S“l>i§n“5)3 W - wg), 1= 1,2,.000,0 o
Syi :

ScN

Now, as was shown in (31), the final payoff u, to each player
i , resulting from the strategy set § = {ES; S c N} , has the structure

of the sum of the net incremental payoffs A? , That is

(52) ui=cli\T= T AS, i =1,2,..0,m .
521
SclN

Accordingly, the quantity v, defined by (46) as the weighted sum of A?
is not the final payoff itself, but we can give \f the following inter-
pretation. As far as we follow the idea of the Nash solution in each
subgame Ps(gg) , we do not consider the incremental payoffs A? them-
selves, but rather the modified incremental payoffs a?(ggjai , for

i € 8 ; and we try to equate these modified payoffs among the members of
the coalition S . Therefore, a?(gg) has the meaning of a deflator in
comparing incremental payoffs among the members of the coalition 5 .

Accordingly, for each player 1 who wishes to obtain the
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relative advantage of his final payoff among the players of the game T,
it is natural to search for a strategy set which maximizes the sum of the
modified incremental payoffs, vy In this sense, v, may be called a
deflated final payoff to player i, 1 = 1,2,...,n .

Now, from the expression of v, in (51), it is natural to assume
that each member of a coalition S will try to maximize (WS - Wg) ; and
each member of a complementary coalition S will try to maximize (Wg - WS) s
that is, to minimize (WS - W§) . So that, roughly speaking, an equili-
brium strategy set which gives the maximin value of (WS - Wg) Tor each
pair of the coalitions S and B may be defined as the optimal strategy
set of the n-person bargaining game T' .

Now let & = {gS; SC N} bve an arbitrary equilibrium strategy
set of the game I' , and let us consider any coalition S , and the
difference (WS - Wg) . If all strategies ER(G £) other than gs, é§9
and gN are fixed, then it can be easily seen from (28) and (44) that
(WS - wg) is a function of ES and §§ .

Tet this function be written

(53) W - W - gs,g(gs, §§ ; all other strategies £%, R 48, §,
Re N being kept constant).
Then, in this case, each member of the coalition 8 will wish to use a

5

each member of the complementary coalition S will wish to use a joint

joint strategy §S which maximizes the value of the function 84§ and
2

strategy ES which minimizes the value of the function gS 3 - For this
2

function gs 5 2 we consider just the following kind of wvariations of
M2

ES and ES . That is, gS and gS are allowed to change to g“S and

g"s such that, by choosing the appropriate EVN s the whole set of

strategies EVS, gvs; ER, R % Sglg, Rg N and g“N constitute an equili-~

brium strategy set.
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Definition 3. If an equilibrium strategy set §o = {&i; S g_N} satisfies
the following conditions (54%) for all SeN , then £, is called an
optimal strategy set of the n-person bargaining game I' , and the result-
ing final payoff set uO = (uf, ug PR uz) is called the solution of

the game T

S

(54) gq g(gg, £ s all other strategies 55 , R+8, S, ReN being fixed)
’ .

= max min gq g(gs,gs_; all other strategies 55 , R+8, 5,
gs ES 2
RcN being fixed) ,
where the function gq & is defined by (53) and the maximin is taken with
9]
respect to gs and gS which will constitute an equilibrium strategy set
when taken together with all other strategies gi s R % S, §} RcN , and
with an appropriate strategy gN .
sat
Now, for the optimal‘strategy[ go as defined by Definition 3,

let us look at the pair of strategies gi and gi where S 1s neither
3 .

a one-player coalition nor an (n-1)-person coalition. Then, go satisfies
the condition (54%) with respect to the coalitions S and S . Iet gs
and gg be any strategies of the coalitions S and S , respectively,
Whiéh constitute an equilibrium strategy set when taken together with

ER

o ? R $ S, §, RcN and with an appropriate strategy gN . Let this

equilibrium strategy set be E¥ . Then, applying the definition of an
equilibrium strategy set to &*¥ , we know that gS gives the Nash solu~-

tion to the subgame o (5) . Let this solution be

, g I3
(55) o = £ (6, £°)
where
(56) ¥ = 3 AI.{+A§_?S., for 1€8;
R31
Red

since A? , for Rc S , is determined by gi and gi s they are not
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affected by §S and gS .

Now, let k be any player who is not a member of the coalition

8 . In the subgame I‘S+(k)(gi+{kj) 5 §S+(k) gives the Nash solution

o
s+(k) _ s+(k) ,S+(k)
(57) a - fS"l“(k)(gO b go ) 2
since §§+(k) and §§+[k: are elements of an equilibrium strategy set
go . Of course, §§+(k) and §i+:kj may also be considered elements of

an equilibrium strategy set EX .

S+(k)

If we consider go as an element of go , then the claim

point of the subgame I‘S+(k)(§§§':kj) is the point ds+(k) , given by

(58) SHE) o5 B A% ror 1es,
1 . 1 1
R31
Rels+(k)]

Rig
and

(59) d?’(k) = 5 Ai )
Rk
Rels+(k)]

S+(k)

On the other hand, if we consider go as an element of £¥ , then

the claim point of the subgame Ps+(k)(§;+ ) is the point d*s+(k) 5

given by
(60) d*§+(k) - = A? +A*§ , for i€8S,
R3i ‘
Rc[S+(k) ]
RS
and
(61) d*S+(k) - R ,
k Ryk %k
Re[S+(k) ]

where A*i ig defined by (56) . That is, in the subgame I‘S+(k)(§§+:k:) 5

GS+(k) as defined by (57) is the Nash solution whether we take dS+(k)

2
defined by (58) and (59), as the claim point, or d*S+(k) , defined by

(60) and (61), as the claim point of the game.
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Accordingly, from the conditions for the Nash solution, in the

0s+(k) dS+(k)

(s+l)-dimensional Fuclidean space, the three points and

d*S+(k)

J

nust lie on the same straight line. But, as can be seen from
(59) and (61), the two points ds+(k) and d*s+(k) have the same (s+i)§g

coordinate

(62) aS+E) _ g48+(k)

Therefore, in order to meet the condition mentioned above, the two points

dS+GQ S+(k) Sk

and 4% must coincide, except in the case where has

dS+(k) S+(k)

the same (s+~l)ic-E coordinate (59) as and 4a¥

case where A§+(k)

s that is, the
=0 .

We assume that in the case we are treating here, this kind of
singularity never occurs.

Accordingly, we have

(63) d§+(k) = d*§+(k) , for all j € S+(k)
From (58), (60) and (63), we have

(64) B =¥, for 1es.
So that we have

(65) o) =¥ , for 1¢8,
where 0*? is defined by (55) and

(66) c? - fi(gi, gg) , for 1e8 .
Therefore

(61) e, (5, ) -2 (5, ),
and, similarly

(68) e=(e5, 5) = £2(c5,¢5)

Accordingly, we have shown that, for a coalition S , which is
different from a one-person coalition and an (n-1)-person coalition, in

order for ES to be an element of an equilibrium strategy set E* , it
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must be equivalent to gi as a strategy. So that for any equilibrium
strategy set go , its components gi and §§ satisfy the maximin condi=-
tion of (54). This is true, because any gs and gg which satisfy the
conditions for taking the maximin_value of the function 855 in (54)
must be equivalent to gi and 52 respectively.
Next, we consider the case whére S 1is a one-person coalition
(1) and S is an (n-1)-person coalition N-(i), i.e., the case where an
equilibrium strategy set £¥ ig given as follows:
(69) g = (1), W R por Rew,
R4 (1), N-(1); and &),
where §N is to be chosen so that E* constitutes an equilibrium strategy
set.
Let
(70) pt) g (@), )

P(ik?(gmn(ik))

Then, in the subgame o , the strategy g(ék)

gives the Nash

k))

solution c(ij) , whether we take the point (A(i), Aﬂk , Wwhere
A(i) _ fi(g(io), g'1(\3&-(:1)) ,
(T1)
N

as the claim point, or the point (Aﬁ&;), Af(i)) as the claim point, where

' A*(%) is given by (70) and

1
- () _ (k)

(72) w8 g ()N o

k

Following the same reasoning as above, we conclude that
MESIINEY
(73) ATl =AY

Now, it is clear that in the subgsmes PN“(l)(g(;)) which result from
IN’(i) (i) N : * N s
and (¢'’) which result from ¢* , as defined by (69), the claim

points are the same point in both cases. However, the outcome spaces
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PNa(i)(g(i)) and PNE(i)(g(i)) of these games may differ, and consequently,
the Nash solutions of INﬂ(l)(g(é)) and TNm(l)(E(l)) may differ. This
difference gives rise to the difference in the value of (W(i)= WNﬂ(i))

according to whether go is used or E¥ is used.

From the sbove reasoning we can state the following theorem:

Theorem 2. The optimal strategy set ‘go which is defined by Definition 3
is equivalent to the equilibrium strategy set go which satisfies the

following conditions for 1 = 1,2;,...,n ¢

(74) g(i)’N_(i)(g(i), Egm(i); all other strategies gg‘ being fixed)
= max min 8(1),m (i)(g(i),ﬁN’(i); all other strategies
,N-

g(i) E,N"(i)
&g , R+ (1), N-(i), RCN being fixed) ,

where the maximin is taken with respect to g(l) and gNa(l) which will
constitute an equilibrium strategy set when taken together with all other

strategies 55 , R4 (i), N(i), ReN , and with an appropriate strategy

N .

Example 1. If each hyper-surface HS(ES)

is an (s-1)-dimensional hyper-

plane, with direction numbers (1,1,...,1), for all S ¢ N , then it is

clear that
S,.S
(75) a“(g ) =1, for all peS and all ScC N .
Accordingly, in this case, we have
(76) : w3 3z A&
HES RIu
ReS
S s .S
= % o = % f (£,8°) .

HeS W Hes K
WP i S s . i o
So that, is a function only of ¢§ and & ; that is, we can write

W= ng(65,6°)
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Similarly we have

(77) Woe s od = oz (65,69
VES VES

2

that is WS is also a function.only of gs and §S s B0 we can write
) s .5
W= n=(e5,6%)

Accordingly, we have

(78) W - - ng (6%, %) - ne (e, %)

.S .8
_ gS,S(g )g ) 2 _
that is, Ws = WS is a function only of gs and §S
Consequently, in this case, there will exist—under the relevant

conditions on the strategy spaces C§ —the maximin strategies gi and
s s .S
£”)

£ of the function g, =(&°,

o 5 for gll SC N . That is, there will

exist an optimal strategy §o of the game. We note that in this case we

have
(79) =z &= L=
9 v, = ZOA =u o, 1=1,2,...0,
S3i
ScN

that is, A is equal to the final payoff u; e
Example 2. If we have
S
a
o ¢
then, as in Example 1, it will readily be seen that the difference

£°) =&, , forall S)u,andall Sgc¥,
(WS - WS) is a function only of gs and gs .« BSo that, there will exist
a maximin strategy go in this case. Moreover, we remark that, in this
case, we have
(80) v. = 5 a.l =a.u, s
i R R i7i
Syi
SelN

and this corresponds to the case Harsanyi treated in his paper [4].
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Example 5. Iet us comsider the three-person bargaining game I with

N = (1,2,3) defined as follows:

The strategy sets ®(1), i =125, of each player i is the

set .of real numbers such that,

o) _ (7 o<zt <5y
ol?) - (7% o < 7° <9} ,
o) - {25; 0< 7 < 10)

The strategy set ®(lJ) of joint strategies Z(lJ) of a two-person coali-
tion (ij) is the set of points in the (i,j)-plane with coordinates
(Z(ia), 2(33)) such that

(12)

e(12) _ (;(12), o ,(12) , ,(12) :

(12)
1 o 15, 2777 >0, Z

o(3) - (z(1); o < A2 Z(%B) <18, 209 5o, Z(%B) >0,
0(23) _ (5(®3), o o 2(23) 4 2(B) < a0, 2(B) 50, 2(B3) 50y
= 3 = o I 3 =
The strategy set ®(125) of all player joint strategies Z(lEB) is the

set of points in the three-dimensional Euclidean space E? with coordin-
(123) _(123) _(123)
ates (Z 17257, 2 3 )

such that
o123 _ (5(123); 2(23) 2123) 2%25) <30,
z(i25) >0, 1i=1,2,3},

The payoff functions T are defined as follows (see Fig. 2):

£ @), ) g

1
(81) r,z), 2By L E) 42
(1) ,(23) 7t (23)
f5(Z , 2 ) = (1 - EB‘) 7'
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2

(82) fl(Z(E) ,.Z(]j)) = (1 - F%__) Z(iﬁ)
2

%(Z@) , 293y e =) z(?)

(83) 220, 2018y L. 12—5) 2(12)

(3) ,(12) 72, (12)

£,(z277 , 2 ) = (1 - ig—) VAN

(8%) fi(z(123)) - z(i%) , 1=1,2,3 .

Figure 2. 1
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Tn this game T', it is clear that all qssumptions 1 through 4 hold.
At first we will find out an equilibrium strategy set of this

game T . Iet Z(l) (2), and Z(B) be arbitrarily chosen strategies of

players 1,2, and 3 respectively. Then the Nash solution (G(ig), 0(;2))

I"(lz)(Z(B)) (Z(l), Z(E))

of the subgame , baking the point as the claim

point, is obtained as follows; let

(85) 2 et=o1®) P a1
Then
7t +,Z2 +24 = c(ia) + c(ég).z 15 - 7 ,
since the point (0(12), 0(22)) is on H(lz)(Z5) Accordingly,
15 LA 12 15
(36) LBl LA 1P
From (85) and (86), we have
(12) 15 1.1 1,2 1.3
1 =TEtRE -3 - E
(57) :
2) 15 1,1 1.2 1.3
0'2 f—2—=—2-Z +‘§Z——2‘Z
Similarly, the Nash solution (0<i5), G(%B)) of the subgame

r(lB)(z(e)), taking (z(l), 2(5)) as the claim point, is given by

(13) o , 11 1 1.3
- 0'17 =9 455 - 5L - 5T
88)
(13) _ 11 1,2 1.3
g 3 =9 - 2Z Z + 2Z o
The Nash solution (0(25), 5(§3)) of the subgame P(QB)(Z<1)) 5

taking (Z(g), Z(j)) as the .claim point, is given by

o22) -~ 10 15t + 3P - 32
(89) (
23) _ 1,1 12,15
05 —lQ——g-Z -=2Z +2 N

Now, from (51), (52), and (53), we have
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(90) c§ = Ai -7,
since a(12) - o(12) s, ete., ve nave, from (87), (88), (89),
and (90)
N
(1) 213 a9 L g L2 L2 L
A(?) - A(§5) =10 - 28 - 32 - 57 .

Accordingly, in the final all player bargaining game, the claim

point dN is given by

H ) 08,0 B 2P
(92) - a@) AR N8 3P
dlg =A(§) +A%5) +A(§5) =19- 27 - 7,

and the upper-right boundary of the outcome space of this game is given by

U, +u. +u, =30 .

1 2 3
So that, it can be easily seen that the Nash solution u = (ul,ug,ui)

of this final all player bargaining game is given as follows:

_ 55 .21 12 13
ul__6+5z 5Z'-5Z

29 2 1,3
(95) u2 = 5Z +EZ 5

2
_ 18 11 1.2 _%5
UB——-‘E—BZ 3Z +5Z o

This is an equilibrium solution of this game I' . Moreover, in this game

we have
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W) A(i) _ 7 w(2) ___A(?: 2, W3) A(2) -2,
w12) U(;LLE)+ c(f) -15- 2,

(9%) 7). 0(?)+ 0%5) =18~ 7,
a(23)_ 6(25)_’_ 6(;5) _20- 7t

w(le5)= 50 o

From (93) and (9%), we can check easily that, for example, u, is expressed

as follows:

28 (1) w(23)y LA i (12) 5 B)y w3 y(2)y; +—§=f:w(125), cte.

Y1 T3 - 37
The optimal solution u° = (ui, ug, ug of this game is given by
ui=§%+§x5—%x9—%—xlo=§%% 5.83 ,
(95) ug=2%=%—x5+-52—x9==%x10=%é_;10.85,
ug =%,-%x5=%x9 +—§—x10=§%’=, 13.33 .

VII. The relation of this theory to previous theories.
| The author of this paper is .deeply indebted to Harsanyi's paper
[4]. But in his paper, Harsanyi defines the set of equilibrium dividends
in the following way:

For any coalition S C N , and for any two members i and J of
S , he considers a two-person subgame I?j between i and j . In defin-
ing equilibrium dividends, he requires G? and G? to be the Nash

solution, taking the point

(96) t§= % Aﬁ,kz_i,j
Rk
R#S
ReN

as a claim point of this two-person subgame I?d . But, if we were to
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consider A§ and A§ as the net incremental payoffs to players i and j
respectively, which they will obtain as the result of advancing from (s-1)-
person coalitions to the s-person coalition S , including i and , then

%lz » RYk , SeRe N should not be taken into consideration at this moment.

Accordingly, it does not seem natural to take the point (t?, t?) defined by

(96) as the claim point .of this subgame I?j which is to determine incre-
mental payoffs 4? and . ? . Moreover, it would seem natural to determine
the incremental payoffs 4? » 1 € 5 to the members of the coalition S as
the result of the bargaining among all s members of § s and not between
only two members 1i,j of S , as Harsanyi does. Following this line of
reasoning, we treated a subgame 1"S among s-players in S , taking the
point defined by (23) as the claim point of this subgame. Moreover, we made
clear the dependence of the oubcome space of this subgame 1"S on the
strategy taken by the complementary coalition S . This consideration
brought about a more complicated situation than Harsanyi's model [4].

If the dependency of the outcome space of the subgame IS on
the strategy chosen by the complementary coalition S could be neglected,
then we would be able to follow a treatment similar to Isbell's [5], and

a similar modified Shapley value similar to Harsanyi's [4] would come out.
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