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ESTIMATION AND OPTIMAL CONTROL OF ECONOMETRIC

MODELS UNDER RATIONAL EXPECTATIONS

Gregory C. Chow

INTRODUCTION

This paper is concerned with further developments of Chow (1979),
entitled "Estimation of Rational Expectations Models," where I have proposed

two methods for the estimation of the Parameters of a linear model

Yy, = Ayt_l + Cxt + bt + u (1)

t t

which describes the environment of a set of economic decision makers, and the

parameters of a quadratic objective function

T
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(yt-at) Kt(yt—at) (2)
which the decision ﬁakers are assumed to maximize. Resulting from this maxi-

mization is a linear behavioral equation (feedback control equation) for the

decision makers who control xt, written as
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The parameters Gt and = in (3) are derived from the Parameters of (1) and
(2) . The econometrician observes the data on xt and Yt’ and wishes to
estimate the parameters of (1) and (2) . The two methods proposed in Chow
(1979) are maximum likelihood and a consistent method corresponding to two-
stage least squares. Detailed knowledge of these methods is not required for

the reader of this paper, who is asked only to keep in mind that the methods



exist for the estimation problem just described.
The present paper is concerned with two extensions of the above estima-
tion problem. First, there are two sets of economic decision makers, so that

the model becomes

= + + + +
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Each set 1 of decision makers chooses its control variables X to maxi-
mize an objective function
T 1
“E, DX (yt—ait) Kit(yt-ait) (i1 =1,2) (5)
t=1
and derives its optimal behavioral eguation
¥t T Sig¥er T 9k i=12. (&)

The econometri.c problem is to estimate the parameters of (4) and (5). Second,
when one decision maker is the government, we are concerned with the evalua-
tion of the effects qf government policy changes and the choice of an optimum
policy for the government.

To illustrate the application of this model, let xlt be the variables
subject to the control of some group of decision makers of the private sector
and X be the variablessubject to the control of the government. If the
government adheres to a policy rule, i.e., if G2 and 9, are given, the
environment facing the private‘ decision makers is
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They would maximize their objective function to derive their behavioral equa-
tion. As Lucas (1976) has stressed, if the policy rule of the government
changes, the behavioral equation of the private decision makers will also
change. Therefore, an econometrician should not rely on a stable relation

(3) to evaluate the effects of government policy. A correct procedure is to
estimate (1) and (2), rather than (1) and (3), and then derive the changes in
(3) due to changes in (1). Lucas (1976, p. 20) reminded the reader that this
point had been made by the proponents of structural estimation for simultaneous-
equation models, and cited Marschak (1953) for having pointed out the change in
the reduced-form equations due to a policy change. Another manifestation of
this problem occurs when the behavioral equations of the private sector contain
expectations variables which are explained by some distributed lag relation-
ships. As government policy changes, the model (1) or (7) will change, and
these expectations will also change under rational expectations, thus making
the historical distributed lag relationships unstable. The solution again is
to rederive the expectations using the new structure (1) or (7), but this topic
will not be treated in the present paper as the estimation and control problems
associated with it are discussed in Taylor (1979), Wallis (1979), and Chow
(1980) .

The first extension of this paper is to allow for two sets of decision
makers whose actions affect the environment of each other. In the above exam-
ple, while the éovernment policy rule Xy, = Gzyt—l + =P affects the optimal
policy of the private sector, the latter's optimal behavioral relation

X will also affect the policy rule of the government if it

1t = G1¥e-1 F 91
is also assumed to maximize its objective function. We will study this
dynamic game model in this paper. Section 2 deals with the estimation of the

parameters of this model under the assumption that Player 2 (the government)



is the dominant player. Section 3 treats the estimation problem when the two
players are assumed to be in a noncooperative Nash equilibrium. Section 4 is
concerned with the related topic of government policy evaluation and optimi-
zation under the assumption that the govermment is the dominant player. 1In
this paper, we assume that the optimal reaction coefficient Git in (6) for
both players will reach a steady-state Gi’ that is, the rational expecta-

tions equilibrium.  Otherwise, no stable relationships can be estimated.

ESTIMATION OF DYNAMIC GAME MODEL WITH A DOMINANT PLAYER

When x2t in (4) represents the policy instruments of the government and

.the government is treated as the dominant player, we will study the estimation

problem in two stages. First, assuming that the government adheres to a policy

rule x which is decided upon by whatever means, we will

2t =S¥ * Iar
consider the estimation of the parameters of (4) and (5) for i =1 under
the assumption that the private sector behaves optimally. Second, from the
above framework we take the next step by assuming that the government is also
trying to maximize (5) for i=2 and consider the estimation of the parameters
of its objective function as well.

For the first problem, the stocgéstic environment facing the private
sector consists of two equations, (4) and |

26 = C¥er Y Iy (6.2)

These two equations comprise the model (1) in the framework of Chow (1979).

In that paper, two methods were provided to estimate the parameters of (1),



now consisting of (4) and (6.2), and of (2), now represented by (5) with i=1.
The methods are maximum likelihood and a consistent method analogous to two-

stage least squares. The latter method requires consistent estimates of the
parameters of (1) and (3), and, using them, solves for the parameters of (2)

in the second stage of two-stage least squares.

We now incorporate the assumption that the government also maximizes to
obtain its behavioral equation (6.2). If we are not interested in estimating
the objective function of the government, and are willing to assume that the
parameters of (4) and (5) remained unchanged for the sample observations, then
(6.2) is a stable equation and the methods of Chow (1979) would suffice, as
pointed out in the last paragraph. The new problem is to estimate the objec~-
tive function of the government as well. From the viewpoint of the maximizing
government, the stochastic environment consists of (4) and (5) with i=1, which,

together with its own policy (G ), determine G, and 9 in (6) as a

2" 92t 1

result of the private sector's maximizing behavior.
Maximum-likelihood estimation of the parameters of (4) and (5) under the
assumption that Player 2 (the government) is the dominant player can proceed

as follows. BAdding a residual Vie to (6) and assuming a joint noxrmal dis-

tribution of ut, Vi and v2t, one can easily write down the likelihcod

function which has the parameters of (4) and (6) as arguments. As a first

step, we postpone the estimation of K and a

2t o and assume some given

values for G2 and Ioe (which could be the coefficients of a least-squares

regression of x on ¥, 4 and appropriate trend terms). Given G and

2t 2

9,.r We can express 'Gl and 91, as functions of the parameters of (4) and

X and a in (5) through the maximization of the private sector. K

1t 1t 1t

and a thus replace G

1t and 9;, Bas arguments in the likelihood function.

1

To reduce the number of parameters, we assume here as in Chow (1979) that



=B and a_. = ¢;a B

:Klo 1t being the discount factor for the private

Klt 10’ 1

sector and ¢l being a diagonal matrix with some elements known to be one if

the targets in a_ are constant through time. Given G2 and I’ then,

we can maximize the likelihood function with respect to the parameters of (1)

and K B., a

. i i 79).
107 P17 307 and ¢l This problem was solved in Chow (1979)

As a second step of our estimation method, we relax the assumption that
G2 and th are given and try to estimate the parameters K2t = BZKZO and

a2t = ¢;a20. Note first that consistent estimates of K B., a

20" "2 20

can be obtained by solving the well-known equations for G2t = G2

d
an ¢2
(in a
steady state) under the assumption of a maximizing government and using

consistent estimates of the parameters C2 and Az:

1 -1
2 = -(C2H2C2) C2H2A2

@
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2 K2 + BZAZHZ(A2+C2G2)
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which can be found in Chow (1975, pp. 178-179) and where the subscript 2
denotes the parameters in the relevant equations for Player 2 (the government) .
This problem was solved in Secﬁion 4 of Chow (1979) by a method analogous to
two-stage least squares. Thus our problem is solved if we are willing to
accept these consistent estimates of the parameters of the government's objec-
tive function.

To obtain maximum~likelihood estimates of K R

20’ a_,. and ¢2 in the

2" T20

second step, we use the consistent estimates of the last paragraph as the
starting point. Given RZO’ éz, 320 and 32, say, we use standard optimal
control to calculate the government's optimal policy for @2 and §2t under
the assumptions that the government is maximizing and that its environment

consists of (4) and (G ) as estimated above. However, these estimates

1791¢



method of Chow (1979) together with iterations between (&

-~ 7 =

&2 and aZt ignore the fact that the estimates of G and =i used in

1
the above calculations will in turn depend on them. Iterations between the

estimates for (Gz'g2t) and for (Gl,glt) will be required at this stage,
' * % * * A ~
yielding the solution (G2’92t) and (Gl’glt)’ say, for the given K20’ 82,

) as coefficients of (6), we can

A A . * * * *
259 and ¢2. Using (Gz,th) and (Gl'glt

evaluate the likelihood function for (4) and (6). Accordingly, we can apply
a gradient method to maximize the likelihood function with respect to the
parameters KZO’ 62, a5 and ¢2. These are the primary parameters in the
following sense. Given their values, we have in effect maximized the likeli-
hood function with respect to all other parameters by the maximum-likelihood

Z'th) and (Gl,glt

as just described. The second step in this step-wise maximization procedure
is to maximize the likelihood function with respect to them. Note that our

* * *
iterative method to obtain (G2,th) and (Gl ) differs from the solu-

%
91
tion proposed by Kydland (1975, p. 330) for the dominant player problem since

Kydland assumes a given value x as the (open-loop) strategy for the dom-

2t

inant Player 2 as conceived by Player 1, while we assume a feedback strategy

(G ) for Player 2. Our solution is more appropriate when a feedback

2790

control policy for the government is being examined, as it is in this paper.

ESTIMATION OF DYNAMIC GAME MODEL UNDER NASH EQUILIBRIUM

Having solved the estimation problem for a dynamic game model with a
dominant player, we can apply similar iterative techniques to estimate the
model under a Nésh equilibrium. Again we consider the estimation problem in
two stages. TFirst, assuming tentatively that the government adheres to a

policy rule (G ), we will consider the estimation of the parameters of

292t

t t . .
(4) and Klt = BlKlo and a, = ¢lalo under the assumption that the private

1t



sector behaves optimally. Our estimation procedure assumes optimal behavior

) of the private sector, with (G

(G1 ) taken as given. Second,

assuming that the private sector adheres to the policy (G

91

2_,g2t) as deter-

mined above, we consider the estimation of the parameters of (4) and

t .
K2t = Bngo and a2t = ¢2a20 under the assumption that the government
behaves optimally. Similarly, this estimation procedure assumes optimal

behavior (G ) of the government, with (G ) taken as given. We

1'91¢

now go back to step one, and iterate back and forth until convergence.

2’92t

As pointed out previously, given (G ), the methods of Chow (1979)

2"t
-
can be used to estimate the bParameters of (4), Klo’ Bl, alO' ¢l and, accor-

dingly, Gl and Iq 4 Similarly, given (Gl,glt), the same methods can

be used to estimate the parameters of (4), B., oY ¢2 and, accordingly,

KZO' 2
G2 and th' If the method of maximum likelihood is used, we start with some

consistent estimates of G2 and g2t (as obtained by regressing x2t on

yt—l and appropriate trends), and maximize the likelihood function with res-

Pect to the parameters of (4), K B., a

10 Pyr 3y and ¢l’ yielding maximum like~

lihood estimates of G, and 91+ as well. Using these estimates of G,

and 9ppr Wwe again maximize the likelihood function with respect to the para-

8

meters of (4), a and ¢2, and so forth until convergence. This

Kogr Byr 2y

procedure amounts to maximizing the likelihood function with respect to two
sets of parameters iteratively, i.e., to one set while holding the other set
fixed and alternatively.

To propose a simpler and yet consistent method, we start with consistent

estimates of the parameters of (4), and of (G2 ) and (G )+ by the

*9or 19+t

method of least squares, for instance. The parameters of (4) and (Gi'git)
can be employed to solve for KiO’ Bi, aiO and ¢i for i =1,2 by the
method analogous to two-stage least squares as given in Section 4 of Chow

(1979) . Given the parameters of (4) and KiO’ Bi’ ai and ¢i (1 =1,2),

0
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one can then find the Nash equilibrium solution for (G ) and (G )

1'91¢ 2'92¢

‘iteratively, to improve upon the initial, consistent estimates of these para-

meters.l The situation is exactly analogous to the estimation of the reduced-

form parameters II in linear simultaneous stochastic equations. Consistent

estimate ﬁ of I by least squares can be used to estimate the parameters

(B I') of the structure using the method of two-stage least squares. Given

these estimates of (B .T), denoted by (ﬁ f), we can obtain a new estimate of
a=1 A

I as B f, to improve upon the initial estimate II.

This section has treated the estimation of rational expectations models
under the assumption of Nash equilibrium. If Player 2 represents the govern=-
ment, the solution concept of having a dominant player as expounded in Section
2 may be more appropriate. Given their likelihoods, these two models can be

tested, but this topic is not pursued here.

POLICY EVALUATION AND OPTIMIZATION UNDER RATIONAL EXPECTATIONS

The critique by Lucas (1976) of econometric policy evaluation is essen-
tially that yhen the policy of Player 2 (the government) is being evaluated,
the e;onometrician should not take the behavioral equation xlt = Glyt-l + glt
for the private sector as given. In Section 2, when we treat the government -
as the dominant player, we have indicated, as a by-product of our estimation

procedure, how the consequences of any government policy rule (G ) can

2'92¢
be evaluated after proper account is taken of the optimizing reaction of the
private sector. To recapitulate, the environment facing the private sector

consists of (4) and x =G

+ , . .
2% 2yt—l g2t' and the private sector derives its

optimum behavioral equation X, = Glyt-l + Ie by maximizing its objective
function subject to the above environment. Iinear-quadratic optimal control

theory as found in Chow (1975) can be used to find this optimal feedback

control equation. The problem of policy evaluation is thus solved.
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Turning to policy optimization by the government, once we know how to
compute Gl and 9t for given G2 and th, we can derive the following
procedure to find the government's optimal policy, assuming the parameters
of (4) to be known and given a quadratic objective function for the govern-

ment. Using (4) and (G1 ), we write the model facing the government as

lglt

'
1

(BIC1CY g + Oy + B #C 19 ) +

b4 +b + u (8)

Bo¥ier ¥ Cp%pp * by o tou

Denote the expectations of Yt and x respectively by §t and x

2t 2t°

Given any deterministic or mean path §2t’ the mean path §t can be obtained

by taking the expectation of (8), yielding

Ve T By;¥eq Y C%p *hy oo (9)

* -
The deviation Y, = yt—yt of yt from its mean path obeys, by subtraction

of (9) from (8),

% *
Y, = A21yt—l +C.x,_ +u (10)

where the setting of the control variable x by the government is also

2t

decomposed into the mean or deterministic part x and the stochastic part

2t

*
x2t which will depend on the stochastic disturbance ut and thus yt as

yet to occur in the future (i.e., for + > Q).

The government's quadratic loss function is decomposed accordingly,

T ‘ ' T * L 1
B, L (yimay,) Koe@em3y) = E Ly Koy + I Yimay0) XKy vma,) (D
£=1 £=1 £=1
= W O+ W

s d
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*
First, we choose a feedback rule x2t = Gzyt 1 to minimize the first part

Ws of (11), given the model (10). Second, we choose a deterministic policy

x2t to minimize the second part Wd of (11) subject to the constraint of (9).
If the intercept by & in (9) were zero, and the targets a,. were also

r
zero, then the solution for the second part would be §2t = G2§t 17 the coef-

ficient G2 being the same as in the first, stochastic part. . This assertion
results from the simple observation that the optimal linear feedback solution
for the first problem (minimization of WS) applies to the second problem
(minimization of Wd with a.= 0 and bZl,t = 0) as the latter is a special
case of the former when the covariance matrix of u, is reduced to a null

matrix. When a2t and b21 ¢ are not zero, a deterministic intercept term
14

‘ g2t in the optimal feedback‘control equation can be used to adjust for these

purely additive deterministic terms in the linear model, since §t—a2t can

be written as

(a ) + (b ),

21%e-1%C2% 2t 2t 3¢

where the second term in parentheses is purely additive and the control for

it is independent of the known state v requiring no feedback.

-1’

We can find G2 to minimize Ws by a gradient method, noting that the

coefficient matrix A21 = (A+C1Gl) depends on G2 as we have pointed out in
discussing the problem of policy evaluation. Given G2, we can evaluate the
corresponding optimizing Gl' A21 and hence the expectation
T &1 * g { * *'}
W = E Xy, K.y = triK_  Ey.v
s ot=l t 2t t =1 2ot t

In this evaluation, we use the relation based on (10) that

t (12)

* * * * T 1
Eo¥efy = (B *C,8)) (By, 1v, 1) (By13C,6,)  + Eugu
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. .
with initial condition 'yo = 0 and Eylyl = Eutut. Therefore, a gradient

method can be applied to minimize WS with respect to GZ. Once G2 is

found, we can evaluate
T

W, = I (3
£=1

1
3 Ko (¥ima,y)

for each deterministic path Iop using (9) and §2t = G2§t-l + 9y Also, a
gradient method can be applied to minimize Wd with respect to the path EPWE
Our problem of finding an optimal feedback rule for the government as a dom-
inant player under rational expectations is thus solved.

In the above solution algorithm, we have separated the loss function into
Ws (due to stochastic disturbances in the model) and Wd (deterministic)
and have found the optimal G2 and th separately. Without exploiting this
separation, one could minimize the entire expression (11) with respect to G2
and 9,. Dby some gradient algorithm since the function (11) can be evaluated
once G2 and 9, are known. The above decomposition algorithm will pro-
bably lead to more efficient computations as it treats the variables G2 and

I separately and maximizes with respect to the former without having to

deal with the latter simul taneously.

Footnote

lAn algebraic expression for the Nash equilibrium can be found in Rydland
(1975, pp. 323-326) for instance, but here we need only a numerical solution

by iterations, i.e., by solving a standard optimal control problem to get Gl

and glt for the first player, given G2 and th' and then solving a
standard optimal control problem to find ’G2 and 9o given the above Gl and

glt’ and so forth. For more references on dynamic games, see Cruz (1975).
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