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1. Introduction

This paper is concerned with the effect of market structure on
1
the rate of extraction of a natural resource and on the date of
innovation of a substitute. It can be thought of as making a con-

tribution to three separate bodies of literature:

(a) The Theory of Resource Extraction. In the model we present
there exists a produced substitute2 to the natural resoﬁrce. The
primary question with which we are concerned is the interaction of
the resource and its substitute. The model we present can thus be
thought as providing a link between rent and production-based price
theories.

Cne of the general results in the earlier literature on
resource extraction is that deposits with lower extraction costs will
be exploited first. The analysis of this pPaper extends that result;
in both competition and monopoly situations, all the resource is
extracted before production of this new commodity is initiated. This
seems to leave unexplained the observation that in many cases, sub=-
stitutes have been produced prior to exhaustion of the resource.

The model of limited competition presented in Section 7 does, however,

1

The classic discussion of the theory of resource extraction is
Hotelling. See also the Review of Economic Studies Symposium
{1974] and Dasqupta and Heal [1978].

2This substitute is sometimes referred to as a "backstop" tech-
nology. Earlier discussions of the effect of the presence of
the backstop technology on resource extraction can be found in
Stiglitz [1973] and Dasgupta and Heal [1974].



provide an explanation of this phenomenon.1 Thus, although both
polar forms of market organization, competition and monopoly, are
productively efficient, mixed modes (limited competition) may not

be.

(b) The Theory of Innovation. The "substitute" can be thought
of as a new commodity (or an old commodity, the cost of production of
which has just been dramatically reduced). It is widely recognized
that the existence of a supply of a natural resource which is a sub-
stitute for the new commodity will lead to a delay in the introduction
of the new resource. (Indeed, this delay, which reduces the present
discounted value of returns to doing research, has been the subject
of some concern, that it provides a discouragement to undertaking
‘research for the development of substitutes.) The second question
with which this paper is concerned is characterizing this delay, both
in competitive and non-competitive situations.

Although our concern with natural resources imposes a very
specific structure on the problem, the analysis can be shown to be
of much greater generality; if, instead of the "stock of natural
resource” one thinks of “the stcck of (o0ld) machines employing the

old technology", the problem of "how fast should the old machines

1Alternative explanations, based on technological characteristics,

on capacity constraints, on demand characteristics (the different

commodities are not perfect substitutes), or on imperfect capital

markets (a country with high cost o0il may not be able to borrow on
the basis of future revenues), are clearly possible.



be depreciated before the new technology is introduced" is férmally

equivalent to the problem analyzed here.1

(c) The Theory of Market Structure. The questions of the effect
of monopoly both on the rate of extraction and on the timing of inno-

vation have been subject to considerable discussion in the literature.

In the literature, one can find arguments thaﬁ competition provides
an inducement to innovation or, on the contrary, that at least some
degree of monopoly is conducije to innovation (e.g. Schumpeter). Simi-
larly, there is a widespread view that mcnopolies of natural resources
may be excessively profligate (waste) our resources, and there is the
contrary view thaﬁ they are charging excessively high prices, and are
thus being excessively conservationist. The arguments are complex and
we cannot do justice in this brief article to the various strands.2

The model we formulate does, however, provide precise answers to these

gquestions.

1There are some important differences prior to invention, and some
technical differences between modeling the depreciation of a pre=-
existing stock of capital and the depletion of a pre-existing stock
of natural resource.

2For instance, the Schumpeterian argument depends critically on the
existence of fixed costs associated with innovation, on problems
associated with appropriability, and with the existence of imperfect
capital markets. All of these considerations will be ignored in this

paper. But see Dasgupta and Stiglitz [1980a, 1980b] and J.E. Stiglitz,
Gilbert, and Dasgupta [1978].



In particular, we shall show that monopolies are excessively con-

servationist,l in the sense that, at least initially, consumption

of the natural resource is lower with monopoly than with competition,
and that innovation occurs at a later date with monopoly than with

competition.

There is another sense of "more conservationist," focusing on the

date at which the resource is finally exhausted. (In the interpreta-
tion of the model which focuses on conventional goods produced by
machines, the date of final exhaustion can be thought of as the date
of final phasing out of the dbsolete technology.) One of the other
interesting results of our analysis is that this second sense may not
coincide with the first; in one of the market structures examined,
although the initial price is lower than the monopoly price, the date
of exhaustion is later.

Finally, we turn to the question of examining the effect of limited

2 on the allocation of resources. The

(or monopolistic) competition
analysis of markets in which firms have some limited degree of market
power, less than pure monopoly but more than pure competition, has
recently been the subject of a number of studies (Spence (1976), Dixit and
Stiglitz (1977), Salop (1977)). The market equilibrium which emerges in these

models look considerably different from either of the polar cases on

which so much attention has been focused.

lThe conditions under which these results obtain are given below.

2We prefer the term "limited" competition to the more prevalent term
"imperfect" competition; as Stiglitz has argued [1978], the traditional
model of "perfect competition" does not really capture adequately the
nature of competition in markets.



This suggests that further investigation of "mixed models" is
likely to be fruitful. The models developed in this paper differ
from most earlier models of imperfect competition in two significant
ways. First, earlier literature on "imperfect" compe t—
ition focused on models in which there were a few large firms { the
Itheory of oligopoly), or in which there were a large number of small
firms, each of whom had some limited market power (the theory of
monopolistic competition). One of the distinguishing features of
two of the models presented here is that there is one large firm
and a large number of small extremely competitive firms.1 Secondly,
most of the earlier models of imperfect competition were static.2 Yet
the competitive pfocess is essentially dynamic, e.g. new commodities
replacing old, and this paper is an attempt to capture some aspect of
the essential intertemporal nature of the interactions in imperfectly
competitive situations.

We are concerned here with two questions: first, is there a
sense in which the properties of "limited competition” models can be
thought of as lying between the "pure models" (pure competition, pure
monopoly)? Our analysis casts some doubt on the traditional presump-
tion, dating back at least to the work by Cournot [1838], that limited
competition lies between bPure competition and pure monopoly: In one
of the limited competition models examined, the initial price always
lies between that which would be prevailed under competition and under

pure monopoly. But in two models, the initial price exceeded both the

lSee also Gilbert (1978).

2Recent work on the theory of repeated games has shown how dramatically
different results can be obtained with dynamic models.



competitive and the monoéoly price. Moreover, in one model of limited
competition that we examined (a duopoly model, in which the resource
and the substitute are each owned by a single fimm), the date of first
innovation of the substitute preceded that of either the competitive
equilibrium or the monopoly; the equilibrium for this model differed
in a number of ways from both polar cases (see below, Section 7).

Secondly, the presence of limited competition raises a number of
new questions concerning interactions between the producer(s) of the
two commodities, which simpl? do not arise in either of the polar
cases. For instance, if the two producers co-exist, what determines
market share? In Section 7, we provide an explicit solution for the
determination of market share for the ducpoly case.

Pérhaps more importantly, a cartel can force a delay in innovation,
in the entry by the competitive rivals with access to the new technology,
by restricting the rate of extraction and therefore delaying the date
of resource exhaustion. Whether it is in its interest to do so is a
question we investigate in Section 6. (The answer is, under fairly
general conditions, yes.)

Likewise, a monopolist owner of the substitute technology might
lower his price (below his long run monopoly price), in order to "drive
down" the price of resources, thus encouraging the exhaustion of the
resource and hastening the date at which the patent holder can enjoy
a monopoly position. In Section 5 we show that this is in fact the
case, but that he only engages in this to a limited extent: as a con-
sequence, the market equilibrium price turns out té be still higher

than it would have been, had the substitute been competitively owned



(thus the competitive owners of the resource benefit from the granting
of a patent on the rival technology).

In what follows we shall study five distinct market structures:
(I) where both the resource and the substitute technology are competi-
tively owned; (II) where a single agent controls both; (III) where the
resource is competitively owned but the substitute is protected by a
patent; (IV) where the resource has been cartelized but the substitute
is competitively exploited; and (V) where the resource is owned by a
cartel and the substitute iS'protected by a patent owned by an agent
other than the cartel, (the ducopoly case).

It may be useful, before beginning our analysis, to attempt to
relate this study to several other recent studies of natural resources.

Stiglitz [1977] established that if the elasticity of demand were
constant and greater than unity and extraction costs were nil, then
monopoly and competition were identitcal; if the elasticity of demand
increased with output, and/or if extraction costs were positive, the
monopoly was more conservationist than the competitive market. The
results repdrted here can be thought of as extending these results to
1

a more complicated set of technologies and market structures.

In this paper, we do not ask what is the effect of the possibil-

ity of discovering a substitute on the rate of extraction prior to

lFor other studies of the effect of imperfect competition on resource

depletion, see Salant [1976], Stiglitz [1977] Sweeney [1977] and
Dasgupta and Heal [1978]. These contain analytical results. For
simulation studies, see Cremer and Weitzman [1976] and Hnyilicza and
Pindyck [1976].



discovery. We begin our analysis with the discovery already made.
The effect of the uncertainty about the date of discovery on the rate
of extraction before invention is analyzed in Dasgupta and Stiglitz
[1978] for competitive markets and in Stiglitz and Dasgupta [1978]
for non-competitive market structures.

In this paper-as well as the two papers referred to in the pre-
vious paragtaph, we take the rate of discovery as exogenous. But
one of the primary reasons for examining the equilibrium in different
market structures is that it affects the profitability of innovation,
and hence the date of discovery.

Hence, this study can be thought of as a prelude to the sequel
(Stiglitz, Gilbert and Dasgupta (1978)), in which expenditures on R & D,
patterns of extraction, dates of invention and innovation and pricing
policy are examined simultaneously under various market structures.

Finally, market structure itself should be viewed as endogenous,
determined in part by the costs associated with innovation, the

uncertainty associated with R&D, and the legal structure. Dasgupta

and Stiglitz (1980a, 1980b), developed a model in which market structure,

invention, and innovation are all endogenous.



The Basic Model

Let xt 2 0 and yt 2 O denote respectively the rate of resource
depletion and the flow of output from the substitute technology

at date t (> 0). They are perfect substitutes in "consumption".1
Let Qt = xt + yt, total consumption. For ease of exposition

we take it that demand for the commodity does not shift with time.
Let Q = D(p) (> O) denote the market demand function. We take it
that D' < 0. ©Let £(Q) = D-1(Q) = p be the inverse demand func-

tion. A central case in our analysis is that where the demand curve

has constant elasticity,

Q = kp (1

€ is the (absolute value) of the elasticity of demand. As in
any study of imperfect competition, we focus on the case where
the elasticity exceeds unity, i.e. € > 1,

With the usual provisos assume that social benefits can be
measured by consumer surplus (from the market demand function).

Consequently, gross social utility is

Q
ff(Q') aQ" (2)

(o]

u(Q)

For the constant elasticity demand function, we obtain

/e 1=
a = k€9 e (2")

1 . : ; . . . .
The commodity in gquestion may be input in production. In this case

the demand for it is a derived demand.
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There is no uncertainty. The initial stock is known to be So'

= - > > L]
s, = S, f x,dr >0 for £t >0

Moreover, extraction costs are nil. But the commodity can as well

Thus

made available by exploiting the substitute technology at a unit
cost of production 5 (> 0).1
Our concern here is with monopolistic competition among the

suppliers of the commodity in question. Therefore we take it that
the capital market is perfect and that the ﬁarket rate of interest
on the numeraire asset is r (> 0). When the need arises {as it
will in the following section), we shall identify r as well with
the social rate of discount. Without loss of generality, we take

k=(€;1)f‘

The Competitive Market

This environment has been analyzed extensively, (see e.g. Solow
(1974], sStiglitz [1974a and b] and Dasgupta and Heal [1978]). We
suppose that both the resource stock and the backstop technology
are competitively owned. For our purposes here it will be best
to obtain the characteristics of the intertemporal competitive
equilibrium path by regarding the outcome as the solution of a
planner's social optimization problém since we know, by the fun-

damental theorem of welfare economics,that the two are equivalent.

1 . '
The substitute "technology" could, of course, be simply a reserve of

the natural resource with higher extractior costs (p); the analysis
here applies if the reserves are sufficiently large to drive rents
close to zero.
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The planner's problem is to choose two programs xt and yt so

maximize ! e-rt [Q1-1/€-§yt} dt

subject to (3)

as to

t
S =8 =~ x.dr ; and >
+ o -[ r i xt' Yt: St 20

The solution of problem (3) is routine to establish. Let

(s)
P

N f(Qt) be the (shadow) price of the commodity.

Then we know that as long as the resource stock lasts price

must rise at the rate of interest
/ P = r (4)

We can now describe the competitive equilibrium outcome in

the- form of Proposition 1. The intertemporal competitive egqui-=

librium consists of two phases. During an initial interval

(0, Ts), yt = 0 and xt > 0, (i.e. the resource is exploited

and the backstop technology is held in abeyance).’ During

(0, Ts)_Phe resource price satisfies equation (4). At T°

the resource is exhausted and innovation occurs. The initial

. s . S s
price and the innovation date T  are related by the conditions

T

s S rT - f s
s = = d § = x dt. For t > T
P P e p an o] t -

o]

the backstop technology is in use, and the commodity is supplied

at the price 5. (See Figure 1)
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P

Figure 1

The important result of Proposition 1 is that resource exhaustion
precedes technological innovation. 7° is the optimum date of
innovation. Now this is not to say that resource exhaustion is
the cause of innovation. Were the substitute technology not to

be made available to society by T° the resource would not be
exhausted at Ts along a competi?ive equilibrium. It is pre-
Cisely because the substitute technology is available that society

. . s 1
finds it rational to exhaust the resource at T .

Pure Monopoly

This is the other polar case and is equally simple to characterize.
It is supposed that a single firm both owns the resource stock

and has a patent on the substitute technology. The motivation for

1This has an important bearing on the interpretation of certain
historical episodes. For contrasting views of the "energy crisis”
in 16th century England, see Nef [1977] and Steinmuller {1976].

The analytical issues are discussed in Dasgupta and Stiglitz [1976].
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analyzing this case is not solely because it is the direct general-
ization of the more conventional case of monopoly production, but
also because the analysis is relevant for investigating the incen-
tives that a resource cartel has for developing substitute products
behind entry barriers.

Let R(Q) = Qf(Q) denote gross revenue for the monopolist. Then

the monopolists problem is to choose programs xt and Yt so as

to
maximize e Tt [R(x_, + y ) - py ldt
t t pyt
subject to (5)
t
St = So - ftdt ; and xt, yt, St 2 0.

It is clear at once that the monopolist will not innovate prior
to resource exhaustion. Moreover, as there are no extraction costs,
the monopolist will so regulate his extraction that while stocks

last, marginal revenue rises at the rate of interest,

l%/Mt =r (6)
where
M(Q) = R'(Q).

The intuition behind (6) (which we shall find useful later) is

that the monopolist must be indifferent between extracting a unit
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more at t, receiving an additional presented discounted value of
-rt . .

revenue of w (Qt)e , and selling a unit less at some later

date, ¢, reducing the present discounted value of revenues then

A~

by ¥ (Qg)e-rt, i.e.
M (Qt)e-‘rt

must be the same for all t, from which (6) immediately follows.
The long run price (after all the resource is extracted) is

that where marginal revenue equals marginal cost,

" Q) =p
or
* o
p= 5B
€ -1
where f(Qm)
€ = —
me'(Qm)

We can thus establish

Proposition 2a: The monopolist's optimal sales policy consists of

two phases. During the first phase he holds the substitute tech-

nology in abeyance and controls the rate of extraction in such a

way as to ensure that his marginal revenue grows at the rate of

interest. He chooses the initial Price in such a way that at the

date market price equals the long run monopoly price, the entire

stock is exhausted. At this date the monopolist innovates and
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enters the second phase in which the product is sold at the long

*

Lol

run menopoly price, *E
T € =1
-
Pe
*
€ -1
N
”
1
'
I
'
'
m !
Po X
{
i
]
!
]
;n t
o) T
Figure 2 (T" is date of innovation)
If demand curvee have constant elasticity, we know that
(m)

marginal revenue is proportional to market price. Let pt
denote the price charged by the monopolist. Then equation (6)
reduces to

5" /p™ = | (6%

Although (6") and (4) are identical, this does not mean to say that
the monopolist extractsvat’ra;es that are socially optimal. The
two markets differ in "boundary conditions": on innovating, the
monopolist will charge the monopoly price, pe€¢/€~1 > B, the long

run price of the social planner. Thus the monopolist's price ex-

ceeds the socially optimal price throughout, and the monopolist's

rate of resource exploitation is more conservative at each date.
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This effect is reinforced if the elasticity of demand decreases
with Q. It is now easy to establish

Proposition 2b. 1If

S
€ (Q) < o, pm > ps st > ¢S for all t, and T' > T .
- t t, t

tl

If ¢'(Q) > 0, let Pm(s) be the equilibrium monopoly price when
the stock of the resource is §, and let Ps(s) be the competitive

equilibrium price when the stock of the resource is S. Then there

u>

A
exists a critical value of S, S, such that Pm(S) 2 PS(S) as S § ’
that is, if the stock of the resource is small, the monopoly is
(initially) excessively conservationist, if the stock of the rescurce

is large, the monopoly is excessively profligate. Similarly, let

Tm(so) and Ts(so) be the innovation date as a function of the

A
A\ 1,2

initial stock. Then there exists an S such that
m >
T(S)(Ts(s) as S >
o c

(See Figure 3)

1The proof is straightforward. From Equation (6) we bhave

dinM _p _ e' Q £Q
dt P E2 Q e-1
_P (. EQ
> (1 (e-l)) T
' L]
If €Q > 0, Py
e -1 P
Thus o
dp  _ dp/dt _ _ pr
ds ds/dt (1-e' Q/e-1)Q
while
S
dp_ _ _ pr
ds Q

2 »
“1f speculators can buy the natural resource and store it,  the monopolist
is constrained to price-quantity trajectories for which P, Ther the
P —
case of €'(Q) > 0 is identical to that with € constant.
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Figure 3

1

€ > 0: For large S
Monopoly is excessively
profligate
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For the central case of constant elasticity, moncpoly is not
only excessively conservationist, but innovation is delayed (cor-
roborating the view that monopoly discourages innovation; but see
Stiglitz, Dasgupta and Gilbert [1978]). This result extends to
the case of ¢'< 0, and, for small initial stocks of the resource,
to €'> 0; but just the opposite happens if ¢' > 0O and S is
large.

The monopolist's fault lies not in the fact that he holds
a sleeping patent during the first phase; for we concluded in
Section 3 that the existence of a new technology is not an argu-
ment for introducing it. His fault lies rather in allowing the

patent to sleep for too long.1

Although our primary concern in this paper is witk the effect
of market structure on the ptice of a natural resource and patterns
of extraction, for a given stock of the natural resource and a
given date of invention of the substitute, we are also ccncerned
with the incentives, under each of the market structures examined,
for changes in the available stock of resources, as & result cf
additional explorations, or changes in the date ¢f irventior, &s a
result of increased expenditures on R & D. In non-competitive
environments, these incentives are related to, for instance, the
marginal revenue obtained by a resource owner from an additional
unit of the resource at any particular date. Thus, in our later
analysis, the following result, which may be derived immediately

from our earlier discussion, is of some use:

llt is easy enough to confirm that Proposition 2b holds if we intrecduce
a positive unit cost of extraction.
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Proposition 2c. For all S,» if €'(Q) <0

m s
< .
Mt, P, all t
If €'(Q) > 0,

'

<
t >

VA
w0 >>-

pz all t as S

The result follows from observing that at ™ s

M =3

while at TS
P =P

and both increase expomentially at the rate r until T = T(T=T%).

Assume that the expected cost of discovering a unit of the
natural resource is c,; assume, moreover, that c, increases

with t, and, in particular, that it increases at a rate faster

1 ep s s . .
than r." Then, it is immediate that the amount of exploration

with monopoly is less than is socially optimal if €' < 0.

Competitive Resource Owners and Monopoly Producer

Consider a resource that is competitively owned, and suppose that
the substitute technology is protected by a patent. To keep the
analysis tidy we take it that the patent is of infinite duration.
Interest in this form of market structure lies in the fact that
it sets the stage for an exploration of decentralized search for

a substitute product under the provision that the winner takes all.

lrnis way of modeling exploration costs does not do full justice

to the technology of exploration; we should also make ¢y depend
on, for instance, previous discoveries. What this formulation does
capture, however, is the fact that exploration and extraction

can occur at distinctly different times. (With exploration costs,
the natural resource becomes like a "produced good"; there still,
of course, may be rents associated with its production.)
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We now need to devélop a dynamic game equilibrium for this market
structure. The natural equilibrium concept is that cf von Stackelberg.
Since resource owners are competitive and since we shall hypothesize
the existence of forward markets the percentage rate of change in the
resource price can never exceed r. This is a constraint that the
patent holder must observe in the process of price setting.

It is conceptually simplest to analyze the game equilibrium by
supposing that the patent holder purchases the entire resource stock
at the initial date and consequently determines the rate of extraction.
But, as we have already noted, he can exercise only partial control.

let BtA"aénote<thé~ééﬁilibriuh price“at-_t}_ Then the equili-
brium path generated in this imperfectly competitive market is obtained

from the solution of the following problem:

Maximize —rt -
~ + - -
(Yyr X P) 5 ¢ [Rix, y.) = py.l dat - B s
(7)
subject to t
§t
St = so - A x,dr; 2?— < r and LN A St >0
t

Problem (7) is of an unusual form, though it can be solved rather
readily. It differs from problem (5) (the case of the pure monopolist)
in precisely two ways. First, there is an additional cost item {the
purchase of the resource from the competitor owners) in the patent
holder's profit function in (7). . Second, in (7) there is a constraint

in the rate at which he can raise prices. Now we noted in Proposition 2b
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that the resource price never rose at a rate greater than r along

the solution to problem (5) if ¢ < 0. One might have thought

then that the constraint on the price in problem (7) is really irrel-
evant. Not sc. For suppose that the patent holder could ignore this
constraint. The solution to (7) would then be immediate. He would

set §° = 0 and sell the entire stock at t = 0. This would enable
him to get down to producing the substitute product right from the
start and to sell it at the monopoly price. It is such a discontinuous

jump in the price that is prohibited by the constraint.

In Appendix A, we prove that,

Proposition 3a. The dynamic game equilibrium is characterized by

Y AV,
the following properties: There exist T1 and T2, with

n, n,
T.> T.> 0, such that

2 1
} N -~ N
(1) B/B_=r for 0<t<T and p and T, are related by the
£t "t - 2 o 2
r@é
condition E;e = €p/ (1-¢) (the long run stationary price);

(1i) B, =ep/ (1=6) for ¢ 3%2;

Y
(iii) during an initial interval (O, T1) the backstop is held in
abeyance and only the exhaustible resource is marketed and at

s :
T1 the entire stock of the resource is depleted. Consequently,

(iv) during (%}, %2) the patent holder produces the substitute
product and earns positive but less than the full monopoly

profit. (See Figure 4a). The present discounted value of profits earned

during (O, T1) equals poso.
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Stackelberg Equilibrium

N, . .
(T1 i1s the date of innovation.)

than
monopoly
price.
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Parts (i) = (1ii) of Proposition 3a are obvious enough. The problem

confronting the patent holder is one of devising the optimal procedure
for driving.his competitive rivals out of business. Presumably he

wants to anrounce a "low" sequence of prices for a time so &s to
encourage depletion, to hasten the day when he can be the scole

producer of the commodity. He carn do this best by allowing the

market price to rise at the maximum rate consistent with dynamic
equilibrium.

It is part (iv) of Proposition 3a which requires justification.

The argument establishing part (iv) of Proposition 3a can be presented

diagrarmaticelly. In Figure %42 we bring together Figures 1, 2 and 3
on the supposition that each of the three systems initiates with the
same stock So’ and the assumption that SO is "large" so that

initial price under pure monopoly (Figure 2) is less than p.

n m Y] .
If P, > pO then T1 (the date at which the resource gets

depléted) exceeds T'. Since over the entire interval (0, %1)
the patent holder earns no net profit, in setting %;‘> p: he
would merely delay the date from which he can earn profits from

his new technology. This argument by itself suggests that he would
like to set ;o at a lower level. For,>lowering the initial price

iy . . . .
brings nearer Tl, the date at which he begins marketing his product.

. oY . . . .
But bringing forward Tl also inplies that for an interval of time
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the price at which he can sell his product is lowered. Thus, in

comparing any two price paths we must compare the revenues corre-
sponding to the shaded areas in Figure 4b The cross~hatched area
in the figure shows the increased profits in the interval (%I,Tn)

from having lowered the initial price from p: » and the striped

area denotes the subsequent reduced profits.

— e ww um e e am -— o -

o

— . —— g~ yo— o

— ot cmem em v —

- —

Figure 4b
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oo y
Note that as T1-;>TF, T2-§>Tm, and both areas go to zero.

av v
Thus, to establish ’1‘1 < T2 requires a more subtle argument (see

Appendix A).
The next question is, will the patent holder set f; < pos ?
o
. : -~ S
The answer is, 'no'. For were he to set P, < P, (so that

",
T1 < Ts) there is now an additional interval during which he absorbs

a loss before 5’ reaches 5 and during the remaining period his
profits are lower. These two arguments establish his optimal initial

. v . m
price, p6 at a level strictly between pos and Po

The fact that S; > pos implies that the market value of
the resource is higher if the substitute technology is awarded a
patent than it would be were it competitively owned. Therefore,
so far as the competitive resource owners are concerned, monopo-
lization of the new technology is an advantage. Some of the

benefits of the monopoly "trickles" down to the competitive

resource owners.
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. 1
In establishing Proposition 3a we have also established

Proposition 3b.

(i) 1If elasticity of demand is constant,

5 A m
< <
P, pt pt for all ¢
s n, m n,
< < <
T T1 T T2

(i1) If €'(Q) < o,

" <] Y
< <
P, < P, and T T.

~

There exists a t > 0 such that

v m
t

A
> >
pt z P as t z t

(iii) If €'(Q) > 0

s Y s n m n,
< < < < .

P, <P, and T T1 T T2

If the resource is competitively owned, but the substitute is

controlled by a monopolist, then the date of innovation and the

date of exhaustion of the natural resource (which coincide) is later

. n n,
"It er@ <o, pVp" < 1, so if B >po, T < T,
oA P . . .
but p (TT) < p(Tl) < %%E » contradicting proposition 2a.
. -—— m —_ - m
1if E'(Q) >0, pm/pm > r. Since M = pe T s pm = = e T
. n _ n © o] e~1
. N Ny =T pPE -rT . m N m
= < e
while P, po(Tl)e 1< e L, if T < T Py < P,

for all

t < Tm._ But then %1 < Tm, conttadicting our orgiginal hypothesis.

. o< o moov m v
Moreover, if T2 =T, P, > P, and hence T1 would have to be

i . : \ .
greater than T , which we have shown to be impossible.
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than is socially optimal, but earlier than for a pure monopolist,
and the initial price always lies between the socially optimal price
and the pure monopoly price.

The case with non-constant elasticity demand curves is more
complicated, and is discussed in Appendix A. The price is
always greater than the socially optimal price; moreover, the date
of innovation is later than is socially optimal. The comparison with
the pure monopoly is complicated by the fact that in pure monopoly, price
may rise faster or slower than the rate of interest.

The solution concept we have used here is the traditional
Stackelberg leader (the monopolist)-follower (the competitive producers)
model, which, at least in a temporal context, seems quite persuasive
whenever there is a single dominant firm dealing with a large number
of small rivals, who act as priée-takers. An alternative, and we
think in this context less persuasive solution concept, is the traditional

Nash equilibrium quantity-taking equilibrium. Then Proposition 3c,

the equilibrium for this market structure, is characterized by:
An initial phase during which prices rise (approximately)

at the rate of interest and during which only the resource is extracted,

A
n, n
2=y 0<t<T, y, =0
P
d 5. <D
an P, 2P
a second phase, Tl <t < T2, during which prices lie between E and-E—I
P

(the competitive and monopoly prices, respectively) and still rise at the



25a

rate of interest, but both the natural resource and the produced good

are produced. The quantity produced satisfies the equation

(1-p.)

marginal revenue = pt(l - —_E_L = ; = marginal cost

where 1 - ut = fraction of output supplied by monopolist; and a

,\J »
third phase, t >-T2 during which only the produced good is sold

p . (See figure 5 ).
1-1/¢

(gt =0 ;t > 0), and P, =
The argument is straightforward: for each of the competitors,

who supply a negligible fraction of the market, price is approximately

equal to marginal revenue; hence, so long as they sell, price must

rise at the rate of interest. On the other hand, the monopolist

produces to the point where his perceived marginal revenue equals

his marginal cost.

An immediate corollary of this result is:

Proposition 3d. In the Nash equilibrium:

(i) pi <p for all ¢,

the price always exceeds the socially optimal price; the

date of innovation is earlier than in the social optimum;

the date of exhaustion is 1ater.1

1Assume pz:i %o' Then the date at which ps =p, T° < %1, the date at
which % = p. But gy > 0, while s°_ =0. But since x° < ¥ , this
t Tl ’ TS ° t £?

is impossible. Hence pz < %o' It is thus immediate that %1 < T°. Since

s n

n
20 X, > X, all t < T2. Hence

%2 > 18 (the date of exhaustion must be later).

o s <
P, > pt, and He > 0 all %1 t < ¥
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. ' A LU Y
(ii) 1If €' =0 P, <P, for all t < T,

If the elasticity of demand is constant, the price is
always less than the monopoly price, and the date of

innovation is earlier, but the date of exhaustion is

later.

(iii) If €'(Q) <0, p > P and T <7

If €'(Q >0, T <T®

The implications of the results for exploratory activity are
immediate. Since the price is bigher than in the social optimum,
exploratory activity will be greater: some of the potential monopoly

profits of the inventor will be eroded by exploratory activity.

[

|

I

I

|

|

: Both prdduced commodity and resource sold
l——— |
n,

T

¥
1 2 t

Nash (Quantity) Equilibrium

Figure 5
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Resource Cartel and Competitive Producers

The problem analyzed in the previous section corresponds to
the optimal procedure for a monopolist driving his competitive
rivals out of the market. The case to be analyzed in this section
is the opposite. Here the resource is managed by a cartel. The
new technology is the competitive sector. The cartel cannot obviously
keep these competitive rivals out of the market indefinitely. It
can merely undercut them for a while. For, so long as the cartel
produces at a sufficient rate so as to keep the market price
below ;, competitive producers do not produce. They would suffer
losses were they to do so. Nor can it ever hope to sell at a price
in excess of p, for in this case the competitive rivals would
undercut it. (This form of imperfect competition has been analyzed

independently by Hoel [1976].)
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Let p; be the price along the game equilibrium. Then the

equilibrium outcome is the solution of the following problem:

Q. —
R -rt -
+ -
Maximize J/~ e [R(xt yt) pyt] dt
(8)
subject to
t
St = so - J/f x,d4r; Xer ¥y St > 0;
0 and p; L p—
-/

It will be noted that (8) differs from (5) only by the
inclusion of the final constraint on the market price. The threat
of entry by the competitive sector ensures that pPrice never exceeds
p.

The equilibrium outcome can now be stated as:

c L. - . . Y * , %
Proposition 4a. There exist two instants f1 and T2 (with 7T

ol
W

> T1 2 0) such that the cartel is the sole supplier to the market

P 1o
during (0, TZ). During (O, T?) the cartel so controls supply that

marginal revenue rises at the rate of interest, and that at T

rice is p. . P . .,
pric s P During (Tl,lz), the cartel markets the remaliring stock

at the price E. At T2 the stock is exhausted and the competitively
owned backstop technology makes its appearance and for t > Té the
* -1,
product is to be sold at p. T1 >0 as SO > - L (p) In(1l - 1/€).
- - T

(See Figure 6.)
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* AN
Py
P - 1 >
I I
|
} |
) 1
} }
| i
p* | |
° ' 1
} }
! )
| )
i \ ~
0 T T * £
1 2
Figure 6

o
~

(’I‘2 is date of resource exhaustion and technological innovation.)

The key feature of

Proposition 4a (it one were to contrast it with Proposition 2) is the

limit pricing phenomenon that prevails during (Tﬁ,T;). It does
not occur immediately in the economy here because we have postulated an

elastic demand curve. If instead, demand were inelastic at prices less

than p it is clear that the limit price phenomenon would occur from

the start (i.e., T? would be zero).

% %
The fact that T2 > T1 implies that the resource is depleted

at a more conservative pace than in a fully competitive economy

(Proposition 1), and innovation occurs at a later date (see Figures 1

and 6).
It can also be established that if S is large enough (so

m - e e . . e e
P, < p), the initial price is greater than the ipitial monopoly price.
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To see this, observe that for all dates in thv interval (o, Ti),
the present discounted value of the marginal revenue is constant.

In addition, optimality requires that this be equal to the present

. - rT w
discounted value of selling a unit more at T_, i.e., pe 2.

2

Assume p; = p:. Then, at the date of exhaustion, the present
discounted value of marginal revenue for the monopoly is:

. —rT
p e

But Tm would clearly exceed T“, and hence the value of the

marginal revenue at time O,

p*r (1 - 1/€)

— ~rT
must be less than pe 2. Hence, it pays the firm to reduce

extraction at time 0 (increase marginal revenue at time 0), which

will increase T2’ and hence lower the marginal revenue at the date

of exhaustion.

A similar argument can be used to show T; < T, For

& m
assume T2 = T . Then the present discounted value of marginal
_ —rTE _ -rT
revenue, in both market structures, is pe = pe m, But

when the substitute is competitively produceqd, p; > pz, and

hence at t = 0, marginal revenue exceeds that in the pure monopoly:

hence marginal revenue at t = 0 exceeds that at Tg. The result

is immediate.
It is obvious that for small S, where pm > E, p* < 5 < pm.
o] o = o

The relationship between the two, plotted as a function of 3, is

given in Figure 7a.
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P&
e-1
P
Competitively owned substitute
;
S S
For large S, competition increases price
Figure 7a.
Date of
Innovation

S

Competitive Ownership of Substitute Leads to
Earlier Innovation -

Figure 7b




-30-

MRe"rt

;
Discontinuity in Marginal Revenue

Figure 7c

We summarize with

Proposition 4b.1

(a) F st if €' >0
PO PO z
¥ Vo
P, P all t if ¢ 0
TE > T if €' <0
* m o *
(b) P, 2 P, as S 28
* m
T, <T
2
M >~ > Mm
(o] o]

1 . . ..
The proof of (a) is analogous to our proofs of earlier propositions.
If €' > 0 price rises slower than the rate of interest. Hence, 1if

b
~

<
P, = P

s . . . . .
the date of exhaustion must be earlier, 1in particular it
o
* - . . 3
must occur before P, = P congradicting Proposition 4a.
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Note that in this model, the limited competition equilibrium price

may be greater than both the monopoly price and the competitive equilibrium

price.

Intertemporal Duopoly Equilibrium

A telling feature charaéterizing the equilibrium outcome of
each of the four market structureslthat we have so far analyzed is that
resource exhaustion precedes technological innovation. In each the
cheaper resource is supplied first. Transition from the exhaustible to
the inexhaustible resource occurs sharply. ©Neither of these intuitively
appealing characteristics are a feature of a duopoly equilibrium.

Assume then that the resource has been cartelized and that the new
technology is protected by a patent held by a rival. To simplify the
analysis we take it that the patent is of infinite duration. The aim
is to characterize an intertemporal Cournot-Nash equilibrium, i.e., we
assume that each of the duopolists takes the quantities marketed by %he
other as given. a éame equilibrium then requires that so long as the
two supply the market simultaneously the perceived net marginal revenue
to the resource cartel rises at the rate of interest and the perceived
marginal revenue accruing to the patent holder equals E. This is the
general property under which the rivals share the market.

Thus, let #t be the fraction of total output, Qt, sold by the
natural resource owner at t. For the resource owner, marginal revenue

is given by:

dp
p, *tHQ — = p

1 -
t T MR qg R WA

t

1With the exception of the Nash equilibrium solution to the model of

section 5.
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while for the patent owner, it is
(Sb) Pe(l = (1 -p)/e)

If O <}.,Lt < 1, the marginal revenue of the resource owner must be
rising at the rate of interest, i.e.

.é o - . 1 .
0a)  B- (ve-wret/e g e

and the marginal revenue of the patent owner must be equal to his

marginal cost,

(10b) P(L- (L-u)k) =p

Manipulating (10a) and (10b) yields

- ,2-1e=-B/p _
an - Bear SR -y
where
v = Qe? . (See Appendix c.)

e

Thus, provided v <0, % < r, price rises slower than in competitive
equilibrium; from the corresponding equation for the pure monopolist,
we can show that price rises more slowly than for a monopolist,1 provided

V is positive (or not too negative).

lFor a monopolist, (see footnote 1, p. 16)
' f)m r
(119 m = 1-ve
P e-1

where we assume v < (e - 1)/s¢
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We can use these results to prove Proposition 5a. 1If So is

large, the duopoly equilibrium is characterized by three phases:

(a)

(b)

(c)

During the first phase (0, Tl), Pe <P, the cartel is the

sole supplier, and marginal revenue rises at the rate of interest.

During the second phase (Tl’ T2), P< Py S_Ef%; ,
price is above the competitive price but below the pure monopoly
price; the duopolists share the market, and the rate of change of

price is given by (11). Exhaustion of the resource occurs at Tz.

ks
During the third phase, t > T2, P = gf%; , only

the substitute is produced; it is sold at the long run monopoly

price.

If So is small, the first phase does not occur and innovation *

occurs at t = 0.

(12)

By using (11), we can calculate along the equilibrium path

dgd_ dp/dt _ _ yrp

dS  ds/dt ~ "kD(p)

which can be compared to

(12*)

& _ __rp
& B(p)

Since as p = %é:i + the long run monopoly price, m => 0 while y+1/2e-1

€

provided

. m . d
lim | dp < lim| dp - =
S->01]4ds S~>0]ds
2e-1 )
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We can be more precise. In Appendix D we show that for the

constant elasticity case,
> as S > s¥¥F
P 2 P = 2 S

The pd(S) and pm(s) functions are depicted in Figure 9.

Hence, for small S, pd < pm.

We can zlso be precise about the length of time the duopolists share

the market, for the case of constant elasticity.
Integrating (11),1 we obtain:

- Tt -
Te

= + P
p(t) (=176 (2=1/¢) 3 -17e

(t < 0)

where we measure +t from the date of exhaustion of the resource (i.e.

- D
plo) = 1_1/6).

1
(11) is & simple linear differential equation:

p==xp -k

In (rp-k) = rt + c1

rp~k = c1ert

rp= c1ert + k

Ifat t =0, p= 7—93T7€,

then —

or

- rD

(1=1/8) (2=1/¢)
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A

Solving for the value of t, t, at which p = ;, we obtain

t = 2/r 1In(1l - 1/¢)

Since p/p is lower with duopoly than with monopoly, and since for S < S

*

d m PP . * . .
P (8) < p(8), it is immediate that for S < § , the date of exhaustion is

sk
later than for monopoly. For § > § s pd(S) > pm(S), and | <1, and

hence the time taken to deplete the stock to S+ is greater for duopoly than

for monopoly.

We summarize with

Proposition 5b.1

(1)

(ii)

(iii)

(iv)

. s d m
If S, 1is small, pt< Py <P,» allt

o
kal

If €' =0, there exists a S , such that

* %
pd(S) $ pm(S) as 8 < S . Moreover

Ak
pd(S )> p; hence
pd(S) > p%(8) for all S, the duopely price exceeds the socially

optimal price.

Tg>Tm> T°
Ti <1 < 1" if ¢ S0 or S0 is small.

The date of innovation is earlier and the date of exhaustion later
than in either the socially optimal allocation or the monopoly.

md = 1-u .
If r(S) = p(1 - €), the marginal revenue of the resources

owner when the stock is S wunder the duopoly structure, then

-1

1Assuming throughout that v < — .
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Mg(S) > M(S) for all S such that pd(S) > max (pm(S), ).
oy s d m : d - 1
In addition, Mr(S) > M (S) for all S such that p > egp/2e-1. For

small S, the marginal revenue from an extra unit of the resource is

higher under the duopoly market structure than under monopoly

even though the price is lower. Thus, incentives for.exploration

will be greater in this environment; indeed, for all pd >p EE:T s
d —
M _(8) > p,

the marginal private return to additional resources exceeds the

cost of production of the substitute, so there will be more

exploration than is socially optimal.

It should be clear that what is essential for most of the analysis
of this section is that there are only a "few'" producers of the
substitute and a '"few'" owners of the natural resource. The assumption

of only two firms is not critical to the analysis.

1Using (10b) and (9a)

d _2-1 -
Mr_ € 14 P>

Hence

d _ - 2-1 d _(e-ly m _ =
M M = (s) - ( = ) p(S) -p.

For pd > ep/2e-1,

M:(S) > ;, while for all S

- €e-1 m -1
e el e
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8. A Stackleberg Equilibrium for the Duopoly Problem

In section 7, . we have explored a particular set of assump-~
tions concerning the behavior of the two duopolists, that they
behave in a Nash-Cournot way, taking the quantities sold by their
competitors as given. This is not the only (or even necessarily
the most persuasive) set of behavioral hypotheses. Elsewhere in
this paper in discussing the behavior of a monopolist dealing with
a large set of competitors we have employed an alternative assump-
tion: that the monopolist knows the reaction of the competitors
to any action which he undertakes; he finds the point along their
"reaction function" at which his profits are maximized (see also
Stiglitz [1977]). When both the substitute and the resource are
controlled by different monopolists, there is no natural "leader"--
they would both appear to be equally powerful, and it for this
reason that we have focused here on the Nash=-Cournot equilibrium.

If the patent owner acts as the Stackleberg leader, and the
resource owner is the follower, then it is obvious that (with a
constant elasticity demand function), the equilibrium is identical
to that described in section 5 where the patent owner maximized

his profit against a competitive resource owner.
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Since the resource owner controlled the market prior to the
invention, it seems, however, more natural to treat him as the
Stackleberg leader. If the producer of the substitute takes the
quantity supplied by the resource cwner as given, his marginal

revenue is (as before)
1 - )
p(l- (__e_E) )

which he sets equal to his marginal cost, 1-:

Letting

Q1 = 1L Q = Output of resource owner

we can rewrite the marginal revenue = marginal cost egquilbrium con-

dition as

= 1
(13) Q1=pi[p-p(1--€-):|a

(13) can be viewed as the demand function facing the resource owner.

Differentiating, we obtain

dln Q,

- - p_(1-1/¢e)
m = -(1+€)

P-p(l-1/¢)

or
21k i
P dQl -(l+eg)- p(l - 1/¢)
p-p(l-1/¢)
Hencé, the marginal revenue of the resource owner is
p(l - 1/¢)
' El_d_’; = p(‘a“-‘l'-‘-ir’(’l-l/=:)> _ _[pe + p2 - 1/e - ¢)]
(14) p(l+ =5 ) = e = P e
p-p(l-1/e)

This must increase at the rate of interest, so
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- 1
PP (1-7%)
p=rp/ |1l+= - — - < rp
- - -Gerp(z == =) (p (1 +¢) - ple- 1))
€

As in the Stackleberg case analyzed earlier there is a kink in
the demand schedule facing the resource owner. When Q1 is
sufficiently large that p < E, marginal revenue is p (1- 1/¢ ).

But at p slightly above E, marginal revenue equals

which is larger. Thus, the equilibrium path consists of four phases
(for S sufficiently large ') (see Figure 10).
(a) for 0 < t < T1, é/p = r, only resource owner produces

(b) for T, <t < T

1 £ LTy P = p, only resource owner produces

N

(c) for T2 e LT, p/pP < r, both produce

(d) for t > T3, p = pm, only substitute is produced.

Price is continuous throughout. T1 and T2 are such that
-r(T,-T)
e L= 1= 1/%1— 1/2€ ).

The remainder of this analysis proceeds as before, e.g. for small
d m . . .
S, p < p . The details of the analysis are left as an exercise

to the reader.

The patent owner could, of course, take the price set by the resource

owner as given; in that case, if p exceeds 5, the substitute would
be produced and drive out the resource. The resource owner recognizing
this will solve exactly the same prcblem as we described in section o :
he maximizes his revenue subject to the constraint that p < 5, and

all the results reported there apply here as well.
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Thus, as inso-much of-oligopoly, the precise character of this market

equilibrium appears to be very sensitive to the behavioral assumptions

postulated.

- L 5
p/(l--e- /':

Figure 8a

(So "large'', T, is date of innovation. Duopolists share the
market during (Tl,' TZ) . 'I'2 is date of resource exhaustion.

2 1
T,-T, = -= log (1 -'5)).
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1 |
P/(I-E) \
]
)
|
|
_ |
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|

O<ut<l l pt-O
0 TZ t
Figure 8

(S is small. Innovation occurs at t= 0. '1'2 is date of

resource exhaustion)
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Figure 9
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Concluding Remarks

In this paper we have attempted to extend the theory of mono-
polistic competition to an intertemporal setting. The theory in a
general context is likely to be extremely complicated. No doubt
that is why there have been so few attempts. We have cast the
problems in the context of resource depletion in the presence of a
new technology precisely because it offers strong qualitative
results.

At issue was the manner in which "the market" would exploit
an exhaustible resource with no extraction costs when there exists
a substitute with an infinitely elastic supply. We have known,
at least since the time of Cournot,; that imperfectly competitive
markets can support technologies of varying efficiency. Except for
the polar cases of perfeét competition and pure monopoly the best
practice technigue is generally not the only techniéue in use at an
equilibrium. An intertemporal generalization of this was cbtained
for the duopoly model of Section 7. Interestingly enough, though,
in each of the remaining cases that we analyzed, the market was
found to be rational in the sense that resource exhaustion was found
to precede innovation; +the best practice technigque is initially in
use and the inferior technology takes over only when the superior
technology is no longer available. This is, of course, not to say
that the period of use of the best practice technique is optimal in
imperfect marketsf It is possible to say a good deal about the

biases that result, and they have been stated as Propositions (1b)-(5b).
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It should be clear that our analysis is directly relevant to the question
of the manner in which firms under perfect or imperfect competition
physically depreciate their fixed capital by choosing the intensity with
which to use their machinery.

The general presumption of excessive conservationism (Stiglitz [1977])
on the part of monopoly is sustained, and extended to other imperfectly
competitive environments. The widespread view that pure monopolies delay
innovation is also supported. But considerable doubt is cast on the view
that "limited competition" economies lie between the polar forms of
perfect competition and perfect monopoly. In two models of limited
competition, the market is even more conservationist than pure monopoly
and innovation occurs earlier than in pure competition; while in ome
model exhaustion of the resource under limited competitors occurs even
later than in pure monopoly.

The results are summarized, for the case of constant elasticity
demand functions, in Figures (1lla and 11b).

These results have important further implications: we have already
drawn attention to the likely biases in exploratory activity which will
occur in the various market structures studied. Elsewhere, we explore
the implications for the patterns of extraction prior to invention and

. . . . . 1
for the incentives for invention itself.

1See Stiglitz and Dasgupta [1978] and Stiglitz, Gilbert and Dasgupta [1978].
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Monopoly resource, comp. substitute

Duopoly
- Monopoly
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S

Price Comparisons - Figure lla

Duopoly (Exhaustion

of Natural Resource) Monopoly
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APPENDIX A

Proof of Proposition 32

We wish to maximize
N,

T

¥
2 2
(A.1) MaxT= f DRBE)P)e Tiat -5 f e TIDB)at - Boso + e v
- ny
T
1

0

where V the present discounted value of steady state monopoly

profits, subject to

dn. B(t)

-rt

2

(A.2) 3t <r
a‘l
(A.3) f D(B(t)dt = S_
0
There are two cases to consider:
(i) Elasticity constant or increasing with Q. Then the constraint (A, 2)

is binding, and we have

(A.4) Bl = ¥ e for 0sts T
n _n rf%z -
(A.5) p('1‘2) = P,e = E:_l

‘Hence differentiating (A.3) with respect to '1\50, we obtain

dafl -1 v " feD(f\adt
¥}
= - 'p dt/D(p(T =
B, g~ Db e/DET)- SREE
0 1
Thus N '-F
[a")
bﬂ’ - TZ(D!(\‘+D) —rTl - non, f]éD(f;)dt
T f P dtte B p(p(T, P
0 Py 17 DT )
1.

n
T .
_So_Sth
1



~ ~
Tl - TZ —_
-rt -rt
= D{l-e(l- —) |e Tfdt-s + f D(l-e(l-%))e dt
~n rT °© nJ
0 P e 1 1
%, ] T, _
=-f e1- —E—)at+ [ pa-ea-Eya
0 3°erT1 ;fl ‘
T
r
~ ~ ~ 1 - bTT
At Tl = TZ’ P, > p, and -a-;; < 0,
~J
v s ) I.Tl -
At P =P, the socially optimal price, P, = p.

. m
Since fpu<p ‘—‘—1—:%2 ’

fD(l -e(l -g)) dt >~fD[1 -e(l-(1-1/e)]dt="0

Hence

21 5o,
Bpo

: n s ~J m
Hence P, > P, but p°< p_o .



(ii) Elasticity decreasing with Q.

This is the case for which a monopolist would increase his price
at a rate less than the rate of interest. We have to show that it is never
profitable for the patent owner to buy the resource from the competitor and
thus increase his price at a rate less than the rate of interest. Assume it

were, and let the price path P (t) be the optimal price trajectory where

B(s pe™
Clearly,
T Ty
f}"(t) ‘rtht<[ dt = p_S
B (t) e < [p,Q dt =p.S,
0 0

Consider the new price path which has

A A ~
P(T{)=PpP(Ty)
but .
A A
Bwy=ppe™ TV < pi

Clearly
A
'I'1 < Tl
A
Ty
- A
fia\(t) Q e ™at = plols_
0

Hence, profits are clearly higher for 3 than for P. Hence P could

not have been optimal.



APPENDIX B

Proof of Propesition 4b

We wish to

T T
1 2
(B.1l) maximize 7 = f D(p(t))p(t)e-rtdt + f p D(p)e at
s. t.
(B.2) p(t) < p
T, I,
(B.3) D(p(t))dt + / D()dt = S,
0 T,

There are two cases to consider: (i) The elasticity of

demand is constant,” and (ii) the elasticity of demand varies with Q.

In the feruwer case,

(3.5) p(t) = p_e

Then we have a single control variable, Py with which we
are concerned: since (with elasticity greater than unity, constraint (B.2)

will also be binding at Tl)

r‘I1
P(T,)=p_e =P
(B.6) ot = -1
*8 o - T
.dpo
1 L. . ‘ . . dnp . .
Or 1t increases with Q, but there is speculaticn so it 1s restricted to

be less than or equal to r:

(B.4) dinp <
dt — T



and, from (B.3)

aT, 11 ]
(B.7) p, = = -/ D'pat/D(3)
pO
0
Hence
i Al .. -rT, dT,
= ! . ——
(B.8) - f (D'p+ Diat+ BD(B)e =
0
Ty - 11
= f D(l-e)dt+_BIT f eD(p)dt
2
0 P, 0
rTz -
L Ty=T5 Pe =p,and

T
c§1TT=fJ:>dt> 0.
P

° 9

Hence T, > T,..

2 1
- dm
AtTl—O,EI-)-;-O.

Differentiating ™ again, we have, at T, =0,

2

d°m - _ - pe€
P, ‘—Td D(l -¢e) + rTZ D r >0,
Py pe
rTZ €
if e > T Hence, if So is small, P, = P if So is large, Py <

D.



The cuace with € not constant is somewhat more subtle. To establish this

result we use a perturbation argument. It is easy to show that during
(0, T,

dR'

% - TR

where R' = marginal revenue.

Clearly, the cartel is indifferent between selling an extra unit at any
date between 0 and Tl' In the profit-maximizing equilibrium, it must
be indifferent between selling a unit just before Ty reducing the present
discounted value of revenue by

-rT

R'(@)e

and selling a unit more just beyond Tz, which raises the (present
discounted value of) revenue by

-rT

Fe °
Hence
R'(('Q) e-r"r1 _ 3 e-r’:l.'2
or
'r(TZ'Tl)' )



establishing that T2

then

>T,.



APPENDIX C

Derivation of Duopoly Differential Equation

Rewrite (10b) as

P2-1/e-(1-u/e)=7p

From (9a) we thus obtain

MR =p(2 - 1/¢) - p

o]
. 2 .
p2-lle)+pe/e”Q _
p(2 - 1/¢) - p
Oor since
eQ Q_ _ B
== -y
e:2 Q p
we have ’




APPENDIX D

Proof that pd s pm as S5 S if ¢'= 0 (constant elasticity of demand)

Solve (12) for p% = p4(S) and (12') for p™ = p™(S). Since both functions

are monotonic, they can be inverted. Define
-1
s, =Y e

2 =(ij '(p)

A = S1 -S
Tren using (1Cb) and (ll)l/

dA_. _ D ;u
& w

S

2

rp 1-px/(2-a)
-1 1 1
_ plextg + 5771
TPy .px/2-a

where x = 1/p, a=1/¢c. Hence, K jg

x=1/p
dA _ | x-0-a/2)5 | 25571
dx ar

(2-a)x - x

At p

1l
9

x=1/p, and x- (1 - a/Z)/13= a/2p
At p:pm:_R_

, x=(l-g}n , and

x-(1-af2)x = - ax/>

lFrom (1cb), L= Ll (e-1)

g
[':I
~

From (11), ¢ =1 -

W
m



Hence, since A =0 at x= (1 - a)y

1/% 1/p | .
1, _ dA a - _ x“
Al=) = f_ TFx &> f_ (X'(I‘E/P)dx—?—-(l——-)x
P 1-a)/p (1-a)/p - _
= aea)? s
since (1-a)x
d xe-1
2-a <
P
>0
dx

It is also immediate that since
dA -
e g 0 as x 2 (1 -a/2)/p,
there exists a unique x*, (| - a)x < x¥ < x, such that

A(x*) = 0
Moreover x* > (1 - a3/2)x.

This implies that there exists a unique value of S for which pd = pm,

and that the two are equal at a value of p>p. Hence, since for p<p
the price differential equations is the same, there exists a unique S

such that pY(s)3> p™(S) as s < sw

$




REFERENCES

Cremer, J. and M. Weitzman [1976], "OPEC and the Monopoly Price of
World 0il"™, European Economic Review.

Dasgupta, P., R. Gilbert and J. E. Stiglitz [1977], "Market Structures,
Research and Development and Exhaustible Resources", London
School of Economics, mimeo.

Dasgupta, P. and G. M. Heal [1978], Economic Theory and Exhaustible
Resources, Chapter 11, (Cambridge Handbook), forthcoming.

Dasgupta, P. and J. E. Stiglitz ([1976], "Uncertainty and Rates of
Extraction under Alternative Institutional Arrangements”,
IMSSS Technical Report No. 179, Stanford University.

+ (1977 ], "Market Structure and the Nature of Innovative
Activity", invited paper presented at the World Congress of
the International Economics Association on Economic Growth and
Resources, Tokyo, August 27-September 3.

+ [1980a]l, "Market Structure and Research and Development,"
(mimeo, LSE).

+»[1980b], "Resource Depletion under Technological Uncer-
tainty", Econometrica, forthcoming.

Dixit, A. and J. E. Stiglitz [1977], "Monopolistic Competition and
Optimum Product Diversity", American Economic Review.

Gilbert, R. [1978], "Dominant Firm Pricing Policy in a Market for an
Exhaustible Resource,” Bell Journal, autumn, pp. 385-395.

Hnyilicza, E. and R. Pindyck [1976], "Pricing Policies for a Two-part
Exhaustible Resource Cartel: The Case of OPEC", European
Economic Review.

Hoel, M. [1976], "Resource Depletion under an Alternative Institutional
Arrangement", Massachusetts Institute of Technology, mimeo.

Hotelling, H. [1931], "The Economics of Exhaustible Resources," Journal
of Political Economy, Vol. 39, No. 2, pp. 137-175.

Kocpmans, T. C. [1978], "The Transition from Exhaustible to Renewable

or Inexhaustible Resources", Cowles Foundation Discussion Paper
No. 486. '

Nef, J. [1977], "An Early Energy Crisis and its Consequences", Scientific
American (November).



Salant, S. [1976], "Exhaustible Resources and Industrial Structure:
A Nash-=Cournot Approach to the World Oil Market", Journal of
Political Economy, Vol. 84, No. 5, pp. 1079~1093.

Salop, S. [1977], "Monopolistic Competition Reconstituted - or -
Circular Fashions in Economic Thought", Federal Reserve Board,
Special Studies Paper No. 89 (Washington).

Solow, R. M. [1974], "The Economics of Resources or the Resources of
Economics", American Economic Review, Papers and Proceedings
(March) .

Spence, A. M. [1976], "Product Selection, Fixed Costs and Monopolistic
Competition, Review of Economic Studies.

Steinmuller, E. [1976], "On the Economics of Timber Famine in 16th
Century England", Stanford University, mimeo.

Stiglitz, J. E. [1973), "The Efficiency of Market Prices in Long Run
Allocations in the 0il Industry," in Studies in Energy Policy,
G. Brannon, eqd. Ballinger Publishing Co., Cambridge, Ma,
PP« 55-99 (abbreviated version of report written for the Ford
Energy Policy Project, August.)

¢+ [1974a], "Growth with Exhaustible Natural Resources:
Efficient and Optimal Growth Paths, "Review of Economic
Studies, Symposium on the Economics of Exhaustible Resources,
pp. 123-138.

+ [1974b], "Growth with Exhaustible Natural Resources, and the
Competitive Economy, "Review of Economic Studies, March, pp.
139-152.

+ [1977], "Monopoly and the Rate of Extraction of Exhaustible
Resources", American Economic Review.

+ [1978], "Information and Competition", Oxford Econom:c

Pagers.

Stiglitz, J. E. and P. Dasgupta {1978}, "Market Structure and Resource
Extraction Under Uncertainty,” (mimeo).

Stiglitz, J. E., R. Gilbert, and P. Dasgupta [1978], "Invention and
Innovation Under Alternative Market Structures; The Case of
Natural Resources," (mimeo).

Sweeney, J. L. [1977], "Economics of Depletable Resources: Market
Forces and Intertemporal Bias," Review of Economic Studies,
44[ February, Ppo 125-1420




