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Abstract

This paper derives the optimal consumption and portfolio rules for
an international investor with constant expenditure shares on goods produced
in N countries and constant relative risk aversion. The index of wvalue
obtainedvfrom the consumption rule is used to generate real returns on N
different currencies in terms of their purchasing power over goods. The port-
folio rule is expressed in terms of the changes in N currency prices and
exchange rates, which are assumed to be It8 processesg.

Real return differentials are shown to depend on consumption prefer-
ences so that the effect of a shift in these on portfolio proportions depends
on the relative degree of risk aversion. Special cases like restricting the
stochastic processes to Brownian motion, imposing purchasing power parity

and assuming that inflation is anticipated are also discussed.




1. Applications of the theory of optimum consumption and portfolio
rules in continuous time to international finance have generally assumed
that real returns are Brownian motion and that purchasing power parity
obtains so that there is only one éood. Kouri (1975) derived the basic
portfélio decémposition in a two country model with different consumption
preferences in each country and exchange rate and price changes generated
by Brownian motion processes. Kouri;Macedo (1978) introduced the notion of
an international investor consuming N composite goods produced in N
different countries and derived a time-invariant portfolio rule. This
paper derives the consumption and portfolio rules for an international in-
vestor consuming gMi goods purchased in N different countries. Tt there-
fore retrievesthe index of value of the international investor from the
consumption rule when the expenditure shares and relative risk aversion are
constantlj and generalizes the portfolio rule to a dynamic context. Another
contribution is the analysis of the effects of an increase in consumption
demand on asset demands. While the computational difficulties implied by
the departure from Brownian motion are beyond the scope of this paper,
evidence gathered elsewhere is used to suggest the usefulness of the

approach.gf

1/

— Stulz (1980) has a general model where constant expenditure shares are
not assumed.

2-/See Macedo (1979, 1980) and Chow (1979). Dornbusch (1980a, 1980b) has
a survey and applications of the two country Brownian motion model.
Ross-Walsh (1980), however, conclude their "pedagogic" survey "on a
note of skepticism."




2. Consider the intertemporal consumption-investment optimization
problem_of an individual who consumes goods j=l,...,Mi produced in
i=1,...,N countries and has a portfolio of one period bonds denominated in
the currencies of these N countries, with a price of unity and a certain
nominal return Ri .

If the utility functién is Cobb-Douglas, real consumption expendi-

ture is given by:
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where (2) Ek = Z Z Pijskixij
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and (3) q = n g (PiiSy) .

Real expenditure net of real interest payments is

N
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where Ek is given by (2) above
Ni are holdings of currency i bonds

and Qi are the stochastic purchasing powers of currency 1 .
Given prices, real expenditure in a given period is equal to the change in
real wealth during that period, obtained by reshuffling the asset portfolio.
When the period becomes infinitesimally short, Merton (1971) has shown that

the instantaneous rate of consumption expenditure is
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At each instant in time, the individual's real wealth is

N
WD) = ] N (6o, ()
i=1

so that, by Ité's lemma, the change in wealth is

N N N
(6) dw = gNiin + ngiQi + ngiin

This change has a capital gains component (ZNiin) and a portfolio
reshuffling component which is equal by (5) to real expenditure. Using the
definition of real expenditure net of interest payments in (4), and substi-

tuting in (6) we obtain:

N N
aw = ZNiin + (ZNiQiRi - V)de .

_ N
Defining portfolio proportions X, such that . in = 1 and real

returns r:.L we have

N
(7) W = Wyx r dt - vae

N.Q.
where x, = = 1
W
in
r.dt = R.dt + ——
i Q,

Denoting logs by lower case letters we use Itd's lemma to find the

proportional change in the purchasing power of currency k as given by
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~ where pij = pij -8y i=1,...,N-1 ; j 1,...,Mi

is the N currency price of good ij ;

and @, and B; are the same as in (3) above.

It is convenient to eliminate Xy from (7) using the constraint

that portfolio Proportions sum to unity. The change in wealth becomes

N-1

(9) aw = W.z x;T;dt + Wrde - vde
i=1

where r, = r, - rN .

We now parametrize the utility function of the individual to have
constant relative risk aversion 1-y , so that the objective function of our
problem is

Ao u* = g ;T L jkyvy,

T
00

1
Y

where E0 is the expectations operator conditional on information

available at time 0.
Uk in (10) is Cobb-Douglas as mentioned and can be written as:

i
N M. 0.8,
v = 1 nx, , 13 ,
i=1 j=1 1j




where the weights are the same as in (3).

We have assumed that terminal wealth is zero but a bequest function
with elasticity vy with respect to terminal wealth would not change the
results; We have also assumed that the system is autonomous, so that the
dependence of Uk(t) on time comes only through the date of consumption
Xijt Iﬁ would be easy to introduce a ‘discount factor p on Uk(t) and
write exp(—pt)Uk(t) in (10),

The problem of maximizing (10) subject to (9) given the stochastic
processes generating the purchasing powers of the currencies or their compo-
nents, prices and exchange rates, is solved by the technique of stochastic
dynamic programming. Taking as state variables wealth, and the components
of Qi , namely the exchange rates, Si , and priceé of the goods in terms
of currency N , denoted by Pij* 1/, we define the Bellman function as

aiB;Y

Xij (t) dr

. =
R

%
J(W,Si,Pij ) = max E [

T
tt

= |

N
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where the expectation at time t is conditional upon the steady-state values

N

of the ZMi+N state variables
i

w(t) = W

Si(t) = Si i=l,....,N-1
* * .

Pij (t) = Pij J—l,....,Mi

l/It is straightforward but tedious to present equivalent derivations in terms

of bilateral rates and domestic currency prices. See Macedo (1979), Appendix
I, where references to the stochastic control literature can also be found.




Since U is strictly concave in Xij » by Bellman's theorem
there exists optimal portfolio proportions, ij » and rates of consumption

~

expenditure, §ij > such that ¢ = 0 | where ¢ ig defined as

*
(11) ¢ (Xj,Xij,W,Si,Pij ) =+ (D)

- where % is given by (10)

and £ is the Dynkin operator, giving the "average" expected

rate of change of J .

To simplify notation we will assume henceforth that national outputs
are composite goods, so that in contrast with (8) above the difference in
proportional changes in purchasing power between currencies k and N and

the proportional change in the purchasing power of currency N are respective-

ly given by
N )
] 142 s
qu - qu = dsk + 5 dsk + gajgskdpj ;
(12)
N NN '
_ * 1 * %
qu = Zajdpj + 5 z zajuﬂ,dpjdpﬁ
3 j2
My
* _ i %
where P, = gsjpij .

Furthermore we will assume that dsi and dp; are generated by

the following stochastic processesl/:

% %
(13) dsi = ﬂi(Si,Pj)dt + oi(Si,Pj)dzi s

* * *
14) dp. .(5,,P,)dt + 6, (sS. P,L)du.
(14) P5 uJ( i J) J( i J) uy

l-/See Macedo (1979), Appendix 2 for the case where the price of each good is
generated by a different stochastic process.




where ™. and U; are the instantaneous conditional expected

proportional changes per unit of time;

2 . . : .
o4 and Gi are the respective instantaneous conditional

variances per unit of time;

and dzi and dui are Wiener processes.

Using Tt8's lemma, we express the differential of J as

N-1 N 2
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* iy ] W2
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1775
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Substituting from (9), (13) and (14) into (15), we get
N-1 R N-1 N
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i J j
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Where, to ease the notational burden, we have defined semi-

elasticities with respect to J as subscripts, for example

BJ
W Iy
2
*
- 8J Piw = JP*W
BPiBW i

and eij is the covariance between exchange rate i and N

currency price j , defined in terms of (13) and (14) as

6., = p,.6.6,
1] 13 1]

where pij is the instantaneous correlation coefficient

between the two Wiener procesges dz, and gy, .
I i 5

The first order conditions are obtained by differentiating ¢

in (11) with respect to good Am and asset m . They are:

- m -1 a5 i
(16) 8%, 7By X T W Pom Zka ;
17 2@ - N-1 N N-1
an 9% JWrm JWW( % Xicmi + ; aJG )+ § JS W im
m J i
§ J 6. 0
+ * = .

From the consumption rule in (16) demand functions are easily

N
derived. Adding up the I Mi conditions we have
i




a7
Y= ow BeQ

which upon substitution in (16) yields a demand function for good sz

o 2 -1
18) x, = aZBmEk(szSkz) .

Substituting these back in the utility function we obtain an in-

direct utility function
Vo= 20"
v k*k

This function is still separable but the utility of one extra unit
of currency k is given by Qk times the marginal utility of real income,

80 that, instead of (4), we have

1]

v Vy—l

dE

Q. .
N k

Next we write the N-1 first order conditions in (17) in matrix

form:
# . * =
(19) Jwr + wa(S§ + Bo) + SJSw + OJP W 0
h = 2 '
where r [rl rN—l]
= ]
z %y *N-1!
o = [ul OLN] 1
J = [J J 1!
S S
W lW SN-lw
ES = |
Jpfy = oy Ipry]




- 10 -

s = Jop IN-1 |
_"N—ll ON-1N-1 ]
o = [oy Oy 1
ON-11 ON-1n
_ N

and 0 is a N-1 column vector of zeros.
Dividing each element of the vectors of the wealth cross effects
of exchange rates and N currency price changes on utility by the marginal

utility of wealth we define the semi elasticities:

2

94T 3J aJ
Jo = e % 3 i=1,...,N-1
si (asi/si)aw W asi/si
T g = —2J i=l,...,N .
Py ap¥spt
] i3

From the definition of relative risk aversion, we obtain:

1-y=-=20

We also decompose thé €] matrik of covariance between exchange
rates and N currency prices into the difference between a N-1 by N
matrix of covariance between exchange rates and domestic currency prices,
denoted by V¥ , and the variance covariance matrix of exchange rate changes,

denoted above by S , augmented by a column vector of zeros.
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L]

0 ¥ - [S:O]
N-1xN N-1xN N-1xN-1 1xN-1

Taking these definitions into account, we solve for x in (19)

and obtain the portfolio rule

-1 1 1. 1
= — _— % ———
(20) x (1 S V) (o T Jp ) + Toy (S r + JS)

where I = [I 0] 4is the N-1 identity matrix with an N

column of zeros;

e is a N-1 column vector of ones;
J % = [J % J *] !

P P1 PN
J = [J J 1’

S Sl SN—I

When risk aversion is infinite (y » -«) the portfolio is given by‘
~1
(21) x = a - S "Ya

_ L
where g = (al aN—l)

so that, when inflation is fully anticipated and v is a zero matrix, the
portfolio proportions are given by the expenditure shares and an increase in
the share of goods from country i in expenditures implies an equal increase
in the share of currency 1 in the portfolio. The larger the variance of

inflation relative to the variance of exchange rate changes the less an in-

crease in az will be reflected in an increase in x2 .
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When risk aversion is less than infinite, the optimal portfolio

in (20) is divided into a minimum variance portfolio x™ which depends on
prices and exchange rates and on the expenditure shares, corrected for risk
adjusted effects of changes in N currency prices on utility and a specula-
tive portfolio x° which only depends on exchange rate changes and real
returns, adjusted for the effects of changes in exchange rates on utility
and for risk as captured by y . As in domestic finance, the minimum variance
portfolio is the capital position and the speculative portfolio has zero net
worth.

3. In these cases it is useful to make it explicit that the vector of
mean real return differentials, as shown in (12), depends by Jensen's in-
equality on the variance of the exchange rate and on the covariance between

exchange rates and N currency prices. We write, therefore,

(22) £ = R + oq
where R =R - RNg - +-% S
"= [ﬂl wNal]'
and S = 02 0
0 Oé—l

Substituting (22) into the first equation in (20) we obtain
(23) x = 7 [ - Dy(va + 34) + 51 4 g .
~ 1-y P S

The effect is therefore to make the minimum variance portfolio

depend on relative risk aversion. If inflation is anticipated and ¥ is
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a Zero matrix we have

1R + 3 .

= Y 1
(24) x oy a + Ty
If the individual is more risk averse than the Bernouilli investor
(y < 0) the minimum variance portfolio is given by less than expenditure
shares. For example, if vy = -1 | what might be called the "Samuelson

ni/

presumption s we have:

P_1 1 ,.-1a

The Bernouilli investor has a portfolio independent of preferences

(26) x® = g71a Ig

The individual less risk averse than the Bernouilli, 0 < y < 1 R

1.2/

for example the Cramer investor (y = 59—-, holds a minimum variance portfolio

short in the goods consumed:

@7) 5" =+ 2657k + 9 )

Returning to (20), we use the fact that the sum of the minimum
variance portfolio proportions for the N-1 currencies is equal to one
minus the proportion for the Nth currency and we can write the minimum

variance portfolio for the N assets as:

1—/See Macedo (1980).

2-/See Macedo (1980).
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J %
(28) x" =+ L[ P - ola + 2 3 *]
1-y ' l-y °pP
-e'J %
~ P
-1
where ¢ = f__f___
~e'S—lW
and J_x = [J x Jx 1
P Pl PN_1

[N

N
It is easy to see that the requirement that z X0 = 1 is met
i

and, in particular, that

e'd =0

where e dis a N column vector of ones

and 0 is a N row vector of zeros.

The speculative portfolio for the N assets is similarly con-
Structed by imposing the requirement that the matrix of own and cross

effects is symmetric and that rows and column sum to zero. It can be written

as
J
(29) x5 = zr + [ S
_r !
e JS
where 3 = | g1 ! —S—lg
—e's™t [ e'sle
r = [rl rN]

Again it is easy to see that the requirement =0 is met

He 112
oo
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and in particular, that

e'r =0

Te o' .

The total portfolio is therefore given by

~

J % + J

1 P S

(30) x = (I-9)a + I:;-[Zr - @JP* +

P % - at
e’ J e JS

P

If prices and exchange rates are stationary and lognormally distri~
buted, so that s uj > 0y and Sj in (13) and (14) above are given
constants, wealth becomes the only state variable in (11) so that JP* and

JS in (30) become zero vectors and the rule can be written as:
(31) x = (I-0)a + —1—-Zr
1-y

Consider further that inflation rates are known. Then, as in (24)
through (27) above, v » and thus ¢ , become zero matrices and the minimum

variance portfolio is given by expenditure shares.
(32) X" = o

If purchasing power parity holds, the v matrix, defined above
as the covariance matrix between prices and exchange rates, decomposes into
the variance-covariance matrix of exchange rate changes and a matrix formed

by the last column of the Vv matrix, denoted by WN :

p— | |
Y = [Sl 0] - WNe

where —?N = ( is minus the covariance vector

!
WlN WN—lN)

between exchange rates and N country prices.
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Therefore the minimum variance portfolio becomes
(33) x™ = g~ Ype'la = sy

It is independent of preferences since there is in fact only one
good. Also becausge of this, if inflation in the Nth country is known and
CN =0 ,.then WN is a zero vector and the minimum variance portfolio
vanishes.lj If inflation is only random in the Nth country all elements

2 . .
of WN reduce to cN and the minimum varilance portfolio can be written as

(34) x™ = Cs S—le .

4. This paper has derived the optimal consumption and portfolio
rules for an international investor with constant expenditure shares o,
and B? and constant relative risk aversion 1~y . The index of value
obtained from the consumption rule was uéed to obtain real returns on
different currencies in terms of their purchasing'ﬁower over goods. The
portfolio rule was expressed in terms of the determinants of the purchasing
powers, exchange rate changes and prices aﬁd the connection with time in~

variant portfolios was stated (Section 2),

the stability of the foreign exchange market (Section 3).
An explicit solution of the Bellman function and the introduction

of asset supplies are topics for future research,.

1/ . . | :
— See Kouri (1975) reproduced in (1977) and Fama-Farber (1979) for an analysis
of this case with a richer menu of assetg,
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