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Econometric Analysis by Control Methods

PREFACE

by Gregory C. Chow

Since the early 1970's, economists have become increasingly interested
in methods of stochastic control. From 1972 to 1978, a series of annual
conferences on stochastic control in economics were held successively at
Princeton University, the University of Chicago, the Board of Governors of
the Federal Reserve System, the Massachusetts Institute of Technologqgy,
Stanford, Yale, and the University of Texas, under the sponsorship of the
National Bureau of Economic Research and with financial support from the
National Science Foundation. Selected papers from these conferences were

published in various issues of the Annals of Economic and Social Measurement.

In 1979, an international Society for Economic Dynamics and Control was
formed with its first annual conference held at Cambridge University.

Nineteen-seventy-nine also saw the publication of the new Journal of Economic

Dynamics and Control.

The author's text, Analysis and Control of Dynamic Economic Systems

(Wiley, 1975), was an attempt to summarize some of the important methods of
stochastic dynamics and control together with economic applications for the
students and professionals who wish to léarn the subject. Since then, not
only have new methods been developed, but many novel and important applica-
tions have appeared, as we will report in this book. This book is divided
into four parts. Part I is concerned with control techniques. Methods for
large nonlinear systems of simultaneous equations are discussed in Chapters

1 through 5. When the author's 1975 book was published, it was considered



difficult or impractical to control such systems. Now, algorithms have
appeared and computer programs are available. In addition, the method of
Kalman filtering has been further developed and recognized to be useful
for the estimation of econometric models, as we will point out in Chapter 6.
Part II of this book, including Chapters 7 through 14, is concerned
with economic applications of control methods. Chapter 7 suggests an
economic definition of the inflation-unemployment tradeoff relationship
which is implicit in an econometric model and is derived by stochastic
control techniques. Chapter 8 provides a method to evaluate the success or
failure of historical macroeconomic policies. Chapter 9 attempts to answer
the question, "Has government policy contributed to economic instability?",
by studying analytically the dynamic properties of the Michigan Quarterly
Econometric Model. Chapter 10 recommends the application of the control
framework to estimate the amount of resources available for government
investment_in Taiwan. Chapter 11 shows how imperfect models can be used
for the formulation of stabilization policies. Chapter 12 provides a prac-
tical guide for using econometric models in macroeconomic policy formula-
tion. Chapter 13 deals with the applications of control methods to the
econometric analysis of Soviet economic planniné. Finally, Chapter 14
indicates how control techniques can be used to compare econometric models.
In the late 70's it was the view of some economists that the use of
optimal control for the formulation of macroeconomic policies is inconsis-
tent with the assumption of rational expectations. It has now become
evident, however, that the use of control techniques for the evaluation of
economic policies and for the derivation of optimal policies is not only
possible but is essential under rational expectations. Moreover, control
techniques are useful for the estimation of macroeconomic models under the

assumption of rational expectations. This theme is developed in Chapters



o

15 through 17, which form Part III of this book. While previous chapters
have been concerned with control techniques in discrete time and mainly
with the study of aggregate economic activities, the last two Chapters 18
and 19 in Part IV provide an exposition of stochastic control techniques
in continuous time and apply these techniques to the study of problems in
microeéonomics.

It is hoped that this volume will provide its readers with a fair-

ly broad treatment of the techniques of stochastic control and its

important economic applications. This book cén be used in conjunction
with the author's 1975 text. It can also be used independently because
the material is self contained, its main p;erequisite being some basic
training in econometrics at the level of, for instance, R. J. Wonnacott

and T. H., Wonnacott's Econometrics (Wiley, 1979).

In the preparation of this book, I have benefitted from the collabora-
tion of Sharon Bernstein Megdal (Chapters 4 and 7), Ettie H. Butters
(Chapter 5), Suzanne Heller (Chapter 9), and Donald W. Green (Chapter 13).
Pia Ellen and Constaﬁce Dixon have provided excellent assistance in typing
various drafts of the manuscript. Ms. Ellen, in addition, has helped in
editing the manuscript and preparing the index. To them, my sincere thanks.

The publishers of several journals have kindly granted permission to
reproduce my previously published articles: Chapter 2 from Annals of

Economic and Social Measurement, 5 (1976); Chapter 3 from Econometrica,

44 (1976); Chapter 4 from IEEE Transactions on Automatic Control, AC-23

(1978) ; Chapter 7 from American Economic Review, 68 (1978); Chapter 8 from

International Economic Review, 19 (1978); Chapter 11 from Annals of Economic

and Social Measurement, 6 (1977); Chapter 15 from Journal of Economic

Dynamics and Control, 2 (1980); Chapter 16 from Journal of Economic Dynamics

and Control, 2 (1980); Chapters 18 and 19 from Journal of Economic Dynamics




and Control, 1 (1979). St. Martin's Press, Inc. has granted permission to

reproduce Chapter 12 from Optimal Control for Econometric Models edited by

S. Holly, B. Rustem and M. Zarrop (1979). Academic Press, Inc. has granted

permission to reproduce Chapter 14 from Evaluation of Econometric Models

edited by J. Kmenta and J. Ramsey (1980). Finally, I would like to acknow-
ledge the financial support from the National Science Foundation for conduct-

ing most of the research which is now reported in this book.



ECONOMETRIC ANALYSIS BY CONTROL METHODS

Gregory C. Chow

TABLE OF CONTENTS

PART T

TECHNIQUES OF STOCHASTIC CONTROL
Chapters

1. Introduction

. An approach to the feedback control of nonlinear systems

The control of nonlinear econometric systems with unknown parameters

The control of large-scale nonlinear econometric systems

Optimal control of nonlinear systems program: user's guide

. Applications of the Kalman filter to the estimation of econometric
models

[o) IS, B~ UV I N}

PART II
ECONOMIC APPLICATIONS OF CONTROL METHODS
Chapters

7. An econometric definition of the inflation-unemployment tradeoff
8. Evaluation of macroeconomic policies by stochastic control techniques
9. Has government policy contributed to economic instability?
10. The estimation of total investable resources
11. Usefulness of imperfect models for the formulation of stabilization
policies
12. Effective use of econometric models in macroeconomic policy
formulation :
13. Econometric analysis of Soviet economic planning by optimal control
14. Comparison of econometric models by optimal control techniques

PART III
STOCHASTIC CONTROL UNDER RATIONAL EXPECTATIONS
Chapters

15. Econometric policy evaluation and optimization under rational
expectations

16. Estimation of rational expectations models

17. Estimation and optimal control of dynamic game models under
rational expectations '

PART IV

OPTIMAL CONTROL METHODS FOR STOCHASTIC MODELS IN CONTINUOUS TIME
Chapters

18. Optimum control of stochastic differential equation systems
19. Optimum use and exploration of a natural resource



ECONOMETRIC ANALYSIS BY CONTROIL METHODS

Gregory C. Chow

CONTENTS

PART I. TECHNIQUES OF STOCHASTIC CONTROL

CHAPTER
1. INTRODUCTION

Optimal control of a linear model with known parameters
Techniques of stochastic control

Economic applications of stochastic control

Stochastic control under rational expectations

Optimal control methods for stochastic models in continuous time

e
Gd W N e

2. AN APPROACH TO THE FEEDBACK CONTROL OF NONLINEAR ECONOMETRIC SYSTEMS

2.1 Feedback control for known econometric systems

2.2 Feedback control with unknown parameters

2.3 Usefulness of feedback control

2.4 A numerical example using the Klein-Goldberger model

3. THE CONTROL OF NONLINEAR ECONOMETRIC SYSTEMS WITH UNKNOWN PARAMETERS

3.1 Introduction

3.2 An exact solution to a one-period control problem

3.3 An approximate solution to multiperiod control by dynamic
programming

3.4 Approximate evaluation of required expectations

3.5 Concluding remarks

4. THE CONTROL OF LARGE-SCALE NONLINEAR ECONOMETRIC SYSTEMS

4.1 Nature of econometric models

4.2 Use of econometric models for policy projections and optimization
4.3 A feedback control algorithm

4.4 Further details concerning computations

4.5 Application to the Michigan Quarterly Econometric Model

4.6 Further research

5. OPTIMAL CONTROL OF NONLINEAR SYSTEMS PROGRAM: USER'S GUIDE

5.1 Eliminating high order lags in the model
5.2 Description of the program



CHAPTER

Description of time and space saving procedures
User-supplied subroutines
5.4.1 Main program
5.4.2 MODELS
5.4.3 MODELI
5.5 Data requirements
5.5.1 &DIMENS
5.5.2 &OPT
5.5.3 1Input matrices
5.5.4 Construction of IDENTVEC and VARBLVEC
5.6 Space requirements
5.6.1 The dimension of MAINAR
5.6.2 Region size
The use of two or more job runs
Output and error messages
JCL requirements

v
=W

u o,
O o

6. APPLICATIONS OF THE KALMAN FILTER TO THE ESTIMATION OF ECONOMETRIC

MODELS

6.1 Introduction

6.2 Derivation of Bt's by recursive regression of Bt on Yyreeer¥g
. i i i £ “es con

6.3 Derivations of Stls by regression o _yl, ,ys on xl, ,xS

6.4 Maximum likelihood estimation of s?, V and M

6.5 System of linear simultaneous equations

6.6 System of nonlinear simultaneous equations

6.7 Model with stationary coefficients

6.8 The estimation of seasonal components in economic time series

PART II. ECONOMIC APPLICATIONS OF CONTROL METHODS

7. AN ECONOMETRIC DEFINITION OF THE INFLATION-UNEMPLOYMENT TRADEOFF

N

.1 Inflation-unemployment possibilities in a static model

.2 Unemployment-inflation tradeoff possibilities in the dynamic
case

Analysis of the St. Louis Model

Analysis of the Michigan Quarterly Econometric Model
Concluding remarks

NN
.
U b W

8. EVALUATION OF MACROECONOMIC POLICIES BY STOCHASTIC CONTROL TECHNIQUES

8.1 Introduction

8.2 A theory for policy evaluation
8.3 Comparison with Fair's approach
8.4 Limitations and extensions

8.5 An illustrative evaluation



CHAPTER

9.

10.

11.

12.

13.

14.

HAS GOVERNMENT POLICY CONTRIBUTED TO ECONOMIC INSTABILITY?

9.1 Introduction

9.2 Analytical framework

9.3 Description of the Michigan Model and additional equations
9.4 Measurement of instability and empirical results

THE ESTIMATION OF TOTAL INVESTABLE RESOURCES

10.1 Introduction

10.2 Definition of investable resources

10.3 The matching of instruments and targets
10.4 The need for optimal control

USEFULNESS OF IMPERFECT MODELS FOR THE FORMULATION OF STABILIZATION
POLICIES .

11.1 Introduction

11.2 Evaluation of imperfect models for policy analysis
11.3 Fitting two illustrative models

11.4 Illustrative evaluation of two imperfect models
11.5 Concluding remarks

EFFECTIVE USE OF ECONOMETRIC MODELS IN MACROECONOMIC POLICY
FORMULATION

ECONOMETRIC ANALYSIS OF SOVIET ECONOMIC PLANNING BY OPTIMAL CONTROL

13.1 Three uses of optimal control in the analysis of planning
13.2 The structure of SOVMOD V

13.3 Setting up the optimal control exXperiments

13.4 Testing the constraints on total ocutput

13.5 Examining the allocation of investment and production
13.6 ©Possible respecifications of SOVMOD V

COMPARISON OF ECONOMETRIC MODELS BY OPTIMAL CONTROL TECHNIQUES

14.1 Existing characterizations of an econometric model

14.1.1 Static model

14.1.2 Dynamic deterministic model

14.1.3 Dynamic stochastic model
14.2 Characterization of an econometric model by deterministic control
14.3 Characterization of an econometric model by stochastic control
14.4 An illustration using the Michigan Model



CHAPTERS

PART

15.

16.

17.

PART

i8.

ITI. STOCHASTIC CONTROL UNDER RATIONAL EXPECTATIONS

ECONOMETRIC POLICY EVALUATION AND OPTIMIZATION UNDER RATIONAL
EXPECTATIONS ‘

15.1 Introduction
15.2 Econometric policy evaluation
15.2.1 Linear model without expectations of future variables
15.2.2 Linear model with expectations of future variables
15.2.3 Nonlinear model with expectations of future variables
15.3 Econometric policy optimization
15.3.1 Linear model without expectations of future variables
15.3.2 Linear model with expectations of future variables
15.3.3 Nonlinear model with expectations of future variables
15.4 Concluding remarks

ESTIMATION OF RATIONAL EXPECTATIONS MODELS

16.1 Introduction

16.2 Maximum likelihood estimation in the general case

16.3 Estimation when environment is unaffected by agent's action
16.4 A family of consistent estimators for the general case

16.5 The assumptions of rational expectations models

16.6 Estimating nonlinear rational expectations models

ESTIMATION AND OPTIMAL CONTROL OF DYNAMIC GAME MODELS UNDER RATIONAL
EXPECTATIONS

17.1 Policy evaluation and optimization under rational expectations
17.2 Estimation of dynamic game model with a dominant player
17.3 Estimation of dynamic game model under Nash equilibrium

IV. OPTIMAL CONTROL METHODS FOR STOCHASTIC MODELS IN CONTINUOUS TIME

OPTIMUM CONTROL OF STOCHASTIC DIFFERENTIAL EQUATION SYSTEMS

18.1 Introduction

18.2 Linear stochastic differential equations

18.3 Mean and covariance of solution to linear stochastic differential
equations

18.4 Dynamic programming for models in continuous time

18.5 Ito's differentiation rule

18.6 Optimum consumption and portfolio selection over time

18.7 Consumption and portfolio selection when asset prices are
log-normal

18.8 Capital asset pricing with shifts in investment opportunities

18.9 The pricing of options and corporate liabilities

18.10 Optimal control of a linear system with quadratic loss



CHAPTERS

19, OPTIMUM USE AND EXPLORATION OF A NATURAL RESOURCE

19.1 Solution in the certainty case

19.2 Assumptions concerning unknown stock of reserves

19.3 The optimal control problem formulated

19.4 Investigation of a simplified problem

19.5 Explicit solution to the simplified problem
BIBLIOGRAPHY

INDEX



Chapter 1

‘Introduction

The science of economics, as it is generally acknowledged, is a
study of means for allocating scarce resources to satisfy competing and
not totally attainable objectiwves. Mathematically speaking, an optimal
control problem is concerned with the determination of the best ways to
achieve a set of objectives as indexed by a criterion function when the
performance is judged over many periods and when the dynamic behavior of
the system is subject to a set of constraints. Therefore, dynamic econom-
ics and optimal control are conceptually very similar, if not formally
identical. The differences, if they exist, lie mainly in the specification
of special assumptions concerning the objective function or the dynamic sys-
tem made in the optimal control literature for the sake of mathematical con-
venience. Such assumptions restrict the applicability of certain optimal
control techniques to dynamic economics. Hopefully they will be relaxed
or modified as the science progresses, but restrictive assumptions yield
the benefits of analytical power and insights, and may indeed be relevant
in many applications.

The scope of this volume is further limited in its treatment of both
techniques and applications. The techniques are mainly, though not entire-
ly, generalizations of the methods used for solving the elementary optimal
control problem of minimizing a quadratic loss function subject to the con-
straint of a linear model. The applications are mainly, though again not en-

tirely, econometric in nature, with due emphasis on statistical measurements.



The purpose of this book is to present further developments in methods
and applications of stochastic control in economics which the author has

pursued since the publication of his Analysis and Control of Dynamic

Economic Systems (1975). In order to survey its contents, it will be

convenient to set up the basic optimal control problem of minimizing the
expectation of a quadratic loss function gubject to the constraint of a

linear model with additive stochastic disturbances. Much of this volume
will be concerned with extensions, modifications and applications of this

basic control problem.

1. Optimal Control of a Linear Model with Known Parameters

Let the environment facing the economic decision makers be represent-

ed by a linear system

yt = Atyt—l + Ctxt + bt + u, (1)

where Y, is a vector of p state variables, X is a vector of ¢

control variables, At ’ Ct and bt are matrices of known constants,

and U is a random vector which is serially independent and identically

distributed. It is understood that state variables have been introduced
to eliminate Yt—2 ’ yt_3 PR xt_l ' xt_2 r etc. from the system, and

to incorporate X as a subvector of Y so that the loss function below

need not have X, as an argument. For example, if there are 50 endogenous

variables in the original system and the model includes a variable Ye 4o 7
I

an identity Y51 & can be introduced. Given this identity,
14

- Yg,t-1

Yg y.p can be written as y51,t—l and the second-order lag disappears.



if y6,t-3 is present, another identity y52,t = can be used

Y51, ¢-1

and y6 £-3 can be written as Let there be 40 identities
14

Y52,t-1 °
of this type to rid the system of second and higher order lagged endog-

enous variables. If x i
1,t-1 and xl,t—2 are present, we can define

and write x as ‘etc.’ Let there be

Yo1,¢ = *1,t-1 1,t-2 Yo1,t-1 '

10 identities of this type. We then define lel £ xlt ’
’ .

x to incorporate x

leZ,t = 2t as a subvector of yt . The loss

t

function measuring the preference of the decision makers is

quadratic

T
W= X (y,-a,)'K_(y,-a,) . (2)
£=1 t 't t -t 't

The optimal control problem is to find strategies for X, in order to

minimize expected loss.

This elementary liﬁear;quadratic optimal control problem can be
solved by dynamic programming. First, we find the optimal policy for the
last period T , given all the information up to (the end of) period T-1.

Denote by V the expectation, conditioned on information up to T-1 ,

T
of the loss for period T , which is a function of the policy Xp v

\/

— - ’ — =
T = Bpog Wpmag) ‘Kplygmag) = By, (vl v -2y hpte,) (3)

- = c = 14 . . .
where we have set KT HT ' KTaT hT and Cp TKTaT Substituting

ATYT ] + C Xn + b + u, for Yo in (3) and minimizing VT with respect

to X by differentiation, we find the optimal policy for the last peri
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£ = (4)
Xp = Gp¥p1 T I
where
G = - (c’uc) teraa) (5)
T T TT o
= - (c’ECc ) ! (1 b ~h) (6)
Ip o p (Hpbp~hp) -

The minimum expected loss for the last period is obtained by substituting

for xT in VT '

oo ’ ‘
Vo = Y BptCGr) Hy (A+C Gy g (7)

’ ’
+ 2yT_l(AT+CTGT) (HTbT hT)

!
+ (bT+chT) HT(b +C_g_) 2(bT+c

eIy p9p) Py

+ C + ! .
R R

To obtain the optimal policies for the last two periods, we observe
that §T is already found which would yield the minimum loss GT , and

that, by the principle of optimality of dynamic programming, we need only

to find XT—l to minimize
— - ' - -
Vpoy = Bpopl¥p gmap ) Koy g g=ag ) + Vgl (8)

h

-1 Cp-1)

I 4
Bpop (Yp_qBp Yo 172¥0 4

where, using the expression (7) for VT + we have defined

I
I

14
T-1 KT-l * (AT+CTGT) HT(AT+CTGT) ! (9)

—_ - 4 -
oy = Kpog@pog T BptCeCp) " Bpbymhy) (10)



—_ 7 14
Cr-1 7 2p-1fpo1Ppep ¥ (PptCodg) Hy (b +Crgy) (11)

_ + ’ + r .
2(op#Crgy) Thy + op + B jugdiug

Since the second line of (8) is identical with the last expression of (3)

with T replaced by T-1 , the solution for X _+ 1is identical with (4)

T-1
with T replaced by T-1 , where GT—l and dp_y are defined by (5) and

(6) respectively with a similar change in time subscripts. Accordingly,

GT—l will be given by (7) with the subscripts T replaced by T-1 .

When we attempt to solve the problem for the last three periods, we

"N

observe that §T and Xn_1 have been found which would yield the minimum

expected loss GT for the last two periods and that, by the principle

-1

of optimality, we need only minimize

— _ r - 3
Voo = Bp_gl g gmap ) 'Ky o Vg pmag ) + Vg ]

with respect to xT_2 » and so forth. At the end of this process, we f£ind
§l = Glyo + 9, @as the optimal pblicy for the first period, and the asso-
ciated minimum expected loss Gl for all periods (or from period 1 on-
ward) . Computationally, we solve equations (5) and (9) with t replacing

T for Gt and Ht backward in time, for t=7 , T-1 ,..., 1 . We

then solve equations (6) and (10) with t replacing T for = and ht
backward in time, for t=T, T-1 ,..., 1 . Finally, solution of (l11) with

t replacing T backward in time yields ¢, which is used to evaluate

1

Gl given by (7), with 1 replacing T .

Note that the expression Vt given by (7) can be used to obtain the

values (shadow prices) of the initial resources . The vector of the

Y

shadow prices of these resources is simply the derivative of —Vt
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(negative loss or benefits) with respect to Yeoq v namely,

ov
t v
- = - + + + Hb - . 2
T 2(B +C G ) [H (AL CeGlyy_y + Hb, h ] (12)
2. Techniques of Stochastic Control

The above brief summary of the theory of optimal control for a linear
stochastic model and a quadratic objective function provides a convenient
setting to introduce the remaining chapters of this book, which is divided
into four parts. Part I deals with basic techniques of stochastic control.
Chapter 2 applies the method of dynamic programming to find a nearly opti-
mal policy for controlling a nonlinear simultaneous-equation model in
econometrics and illustrates the method with an application to the Klein-
Goldberger Model of the U.S. economy. The method of section 1 above is
thus generalized to deal with a system of nonlinear simultaneous equations.
A number of interesting characteristics of the Klein-Goldberger Model are
uncovered when it is used to perform the optimal control exercise. In
particular, it has been found that according to this Model, there is no
need to trade a higher price level for an increase in real GNP or in total
employment. That is, a Phillips curve does not exist for this model. By
manipulating the policy variables, the government can achieve any combina-
tion of the general price index and real GNP (or total employment) as it
wishes. This characteristic of the model is to be contrasted with the
natural rate hypothesis or a vertical Phillips curve; it implies that the
Phillips curve can be shifted at will by government policy. It is also to

be contrasted with the negatively sloping Phillips curves uncovered in



Chapter 7 for the St. Louis Model and the Michigan Quarterly Econometric
Model.

While Chapter 2 has a brief section on the control of nonlinear sys-
tems of simultaneous equations with unknown parameters, it mainly deals
with the case of known parameters. The problems associated with unknown
parameters are treated more thoroughly in Chapter 3. Chapter 4 is con-
cerned with problems associated with large-scale nonlinear econometric
models, discusses the computational problems in some detail and illustrates
the method of approximately optimal feedback control by the use of the
Michigan Quarterly Econometric Model. Chapter 5 is a guide to a prospec-
tive user of a computer program for performing the approximately optimal
control calculations using a nonlinear econometric model based on the
methods described in Chapters 2, 3 and 4. The computer program itself
(written in Fortran) is available in the Econometric Research Program of

‘Princeton University upon request.

Today, the ability of the method presented in Chapter 2 using an algo-
rithm described in Chapter 5 to solve optimal control problems involving
over two hundred nonlinear simultaneous equations is taken for granted.

The author has used it to control,the model of Fair (1976) and a 1977 ver-—
sion of the MIT-Penn-SSRC model which contains about 250 simultaneous
equations. However, as late as 1978, it was exciting to discover that the
algorithm actually works for such large systems. Furthermore, the algorithm
B produces as a by~-product a linearized version of‘the model for each time
period. From these linear models one can derive analytically the important
dynamic properties of the system. The‘dynamic properties include various
multipliers measuring the effects of changes in current and/or past exogenous

variables (taking place in one period or in several consecutive periods) on



the current endogenous variables. They also include the autocovariance
matrix and the spectral density matrix which measure, in the time domain
and in the frequency domain respectively, the cyclical properties of the
individual time series and the cyclical relationships between time series
generated by the model. These concepts are discussed in Chow (1975).

Until recently, it was common practice for econometricians to compute multi-
pliers from a nonlinear model by computer simulation. The simulation pro-
cess amounts to changing the values of the exogenous variable of interest
in appropriate time periods, computing the resulting solution paths for the
endogenous variables by iterative methods, and measuring the rate of change
in the latter with respect to the former. Using the linearized model gen-
erated by our algorithm, the multipliers can be easily identified from the
coefficients of the model. Similarly, the autocovariance and spectral
density matrices can be derived analytically using the linearized model

without resorting to expensive simulations. Chapter 6 presents the method of

Kalman filtering and its applications to the estimation of econometric models.

3. Economic Applications of Stochastic Control

Part II of this book deals with economic applications of stochastic
control techniques. It begins, in Chapter 7, with an econometric defini-
tion of the inflation-unemployment tradeoff relation implicit in an econo-
metric model. It is argued that such a relation can be ascertained only
by optimal control techniques. Economists have triéd to vary the time
paths of certain exogenous variables in an econometric model and observe
the resulting paths of inflation and unemployment generated by simulations

of the model. High inflation and low unemployment have often been found
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to associate with expansionary fiscal and monetary policies according to
the model used. It is hoped that, by simulations, the tradeoff . relation-
ship between inflation and unemployment can be ascertained. However, it
is quite likely that the policies used in the simulation experiment can be
dominated, in the sense that an outcome corresponding to both lower infla-
tion and lower unemployment rates could be obtained. By the use of stoch-
astic control techniques, one can trace out the lowest inflation rate
compatible with a given unemployment rate according to the specification
of an econometric model and given a set of initial conditions, thus yield-
ing an econometric definition of the ipflatioﬁ—unemployment trade-off.
This has been done for the St. Louis Model and the Michigan Model. The
method suggested can also be used to comparé the characteristics of econo-
metric models, as will be discussed in Chapter 13.

Chapter 8 provides a théoretical framework to evaluate historical
macroeconomic policies formulated in an environment of uncertainty. Un-
certainty in the consequences of the policies adopted because of random
elements in the economy makes the evaluation of historical policies dif-
ficult. Policies should not be judged merely by the ensuing outcomes
which were partly due to chance or luck, but by the expected 1os$ or gain
calculated at the time when the decisions were made. Following this prin-
ciple, we provide in Chapter 8 a method to evaluate historical policies

using stochastic control techniques.

Chapter 9 attempts to answer the question, has government policy been
destabilizing? It provides an answer by studying analytically the dynamic
properties of the Michigan QuarterlybEconometric Model under three differ-

ent policy regimes. The first specifies that the policy variables follow



their reaction functions as estimated by historical data. These reaction
functions are used to represent the policy behavior of the government.

The second specifies that the‘policy variables follow constant rates of
change, representing passive behavior of the government. The third con-
sists of optimal control policies obtained by stipulating certain quad-
ratic loss function to measure economic instability. Undoubtedly the
third regime is superior to the first two by construction, but it provides
a limit as to what could possibly be achieved under idealized, and perhaps
unrealistic, conditions. It is interesting to note, however, that the
historical policy reaction functions, when combined with the equations of
the Michigan Model, have produced an economy with a higher measure of stab-
ility than a set of passive policies under the second regime.

While the applications of Chapter 7, 8 and 9 are oriented toward the
economist who wishes to study or analyze macroeconomic policies from the
perspective of an observer, the following three chapters are concerned
with possible applications of optimal control techniques to the actual for-
mulation of economic policies. Chapter 10 briefly indicates how total
government investment expenditures should be determined using the method
of optimal control. The problem was presented to the author when he
served as consultant to the Economic Planning Council in Taiwan in 1978
and the solution was later implemented by the Council. Unfortunately, the
Chapter contains only the method without an accompanying empirical study of
the Taiwan economy.

Chapter 11 points out the possible use of imperfect econometric models
for the formulation of stabilization policies. It has been suggested that

because econometric models are imperfect and different models may yield
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different economic projections given the same hypothetical time paths for the
policy variables, they cannot serve as a guid to produce actual policy recom-
mendations. Chapter 11 argues that this conclusion is invalid, and that
imperfect models can be fruitfully employed as an aid to the formulation and
analysis of macroeconomic policies. Based partly on the concepts of 11,
Chapter 12 goes»further by outlining twelve concrete steps in applying con-
trol techniques to improve the formulation of macroeconomic policies.

Chapter 13 suggests three applications of optimal control techniques
to the econometric analysis of Soviet economic planning. They involve check-
ing the validity of the constraints specified by the model with respect to
production relationships, tracing out the production frontiers including the
tradeoff relation between consumption and defense, and, thirdly, the estima-
tion of the preference function of the Soviet government for the purpose of
forecasting its future behavior and thﬁs the future course of the Soviet
economy. Only the first of the three tépics is treated in detail in the
empirical sections of the Chapter by analyzing an econometric model of the
Soviet economy.

Finally, in Chapter 14, we turn away from the subject of analysis and
formulation of macroeconomic policies and to a comparison of econometric
models by the use of stochastic control techniques. A number of tools are
suggested, incluaing the inflation-unemployment tradeoff relationship
implicit in an econometric model discussed in Chapter 7 and the control
tools to evaluate historical policies presented in Chapter 8. Furthermore,
the stability characteristics of an econometric model subject to different
policy regimes as explored in Chapter 9 could also be used to compare differ-

ent econometric models.
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4. Stochastic Control under Rational Expectations

Recently, there has been much interest among economists in exploring
the implications of the hypothesis of rational expectations for the evalua-
tion and formulation of macroeconomic policies. Part IIT of this book con-
tains three chapters on the applications of stochastic control techniques
to the evaluatiqn and formulation of economic policies, and to the estima-
tion and control of econometric models, under the assumption of rational
expectations. It has sometimes been alleged that economic policy evaluation
and optimization are impossible if economic agents form rational expectations.
Chapter 15 is an attempt to dispel this mistaken belief by showing how the
consequences of given economic policies can be evaluated, and how optimal
policies based on economic models can be found by optimal control techniques,
under the assumption of rational expectations. Here rational expectations
simply means that all expectations attributed to the economic agents which
are used in an econometric model are identical with the conditional expecta-
tions of the corresponding endogenous variables generated by the econometric
model itself, and not formed by some process such as a distributed lag scheme
other than the econometric model itself. This use of the term rational ex-
pectations requires only that the econometrician and the economic agents use
the same model to form their expectations, without necessarily implying that
the latter's behavior is based on maximizing some objective function.

If, in addition, we assume that the economic agent's behavior results
from maximization, a more powerful theory or model results. The tools of
optimal control are extremely useful for the specification of such optimi-
zation models under rational expectations. If the economic agents are as-
sumed to maximize the expectation of an objective function over time in a
stochastic environment, the tools of optimal control can be used to determine

their optimal decision rules. For example, equation (1) of this chapter

s



1-13

may describe the stochastic environment facing the economic decision makers
and equation (2) may represent their preference function; equation (4) with
t replacing T then represents their optimal decision functions.. In most of
our previous applications, the decision makers have been identified with the
government authorities. In fact, they may represent economic agents of the
private sector, such as consumers and producers. Equation (4) then represents
the optimal consumption function, investment function, or demand function for
inputs, as the case may be. Chapter 16 is concerned with the statistical
estimation of such models using optimal control techniques. It is important
to note that the parameters to be estimated include not only the parameters
of (1), with time-invariant coéfficients A, C and b, but the parameters of
the preference function (2), with Kt = BK (B being a discount factor)
énd a, =a. Methods of maximum likelihood and two-stage least squares
are proposed to estimate these parameters. Having estimated the parameters
of (1) and (2), which correspond to the "structural" parameters of simul-
taneous-equation models, one can ascertain how the behavioral equations
(4), with time-invariant coefficients G and g (which correspond to re-
duced-form parameters), will change when government policy changes.

To make explicit the effect of government policy on the environment
facing the private economic agents, consider two sets of decision makers,
one representing the private sector which controls xlt and the second

representing the government which controls Xop » The econometric model

(1) with time-invariant coefficients can be written as

yt = Ayt—l + Clxlt + C2x2t + b + ut . (13)

If the government follows a rule X = G2yt—l + 9y the environment

facing the private agents will be

Y, = (A+C2G2)yt_1 + C.x,, + (b+C2g2) + u

11t (14)

t
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which shows how government policy affects the environment facing the
stochastic environment of the private agents. Since the latter obtains
its optimal policy Xy = Glyt_l + 9; by maximizing the expectation of
its objective function subject to the constraint (14), one can apply the
theory of optimal control to deduce the behavior of the private agents
when the government's policy changes. Chapter 17 is concerned with a
dynamic game model involving two players. It provides a method to find
the optimal policy for the second player (the government) who anticipates

that its policy x = G2yt—l + 9, will affect the behavior of the priv-

2t
ate sector. This is the solution to a dynamic game with the government
as the dominant player. a solution is also provided when the game is as-
sumed to be in a Nash (a Cournot) equilibrium. Furthermore, methods to
estimate the parameters of (13) and of the preference functions of the

two players will also be provided, under the assumption of a dominant

pPlayer or a Nash equilibrium.

5. Optimal Control Methods for Stochastic Models in Continuous Time

Part IV of this book contains two chapteng Chapter 18 provides
an elementary exposition of the model of stochastic differential equations
where the random disturbance is driven by a Wiener process or Brownian
motion, and of the method of optimal control applicable to this model.

The exposition is built upon concepts of dynamic systems and of optimal
control in discrete time by showing how the model and the method of dynam-

ic programming would become when the time interval between successive ob-

servations is made very small. Applications to microeconomics will also
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be provided, including the determination of consumption and portfolio
selection over time, the theory of mutual funds and capital asset pricing,
and the pricing of stock options. Chapter 19 studies the optimum consump-
tion and exploration of a limited natural resource. Although the subject
matter of Part IV is different from the remainder of this book, the methods
employed are quite similar. 1In fact, the methods of stochastic control in
continuous time are also applicable to the study of macroeconomic problems
when the macromodel is formulated in continuous time. See Gertler (1980)
for an example. Like the previous chapters, Part IV present a set of
powerful tools for dynamic analysis and control, and addresses important
economic problems using these tools. They are the main purposes of the

studies containéd in this volume.
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