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THE CHOICE OF TECHNIQUES AND THE OPTIMALITY OF

MARKET EQUILIBRIUM WITH RATIONAL EXPECTATIONS

1. Introduction

This paper_shows that, in the absence of a complete set of risk markets,
Prices provide incorrect signals for guiding production decisions. More
precisely, we establish that, even if all individuals have rational expectations
concerning the distribution of prices which will prevail on the market next

period, the market allocation is, in general, not a constrained Pareto optimum.

In other words, if we constrain the govermment to work within the same set of markets,

not allowing it either directly or surreptitiously to alter the set of avail-
able markets, it would make different production decisions. As a consequence,
there exists a set of taxes/subsidies which would generate a Pareto improve-
ment. There are some very special cases where the market equilibrium is a

constrained Pareto optimum; these, unfortunately, include some of the more

, commonly employed parameterizations (e.g. lo garithmic utility functiong, and’
‘multiplicative risk). Writers who make these assumptions for analytic
convenience may not fully appreciate what strong implications these assumptions
have for market efficiency.

It is, of course, well known that if there were a complete set of risk
markets the competitive market equilibrium is Pareto optimal. When there
does not exist a complete set of risk markets, a number of questions arise
concerning the definition, existence, and optimality of market equilibrium.
(See, e.g. Hart (1975), Dreze (1976), Radner (1968, 1972), Diamond (1967), and

Stiglitz (1972, 1973).)



This paper is concerned only with the optimality properties of competitive
equilibria with rational expectations. We first establish a general characteri;
zation theorem providing a necessary condition for the market equilibrium to be
Pareto optimal (Section 3). We then look for restrictions on consumers' and

producers' utility functions which will ensure that the economy is a constrained

Pareto optimum for all specifications of the technology. We show (Section 4)
that a necessary and sufficient condition is that the utility functions be
such that risk markets are redundant, i.e. even if they existed, there would
be no trade on them. We provide, moreover, a set of necessary and sufficient

conditions for redundancy of risk markets: if the output of all producers

is perfectly correlated, we require either
(a) all consumers have a logarithmic utility function; or
(b) all producers are risk neutral, and all consumers have
utility functions for which the marginal utility of income
is independent of price.
If the output of different producers are not perfectly correlated,
only condition (a) obtains (Section 10).
Theseﬁéonditions are, as we have said,ré%treﬁely restrictive, and thus

there is a strong presumption that the market economy is not a constrained

Pareto optimum (Section 7). On the other hand, using standard approximation

techniques, we show that the welfare loss associated with this market
imperfection may not be particularly serious (Section 8).

The reason for-the non-optimality is simple: relative price variability
is a source of risk. Since each firm is competitive, it cannot benefit
from the fact that its prodﬁétion decision changes the variability of prices.
In a complete market, this would be a pecuniary externality and the firm
would be able to directly profit from reducing consumers' risk. In an
incomplete market, this is impossible by assumption. 1In the concluding
section of the paper, we provide some further interpretations of this class

of market failures.
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The question which we address here is, of course, not a new one: Diamond
(1967) considered an economy in which there was a single output, all firms had
multiplicative uncertainty (i.e. ﬁhe level of investment did not affect the
relative outputs in different states of nature) and no firm had any choice of
technique. Under these restrictive assumptions, he established the constrained
optimality of market equilibrium (where the notion of constrained optimality

is precisely that employed here),

Several subsequent studies (Stiglitz (1972, 1975), Dréze (1974), Hart (1975))
cast doubt on the generality of Diamond's results. Hart, in particular, while
providing a set of (restrictive)sufficient conditions under which the ﬁarkét
equilibrium has certain optimality properties, provides a number of interesting
examples demonstrating that, when these conditions are not satisfied, the
market equilibrium may not be a constrained Pareto optimum. Our paper differs
from Hart's in two important ways:

(a) Hart's analysis was limited to an exchange economy, and thus the
inefficiencies which he noted were exchange inefficiencies; we are concerned
with productive efficiency.

(b) While Hart provided sufficient conditions for optimality, we provide
necessary and sufficient conditions; these conditions not only demonstrate that
there is a strong presumption for the non-optimality of the market equilibrium,
but provide considerable insight into the nature of the market failure. More-
over, they enable us to derive policies which lead to Pareﬁo improvements in
welfare and to estimate the magnitude of the welfare losses associated with

non~intervention.

The other important work to which our results should be related is
that of Grossman (1977) and Grossman and Hart (1979). They provide a

characterization of the sense in which incomplete markets are optimal:
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Let there be a different planner at each date and in

each event. Assume that the planner at each date-event is

permitted to make arbitrary transfers of goods using only

the markets which are open in the competitive economy,

but that there is no coordination of actions between the

planners at different date-events--in other words, the

planners play a Nash game with each other. Define an

allocation to be a social Nash optimum (SNO) if, given

the actions of other planners, each planner's transfers

are Pareto optimal.
The essential difference between our analysis and that of Grossman and Grossman
and Hart is that in our analysis, the govermment does not take the transfers
of goods in each state as given; these transfers are determined endogenously,
as a result of the working of the market. This implies that there may be
Pareto improvements from the imposition of investment taxes and subsidies.
In addition, we consider some taxes (like ad valorem output taxes), which
can be viewed as mechanisms by which the government corrdinates allocations

across states of nature, a kind of coordination, though plausible in practice,
that Grossman does not allow his planners to undertake.

In this paper, we do not discuss alternative explanations of the
absence of a complete set of markets. Short of such an explanation, there
is always the concern that the proposed‘market intervention is infeasible
for the same reason that the markets are imcomplete.2 In this paper, we
analyze a specific context in which equity markets are absent because output
is not observable (other than to the farmer himself) but inputs are. Although
in such an environment, output taxes and subsidies would not be feasible,
input taxes/subsidies would be, and, under certain circumstances Pareto

improvements can be effected even with these limited instruments.

1
Grossman and Hart (1979), p. 316. - : -
2 For instance, if the proposed policy intervention involves output taxes,

the natural question to ask is, given that it is assumed that the value of
output can be observed, is it not reasonable to introduce securities the

if these securities are introduced, would not the efficiency of the market
be restored? It is important to observe that the introduction of equity

markets would not alter the basic non-optimality result. (See Stiglitz
(1981).)




2. A Simple Model with Identical Farmers and Consumers

We examine these questions within the context of the simplest possible model.
There are two groups within the population, farmers and‘consumers. All farmers
are identical and all consumers are identical. We first describe the farmers'
behavior, then consumers, and finally market equilibrium. In the next section,
we define and analyze the constrained Pareto optimum and compare it to the
market equilibrium.

2.1 Farmers

All farmers are identical and must choose the level of some decision
variable, £ , at the start of the season, before the state of nature, ¢
(e.g. the weather), is known. Output, q » is an increasing function of
¢ and 6, and is concave in g:

< 0.

1 TSI, f 20, £>0, £«

If there are N férmers, aggregate output is
(2) Q = Nq =Q(g,8)

Since all farmers are identical, we can represent the action taken by a single
number (although in principle we should write down the action taken by each farmer).

Each farmer takes the distribution of prices as given (this is the natural

generalization of the price taking assumption of the conventional non-stochastic
model) . Later, we shall discuss how this price distribution is determined. As
we shall see, it will depend on the actions taken by all other farmers, the

state of nature, and the income of the consumers I:l

lIf consumers do not have identical, homothetic indifference maps, it will al§o
depend on the distribution of income as well; but we shall assume that the dis-

tribution of income remains invariant throughout the model.




(3) p = p(,0,I)

The income of 4 farmer in state 6 when he takes action £ is thus
(4) y = pf(g,8)

We assume the farmer has a concave utility function which depends both on his

income and the action he takes

&) U = U(y,&), Uy >0, U <O, 0

U <
vy g€ —
(The marginal utility of income is positive but diminishing and U 1is concave

in £ .) He chooses € to maximize his expected utility

(6) max EU(y,%) ,
{e}
given expectations about prices , P(£,6), so that he sets
7 E{fUpf_ +U.} =0 .
(7) { yPEe E}

Several special interpre£ations of this general model should be noted. 1In

one interpretation, £ is a choice of technique. 1In that case, we postulate

that £ changes the probability distribution of outcomes but does not directly
affect utility, i.e. Ug = 0. A second interpretation has & as the level

of investment or the cost of purchased inputs such as fertilizer. Then, net

income 6f the farmer is y - E; and we write U = u(y-£). 1In the third interpreta-
tion £ 1is the level of effort supplied by the individual. If the individual's

utility function is separable between income and effort, U = u(y) - z(£), where

z(£) is the disuility of effort.




The action taken by the individual farmer is a function of his expectations

concerning the distribution of prices. If his expectations are rational, i.e.
the expected price distribution corresponds to the actual price distribution,
then, since the latter will depend on the actions taken by all other farmers,
his action will depend on the actions taken by all other farmers. The precise
relationship depends, however, on the properties of the demand functions of

consumers, to which we now turn.

2.2 Consumers

Consumers make their consumption decisions after the state of nature
and hence market prices are known. Their choices can therefore be described
by an indirect utility function, which we represent as a function of the
price of this particular good, p, and money income, I, the prices of
all other goods being assumed constant. We assume, again for simplicity,
that (i) consumers' income does not depend at all on producers' income or
prices or the state of the world, 6, (this makes sense if production and
consumption occur in different locations, and consumers cannot or do not
buy stock or speculate on the price of the agricultural commodity. The
assumption is for simplicity, and can be relaxed, as in Stiglitz (1980),
without changing the presumption of market inefficiency). (ii) Producers
do not consume the commodity which they produce at all (this again is a
simplifying assumption, not crucial to the analysis); (iii) the price of the
given good does not have any significant effect on the price of other goods,~
an assumption which makes sense for s commodity which is a small part of
consumers’ budgets, or if other relative prices were determined by a technology
satisfying the non-substitution Theorem. The representative consumer thus
has utility represented by the indirect utility function V(p,I) and his

demand, qc, derived from Roy's Identity is




(8) q = ap/al.

Aggregate demand, D, of the M identical consumers is just
(9) D =M% = D(p,I) ,

a function of price and the income of the representative consumer.

2.3 Market Equilibrium

The market equilibrium price distribution is now easy to determine, given
the demand function (9): For each € and 6 , there is a particular value
of aggregate supply Q(£,6) and the market clearing price is then the price

which equates aggregate demand, D, to this supply:

(10) Q(&,6) = D(p(&,6,1),I) .
We described earlier Lhe behavior of farmers. Recalling equation (7)
and now letting p(£,8,I) be éhe solution to equation (10), since all farmers
are identical, a rational expectations market equilibrium is a value of &*

and a function p(£*,8, I) for which

(11) B BU(P(E*,eiI; £(E%,8), &%) Pfg(g* 6) + E BU(p(E*,G,I%gf(E*,S),E*) -
y b

(]

and equation (10) is satisfied for all values of 6.

3. The Non-optimality of Market Equilibrium

3.1 Introduction

We now wish to evaluate the market equilibrium described in the previous

seetion. To do this, we need to compare the welfare of consumers and

producers in the market equilibrium with that in some other feasible allocation.

In making the comparison, however, we need to take into account the constraints




on the set of markets. It is obvious that, except under certain special

cases (to be detailed below), the marginal rate of substitution between income
in different states of nature will differ for different individuals, so long
as there are not markets which enable them to trade income in one state for
income in another. Thus, were it costless to establish new markets, clearly
there exists a resource allocation which is Pareto superior to the market
equilibrium. But this is an unfair (and probably irrelevant) comparison. We

now wish to know, given the restrictions on the set of markets, whether there

exists a Pareto superior allocation. The answer is that there almost always
does. We first analyze the optimal resource allocation assuming (i) the
government could directly control the choice of technique, &; (ii) the
govérnment can engage in lump sum redistributions which are not state dependent;l
but (iii) it cannot introduce any new markets, in particular, it cannot introduce
insurance markets (on 6), futures markets (on p), or stock markets. Later we
ask whether this cons¢rained Pareto optimum is decentralizable (i;e. by tak -
subsidy policies).

Suppose the lump sum subsidy to each of the N producers is s, financed

by a lump sum tax on each of the M consumers of amount Ns/M.

The set of (constrained) Pareto optima is described by the solution to

= N AN :

(12) maxn=EV(p(6,£,S),I ~ S—M) + 31 EUR(8,E,8)£(8,6) + s, B)
(s,&)

for values of A > 0. By changing A we can trace out all points on the
utility possibility frontier. This formulation assumes that the government

has full power to redistribute income, so that the only remaining issue is

Obviously, if the government could make state dependent lump sum transfers,
it could equate all individuals' marginal rates of substitution across the

states of nature and achieve the same outcome as a complete set of markets.




the one under study of achieving an efficient allocation of resources. We

are concerned with characterizing the Pareto efficient allocationms. Choosing

s yilelds the first order condition:

ax_ﬁ AN ap
(13a) S—M[EV +>\EU]+E[V + Mny] 75 = O

Using Roy's Identity (equation 8)

» equation (1¢), and the fact that Nf = Q,

total supply, and that Q = ch, total demand, this can be rewritten:

(14) E(AUy - VI)(l +

-JVe}
e

) =0,

The term 3p/3s is found by implicit differentiation of

o — s g—

demand, D (p,I-Ns/M), which is fixed equal to the level of supply:

Q9p _ Q 3D/3s _ Q 3p/31 an -
(15) Nds NOID/3p ™ oD/3pp T "¢

where o is the fraction of consumer income spent on the commodity, n is

the income elasticity of demand, and € is the (absolute value of the)

elasticity of demand.

Equation (14) can be rewritten as

(16) E(AUy - VI)(l - on/e) =

Now choose £ so that

of

ol _ 3, _
(13b) — E(v +)\—Uf) €+)\—E[Upag E]'O

o0&

From equation (7), in market equilibrium, the second term is zero. The

first term can be simplified using Roy's identity (8) and noting that

I

(17) § 3 _ - @ ﬁ,

3~y s

wlar
th

g
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We therefore have the fundamental result:

Theorem la. A necessary condition for the rational expectations equilibrium

to be a constrained Pareto optimum is that

) g_ of _ 0

(18) B(&) = E(AUy -V 3 =

I

B(E) = 0 is almost a sufficient condition for the rational expectations

equilibrium to be a constrained Pareto optimum. We have, however, not

yet ruled out the possibility that the Lagrangian has several critical
points; the market equilibrium may correspond to one of these (so B = 0,

but this may not be a global maximum. It isg easy to establish, however,

Theorem 1b. A sufficient condition for the market to be constrained Pareto

optimal is that oC be concave in s and € and, at the market allocation,

g", B(E™ = o.

We shall show below that only under unusual circumstances will B = 0
at the market equilibrium, and it follows that only under even more unusual
circumstances will B = 0 at the market equilibrium and the market not be a
constrained Pareto optimum.

We should point out that concavity of U in s and &, of V in s,
and of f in £ are not sufficient to ensure the concavity of ;E, as can be
seen by twice differentiating di. However, for the logarithmic indirect utility
function which plays a central role in the following analysis concavity is
ensured.

4. Redundancy of Risk Markets and Constrained Pareto Optimality

In the previous subsection, we derived a simple condition which (together
with the assumption of concavity) was both necessary and sufficient for the
market equilibrium to be a constrained Pareto optimum. We need, however, to

interpret this condition, to see under what circumstances it will be satisfied,
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in order to ascertain whether it is likely or not that the market equilibrium
is a constrained Pareto optimum.

The condition (18) can be thought of as a generalization of the condition
for full Pareto optimality that the marginal rate of substitution between
different states of nature be the same for all individuals. What equation (18)
requires is that éome kind of weighted average marginal rate of substitution
be the same.

That is, we can rewrite equation (18) as

E(1- v, 88 _

(19) B I N3

where 09p/3f is given by (17) and where

U_(8)/U_(8)
(19a) p =L ¥ °

VL (8) /v, (8)

is the ratio of marginal rates of substitution bekween income and states
8 and 6, and where 3 is that state where the ratio of marginal utilities
equals A.

A spécial case of this arises %hen the margiﬁal rates'of substitution
are the same state by state, i.e. VI = AUY for some value of A . In that
case, of course, if risk markets were opened up, there would be no trade on
them. We say that in these cases risk markets are redundant. We thus have

as an immediate corrollary of Theorem 1:

Theorem 2. A sufficient condition for the constrained optimality of the

market equilibrium is the redundancy of risk markets.

If risk markets are redundant, the market equilibrium is a full Pareto

optimum.

We next ask three questioms:

(1) Are there restrictions on the utility functions which, for all
production functions, ensure the redundancy of risk markets?

(ii) Are there weaker restrictions on the utility functions which, for all

production functions, ensure the constrained optimality of market equilibrium?
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If there are not, then, in a sense, the conditions for risk market
redundancy are both necessary and sufficient for the constrained optimality
of the market.

(iii) Are there reasonable restrictions on the technology which,
together with some weak restrictions on the utility functions, ensure the
constrained Pareto optimality of the market?

The first question is easy to answer: there are a set of (fairly
restrictive) assumptions under which (in our simple model) risk markets
are always redundant. These conditions are set out below in Section 5.

The second question is more difficult to answer but provides one of our
key results: in Section 6 we are able to show that redundancy of risk markets
is both necessary and sufficient for the market equilibrium to be a constrained
Pareto optimum for all technologies. It turns out that constrained Pareto

optimality is critically as strong a condition as full Pareto optimality.
The final question is the most difficult, and Section 7 provides

some insight into it.

5. Necessary and Sufficient Condition for Risk Market Redundancy

The set of conditions under which risk markets are redundant are very
restrictive. We first establish
Theorem 3a. Sufficient conditions for the redundancy of risk markets are
either that (i) there is no risk, or (ii) producers are risk neutral and

VIP = 0, or (iii) consumers have an indirect utility function of the form

(20) V = ~kfn p + b¢(I)

which corresponds to a direct utility function defined on consumption, q, of
the risky commodity and c¢ of "other goods": o fn q + (1-a) 2n c.
Proof:

(i) is trivial.




-13-

(ii) 1f VIp = 0, consumers' marginal utility of income, VI’ is constant
in all states of nature and if producers are risk neutral, their marginal
utility is constant in all states of nature. Hence, the marginal rate of
substitution between any two states of nature is unity for both producers
and consumers, or p in equation (19) is unity, guaranteeing the redundancy
of risk markets.

(iii) The logarithmic indirect utility function geﬁerates, by Roy's
formula, demand curves which have unitary price elasticity. Hence farmers'
income is constant. Hence, the marginal utility of farmers' income is the
same in all states. Moreover, VIp = 0, so consumers marginal utility of
income is the same in all states. Hence the marginal rate of substitution
between income in all states is unity, and risk markets are redundant.

These conditions are, in fact, necessary as well. If risk markets are
to be redundant, we require the ratio of the marginal utilities of income
v /Uy, to be the same for all § . As § varies, so does Q, so this is

I

equivalent to requiring

(21) dany dgnv,
denQ _ dgnqQ °
But
d&nU U
(22) y _ wdzny__Rmﬂ:_R(l_%)

dgmqg =Y U, dnQ = dnQ

where R is the coefficient of relative risk aversion of producers. Similarly,

the right hand side of equation (21) gives

\%
(23) daVy  daVp genp __ 1Pl
d4nQ dnp d4nQ VI €
Using (8), V can be evaluated as follows:

Ip




1l

[o]
¢ V.q V._I
=_dg _ a5 ___I _+C_c=—II
oI a Vg~ Vs I+ RIR v

where RS is consumers' relative (income) risk aversion.
Substituting into (23) and (23) and (22) into (21), we require for risk

market redundancy that

pV
(24) R(L - &) =- B = g[n - 3%y,
I

Equation (24) can also be written (if e # 1) as a condition relating
producer's attitudes to risk to consumer's behavioral characteristics:

a(n - RS)
1 -¢

(24") R =

Equation (24) can be interpreted as a condition which must hold between
producers' and consumers' attitudes, as measured by parameters R, RC, n, a,
if risk markets are to be redundant (if there is risk). If producers are

risk neutral, R = 0, so for (24) to be satisfied VIp must be zero. If (24) is to

hold for all values of R, € must be unity and VIp=O' But if VIp=0 the indirect

'

c

utility function must have the special form V = a(p) + b¢(I) so q = - %$7 .

If the elasticity of demand is unity, a'= - k/p for some (positive) constant k; hence
a=-kinp. We have thus established (if there is risk)

Theorem 3b. A necessary condition for risk market redundancy with risk

neutral producers is that VIp = 0.

If risk markets are to be redundant regardless of the risk aversion of

producers, consumers must have a utility function of the form

(25) =-kinp + b¢(I)

These results are important in identifying the special set of circumstances
in which the market attains not only a constrained Pareto optimum, but a full

Pareto optimum.
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6. Necessary Conditions for Constrained Pareto Optimality

The sufficient conditions for the full optimality of the market are,
of course, very restrictive. We wish to know whether there are other conditions
which will lead the market equilibrium to be a constrained Pareto optimum.
For particular values of the pérameters, the market might happen to be a
constrained Pareto optimum. But a small perturbaﬁion of any of the functions
involved in the analysis -- the consumer's utility function, the producer's
utility function, the probability distribution of states, or the production
function -- might destroy the constrained Pareto optimality of market equilibrium.
We establish here that the necessary conditions for the market equilibrium
to be a constrained Pareto optimum for all technologies are exactly the same
as the conditions for redundancy of risk markets. We establish this by
looking at a special subset of technologies. There are only two states of
nature, which occur with probability 7 and 1 - 71 . There is a transformation

curve facing each farmer

(26) 1, = T(qy)
where
Q4= output in state i, i = 1,2,
The choice of technique has no direct effect on utility, UE = 0. For notational

simplicity, we let Pys Yi» Ui, etc., equal price, income, marginal utility of income

in state i and use dashes for derivatives. The farmer's first order condition ((7)

becomes
(27) U; pym + U p,y(1-m )T' = 0
11 2 F2

while the condition for the socially optimal choice of £ » (18), becomes

(28) Alu! Bl' + U'-Eg 1-7 JT'] = Vv_( )Elf;-+ V. (p,) Eg-(l -7 )T
1 n 2 €, T VP € 1'P) €,

where VI(pi) = VI(pi’I)'
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Substituting (16) and (27) into (28), we obtain as a necessary condition

for Pareto optimality that

ul/u!
vl _ 1,y _ B'(l-on/e) 1 1 ~1i'72
(29) Ul(el N 82) N EV (1-an/e) VI(pl) {el €, VI(pl)/VI(pz) ;

If equation (29) is to be satisfied identically for all technologies, it

must be satisfied identically for all values of ;5 qys T - Define

(30) b; =0 - a;n;/e;)

(31) Xg = Yyl DA = oyny/e)).
Equation (29) can be rewritten as

11 B o1 X1 o1 X
(Ef'- ) = = —=-= £
1 2

Expand the expected values and rearrange to give

Xo VYo o qp ¥ o#
(32) QZI - mz‘) {—ﬁ— 4'@;‘ E;J = 0.

If this is to hold for all values of II , then

X .LP U! U'
(33) - B S

and the ratio of the marginal utilities is the same state by state. If this
is to be true for all technologies, this must hold for all values of
{a,, Q} or {p,, Py}
But this is precisely Ehe condition we identified before as the necessary
condition for risk market redundancy (equation 21).

We summarize our analysis in

Theorem 4, A necessary condition for the constrained Pareto optimality of

the market equilibrium for all technologies and for all attitutdes towards

risk by farmers is that risk markets be redundant.

Theorem 5. Only for those particular combinations of utility functions of

farmers and consumers satisfying equation (24') will the economy be a constrained

Pareto optimum for all technologies,
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7. Restrictions on Technology which Ensure Optimality

The previous section established that, without restrictions on the
technology, the necessary and sufficient condition for the optimality of
the market equilibrium were precisely the conditions for the redundancy of
risk markets. If we impose restrictions on the set of technologies, then
we can obtain constrained Pareto optimality under conditioms which are
weaker, but only slightly so. Using the kinds of techniques used to prove
theorems 2-5 we can establishl
Theorem 6. If producers face multiplicative risk, so £(6,8) = g(8)h(&),

a sufficient condition for constrained Pareto optimality is that consumers'

preferences can be represented by the indirect utility function

-1/b
(34) V= (a+ bp) I

The proof consists in showing that the term 1 - an/e of equation (16) is
constant for this function, which, together with multiplicative risk, ensures

that B(Em)_= 0 in equation (18).

Theorem 7. If individuals have homothetic indifference maps and firms have
multiplicative risk, then if, for all specifications of the probability dis-
tribution of returns and producers utility functions, the market equilibrium
is to be a constrained Pareto optimum, the consumers' utility function must
be of the form of equation (34).

Theorem 8. 1If consumer'SAutility function is of the form of equation (34)
(which includes the constant demand elasticity as a special case), then a
necessary condition for constrained optimality is that either risk markets be
(locally) redundant or that there be multiplicative risk.

8. The Magnitude of the Distortions

In previous sections we have established conditions required for the
market equilibrium to be a constrained Pareto optimum. We would like to be
able to assess the magnitude and direction by which the optimal value of £

differs from the market equilibrium value. To do this we define

For a more extended discussion of these theorems and proofs, see Newbery
and Stiglitz (1981b).
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X(E€) = prfg + UE

The optimal choice of £ , go, must satisfy equation (13b);which we rewrite as

(35) ex(£0) = —i— B(£%)

In contrast, from (7)

EX(E™) = 0.

The left-hand side of equation (35) can be expanded about the market
choice of technique, gm, to find the direction and magnitude of the bias

away from the constrained efficient allocation:
@6 0. gmy BED_
AEX' (£™)

In order to interpret this result, it is necessary to decide how best
to parameterize the choice of technique, £ . One natural method is to let £ measure
the standard deviation (or perhaps the coefficient of variation) of output, in which
case, equation (36) will measure the extent to which the farmers choose
insufficiently risky production, and the right-hand side will typically
depend on the degree of risk aversion and the extent to which mean output
increases as more risky techniques are employed. Rather than derive various
measures of the bias, it might be more useful to illustrate the method for
the 2-state example of Section 6. Moreover, the fundamental issue is how
large is the loss of welfare resulting from the market failing to achieve a
constrained Pareto optimum relative to the likely welfare gains to be derived

from specific policy intervention (such as price stabilization), which we can

calculate once the model has been fully specified.
Consider the special case in which there are equally probable states of
the world, and the production trade-off between output in the two states of

the world is linear:

Suppose also that the choice of technique does not affect farmers' welfare

(UE = 0) and that consumers have an indirect utility of the form
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Cc

-0.,1-R
38  ven =L
1-R

so that price and income elasticities are unity and their coefficient of
relative risk aversion is RE. Suppose, finally, that the distribution of
income is satisfactory at the competitive equilibrium (i.e. we are only
interested in efficiency). 1In this simple model, farmers experience no risk
and their welfare is independent of the state of world and the level of
output, since (with eqﬁal numbers of consumers and farmers) ¥y = P39 = al.
The competitive equilibrium choice of 9 4, is given by equation (27) which

can be solved to give

m_a_ m_a —m _ a(l+b) m _ b-1
(39) W™® Q7,9 =T, 0 =33

where Em,cm are respectively mean output and its coefficient of variation at
the market equilibrium.

The constrained effiéient solution is given by equation (28) (using (27)
and the fact that €, =&, = 1).

2
c .

(40) -T' = = = (=2
Vi(pe, b, 9
where
B =a@ - R%).
Hence if vy = 1/1-8,
0 a 0_ abY -0 _ a(14b") 0_b' -1
ql = -———‘Y. ’ q2 = Y N T e———— s o B ee——
b + b b+b 2(b+b ) b + 1

where qg is output in the optimal allocation in state i, Ei) is mean

output, and 00 is coefficient of variation of output.

1f Rc> 1, 8 < 0, and the optimal choice of techmnique involves less risk than
c

the market choice, whilst if consumers are not very risk averse (R* < 1) the

market supplies too little risk. The optimum and competitive equilibrium are

c
shown below in Figure 1 for the case R < 1.
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Output in
State 2

égf:>>Consumers' indifference curves

Farmers' perceived indifference curve

‘r_—__,——-Farmers' actual indifference curve

T(ql)

b
L
0
B ql
Output in State 1
Figure 1

The Difference Between Market and Efficient

Choice of Technique
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Since farmers enjoy the same income for any output (unit price elasticity)
their welfare is constant along the transformation frontier AB. Consumers
would, however, rather be at E than M, and the inefficiency of competitive
equilibrium can be measured by the lump sum tax on consumer's income which,
if paid at E, would make them no better off than at M. The benefit of moving
from M to E (equal to this lump sum) can be found by expanding consumers'
welfare in a Taylor series, and, as a fraction of consumer expenditure on the

commodity, is approximately

(41) L4 (158) ac?; 67 zEq® - EQ®
q
Acz :(00)2 - (c:m)z

These terms can also be evaluated by Taylor series expansions, assuming b

0 m
is near 1, so o and ¢ are small:

— 2

42 ~ 2 . 1
“ Tl el gy - ne?

Altogether, the proportional

benefit from eliminating inefficiency is approximately

2

~ B8 m, 2
(43) L ”5?1_:_33(0 )

Although this expression is of the order'(cm)zit should be remembered that

if R® is not too large, B = a(l—RF) is small, since the expenditure share,
0 , for most commodities is very small. Thus, for this particular parameteri-
zation, the welfare loss associated with the production inefficiencies from
incomplete markets will be small if consumer's risk aversion is not too large.
If it is, the loss may be significant. In the more general case, the welfare
loss will depend not only on the magnitude of consumer's risk aversion, but
also on that of producers and the elasticity of demand. (See Newbery and

Stiglitz (1981b)).
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9. Optimal Corrective Tax Policy

The allocation described in Section 3 could be attained if the government
could directly control &, the choice of technique. One interpretation of our
finding is that the fundamental decentralization theorem does not hold in the
absence of a complete set of risk markets, for it is not possible to achieve
the constrained efficient allocation on competitive markets using only lump
sum taxes. Since direct control is evidently impractical, it is necessary
to enquire whether there are tax policies which allow the constrained optimum
to be decentralized. This question raises some subile issues.

For example, if the government levies an ad valorem tax on producers, its
tax revenue will depend on the state of the world, and we must ask whether its
budget is to be balanced in each state of the world or only on average. .In the
former case, the lump sum transfer will vary with the state of the world, whilst
in the latter case purchasing power will vary. It can, however, be shown that
regardless of the restrictions on feasible tax policies it is in general possible
to make Pareto improvements.

Let us consider the simplest case in which the government budget must
balance state by state, and taxes can either be at constant ad valorem rates or
lump sum. We now establish

Theorem 9a. A constant ad valorem tax rate (the proceeds of which are distributed

as lump sum payments to producers)

E(AU_-
(44) T* = - 2 O, Vppe /e

NA EU pf
yPre

g

supports the constrained Pareto optimum.

Proof: Farmers will set

EU p(1-T*)f, + EU,. = 0
yp( ) £ £

Substituting for the tax rate T*, this implies



-23-

M -
E(prfS +U£) + o E(AUy—VI)pfgle =0

which is the condition for constrained Pareto optimality of equation an.
Pareto improvements may even be attainable (under somewhat more restrictive

conditions) if the government is further restricted in its instruments.

Consider, for instance, the case where £ has the interpretation as the

level of investment, and where producers utility function accordingly is

written
U="U(pf +s -¢)

Now assume that § 1is observable, and the government imposes an investment

tax at the rate T with proceeds, Tf distributed to producers as lump

sum payments.

Assume, moreover, that the governmment provides an additional lump sum

subsidy (tax) sothat producers' expected utility is left unchanged. Producers

will now set
EU'pf = EU'(1 + 1)

and the required subsidy s is such that (at T = 0)

e 4Ry 48,
(46) EU'[E GE+ 5] =0

where dp/dr is the total derivative of price with respect to the change
in policy. The effect of this policy on the representative consumer is given

by
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dp _y ds
E(Vp dt Vy dt

where s 1is the per capital tax on consumers to finance the producer subsidy.

Using Roy's identity (8) and (46), we observe that

e e dp
y_ dr dr
EV
y

dv

T

0 as

Allv
Al

EU'

It is immediate from our earlier analysis that the only conditions under
which equality will hold (for all technologies) will be those in which risk
markets are redundant; otherwise, there always exists an investment tax or
subsidy, accompanied by a lump sum tax or subsidy, which leaves producers
unaffected, and improves consumers' welfare. Under more restrictive
conditions, a lump sum transfer from consumers to producers (or conversely)

unaccompanied by a production tax or subsidy may constitute a Pareto improvement.

10. Imperfectly Correlated Output Risk

We shall now show that if farmers do not have perfectly correlated outputs,

then, even under the stringent conditions in which the market allocation is a
constrained Pareto optimum with perfect correlation, the market allocation ié
unlikely to be a constrained Pareto optimum. We prove
Theorem 10a. A sufficient condition for constrained Pareto optimality with
imperfectly correlated returns is the redundancy of risk markets.
Theorem 10b. Necessary and sufficient conditions for redundancy of risk
markets for all technologies is that all farmefs be risk neutral and VIp = (.
Theorem 10c. If the economy is to be a constrained Pareto optimum for all
technologies all farmers must be risk neutral and VIp = 0.

The first theorem is obvious: if risk markets are redundant, the economy

in fact attains a first best optimum. Sufficiency in the second theorem is also

fairly trivial. If the marginal rates of substitution between any two
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states are the same for all individuals, clearly risk markets will be redundant;
and they will be the same if the marginal utility of income of all individuals
is constant. But if all farmers are risk neutral, and VIp = 0, clearly, the
marginal utility of all producers and all consumers is constant.

Necessity is only slightly more difficult to establish. If risk markets
are to be redundant, the marginal rates of substitution between income in

different states of nature must be the same for all farmers, i.e. letting UJ(yJ)

represent the utility of the jth farmer as a function of his income yJ,
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we require that U;/U; be constant. Differentiating logarithmically with

respect to aggregate output, Q, we obtain

. j k
jedin qg- 1 - ddn ¢~ 1
(46) R (dln Q e) R (an Q E)
where qJ is the output of the jth farmer and RJ is his relative risk

aversion. dgn qj/dZn Q measures the correlation between the jth farmer's
output and aggregate output. In the previous discussion, this was assumed

to be unity. However, in the more general case with imperfect correlation
this can take on any value; hence, if (46) is to hold for all technologies,
clearly Rj = Rk = 0, all farmers must be risk neutral. Moreover, if their
marginal rate of substitution between income in different states is unity,

SO must consumer's, if risk markets are to be redundnat., But this implies
VIp = 0.

Theorem 10c is the most difficult to prove. To do this we first state a
characterization»theorem for the constrained Pareto optimality of markets with
many producers which is the analogue to Theorem 1. (The proof is exactly
parallel to that of Theorem 1.)

Theorem 11 . A necessary condition for the rational expectations equilibrium

to be a constrained Pareto optimum is that

w7 Y = mieik - voR ot =0, oam i,
k y € ¢

where
fl(e,il) = ith farmers' production function
Ak = Lagrange multiplier associated with kth farmer's utility
and :
Bk = gi , shate of kth farmer's output in aggregate output
Q
k
(Z87 = 1)
k

Defining pk as in (19a), we can rewrite (47) as
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48) 575D = £ - 5o 2 off
k

This says that a necessary condition for the constrained Pareto optimality

=0

of the market is that a particular wieghted average of marginal rates of
substitution of producers and consumers be the same.

Since, from Théorem 4, we already know that if the market is to be a
constrained Pareto optimum for all perfectly correlated technologies, either
farmers must be risk neutral and VIp = 0 or consumers must have logarithmic
utility functions, to establish Theorem 10c all we need to do is to show that,
for the logarithmic utility function, if returns are not perfectly correlated,
for some technologies (48) is not satisfied. Consider the case where
there are two symmetric groups of farmers with N farmers of each type; the
production functions of the two groups are identical except for the effect of
risk, which we assume is multiplicative and identically distributed:

(49) o' = netet,eh) = wel negly,  iep i
Given this symmetry in production, it is natural to assume symmetry in social
k

weight, A = A = X. The optimal lump sum subsidy to the ith producer is

derived as in Section 3. We obtain as the counterpart to equation (16)
i_ - aedyd _ Ky _ e s

(50) EQU; - V) + aB(v; - Agu) lBkUy) 0,  i=i,k,

which, because of our symmetry assumptions, can be simplified to

(51) v, = AE(l 2“8 )U 1=4,k,

since VI is constant for the logarithmic utility function.
Under our special assumptions (47) may be simplified to

(52) - = aeelu) + gL, geg ik

h(E)
h(gh)

(where we have made use of the fact that with multiplicative risk fi = Q

ZBih'(Ei), since 5; = ‘% Q).
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By symmetry

3v2.:3 _ ki2 k _ Ji2. k
E U~ =E U~ = E(1-8 U
(8) v (B7) v ( ) g

so equation (47) can be written

- 3203 4 pds2 Ky _ Jqd
vy = AE{eH ) - -g)) ug + skuy} aeglul

N

(53)

If Bj is constant, then equation (51) implies (53) and optimality is
ensured, but Bj will only be constant if the outputs of the two groups of
farmers are perfectly positively correlated, in which case the example collapses
into the earlier example of a single group of farmers. If B is not constant,
then equations (51) and (53) together require E(Bi-l/Z)U; = 0. But Bi and
yi are positively correlated (unless Bi is constant), so, unless U;y =0
(farmers are risk neutral) E(Bi—l/Z)Ui < 0. It is easily checked that given
the form of the indirect utility function total welfare 1is concave in the control
variable. This establishes Theorem 10c.
1¥. Conclusions

This paper has shown that even when individuals have rational expectations --
they have fully absorbed all the information which is available on the market
and they use it efficiently in making their production decisions —~— the market
equilibrium is, in general, not even a constrained Pareto optimum. Specific
biéses have been identified, in the context of some simple models, butbin more
general situations, the exact nature of the inefficiency may be hard to ascertain.

The force of our argument is that there is no presumption that market equilibria

are efficient; indeed, there is a strong presumption that the market equilibrium

is not a constrained Pareto optimum.
In a sense, these results should not be surprising: When there is not a
complete set of markets, farmers will not have the right prices to use in making

their production decisions. Farmers pay attention only to their own marginal
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rates of substitution across states of nature. In general, these will differ
from those of consumers because there is no market to bring them into equality,
and hence the market allocation will not be Pareto optimal.

There is another way of looking at these results which may prove instructive.
In a world of complete markets, insurance markets allocate risk and goods
markets allocate goods, but in the absence of insurance markets, the remaining
goods markets have to serve both functions. For example, if the source of the
variability lies on the supply side, and if demand is not too inelastic, the
negative correlation between price and output means that the output market
transfers some of the risk facing producers to consumers, and producers' income
variability will be less than their outpﬁt variability. 1In a ratiomal expecta-
tions equilibrium each farme; correctly forecasts the distribution of prices,
and chooses the level and riskiness of output to maximize his expected utility.
Together, these output decisions generate a distribution of total supply which
in turn generates the price distribution. No one farmer can influence the price
distribution, but each one is affected by it, and, collectively, their actions
reproduce it. The price distribution is therefore a public good, or collective
consumption good, and its form affects the level and distribution of income risk.
However, we already know that the competitive market will in general fail to
induce the optimum level of supply of public goods, so it should come as nb
surprise that the output market does not in general induce the optimum level of
income risk.

If an omniscient planner were to decide on the choice of technique he would
take account of the effect of supply on the price distribution and hence on the
distribution of risk. Insurance markets in this context transform a public good
(the whole price distribution) into a set of private goods (one price for output

in each state of the world). Notice that the one-commodity world popular in
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early risk analysis>is very special, because income and output risk are
the same, and there is no public good element of a collectively produced
price distribution.

There were basically two cases where the market allocation was optimal.
In the first, consumers had unitary price elasticity and all farmers were
identical. This meant that farmers faced no income risk. They thus maximize
their expected income. This coincides with what consumers would like farmers
to maximize, since price is proportional tovthe marginal utility of consumption
of the given commodity.

In the second case, farmers are risk neutral and again maximize expected
income. As before, ;his would coincide Wiﬁh consumers' objectives if price
were proportional to the marginal utility of consumption of the commodity.
However, this time the marginal utility to consumers of increasing output
and hence consumption, Q, in some state of nature is UQ =p VI and this
is proportional to price, p, if VI does not vary with p, i.e., VIp = 0,
so that consumers are price risk neutral.

When there is more than one type of farmer, i.e. when the output of
different farms is not perfectly correlated, these simple relationships
between output and income which we have assumed above will not prevail. Even
with unitary price elasticity, farmers will still face income risk, and hence
will not maximize the value of their output, éo that even if consumers' marginal
utility of consumption were proportional to price, as with the logarithmic
utility function, consumers' interests will not be maximized by farmers. The
only general condition which ensures optimality is that consumers are price
risk neutral and farmers are income risk neutral.

Some readers have found the following alternative interpretation of the
non-optimality of the market allocation instructive. Except under unusual

conditions (described in the text), the absence of a full set of risk markets
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implies that the marginal rate of substitution between income in different
states of nature differs between consumers and producers. Consider a
production decision which increases output in one state and decreases it
in another. The market allocation is made, as we have emphasized, with
producers assuming the price distribution is given. Now, by increasing
output in one state, and decreasing it in another, the price will increase
in one state, and decréase in the other; if the elasticity of demand is
less than unity, producers will be better off in the first, worse off in
the second, while consumers will be better off in the first, worse off in
the second. It is clear that such a marginal change can reduce the difference
between consumers' and producers' marginal rates of substitution between
the two states; thus, this production decision can serve as a partial substitute
for the risk market which is absent.

The important point is that it is only under very special circum—
stances that the market allocation will attain even the weak sense of
optimality implicit in our notion of constrained Pareto optimality.
This, in turn, has some important implications; there is, for instance,
a widespread belief that international buffer stock schemes for the
stabilization of prices of agricultural commodities are unnecessary and

undesirable, since the market provides an "efficient" level of storage.l

The detailed implications of our analysis for commodity price stabilization
are presented in Newbery and Stiglitz (1981a, 1981b). Implications of
our analysis for trade policy are discussed in Newbery and Stiglitz (1979).




-30-

Our analysis shows that this particular argument against such schemes is
not valid; indeed there is a presumption that the market does not provide
an efficient level of storage when there is an incomplete set of risk
markets.

More generally, we have shown that, in general, there exists some tax
policy which would generate a Pareto optimal improvement over existing
market allocatioﬁs. Our results suggest, moreover, that the tax would
depend sensitively on the specific form of production and utility functions,
while the calculations of Section 8 suggest that, if risk aversion is not
too large, the quantitative gain from such policies may not be significant.

Thus, while there is a strong presumption that the market is not a
constrained Pareto optimum, the desirability of government intervention

remains a moot question.
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