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1. INTRODUCTION

We shail present a theorem‘concerning:the existence’ of
competitivevequilibrium'for markets in which agents usé both'"
private information and prices to estimate the uncertain environ-
ment of an ecoHnomy. Because‘each agent's demand reflects his own =
private information, private information influences market prices,
As a reeult; each agent, when he seesiprices, obtains information
beyond.hie'own private information;about the economic environment.
The theory of rationai expectatiqns equillbrium departs from the
standard Arrow- -Debreu- McKenzieitompetitive theory in that agents
are assumed to form a model of the relationship between prices,
their own private infornation, and the particular state of the
environment. In the words of Roy Radner; eqnilibrium requires’
"that their models not be obvionsly controverted by the
observations of the market." We;will'prove°the following result.
For each n- agent economy in a very general class, there exists an
n- tuple of models such that when each agent believes his model '
and maximizes expected utillty, the joint distributions of prices,

private 1nformation and states that eherges supports the n-tuple
of models . .
The theorem requires that there be a random variation in demand

naturally modeled as . ,
that is/unrelated to private information, prices, and the environ-
ment. Other than this spec1al feature the result is extremely
general= it covers essentlally all strictly concave utility
functions, arbitrary distributions of the env1ronment variable,

and situations in which the dlmension of the environment variable

is large relative to the number of commoditiee. One of the happy'



consequences of this generality is that it extends the existence-
theory for rational expectations general equilibrium téncssés in
which prices cannot hope to convey the union of the privat§
information possessed by the agents in the economy. Thisifitg
nicely with our intuition. Although prices_gre useful indicators.
of other agents' p:ivate_information, one feels that the set of
possible values of private information is_larger than the set of
prices, and so each equilibrium price is typically associated
with a variety of private information values.

Let's now be more precise about the meaning of the statement
that the joipt dis;ribution of prices, private information, and
states that emerges supports an n-tuple of models. Suppose agent j
has a modeix which is formelized as a probability measure Hy on

-

the product of the price simplex, the set of states of the environ-

ment, and the jth person's signal set Sj . He observes a signal
S from Sj,which is interpreted as his private information, and
he is'presentedAwith an opportunity to trade at a price P . The

agent should theqfcompute the conditional distribution (relative

to the model pj)lkqf states, given S5 .and p ,‘aﬁd maximize |
expected utility with respect to this conditional distribution. If
an intelligent agent sees his model controverted, then he will
change his model. In the present context, the change in an agent's
model is accompanied by a change in his demand function. As a
consequence, stationary preferences can only be assured to generate
stationari demands when each agent's:mbdel is supported. Since |
demand functipns must be,stationafyAfpr Q;ices and allocationslﬁo

t

be stationary, an economy can only be in steady state equilibrium



when each agent's model is éupportéé}: This is the defining
characteristic of rational expectations equilibrium.

But note that the foundation of statistical inference depéends
on the idéa'thafhégénﬁs wgll'fefectfcorréét models a nonzero
fraction 6f'the'£ime,'éiﬁ§e the? can”obéérvejbnly'a finité'ﬁﬁmber
of:éémples. Fﬁfthefhbré;"égents (as éfatiétibians) understand
this. The standsrd definition of rational ékpectations‘éqﬁilibfidm
requires that there be modeis Hyseeosby such that, if agents

believe them, then the actual distribution of observed outcbmés,

call it <(k), will be equal to K. This ignores the .difficulty that
correct models w1}l be rejected based on finite samples, and it is
equivalent to saying that the: "expected value" of the m -observation

finite samples of (k) will Be equal to M. Theorem 2 is based on
an alternative, but very closely related formulation.. :

As before, each agent is endowed with a model. They use their
models to formulate their demands'during a'pdssibly large but
finite number (say m) of "plays" Of‘the'ecbnomy, After m 'pléyé
an agent will almost surely not see ‘any pfice twice (especially
given the postulated exogenous randomnéss in demand), and there
will be an infinite number of ériée4signal pairs for which he has
no experience concerning the conditional distribution of states.
If he were asked to formulate a model of the joint distribution of
signals, prices, and states based on an empirical distribﬁtioﬁ
vy , then he would most likely do so0 by averaging the distributiosn
of observations over heighborhOOds.’ in this spirit, for each i,
we take (as a given of the economy) 2 function 95 that is used
to smooth‘m-observation‘empirical distributions. It is natural

to think of ,gj's 3s dependent on m . Since m is finite, the

lBy "expected value" of the m observation sample, we mean the
measure whose value on each Borel set A is the expected value of
the empirical distributions on A.



m—observation empirical_distributions pj are random, and thus
their smoothinqs, denotedAby aj(uj) are random as well.
Formally, g.(p,) is taken to be a convolution. The
convolutlon process is a natural way to draw a contlnuous model
that 1s arbltrarlly close to 05 and 1is deflned for all prices and
s1gnals. But in fact any continuous and linear method for drawing
contlnuous models defined for all prices and s1gnals is adequate
for our purpose.2

With or wlthout smoothing; finite samples cannot be expected to
reproduce the model exactly, because they are random. The standard
ldeallzatlon requlres that the dlstrlbutlon of outcomes of the
: economy reproduce'the model on average _Our idealization requlres
1nstead that the.smoothed_emplrlcal distributions reproduce the
model on average. Specifically, Theorem 2 establishes the existence
of models Hys+«-, K1, sSuch that if agents believe them, then the
expected value of the smoothed m-observation finite samples of
T(u) will be equal to u . This formally captures the idea that
if agents use the given models and formulate new,K models from m-
period empirical samples in @ reasonable manner, then.the given
models‘will be reproduced.

Before beglnnlng the formal analy51s we should p01nt out the
close relatlonshlp between equilibrium defined here and
the definition of rational expectatlons equilibrium that has usually

been employed. 1In Corollary 3, we show that for any economy (with

Phe convolution process involves- averaging over the available
data. This procedure is used in drawing contour maps based on a
flnlte number of Observations. :



;- gxogenous random variation in demand), and for any.positive ¢ ,

there exists an n-tuple of assigned models, so that the average

unsmoothed m-period empirical distributions are within ¢ of the

assigned models. 1In Nete 2 an equilibrium of ithis type is
illustratgd for an Edgeworth Box type example due to David Kreps

[5] that is known to have no equilibrium in the standard .

.idealization. . ..

2. RESULILS

-There are k commodities, indexed by i . Thus, a commodity

Jbundle is a vector x‘e]RE . There are n  individuals, indexed

k

- by j . They haeve initial endowments €y,--.58 €IR_ . We assume

n

‘there is in society a positive amount of each commodity, i.e.,
n

Ze, >>0
j:l .]‘.
Individuals possess state-dependent utility functions. Thus,
‘there is a state space &, 3 compact metric space. ' Individual 7
hes a utility function uj:]Rt x-8¢ - R which is (i) jointly
- continuous, (ii) for each @ ey, wu (x,%) is strictly concave
' J

in x , and (iii) Buj/ax is jointly continuous in x and ® ,

and _Buj/ax > > 0., Observe that, for each .x E]RE y Supluj(x,w)]<<n
' w

by continuity and the compactness of § .,

Next, we must specify the information structure available to-
each agent. Agent j observes a signal in his signal space Sj ,
which is'sssumed to be a compact metric space. S = Sy % ... X S
is a compact metric space, with the obvious metric. The specifica~

tion of the information is completed by specifying a Borel

probability measure P' on ¥ x 5 , which gives the (objective)



joint distribution of the, states and signals. Thus, the .information
structure is totally exogenous.,

Each agent makes use of.the information in his signal. 1In
addition, the information possessed by the other agents will be
reflected to some extent in the Walrass equilibrium price that
emerges. Agents use their information by referring to a model of
the joint distribution of prices, states, and signals. “The set of
models for person 1§ is NH = {Borel probability measures on
A x A ij} where A is the price simplex {p € R&: p.> 0,

1} , and ™ = ML M .+ 1If agent j has a model

My € N% » 1f he observes a signal sj € Sj , and if he is presented

with an Opportunity to trade at a price p , then he is assumed to

t MR
o]
il

computer the conditional distribution (relative to the model uj)
of '@ | given sj and p , and maximize expected utility with
reéspect . to this conditional distribution.:

Next we define the smoothing process that is used to draw new
models from empirical distributions. Let P  .be the product of
normalized Lebesgue measure on A with P'".  Thus, --P “¥s a Borel
probability measure on A X 8 x g . Let P; be the merginal
probability of - P on A X € x Si . Let 'gj: 52 x P x S?-*(O,m)
be jointly continuous in its arguments, and satisfy for all

pea., sy € sj’,a e §2

J gj(p,g,w,ﬁ,sj,ég) de (p,w,sj) = 1 . We then form a new



,model;paj(ujj.e,&% whose density function (with respect to Pj)

is definﬂe‘d tO be gj*uj('p,g‘*’,sj) = j , gj(P:P’_Q:_Q’Sj;Sj )dk‘-j(P’w:,
o ’ A@QXSj

The constructlon of gj is esSentially‘a convolution, a

"3 |
famlllar operatlon in analySLS.‘ We shall see that gj 3 is

continuous. As we argued in the 1ntroductlon the convolutlonv
process is a natural way to draw a close contlnuous model
defined for all prices and 31gnals from an emplrlcal sample
(obt2ined from a finite number of observatlons in AxMxS).
Suppose now each agent has a model “j (M ) and seesya

‘smgnal Sj € Sj'. Let 4. (p,u ,aj) be the vector in ]Rk

maximizing expected utlllty over the budgetset &{p x <p - ej},

with respect to the condltlonal dlstrlbutlon of W glven p and

s: , where the conditional distribution‘is calculated using the
model *pj . We shall show that dj is uniquely defined. Let
n

Z 4. .,8.) = e;
j=1 3(.9.’%.’ 3> 37

{continuous functions

d: AxMxS » R “be defined by alp,u,s)

the market excess functlon, and let 0]

]

fe Int(A)ﬁ*Eﬁ satisfying, (i) p-f(p).='0, and (ii) Pi'*ib for

some i => [£(p)|~ © } . We shall show that a(-,u,s) e @ for all

u ca(M), s es .

We assume that there is a random dlsturbance term 1n the demand

This is formalized as a continuous functlon C: {a(- ,u,s) ueM
seS} - M®‘,'where ® is endowed with the topology of unlform

convergence on compact sets and MQ‘ is the set of Borel
on &,

probablllty measures/ endowed with the topology of weak convergence

Let o' = J support (C(d( ,u,s)))
s

Ej).



Any f € ¢ has a Walras equilibrium price, i.e., p € A such
that f(p) = O . We suppose that the economy settles on equlllbrlum
‘prices in a consistent fashlon. In other words, there is a.
measurable map W: o' - qﬁ » where Nk is the set of Borel . .
probability measures on A , endowed w1th the topology of weak
convergence w1th the prOperty that W(m) ({p: o(p) = 0}) =
A special case of this is s measurable selection from the
equlllbrlum correspondence i.e.,»a map W ® - A such that
o(W(o)) = . We assume that ¢ and W satisfy the following
richness condltion: ‘ '

for a1l y,s,c(a(,u,s)) ((f e 0's W is discontinuous at f])=0,
In other words, the disturbed demandlavoids the points of
discontinuity of‘ W , with probability one. & simple example of
C and W satlsfylng this condition is given in Note T.

Suppose we are glven @ profile of models . ¢ ¢(M). The process
defined above associates with each play of the economy a probablllty
distribution on equilibrium prices, and hence the process generates
a jOlnt dlstrlbutlon on AxQxSj for edch j . This joint
dlstrlbutlon,_denoted Tj(u), is the true model relating prices,
states and j’s‘signal, assuming that every trader 5 believes the
model u; . Wevhave thus determined a map t: g(M) » M defined
by (k) - (v (B), .0, n (1)), N

‘fﬁé above material has really heen an extended definition of
the process by which the economy determines prices. ‘ Some of the
steps of the definition need to be JuStlfled by lemmas which we

shall give below. But we can now state the results.

Proposition 1: There exists § ¢ M such that g(1(#))




In other words, if each agent j believes the model by, then
the smoothed joint distribution of the outcomes of the econdhy on
| 'Axﬁx‘sj will be by
fhgg_g__g: There exists H € M such that, for each 3, qu is
the expected value of the smoothlng of the m-sample empirical
dlstrlbutlon from T(P)j . Formelly, let J\j = (ZXQXSj)H‘,
(T(H).)@ . Given hj e:ij , define the associated empirical
measure Ujj-(B) =‘|£ig(hj)i€B)i/m , for B Borel,'BcﬁxnxS% .

H

For any Borel set B

Y
j e; (o) (B)av; = u(8) .

AW
T

Corollarv 3 s Let oy be the Prohorov metric [R] on N% .

p(k,v) = Z . (Hj,n ) for H,v e M. Given any & > O , there
5173 . , :
is a profile of models M e M such that p(7(K),r) < & .

Before we begln the praofs a few words about the role ofhspme
key assumptlons are in order. First, it is important to note that
T 1is not defined for arbltrary .H e M, since the conditional
distripution has no natural definition on prices outside the support
of ¥ . When such conditional distributions»are defined they may
not be continuous id P . Consequently, an excess demand function
generated by an arbitrary ¥ may have no equilibrium price. The
mathematical importance of the smoothing Operation o derives from

the fact that <t is defined for each M ¢ g(M) i.e., excess demand

functions generated by M ¢ g(M) always have at least one
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equilibrium price. Since .M is a convex and compact subset of a
tppological vector space, it is a fixed point space; i.e., every
continuous function on M has at least one fixed point. The idea
of the proof of Proposition 1 is to show that Teg: Mo M is
continuous. Unfortunately this requires an additional assumption,
since for giVen'eignals small changes in a model can lead to a
large change in the equilibrium price, with the result that Te0
:lS not c0nt1nuous The dlscontlnulty is a consequence or the fact
that the Walras correspondence is not lower hemi- contlnuous }ané
it is remedied here by the introduction of a random disturbance

in demand, which is most naturally modeled as unrelated to prices,
private information, and the state of the environment.

Once it is established that Te g ¢s M- M is contlnuouJ, we know
that there exists v such that (o (u)) v, ‘and hence there
exists M such that g(7(r)) = By, whlch is the conclus1on of

Proposition 1. Theorem 2 and Corollary 3 follow eas1ly

We now begin the proof. Esch lemma is quite routine. 1In outline,

‘we need to verify that M 1is a fixed 901nt space and that every-
thing is continuous in everythlng else; in partlcular T g: M- M
is continuous. |

Lemma L: ”(M,ﬁ)‘ is a fixed p01nt sPace i.e.;’if ng - M- is
contlnuous, then there ex1ets M e M, f(R) = b ., )
’

roof : Let Fj = {finite signed Borel measures on Axmnsj]

with the weak-etar topology. All Hj € Fj are regular [1] . By

Alaoglu's Theorem [3], NH is a compact subset of Fj . It is
clearly convex. Hence M is a compact convex subset of
Fl x <« x F , and so is a fixed point space by Schauder's Fixed

Point Theorem [3].
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Lemms 53 Fix gj satisfying the assumpﬁions listed above.
Then (i) for all Hj € N%'and all (p,w,sj) € AXQij ,
0 < gj*Hj(p,@,sj)fs'suplgj(p,g,w,g,sj,ga}l,
(11) o5(k) ¢ M, and |
(iii) for all ¢ > O , there exists § > O such that
for all by e N%, Ig *p (p, ,s ) - g, *H (p w',sj)lﬂé J

]

whenever p° is within & of p‘, °>'w1th1n 5 of ® , and sy

within 5 of s .

‘Proof

(i) is trivial. To show (ii), we need’ only show F (H )(Axﬂxs )
= 1 , which follows from Fubini's Theorem. To. prove (1};),A ix
€ >0 . Since gj is continuous on a compact metric space,.we

cen find & > O such that

Igj(p)p’w:;{;sj,gj) - gj(P',E’w'};)sgly‘é—j)l <€ ’

if p,w,sj are all within & of p*,wf;égy; When this condition
is satisfied, ‘

FR.(p, @ 5. ) - g%k, (pt. @' g1
IgJ J(p, »85) 93 Pj(p , ,s])l

o < j ‘ |gj(p’ p{w,w,sj;,“sj )-gj (P':_‘.f.?.: w' 7‘w: Sj',’s'-j )|d}«l-3 (vp’w:s,j_><'-€
AXOx S .,
o3 : s

Lemma 6: ¢ 3 M+ M is continuous.

Proof: It is enough to show that gj : N% - NH is continuous.

Since NB is metrlc, it is enough to consider sequences
L . - - -
Hj v By e NB . For ﬁ}x?q<pfsj’w’31(p’p’w’w’sj’sj) is a bounded

continuous function of p, @, sj . wThus gs*

g.*H, (p;w,s ) . Hence for any h e C(Axﬂx ) h(p,w 8 )g *H (p,w S )

H{(p, 55 ) ~

J
- h(p,w s )g *F (p,w s ) for all p,w,sj
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) .
/.h(p,@,sj )gj*pj<p’ ‘*-’,Sj )dpj“* J h(p,:‘*’,sj )gj*pj(p’ w:sj )de

AXQX'Sj ) ‘ AXQXSJ

cer

by the Dominated Convergence Theorem. = Thus, gj(Hf) - qj(#ﬁ)

Lemma _7: Iet ag(x,p,Hj,sj) = g/ uj(x,w)gj*ﬂj(p,w,sj)dP (w),
; .

where Py 1is the marglnal of P on %,

Then uj ls jolntly contlnuous in 1ts arguments
= —~ 1

For fixed p , “j’ sj, uj is strictly concave and C in x .
For any compact set Kc;lRE , there is a compact set LC:Int(]RE)
an a‘_"—, . |
such that 8;“/ | 53 | € L for all x ¢ K and all-p,:Nj,.sj
Proof’: Suppose x{'» X, p/E -+ p, H{ ~ P, and sﬁ'# S. .

J J J‘ J
By Lemma 5 (iii), ’ ’ :

£
- g'*pj(P)w:Sj)l - 0.

stip‘gj*“gz(P{’ “”SJ% y

By Lemma 6 for each w
957#5 (e, 050 = g7k, 0,800 o .
Comblnlng these, we get, for each w

Igj*u'j(p '; stj) - gj*t’lj(p’ ('u’-.sj” -~ 0 .

Also, sup |u.(x£,w)] < ® , and suplu.(x{,w) - u.(x,®)| - 0.
’E,w J w. J J

Therefore, since tne'inteéfand is boundedtand'converging everywhere,
1 1 { .

-, 4
uj(x » P ’Hj )"u(X;p:

J,sj), proving joint continuity.

Fix p, Hj, sj Then
au/ax o/ax/u(xw)g*u(p,,s)apm
. =J a/a.‘{ VU.'(-X’w) g*H(p,w,sj)dPﬂ(w),

Hence du. /ax ex1sts and is contlnuous Strict concavity follows

from Jensen s Inequallty
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Now suppose x''ranges over a compact set K . Because auj/Bx
is positive*agggggntinuggs'in 'x ond @, it is contained in a
compact set L' of strictly positive vectors by the compactness
of Kx% . Hence caaj/ax) / laﬁi/éx] ~ is also contained in'a
~compact set.
Proposition 8: . (i) d. ' is uniquely defined and gives a

J
‘continuous mapping from (Int A)xijﬁjvto PE ,

Co(ii)  if Py’ f‘O for some component i, then ldj(p,Pj;si){ - o ,
and: |
(iii) for all HeM, seS, a(-,k,s) e o

Eﬁégﬁz dj(p,P.,sj)‘ maximizes expeéted utility, which is given by

J Lo
uj(x,p,Hj,sj )/J gjf&j(p,‘*’,sj)dPg(é) -
Y
Since the denominator is finite and independent. of x, dj(p?&j,sj)
is that x in the budget set which maximizes Eﬁ(x,p,ﬂj,sj). Hence,

(i) is a standard result. Conclusion (ii) follows from the last
sentence of Lemma 7, by standard arguments. Conclusion (iii)
follows from (i), (ii), and the definition of o

Lemms 9: Define . V:MXS + ¢ by ¥(p,s) = d(*,u,s). Then V¥ is

jointly continuous.

Proof: It is enough to show that, if K 1is a compact subset
of Int(A), then sup | d.(p,uﬁ;sf) - d.(p,ps,8.)] = O whenever
Hj - Pj and Sj - Sj . But dj is jointly continuous on the

compact metric space K*Ngxsj, hence uniformly continuous, so

Ehe statement follows.



1k,

We are now in a position to define carefully the map 1 , which
gives the.distribution of the outcomes of the economy when agents
use the.profile # .,

T ‘will be defined on the range of ¢; i.e., 1t:0(M)» M ,
w(c(H))j is the joint distribution on AXQXSj obtained when the
economy is run over all the States, signals, and disturbances. _
Formally, T(c(H))j is the Borel measure on AxQij -~ whose values
on cylinder sets AxBxD (where Aca , ‘b4, aCS, are Borel sets) is

(o) (ax80) = [ c(¥(,6))(wL(a)) apr(w,s),

BxD |
where D = {seS: sjeD} . Note that this is well-defined, because
¥ really dépends 6n é(H), ﬂot L |

Proposition 10: «tcg:M a'M is dontinuous.

oof: Suppose’ H{'+ B . We need to show T(c(H{))*T(E(H)).

' Suppose FeC(AxQij). Then

\/ : FdT(c(H{))j

AXOx S,
J

\/ k/ F(p,®,s; )dw(Q)dC(Y(H ,8))dp'(w,s),
§2xg q) A

Fix s . By Lemma 9, W(H{;s) - W(H s). Since C is confinuous,
c(¥(rt,s)) ~ cw(n,s)). jF<p,w s )aw(e) is s continuous

: A
functiOn of W(w) which in turn is continuous at almost 311 @

(with respect to the measure C(W(H s)). Hence (Bllllngsley [l])

I Ee,e, s ane)acixut o))
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! 3
*f"’;/ /*F(p,w,sj)dW(w)dc(w(H;s)).
® A

Since these integrals are bounded by the supremum of F,

_/ j Jl F(p,‘*’,sj )dw(cp)dc(\y(p’ﬁ,s))dp.(w,s)
Bxs & A

- F(p,wysj )dW((p)dC(qJ(H,S)).

by the Dominated Convergence Theorem.

Thus, T(c(#ﬂ))j - T(c(H))j,-SO T(G(H{)) » 1(a(k)).
‘Proof of Proposition 1: = g

is continuous arid- M-is a fixed
point space, so there exists v ¢ M such that

t(a(v)) = v ",
Let I = g(v).

" BProof of Theorem 2: Let

Y,

P A A )xj ’ .}cjf,f s
- J J J J
Aj = ((pl“’?l‘f(sj,%l), T "<pm » % ’(sj,?m)) :

i

A,
\/ a3 (053 )(B)av,
N

gt

. | N

o= . de.(v.J)ay.

j] 95057 j
Ay B

G , ' L X PR

- J \/ J g](p ’p_’f‘p’w’sj’sj )d\)jj(p,w,sj)dPJ(p,w,Sj )d‘y]

A, B

‘ S
. 1 m /Lj A A, .

= = ' . J . . 3_ : N i

-/ B 2 93eeps eyt s (s 900 (p, 0,80,

. A
3
oy 93P RTS8y, 857 )aYy aRy(p,@,sy)
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=

m
RN R HOEE R L B Lp ey

xQx 'S
AXGx i

it

*1(k). dP.(p.w. 5.
“é 9 7( )J j(p, ’SJ)

n

cj(T(H))(B)

Hj(B ), by Proposition 1.

-Proof of;.Corollary 3 (Sketch): Let By, be the support of B

’

in AXSMSj ».and let . D .be the diagonal of Aj

D = {(p’p,w,w,sj’sj)g (p)w’sj) € Aj} . T}]usi for any 6 > O

the Pj-measure of the ball with center (5,5,5) € Aj and radius O

’

is uniformly bounded away from O. Thus, given ¢> 0, we can

construct a posifive éontinuous gj such that for all 5, 55, w,
J o ey(eR 955,50 ar(p,08,) - 1 ,
A>dij

J
unless p,®, s are all within e/n of p,

and such that, for all (5,5,55),e4A. ,ggg(p,p,w,w,sj,sj) < ¢/n

®, s, .
’ =]
Form ¢ using these gj's. By Proposition 1, there exists

® . But observe that the support of

k" such thst (o(k &) = pt

H% is contained in Aj (indeed, the marginals of Pf and Pj

on s'Zij are equal). It follows_thét p(P;rg(P§)) < ¢/n

Letting v = a(He), we see that p(1(v),v) = p(Hé;g(HE)) < g .-
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5. NOTES
The first two notes are based onbthe follow1ng exampla Whlah
is due to Dav1d Kreps [5]
'Eg_gg;_ There are two agents and two commodltles. R =.{H,T},
the'two states occurrlng with equal probablllty 1/2 4The aﬁdowments

"are'(l 0) and (0,1). The utility functlons are

x1/hy1/2 if wegm

n(oyhe) = { anan o, ﬁ
x1/2y1/l+ if @ - §

U«2((x’_y_),w) = '
L .

§, 1is a one-point space, so agent 1 receives nb’informatioﬁ £rom
his signal. Sé = {H,T}). 2's signal is perféctly"cdfrelated with
the state w | |

There is no standard rational expectations eqﬁilibrium,'either
fully or partially revealing, for this economy. Assume that 1
has a model. of the economy. Given this model, 1's excess demand
depends only on price; 2's demand However’depends'aléo on the state,
If p clears the market when « = H, then p can't clear the market
when @ =T, Hence, the sets of prices clearing the market in
the two states are disjoint, and the equilibrium would of
nécessity be completely revealing. |

If 1 now knows the state, the only market clearing price is
(1/2,1/2), independent of whether @ = H or ® = T, a

contradiction.
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Note 1: One can introduce exogenous noise into the above
example and Stlll have non-ex1stence of standard ratlonal
.expectatlons equlllbrlum Observe that there ex13ts
3 > 0 such that for all P, 2's demand shifts by at leaot 8
when the state changes. Hence, if the noise 1is modeled as an_
lndependent Shlft 1n the demand for the flrst commodlty, whlch is
picked from (-3/2, 5/2) with a continuous den51ty that is positive
at zero, then the sets of prices clearlng the market in the two
states are again disjoint, and a contradlctlon is obtained as
before.

Note 2: Here we observe that there exist equilibria for the
above example, in the sense prbmisedvhy Corollary 3, even without
the exogenous noise. Let. 1 have- the following model:

if px._>_.py » then the conditional probability of H is l-¢;

if p,

< < py , the conditional probability of T. is l-g.-

A simple:calculation!shows that for any small positive &, this

leads to an equilibrium. When 1 sees p. > p, 5 he believes

y
the probability of H is l-¢, when in fact it is 1. It is
clear that, for small ¢, it would take agent 1 a wvery long
time to reject his model.

Note 3: A sequel to this paper will study the existence of
rational expectations equilibrium when the models that agents draw

from their observations are restricted to some prespecified set,

such as the class of linear models.



19.

NOTE b :
. The set of moedels that generate, for.each-signal, a continuous
excess. demand function is not compact, and this fact is important
for understanding the problems associated with .obtaining a2 .general
existence  theorem for rational expectatignsfequilibrium. Our
-approach depends- upon using a smoothing procedure to guarantee
that the models that agents draw from empirical distributions are
@ compact subset of the models that generate continuous excess demand
“functions. Another method for obtaining a compact set of models
to.work with is to restrict prices to the vertices of a simplicial
subdivision of the price simplex. We have explored a formulation
in,whichz for each play of the economy, the economy settles on a
simplex .¢ of the subdivision,.-such that 0  belongs to the convex
hull of the excess demands at the vertices of o . The
existence of such a simplex is guaranteed by the vector labelling
-version of the Scarf fixed point algorithm [7]. Agents are then
assigned different vertices, with the interpretation that there is
some price dispersion. ~With a continuum of agents, we. can assign
.theﬁprices in such a way that markets exactly clear; with a finite
number, markets will only approximately clear. We assume there is
- éxogenous noise; the richness condition is simpler than the one
- we've useq in this paper. 1In this framework, one gets an exact
rationalﬁexpectations equilibrium, without smoothing. - However,
thereiarekgwp serious drawbacks; to ‘this approach. .First, the
process by which agents are assigned different prices is not
modeled, and to make markets clear this assignment must be chosen

with great care. Second, the method depends on the assumption
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that agents see only their own price, but not the distribution.of
prices that other agents..are receiving concurrently. I Agents could
learn more by surveying other agents to obtain information on -
this distribution.

Note 5: A significant feature of our formulation is that
the information an agent pOssesses will not be conveyed unless
it alters his demand function. This is in contrast to most of the
rational expectations literature, in which such information could
be (indeed, typically is) passed on.: As an example, suppose an
agent knows the state exactly, but his utility is independent of
the state. Then his demand would not depend on his signal,
and hence there is no market mechanism which could encode his
information into the price. We feel our formulation models this
situation-correctly, by ensuring the information is not’ conveyed
through the prices.

Note 6: The literature on rational expectations equilibria is
quite extensive. For a recent survey, see Radner [6].

Note 7: 1In this note, we give simple example of a disturbance

C and price selection W satisfying the assumptions in the paper.
We suppose that uj(x,w) is C? in x , and that the Hessian
in x is negative definite and jointl?~dontinuous in x @nd w

We suppose further that all ‘gj's are ct in p.

J
these derivatives’ jointly continuous in all the arguments. Under

these hypotheses, it is not hard to show ‘that d(p,H,s) is Cl in

and 55 , with

p, for all # and s, and that %g is jointly -continuous in p, M, s.
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We now define a unlform translatlon of an excess demand
-'functlon. Spec1f1cally, T:@ lR ».® is defined by

T(cp,y)(p) = ¢(p)+y - pM:p B
‘( _.Q;g p). is the orthogonal projection of *yf onto
N | ¥ p.'p E . . A .‘ H
{x: p'x = 0}." T(g,y) ¢ o . Suppose’ . ¥ is any probability measure

©. Note' that

- on ]Rk whlch is absolutely continuous ‘with' ‘respect ‘to Lebes gue
meéSﬁre. Our dlSper51on term will be composed of translatlons of )
by y, w1th Y determlnlng the probablllty of translatlng by V. |
In other words, ‘ |

" C(m)(A) = Y({y:T(op,y)eA}) when A is a Borel subset of ¢ .
Note that @C[fe(be £ is ¢ty . |

We now define W . First, fix a» measurable selection Z:0%» A
from the Walras price correspondence. Such a selection exists because
the Walras price correspondence is a closed subset of &'xA which is
in turn a closed subset of (fed: £ is C1)><A ([L]). Now
define W:3'-»A as follows: if ® has only finitely many equilibrium
prices, W(9) puts equal weight on them. Otherwise, W(o) puts
point mass on Z(@). We'll see that "typically", there will be
finitely many equilibrium prices.

F%x ® e {fed: f is Cl}. Following an idea of Debreu [2],
define F: Ax R - RS by F(p,w) = ~o(p) + 5—5 p . F(p,p'y) =y if
and only if p is a Walras price for T(o,y). Moreover, 0 1is a
regulsr value for T(o,y) if and only if y 1is a-regular value
for F . By Sard's Theorem, ¥({y: 0 1is & regular value of T(o,y)})=1.

We claim that, if 0 is a regular value of Mg, y),
W is continuous at T(@,y) To see this, suppose o'¢ o',

y£ e R* , and T(@’,y ) converges to T(¢,y) uniformly on compact

sets. But d(+,M,s) is continuous in the topology of Cl—
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convergence on compact sets, so {(a(-,m;s)s MeM, seS} is:compact
in this topology. .If we fix p, we see that y£ - g%g% p must stay
bounded, so {T(Q{;y{)} is contained in a compact subset in the
topology of .Cl-convergencg on compact sets. . Hence, T(W{,Y{). must
converge to ‘T({,y) Cl on compact sets. We may find,§ compact

K CInt(a) such.tﬁat; for ail 4, ény equilibrium price of T(m{hy{)
or of T(o,y) is contained in K . 3ince 0 is a regular value,
of T(o,y), T(@f,yx) has the same finite number of equilibria as

M o,y) (for 4 sufficiently large), and these equilibria converge to
the equilibria of T(g,y). Thus, W(T(@{;y{)) - w(T™o,y)), so W
ié continuousvat T(o,y). Thus C(o) ({¢: W is continuous at

5})‘5 1.
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