STABLE PAYCFF CONFIGURATIONS
FOR QUOTA GAMES

Michael Maschler
L 4

Econometric Research Program
Research Memorandum No. 36
8 December 1961

The research described in this paper was
supported partially by the Office of Naval Research.
Reproduction, translation, publication, use and
disposal in whole or in part by or for the United

States Government is permitted.

Princeton University
Econometric Research Program

92-A Nassau Street

Princeton, N. J.



(1

. 1
Introduction.

Cooperative n-person quota games are formed by assigning each

player i a real number a& — called his quota — having the property
that
(1.1) @ @ >0, itd, 1,3=1,2, v, n,

and defining the characteristic function for l- and 2-person coalitions to

oe

(1,2)  v(i) =0, vt = ke, 14, 1,0 =1,2 .., n .

Other coalitions are not permissible.
If all other subsets of the players were permissible ccalitions
as well, if the characteristic function were superadditive, and if

(1.3) v(l2 ... n) = @ F W, ®

one would obtain Shapley's quota games (see [3]).

In this paper we study the properties of some "stable payoff
configurations” (= stable outcomes) for quota games as well as for Shapley's
quota games. The definition of "stable payoff configurations" which we
use here is one of several definitions which are proposed by R. J. Aumann
and M. Maschler [1]. For the sake of completeness we state the necessary
definitions in Section 2. We are mainly interested in the cases where
not more than a l-person coalition occurs. These are the most "practical
cases, because otherwise, two players can join and, in general, better
themselves.

In Section 3 we characterize the stable payoff configurations of
n-person quota gemes, n >3 , in the case where the players are partitioned

into a maximal number of 2-person coalitions. We prove that these stable

lPart of the content of this paper was presented in the Conference
on Recent Advances in Game Theory, Princeton, 1961.



configurations are those and only those in which each player gets essen-
tially his quota. The word "essentially" is used since a player in a
l-person coalition must get O , and so must a player whose quota is
negative, while his associate (if any) then gets the value of the coali-
tion. (The latter case is true only for n >heand n$5.)

The various definitions for "stable payoff configurations,"
proposed in [1], correspond to various "levels" of stability that might
be desired by the players. The definition which is chosen in this paper
is the one which leads to the smallest class of stable payoff configura-
tions. Intuitively, it applies to the case where the players wish "maximum”
stability. This strong desire for stability may sometimes cause the
players not to agree to participate in a coalition in a certain proposed
coalition-structure. Indeed, we give such examples of Shapley's quota
games (Section 4). One example shows that an imputation may be stable in
one coalition-structure but not stable in another. Other examples show
that a quota split is not always stable and sometimes the stable outcomes
differ from any imputation which appears in the main solution given by
Shapley in [3].

We choose to start with quota games, 1n order to show the basic
properties of the stable payoff configurations. The results for Shapley's
quota games are similar, under some additional restrictions (Section by,
but some "artificial" complications may arise, due to the fact that some

k-person coalitions, 2 <k <n , may possess enough power to "block" a

quota split. I am grateful to Dr. H. Kesten for discussions that stimu-

lated this paper.

2. Preliminary notations and definitions.

et T' bve an n-person cooperative game, described as follows:
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Aset N=(1,2, ..., n) of n players is given, together

with a set {B} of subsets of N » called permissible coalitions. PFor

each B, B e (B], a real number v(B) is attached, which is called

the value of the coalition B . v(B) 1is the characteristic function of

the game.
For simplicity, we assume that the l-person coalitions are

always permissible, normalized to have a zero value:

(2.1) ie (B}, v(i) =0, i=1,2, ..., n,
and that
(2.2) v(B) >0, all B, Be (B} .

An outcome of the game, in which the players are partitioned to

permissible coalitions B «eo5 B &nd each coalition shares its

1’ B2’ m

value among its members, can be described by a payoff configuration (p.c.)

(2.3) (238) = (x

17 For o sees X 3 Bl’ Bg’ caey Bm) )
where
m
(2.4) B.MAB =0 for j4+ x, |J B, =W,
J k 2 d
J_
and the x5 i=1,2, «c.;, n, 1is a real number representing the
amount which player 1 gets , i =1, 2, +o.y n . Therefore,
(2.5) L% = v(B.) » J=1,2, cu., m
ieB. J
J
A coalitionally rational payoff configuration (c.r.p.c.) (x;B) is a
P.c. which satisfies the conditione
(2.6) £ %, >v(B) , whenever B( By » Be (B} .

ieB
Thus, if B is a subset of Bj s in a c.r.p.c. (x;¥2) , its members
alone cannot themselves make together more than what they have in (x ;B) .

Let K be any non-empty subset of N . The union of the sets



Bj » which intersect X , will be called the set of partners of K in
(x ;&) , and will be denoted by P[K s (x3;8)]
(2.7) P[K;(x;ZB)]s{i]iij, BJ.ﬂ.KJ,:d)}
Note that in this terminology, each player of K is alsc a
partner of K . If § is a subset of a coalition B s we shall refer

to the players in the complement of & with regspect to B as the

associates of S in B .

Definition 2.1 Iet (2:328) be a c.r.p.c., and let K and I be non-

empty disjoint subsets of N , which intersect the same coalitions of Z? ;

i.e.,
(2.8) KﬂL:d): K}L+¢J
(2.9) KﬂBJ,+¢<—.~>LﬂBJ,+¢,

An objection of K against L in (xz;79) , is a C.r.p.C. ('?;Zf) , in
- which the members of K get more than in (1:;29) » their partners get at
least the amount they had in (1?;25) , and moreover, the partners of K

in (;#;Zf) do not intersect L ; i.e.,

A .
yi > Xi ieXK

(2.10) <y, >x, ie PIK ; (;%,-Z)]
P(X ; (;L;Zf)] ML= @ .

Definition 2.2 A counter objection (to the above objection) is a CoT.p.C.

(;L5“5) » in which not all of the members of K are among the partners of
L, the partners of L (including L ) get at least what they had in

(x ;23) , and those partners of L who happened to be partners of K in
his objection get at least what they had in (2;575) 3 iece.,

iePlL; (}»&5)]

X
(2.11) 3z, >, iePlL; (3:8)10NPIK ; (?; )1




Definition 2.5 A c.r.p.c. (x;Z3) will be called stable, if for any

objection of a X against an 1 in (if;255 » there is a counter objec-
tion of L against ¥ .

n

The set of all stable p.c.'s will be called the bargaining set

]

o/%g . Properties of this set, and other similar bargaining sets, are
treated by R. J. Aumann and M. Maschler [1].

Nete that only the players of P[K (?¢;Zf)] and of
P[L ; (§>555)] appear in (2.10) and (2.11). Thérefore, in order to show
that there exists or that there does not exist an objection of a K
against an I , it is enough to show that there exists or that there does
not exist, respectively, a set PIX : %y,;if)] whose members receive
amounts which satisfy (2.10), subject to the conditions imposed on the
CeTePalo (2%;Zf) restricted to these players only. The other players
may split as they wish, e.g., form l-person coalitions. Similarly, if
the existence of the counter objection matters, it is enough to state the
players of P[L ; Q;L;ﬁi)] and tell what they get in (2;5;5) , and to
check if (2.11) is satisfied and whether the conditions imposed on a
c.r.p.c. (2;4) , restricted to these players only, are satisfied. We

7

shall make use of this fact in the subsequent proofs.

5. Quota games.

~

Following L. S. Shapley [3], we shall make the Tfollowing ;

Definition 3.1 An n-person quota game is an n-person game, in which the

set of permissible coalitioans {B} consists of the 1- snd 2-person

coalitions, and its characteristic function satisfies (2.1), (2.2) and
(3.1) v(ik)=wi+ak, i, k=1,2, ..., n, i<k

Here a i=122, ..., n, are fixed real numbers. The number @

1=1,2, ..., n, is called the quota of player i1 , and the vector




W= (Qi, Wy ey mn}'will be referred to as the quota of the game .

This definition is somewhat different from the one given by
L. S. Shapley, and we shall therefore state some of his theorems modified
to our case (Iemmas 3.1 - 3.L4)., Shapley's guota games will be treated

in Section L.

.
Temma 3.1 An n-person game is always a guota game for n = 1, 2, 3

Lemma 3.2 The quota of a game, if such exists, is unique for n > 2 .

Lemma 5.3 At most one player has a negative quota.

The proofs of these Lemmas are obvious.
A player with a negative quota will be called a weak player.

Lemma 3.4 A game, in which the set of permissible coalitions consists of

the 1- and 2-person coalitions, is a quota game if and only if

(3.2) v(ij) +v(xl) = v(ik) + v(it) ,

for all distinect i, j, k, 4 .

Proof. The necessity is immediate. Suppose that (3.2) holds. There is

nothing to prove if n =1, 2, 3. If n >4 , then

(3.3) o =3[v(Ld) +v(k) - v(Jk)] (i, §, k distinet)

is independent of j and k » and can serve as a quota for player 1

Remark 3.1 The conditions (3.2) are eguivalent to the conditions:

(3.4) v(ij) +v(12) =v(@3) +v(ei) ,
for all distinct 1, 2, i, j . These latter conditions are scomewhat easier

to check.

lProvided that the 3-perscn coalition is not permissible if n =

3



Theorem 3.1 Let T' be an n-person quota game which contains no weak

*
player. Iet n be even, n 2'4 » and let 25 be a partition of all the

%
players into pairs. Then, a p.c. (x ;3 ) 1is stable if and only if each

player gets his quota.

Proof. Without locss of generality, we can assume that

(3.5) B =12, 34, ..., (a-l)n .
Obviously,
%
(3.6) (aiﬁ Wy wees @) B e V%g s

since it is coalitionally rational and no player can object.

Suppose now that
% *
-7) (2B = e xp s x 587 e M
* _ ¥
Let K Dbe the set of those players who get in (1';l5 ) less than their

¥ )
quota. Certainly, the members of K belong to different coalitions, and

*
their associates get more than their quotas. ILet I Dbe the set of these

1 * *
associates, then™ | K | = | L | .
* *
Case A. | K | =1 . We can assume that 1 e K . Since n >k ,

player 1 can object against player 2, e.g., by joining player 3 in a quota

split. Player 2 has no counter objection, either alone, because x. > 0 B

2

or by joining another player, because he received more than his quota
*

in (x ;8) » and all other players except player 1 received their

e
quotas in (x ;22 ) . Thig contradicts the assumption (3.7).

*
Case B. [ K [ > 1l . We choose as the objecting K any fixed set of2
x| * . .
2 5 players from K , and let I De the set of their associ-
g
ates in (x30) , | K| =]1] >2.
lWe denote by [ P i the number of elements in a set P .

2[a] denotes the largest integer which not greater than g .




An objection (%/;ff) of K against I in (JE;£§6 is possible, in
&

which the players K form pairs with a quota split. Here, P[K ; (§¢;73)] =K.
In order to counter object, each player of I has to Jjoin an associate who

will "agree" to accept less than his quota, because the members of T, got
, %
more than their quotas in (z.577) o As only 2-person coalitions are

permissible, the number of these associates must be equal to I L ‘ s

i.e., greater than or equal to 2. But there is at most one player who

*
may agree, namely the player in K =~ K (if such exists), because any

- %
other player got his quota; either in (x ;<2°) or as a member of

K = P[K ; (ﬁg;if)] in (ﬁﬁ;?ﬁ) « Therefore, no counter objection is

4 &

possible, and again the assumption (3-7) is contradicted. Therefore,

| K | =0, and (x;;Zj*) is the p.c. (3.6).

Remark 3.2 If n =2, any p.c. of the form

20, %, >0, x +x =v(12) 5

1 2

(3.8) (le Xy 5 12) , x o

1

belongs to u¢ﬁb » We can claim that even in this case each player
received his quota, because we can define the guota to be @ =%,

D =X

Theorem 3.2 Iet T be an n-person quota game, which contains no weak

*
player. Iet n be odd, n >1 , and let §§5 be a partition of all the

‘,.»‘r‘.*
blayers, but one, into pairs. Then, a p.c. (« ;& ) is stable if and

only if each player gets his quota, except the one who is left alone and

therefore gets 0 .

Proof. The theorem is trivial for n=1. Tet n.z 3 , and we can
assume that
¥
(3.9) B =12, 34, ..., (0-2)(-1), n .

Certainly,




(3.10) (0, , o

. 2 * /7,
TR 0;8") ¢ J/’% .

Indeed, only one kind of objection is possible, in which a player i ,

1=1 2, ..., n-1, objects against his associate, player j , by joining
player n and offering him some amount which is less than w - (Even

this i1s impossible if w = 0 .) But blayer j can counter object by
offering the same player n a quota split.

Suppose that

0 ;ifg*) € UJZ .

*
(5-11) (2:;58 ) = (xl} Xg) ety Xl’l—l, 0
*
Iet K e the set of all the blayers, except player n , who get in
*
(z.;;f#) less than their quotas. Again, the members of K  Dbelong to

different coalitions and their assoclates get more than their quota. If

* * *
L denotes the set of these associates, then | K | = | L |
* *
Case A. I K [ =1 . Player i , who belongs to K , can object against

his associate, piayer J , by joining player n with a quota split.
Player j has no counter objection, either as & l-person coalition,
because Xj >)dﬁ >0, or by joining any 2-person coalition, because
each player received at least his quota either in (x ;15*) or as

player i's partner in player i's objection. Thus, (3.11) is contradicted.

Case B. | K | >2 . Let the objecting K be any fixed o I—-I-{—%_l-‘ -1

players from K. > and let L De the set of their associates in (2 ;Qéf) 5
, K ] = I L I_Z 1l . K can object against L by allowing one member to

. Join player n and the other members of K to form pairs with quota splits.
At most one player in K# is not in KX , and therefore 1. cannot counter

object, unless I L l =1 ; in which case l K ] =2 . .In this case,

L.

* L
however, K can object agalnst L by forming a coalition with a guota

* :
spiit, and L , which has two members, cannot counter object, because




only player n may perhaps "agree" to accept less than his quota. Thus,

*

%
again (3.11) is contradicted. Therefore | X | =0, and (2;7) is

the p.c. (3.10).

Theorem 3.3 Let T be an n-person game which contains one weak player.

¥
let n be even, n > L, and let be a partition of all the players

*
into pairs. Then, a p.c. (z1525 ) is stable if and only if each player

gets his guota, except the weak player who gets zero and his associate,

whogaﬁ1mevaMeoftMﬁrc%ﬁﬁdmhl

Proof. Without loss of generality, we can assume that player 1 is the
weak player, and that )

(3.12) = BY 212, 34, ..., (n-1)u .
We shall prove that

(3.13) (0, v(12), @, vovy @ 3 57 ej;% .

Indeed, in any possible objection, player 2 must join a player 1 , i >3,
e
because player 2 is the only player who gets in (x ;74 ) less than his
quota. Such an cbjection can be regarded either as an objection of
player 2 against player 1, or as an objection of player i against his
assoclate, player j, or as an cbjection of the players 2,1 against the
players 1,5 . As player 2 cannot get more than his quota in the obJjec-
tion, any c.r.p.c., in which player 1 is a l-person coalition, and players
2,J Jjoin in a quota splite, is a counter objection for all the three cases.
Suppose that
¥ *
(3.14) (£ 387) = (x5 %50 +ees % 38B) e M .
1 2 n o]
* %

Iet K ©Dbe the set of players who get in (2:525 ) less than their

*
quota. Certainly, player 2 belongs to K , because X >0 .

»

lSee Remark 3.2 for the cagse n =2 .

The last coalition is not necessary if cnly player 2 objects.
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If | k¥ | >2, let an objecting K be k¥, if | K¢ | is
even, and K¥ - {2} , if | K*¥ | is odd. The players of K can object
by forming pairs with a quota split. They so object against their associ-
ates in Qég* ; who form a set L . Again, each player in L gets in
(1:5:éﬁ) more than his quota, and ] L ] > 2 . Only one player at most
(player 1, if he is in 1L and if X = 0 ,) can counter object by playing
alone; therefore, L cannot counter object. This is a contradiction to the
assumption (3.14). Thus, | K* | =1 . Also X, = 0, because, otherwise,
player 2 can object against player 1 by joining player 3 with a quota split,
and player 1 has no counter objection. We have proved that (25;28*) is

the p.c. (3.13).

Theorem 3.4 Let I' Dbe an n-person quota game which contains a weak

*
player. Tet n be odd, n>7. Let = be a partition of all the

%
players, but one, into pairs. Then, a p-.c. (1:525 ) is stable if and

only if the weak player gets 0 ; bis associate, if such exists, gets

the value of the coalition, and the player who is left alone gets O ,

while all the other players get their quotas.

Proof. Without loss of generality, we can assume that player 1 is the

weak player. There are essentially two possible partitions:

(3.15) &* - AL

il

1, 23, k5, ..., (n-1)n ,

L * (2

(5.16) ) 2 s L 0e2) (0e1), b

Certainly,
~7 (L /

(3.17) (0, Wy Wy oeey @ ;;d,'( )) € %o s

because no one can object. We shall prove that also
2
(3.18) (0, v(12), ay, woes g, 03B ¢ L.

Indeed, any objection must contain player 2, or player n , or both, as

partners of the objecting K ; because these are the only players who

might get in (3.18) less than their quotas. Iet player j and player m be
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the agsociates in?zg<2) of players i and Xk s respectively. We have to
consider only the following cases:
(1) Player 2 joins a player i , 1 =3, 4, ..., n .
Here X = {2} or K ={i} (for i +n) > or K={2,i}) (for 1 +n)
(i1) Player n joins a player k s k=1, 3,4 5, ..., n-1 .
Here X = {k}
(iii) Player 2 joins player i and player n Jjoins player k s> players
1, 2,1, j, ¥, m, n distinct.
Here K = {2,k} or X = {i,k} or X = {2,i,k} .
All these K's determine the L's , and all the objections can
be countered as follows:
(i) Player 1 acts ag a l-person coalition, and if 1 + n , player j
Joins player n in a quota split.
(i1) Player m joins player n in a quota split.
(iii) Player m joins player n in a quota split, player j Jjoins player 2
in a quota split,l and player 1 acts as a l-person coalitionn2

Suppose that
(3.19) (= 5:8%) = (o, Xps Xzs eees X VA %O .

Let K* be the set of those players who get less than their quotas in
(z;ﬁZgGJ) . Certainly 1 ¢ K* , and therefore | K¢ | =] I* | , where

I* 1is the set of the associates of the members of K*

Case A. If ] K =1 , there exists a Pplayer who has received his
quota, because n >5 05 The player in K¥ can therefore object by join-

ing him in a quota split, and the player in I* hag no counter-objection.

lThis 1s not necessary if K = (2,k)

i
N
e

-
=

This is not necessary if K Similar remarks apply to
case (i).
5

In this case only the restriction n>5% is used.
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This case contradicts the assumption (3.19) and is therefore ruled out.

Case B. It ) K* f'f 2 , the players of K¥ » With the possible exception
of at most one of them, can object by forming pairs with a quota split.
Their associates cannot counter object because there are at least two of
them, and there is at most one player available who may "agree" to accept
less than his quota. This, again, contradicts assumption (3.19). There-
fore, | K*¥ | =0, ang (z;“f:)’(l)) is the p.c. (3.17).

Suppose that

(3.20) (1:523(2)) = (Xlﬂ Xpp eeey X 15 0 ;%3(2)) € gﬁké .

Let K¥* be the players, different from player n, who get in (% ;Zg(g))

less than their quotas. Certainly, player 2 belongs to K* , because

X, 20 . Let L¥*¥ be the set of the associates of the members of K .
Agein, | kx| =| 1¢ | .

if } K* [ > 2 , then the players of K > With the exception of
at most one of them, can form an objection as follows: One player joins
blayer n and the others form Pairs, and they all have g quota split.
Denote the objecting players by K 5 then their assoclates, who form the
set L , cannot counter object unless f L [ =1 . In this case, however,
l K* l =2 , and K¥* can object against I by having its mermbers form
a coalition with a quota split. If X, = O, and @ > 0 , a player who
received his quotal in (3.20) is added to the objection, by joining
player n and offering him some positive amount. The objection cannot be
countered. This contradicts the assumption (3.20), and therefore [ K* l =1

I now X > 0 , then player 2 can object against player 1 by
Joining player n with a quota split, and there exists no counter objection,
because player 1 has to "defend" more than his quota. Thus we have

proved that (x ;23(2)) is the p.c. (3.18).

lThis is the only case in which the restriction n > T 1is used.
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Remark 3.3 In the case n =3 » With player 1 being weak, one gets a
continuum for the partition ;&5(1) - In fact, it is easy to see that
e
(3.21) (05 %y 35 51, 23) & M,
if and only if
oL > | = .
(3.22) X 20+, XBECul'HLB’ Xy + X (1>2+cn5
In this case we are in the core cf the gameol
Remark 3.4 To be sure, there are other partitions which are represented
in DAMQ . Take, for example, the case n = 4 » Where no player is weak;
it is easy to see that if, e.g., QB > ql, ab and ah E'Qd, “éf then
(3.23) (xl, X5 0, 0312, 3, 4) ¢ VJ%A 5
Whenever
X15 x2_2 o, X+ Xy = w o+ W,
Remark 3.5 In R. J. Aumann-M. Maschler [1], another bargaining set was
considered, which differs from UJZO only by the additional requirement

that XK and L will always belong to the same coalition, among

By, Byy +ee, B, , of the c.r.p.c. (x;7) . The resulting bargaining
set odﬁfalways contains uA%; - The following example will show that this
inclusion may be strict for quota games.
Example 3.1 Iet n =6, and let the quotas be 5 for each player; then,
€-g., the p.c. (5-%, 5 +x, 5- x, 5+%, 5-%,5 +x%; 12, 34, 56) ¢ %,
0<x <5 . 1Indeed, if, for example, player 1 objects against player 2 by
Joining, say, player 3 in any possible split, then player 2 can counter-
object by joining player 5 with the 5 +;x, 5 - x split.

In practical situations, coalitions do not form simultaneously.
In many cases, people negotiate and coalitions start to form one after the

other. Once a coalition is formed, it is relatively hard to break it,

lA counter example for n =5 is, e.g., (0, 5, 8, 12, 0 ; 12, 3L, 5)
which is stable, if the quota is (-5, 10, 10, 10, 10) .
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and one can consider the situation a8 a new game for the rest of the
players, whose characteristic function is unchanged for subsets of the
remaining players and has no value for other coalitions. Assume that the
participants of a certain quota game desire the stability as demanded by
the definition of a#%é . If a coalition is formed, there still remains a
quota game for the rest of the players, and the quotas are unchanged.
Therefore, as long as more than one or two playersl remain in the game,
each one of the members of =z forming coalition will accept his guota. This
situation will continue until one‘or two playersl will be left. Having
reached this stage, the remaining players will no longer be subjected to
the outside "social pressure” to remain in & quota split, and they can
end up anywhere in the core. This situation resembles (and also explains,
perhaps) the feature of the benefactor and the beneficiaries which appears
in the solutions to Shapley's quota games (given in [3]).

It is interesting to note that exactly this situation has been
observed in some €Xperiments on n-person quota games (without a weak

player). See M. Maschler [2].

L. Shapley's quots games .

In [3], Shapley defines quota games to be games in which all

the subsets of the players are permissible coalitions, the characteristic

function is superadditive, i.e.,

(h.1) vBUS) >v(B) +v(c) if BAC - 0,

and satisfies

(k.2) v(i) =0, v(ik) SO +tq o, L,k =12, ..., 0, i4dx
(5.3) v(N) = O @k
lOr three players, if there is sz weak player among them. One

assumes that the weak player will be the last one to join a coalition, or
that he will remain alone.
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Here again, the quota @, of player i, i = L, 2, ..., n » 1s a fixed
real number. At most cne player can be weak, i.e., can have g negative
quota.

In this section we shall study some stable payoff configurations
of these games. Again, we shall mainly be interested in the coalition

structures in which at most one player acts as a 1l-person coalition.

Definition 4.1 A coalition in a game T is called effective, if it ig

possible to share its value among its members in such a way that no sub-
coalition is ﬁéggg able to provide more for its members.:L

By (2.1) and (2.2), all 1- ang 2-person coalitions are effective.
It follows from the coalitional rationality demand that only effective
coalitions occur in g C.r.p.c. A non-effective coalition cannoct enter any
stable payoff configuration, or any objection or any coun&ﬂ“objection, and
therefore no change in the bargaining set will result if we declare such

a coalition non-permissible.

Definition 4.2 Iet T %be a Shapley's quota game. A coalition B will

be called superior, regular, or inferior, if v(B) 1is greater than, equal
to, or smaller than z “ﬁ » Trespectively.
ieB
Certainly, the 2- ang n-person coalitions are regular. Tt will
turn out later that the existence of superior coalitions may change con-

siderably the bargaining set of the game. The following lemmsa will furnish

some of the basgic connections between the various kinds of coglitions.

Lemma 4.1 Let B be a coalition in a Shapley's n-person guota game.

a. If ]Bf is even, then B 1is not an inferior coalition.

b. If B is a superior coalition, then any coalition obtained by

adding two new members to B is also a superior coalition.

lSuch a share of the value Will be called an effective share.
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Ko}

If B 1is a superior coalition, then N - B 1ig an inferior

coalition.

de If n 1is even and if !B] is even, then B is a regular

coalition (L. 8. Shapley [31); therefore, B is superior or
Loalitl Lherelore,

inferior only irf !B is odd.

o

If n is even, then any two superior coalitions, if such exist,

must intersect each other.

f. If n is odd, then B ig g superior coalition only if }B' is

even. (Therefore, there can be no weak player in this case

(L. 5. Shapley [3]).)
The proofs follow immediately from (4.1), (b.2) and (4.3),

Lemma 4.2 Tet T be a Shapley's gquota game. An inferior coalition B ,

where [B, > 1 , cannot be effective.

Proof. Let B he an effective coalition in I, If IB[ is even, it
is certainly not inferior (Temma U.1, a-). If |B| is odd, let T, bea
subcoalition Tﬁ =B- {j}, jeB. Ib contains an even number of
players. Iet {xi} : 1 € B, be an effective share of v(B) among the
members of B . Certainly,

(h.4) x> 5 ®, JeB,
ieT, ~ 4er, *
J J
because the Players in T, can command at least § . » by forming
J ier
2-person coalitions. Summing up these inequalities and dividing by

]B] - 1, we find that B is a superior or a regular coalition.

Lemma 4.3 Let I be g Shepley's quota game, and let B be g regular

coalition, which contains at least three players. If B is effective,
=2 o meuve

then the effective share must assign each player exactly his guota.

Proof. If B is regular and effective, any two members of B must, in
an effective share, get a total sum equal to the sum of their quotas. This

is obvious if IB[ is even. If fBI is odd, this follows from the fact
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that equalities must hold in (4.4). Therefore, since |B| >3 , any three
members of B must get a total sum equal to the sum of their quotas, in
any effective share. This implies that any three players in B must share
their total sum in = quota split.
Clearly, if B is regular, it need not be effective. It is
never effective if B is regular and contains a weak player, and IBf >3

Examples 4.1, 4.2, and 4.3 will furnish other cases.

Corollary k4.1 If B and N - B are effective coalitions, ’B] 5 IN - B] >0

J

then they must be regular coalitions also.

Theorem 4.1 Let (x;79) be a c.r.p.c. in a Shapley's quota game, and

Suppose that each coalition in &~ contains at least two players; then the

members of any k-person coalition in #% » Where k >3 , get exactly their

quotas.

Proof. The coalitions in ¥ are effective; hence, by Lemma 4.2, they are
not inferior. If one of them was superior, then, by (4.1), (4.3) would be
violated. Therefore, the coalitions in ®¥3 are all regular. Iemma 4.3
now completes the proof, because = induces an effective share in each

coalition of ;fg .

Corollary 4.2 Note that a weak player cannot belong to a k-person coali-

tion, k >3, if (x;B) is subject to the conditions of Theorem 4.1.

Theorem 4.2 Iet I' be an n-person Shapley's quota game, n >3 , in

which no coalition is superior.l Let ;f5 be a partition of the players

into coalitions in which no two l-person coalitions occur. TIn order that

a p.c. (x ;25) is stable, it is necessary and sufficient that:

lTherefore, the game does not contain a weak player.
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(1) Bach coalition in %7 , which contains more than l-person, is

regular.

(ii) Each player gets his quota, except the "exceptional player, " who

belongs to a l-person coalition (if any). If there is an "excep-

tional player,™ he gets O .

Proof. Ilet (i« ;79) satisfy (i) and (ii). Tt is certainly a p.c. Tt is
also coalitionally rational, because the game has no superior coalitions.
The only possible objection can arise if there exists a l-perscon coalition,
which consists of a player with a positive quota. In this case the object-
ing X 1is one player, who Joins the "exceptional player," offering him
some amount less than thig player's quota.l If ]Ll is even, the players
in L can counter cbject by forming pairs with quota splits. Otherwise,
one player of L joins the "exceptional player," and the others form pairs,
again with quota splits.

Suppose now that (x ;5) is stable. Certainly (i) is satisfied.
By Lemma 4.3, the players who perhaps do not satisfy (ii) must belong to
2-person coalitions. To prove that such players do not exist, we apply
similar arguments to those used in Theorem 5.1? if no l-person coalition
occurs in &5 » and in Theorem 5.2,5 otherwise. This is evident, because
all the objections were made there by forming two-person coalitions, and
so they can similarly be made here; and no additional counter objections
are now possible, because the players cannot use k-person coalitions,

k >3, in their counter objections since they got more than their quotas

in (1:;23),u

lIn any effective coalition which contains more than two players,
each player must get his guota in an effective share, because there are no
superior coalitions in the game (see Lemma 4.3,

2Starting after (3.7).
5Starting after (3.11).

See.the first footnote in this proof.
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If superior coalitions exist in a Shapley's quota game, an
analogue of the previcus theorem no longer holds. It is instructive to
study the following examples for which each player has a quota equal to
5 .

Example 4.1 - A 6-person Shapley's quota game:
v(B) =0, 10, 12, 20, 25, 30 if 1B =1, 2, 3, 4, 5, 6, respectively,
except that v(135) =18, v(135 i) = 28 for 1, 3, 5, i, j distinct.

Certainly,

.

(&.5) (5, 5, 5, 5, 5, 5 ; 123456)
is not stable because it is not coalitionally rational. The same holds true
for the c.r.p.c.
(k.6) (5, 5, 5, 5, 5, 5; 12, 34, 56) ,
because the objection
(4.7) (6, 0, 6, 0, 6, 0 ; 135, 2, 4, 6)
of K ={1,3,5} against L = {2,4,6} cannot be countered. On the other
hand,
(4.8) (5, 5, 5, 5, 5, 5 ; 13, 24, 56)
is stable, because the onlyl'possible objections are for K = 5 against
L =6, in which the set of partners of K is {1,3,5} or {1,3,5,2,k4}
In the latter case, players 2 and b must get exactly 5 each, because of
the coalitional rationaiity of the objection. Therefore, player 6 can
always counter object by
(4.9) (0, 0, 0, 5, 0, 5; 46, 1, 2, 3, 5)
This example shows that the same imputation may be stable for one coalition~

structure, and unstable for another.

lBy (2.8) and (2.9), K cannot contain player 1 and|or player 3.
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Example 4.2 A heperson Shapley's quota game:l
v(B) =0, 10, 10, 20 for Bl =1, 2, 3, 4, respectively,
except that v(123) = 18,
The bargaining set2 wﬁ%; » Which in this game ig identical with the bargain-

ing set uﬁﬁ (see Remark 3.5), is given, up to obvious permutations of the

players 1, 2, 3, by:

r(op 0, 0, O ; 1, 2, 3, l“) 5
(x,, 10-x,, 0, 0 ; 12, 3, &), o<x <10 ;
1 1 . =1 =
(4.10) J
(xl, 0, 0, 10-x, 1k, 2, 3) , 6 <% <10 ;
1
(5, 5, X3 1o~x5 5 12, 3k4) 6 < X3 < 65 .

ad

Note that no 3- or L-person coalition is stable, and no quots imputation

appears in uﬂ[;

Example 4.3 An 8-person Shapley's quota game:
v(B) =0, 10, 10, 20, 20, 30, 30, 40 for |B| = 1,2,3,4,5,6,7,8, respec-
tively, eicept that v(123) =18 ; v(123 ij) = 28 » for 1,2,3,i,J distinct,
and v(N-k) =38 , for k 4 1,2,3 .
It is easy to verify that
(h.11) (6, 6, 6, 5, L, b, 4, 5 15, 26, 37, L8)
belongs to UJZO - The imputation in this p.c. differs from any imputation

in Shapley's "quota-solution” [3].

We shall now turn to the study of Shapley's quots games which
contain a weak player. Thig can happen only if n is even (L. s. Shapley
[3]; see also Iemma 4.1, f.).

Lemma 4.4 Tet I be g Shapley's quota game, which contains a weak

player; then

lA similar example was suggested in a different context by
Dr. H. Kesten (see [2]). :

A method for computing the bargaining set is described in
Re J. Aumann-M. Maschler [1].
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(1) a coalition B is superior if and only if fo is odd

and contains the weak player;

(i1) a coalition B is inferior if and only if ]Bf is odd and does

not contain the weak player.

The proof follows from Lemmsa o1 b. c. d. €., due to the fact that the
weak player forms a l-person superior coalition.

As in the case of games with no weak players, one can construct
examples in which some non-weak players in 2-person coalitions do not get

their quotas in stable Pec.'s. This is not the case if the superior coali-

tions are not "too superior."  This will be clarified in Theorem 4.3,

Definition 4.3 Let B be a coalition in o Shapley's quota game. The

quantity

(k.12) ¢(B) =v(@B) - ¥ o

will be called the excess of B .

Lemma 4.5 Iet B be 8 superior coalition in s Shapley's quota game; then,

the excess of B 1is not greater than the smallest among the quotas of the

players in N - B .

Proof., By lenms, 4.1, the coalition N - B isg inferior, hence it contains
an odd anumber of players. We delete from N - B that player whose quota
is minimum and let the others form 2-person coalitions. The result now

follows from (4.1), (4.2) and 4.3).

Lemma 4.6 Let B1 and. B2 be two superior coalitions in a Shapley's

guota game. If B, N B, = ¢ , then C(Bl) + c(Bg) is not greater than the

smallest among the quotas of the players in N - (Bl(J B2> - If B, C B, ,

then C(Bl) < C(Bg)

Proof. If B C B, , then |3, - B

lf is even, because, by Lemma 4.1,
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]Bll and |B2| are both even or both odd. c(B,) < c(By) now follows
from the superadditivity of the characteristic function. Similarly, if
Bl!? B, = ¢ , then B, U B, 1is also a superior coalition with an excess

not smaller than c(Bl) + C(Bg) » and the result follows from Lemma, k.5,

Lemma 4.7 Let B be a superior coalition in a Shapley's quota gane,

which contains a weak player; then the excess of B is not smaller than

minus the quota of the weak player.

The proof is an immediate consequence of Temma bole, (B.1), (4.2), ang

Definition 4.4 4 superior coalition in a Shapley's quota game whichl con-

tains a weak player will be called s superior-regular coalition, if its

excess is equal to minus the quota of the weak player.

Theorem 4.3 Let T' be an n-person Shapley's quota game, n > TN which

contains a weak player. Suppose, also, that all the superior coalitions

in T are superior-regular. Iet 29 be any partition of the players|into

coalitions, in which no two l-person coalitions occur. In order that |a

Ps.C. (3:529) is stable, it is necessary and sufficient that:

(i) If Be %5 , and B does not contain the weak player, then

IBI is even or ]Bf =1 .

(1i) If Be ¥ , and B contains the weak player, then either

fB' is odd and >3 , or iB] =2 .
(iii) The weak player gets O . If he has only one associate, then

the associate gets the value of their coalition.

(iv) A player in a l-person coalition (if such exists) gets O .

(v) All other players get their quotas.

Proof. We shall make use of the fact that if a superior-regular coalition

occurs in I' , then any effective share of its value among its ‘members

must assign the value 0 +to the weak player, and if, in addition, thit
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coalition contains more than 3 blayers, each non-weak piayer must get his
quota. Similarly, an effective share of the value of a regular coalition,
which contains more than 2 playefs, must assign each player of this coali-
tion his quota (Iemma 4.3).

let (% ;38 satisfy (i) - (v). It is easy to check that it is
a c.r.p.c. The proof that ()ﬁ;zg) is stable is similar to the proofs
given in Theorem 4.2 and Theorem 5,5,1 teking into account that if the weak
player is in L , he counter objects by playing alone.

Suppose now that (Z;Zg) is stable. Certainly (iv) is satis-
Tied. 263 must contain only regular, superior, and l-person coalitions
(Lemma. 4.2), and therefore (i) is satisfied (Lemma 4.4). Tet the weak player
belong to a coalition BO, B° € Q%a . If ]BO] is even and greater than 2,
then B° is regular (Lemma 4.4), and by the remark at the beginning of the
proof, each player of B° » including the weak player, must get his quota.
This is impossible because the weak player can alone make more. Therefore,
]BO| must be equal to 2. If IBOI = 1 , there will exist, as a result of (i),
another l-person coalition in F) » contrary to our assumption. We have thus
proved that (ii) is satisfied. Also, if ]Bof is édd, the weak player must
get O . By the remark at the beginning of this proof, the players other
than the player in a l-person coalition (if any), who get in (x ;8) less
than their quotas, must belong to different coalitions in ;f? » all of which
are 2-person coalitions, except, perhaps, a 3-person coalition, which contains
the weak player. The set of these players will be denoted by K¥ . We shall
denote by I¥* the set of their associates, except that the wesk player will
not be included in I# » iT he belongs to a S-person coalition. Evidently,

]K*[ = IL*[ . The rest of the proof is similar to the proof given in

lIf a l-person coalition exists in 23 » Or not, respectively.
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Theorem 5.5,1 if the weak player belongs to g 2-person coalition, and to

Theorem 5,22 otherwise.

[2]

[3]

lStarting after (3.14).

2Starting after (3.11).
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