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SUMMARY

In this paper, the effects due to the number of days in a month
or the number of working days in a month not being constant are considered.
It is found that for,instantaneously-recorded series the effect is negligible,
but that accumulated series may be noticeably altered when the ratio betuween
the mean and standard deviation .is large. For such series, the high frequen-

cies are most affected and spurious coherence between two such series may

arise.

1. Introduction.

Many economic time series are recorded monthly, but the length of
a calendar month is not constant and the number of working days in a month
varies quite considerably. It is the object of this paper to study the effect
of such variations upon the spectrum of an economic series and upon the cross-
spectrum between two series.

Two very different types of economic series can be distinguished:
(a) instantaneously-recorded series, and (b) accumulated series.

The former are discrete series that can be thought of as being the
values of a continuous time series at certain moments of time. The tempera-
ture at noon at s Particular location is a perfect example of such a series.
Economic series which may be considered to fall within this classification
are price-series, interest rate series, and exchange rate series. In each
case the variable can be thought of as existing at all moments of time, and
our series is the value of the varigble at the times choseh to record this
value. It is the variation in the length of the month which could be dis-

turbing in this case.
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The second class of series includes those which represent the sum
or accumulation of a Variable since the previous recording was taken. A
good example of such a series is rainfall measurements at a certain location.
Examples of such series in economics are production data, import and export
data, and volume of transactions data. It is clear that the number of working
days in the month can have a profound effect on the recorded series.

In sections 2 and 3 the theoretical disturbances for the two types
of series are considered separately, and the "real Worl&" is then introduced

in section 4. The final section briefly discusses methods of reducing the

effect.

2. Instantaneously Recorded Series.

An instantaneously recorded series x, may usually be consildered

as values taken from a continuous stationary time series x(t) at specified

equi-distant moments of time, t =0, 1, ... . In this case Cramér [1] has
shown that x(t) and X, can be represented by
* itw
x(t) = /n e dz(w) + m (2.1)
% itw
x, = Jf e dz(w) + m (2.2)
-1

where in each case dz(w) is a random function with zero mean and with

independent increments. Thus E[x(t)] = Elx

t] =m .

If, now, the continuous series =x(t) is sampled at time units
t + et , t =0, 1, ... where eJD is a stationary series with zero mean,

the resulting series vy cen be (at least approximately) represented by

T,
Yy = l; elw(t%t) dz(w) +m , (2.3)

where



E[dz(wl) dz(w25] =0, w 4 W,
Eldz(w) dz(w)] = f(w) do ,

f(w) being the power spectrum of the original instantaneouély recorded

series xJG based on constant time intervals.

Clearly, E[yt] =m , but the power spectrum of v, Wwill not

necessarily be the same as that for x We henceforth, without any loss of

t

generality, assume m = O for ease of discussion.

In this case

s "t Lo do :)
Bly, v, .1 = \/ﬁ e P B[ %1 ] £(0) dw . (2.14)
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T

Thus E[yJC §t] = \jp f(w) dw , i.e., the variance of the series Yy is also
~ T S .

the same as the variance of xt

If we assume et to be a Gaussian series, i.e., the k-dimensional

distribution of any subset €, , ¢ 5 seay € is Gaussian, then the theory
't By

of characteristic functions gives

: _ 2 2
Elexp {1a>(et - € 3] = exp {-070%(1 - pT)J s
where
2 —
0 p_ =Ele, € 1
T boter (2.5)
2 2
o = E[et ]
and we let
o, = e g(0) aw (2.6)
Lt
Thus
- iTw —w202 22
E[Yf Y£_T] = ) e e exp(pT w o) flw) dw
Tt e
= /ﬁ O £ (w) dd
L o 22k
T itw ~m202 z iﬁngl 0 k f(w) do . (2.7)
-+ S e . k=1 k! T :
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If we note that

k T iTw
— *
pT = L/; e gk‘(w) dw

where gk*(w) is the k:G-E convolution of the spectral function of (—:JC , 1.e.,

s
g *(w) = f gla-n) g * (A) an
~ T :

glw) ,

®
NN
X
g
1l

then using the convolution theorem for products of functions having Fourier

integral'representations, (2.7) becomes

- " it I A~ o“e®
Bly, v, o] = f en f(e) + B MTEON) g lo-n)an] 7 T dw .
L1 k=1 ) L

It thus follows that the power .spectrum of the series Vi is

22 o 2k 1
) o) =% ® [flo) + = 5 f AE 200 g * (o)) an] . (2.8)

s k=1 -7
o .
As ¢ will usually be extremely small, the sum of the first two
or three expressions in the series provides a very good approximation to ‘@(w)
If € 1is white noise, (2.8) becomes
22
o(w) = e flw) + A (2.9)

where A 1is a constant such that

1 22 ' Tt
[[A+e'°w f(w)]dw=ff(cn)dm.
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With small 02 » We see immediately that for this case the effect
on the shape of the spectrum of having variable month-length will Dbe very
slight. The actual effect will be‘fully discussed in section 4.

The steps for studying the effect on the cross-spectrum are

similar. If the undisturbed series are Xél), xég) with power spectra

fl(w), fg(w) respectively, and with (complex) power cross-spectrum c(w) ,

(2)

then the power cross-spectrum for the two series yél), yt observed at the

e time points t + € t=0,1, ... is given by



c (w) = e [c(w) + = —— A oe(h) g *(o-n) an . (2.10)
v ! k
k=1 Ln |
In general, the difference between cy(w) and c(w) will be small,
and, in particular, we note that if c(w) =0 +then cy(w) =0 also, and so no

spuricus coherence is generated.

3. Accumulated Series.

For accumulated series a complete investigation of the effect
becomes less manageable. For instance, if the daily production series is

Zy and if the number of working days in a month is given by the series N 5

t
to be accurate we would need to consider the new series formed by
Ny
y.t = Z Zj © (5']—)
J:Nt—l+l

However, a useful approximation, which is likely to be sufficiently
close to indicate the more important features of the effect, can be formed Dby
considering the "real" series ¥, ‘to be a product of two stationary series.
Suppose that it were possible to divide the year into twelve units, all con-
taining an equal number of working days. If the accumulated series were based
on these units, the resulting series x, may be called the "undisturbed"
series. The effect of the number of working days in a month not being a
constant can be discussed in terms of the difference between the power épec—
trum of X and that of Yy - The approximation we make is to assume that

No xg

y.t = N 2 (5'2)

where N_ 1s the series of the number of working days in a month. We Ffurther
assume E[Nt] =N to be the number of days in the "perfect" month over which

X, is measured. (In practice, of course, N will not necessarily be an

integer.) We also need to assume that {xt} and {Nt} are independent series.

To study Ve defined by (3.2) we require the following theorem:



Theorem.

If {xt}, {yﬁ} are stationary, Gaussian stochastic processes having

Zero means, power spectra fx(w), f (w) , and power cross-spectrum

Y

c(w) = co(w) + ig(®w) , then the power spectrum of the process {zt} defined
by

2y T Eg Uy
is given by

T T
fz(w) = kZ; fx(a»x) fy(k) an + \Z; co(ahx) co(x) an
7t
+ /ﬂ qle-n) q(n) an . (3.3)

-7
The theorem follows immediately, using Fourier transforms and the

convolution theorem, from a formula due to Isserlis [3]:

cov XY, XY

el Xg¥g) = EIX

th] E[YtYs] + E[XtYS] E[Y, X ]

t s

Thus, if Xy s Vy are independent series,

b8

£ (w) = A £ (o)) fy(h) an

under the assumption of independence, and so

E[yi]’= E[Xt] =m , say . (3.4)

If fx(m), fN(w) are the power spectra of the series ‘{xt}, [N}}

respectively, then, as

N x N N
Lt L 1) +v(xt=m) +m

T ( %% - l)(xtmm) + m( %

*
I wish to thank Professors E. Parzen and E. J. Hanzan for pointing
out this theorem to me.
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it follows from the theorem that the power spectrum of the series Iy is

given by
1 T m2
fy(a)) = F Z; fX(af.—x) fy(n) an + £ () +—1\T§ (@) . ; (3.5)
Further, the variance of Vi is given by
‘ 2
2 g
2 2 2 2 "N
o T e el g (3.6)

Whereas the effect was slight for instantaneously recorded series,
equations (3.5), (3.6) indicate that the fact that the number of working days
in a month is not constant can have important implications for accumulated

series. This can be particularly well illustrated by considering some
2

extreme cases. If o =0 (i.e., ¥, =m, all t ), then
2 m2 2
oy =5 oy and so the effect is to move from a series with no variance to
N
one in which the variance could be considerable. Ir {xt} is white noise
with mean comparable in size with the variance, the power spectrum of the
2
resulting series v, 1is fy(w) =a + QE fN(w) ; which may be very different
N

from the "true" spectrum fg(m) = const.
The effect is seen to be of particular importance when the mean
of the underlying series Xy is large compared to the variance of X,

Discussion of the effect in the real world is delayed until the next section.

The effect on cross~spectral analysis may also be important.

(1) (2)

Suppose we have two "pasic" series X and  x. with means
my, M, ; power spectra lx,l(w)’ ijg(w) » and power cross-spectrum
Hw) = cox(w) +ig (@) . The two observed series can now be approximated
[
by
N

(1) _ s (1)

Iy N %t

(2) M (2)
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Lo
assuming the same series N_ to operate in both cases.

5
Consider
E[(yél)- mﬁ(?ﬁi) -my)] = é.E[Ntﬁt-T} E[xél)iéi] m, m,
m.m
=L oMy (1) wu(n) 4 oW L2 (5.7)
N N
where ( )
= N
E[NtNt_T] = p,
E[xél)ié?g] = HX(T) ,

then taking Fourier transforms and using the convolution theorem, the power

(1)}, ( (

cross-spectrum between the series [yt ytz)} is found to be given by

mmy g T X
cy(w)f= cx(w) + fN(w) 5+ - /1 fN(K) ¢ (w-N) dn 3
N N~ ‘=m

and thus the co-spectrum and quadrative spectrum are given by

! ! m.-m 1N
coy(w) = coX(w) + £ {(0) —;—-23 +# [ﬂ £, (%) cox(a)-?\.) d?n
T
7 (@) = () +%2 f £ (M) (-n) an .

N~ “==x
Generally, the convolution terms will be negligible compared to

the others, but the term fN(w) mlme/l\T2 need not be negligible. If we

W), w2

consider the extreme cage when the series {xt

are independent,

then cox(w) = qx(w) =0 and

m.m
: 12
w) = fp(0) =5, ’(@) =0 .
N

Thus the coherence will not vanish, and one effect of a varying

C

¥
| o (

number of working days is seen to be that a spurlous coherence can arise,
thus apparently indicating a relationship between the two series.

The quantity o o
c “(w) + g~ (w)

Ao) = =

fl(m) fg(m) ?




called the coherence, is a direct measure at a given frequency of the amount
by which the two series under consideration are related at that frequency.

Similarly, the quantity

o(w) = tan~t gf("(f)—)

is a direct measure of the lag (or lead) between the two series at g gilven
*

frequency.
Using the notation and results proved above, but ignoring the

convolution terms as being probably negligible, we find

(c_*(w) + £ (@) mlmg/Ne)g + (F(0))?

2 (w) = 5.5 5,2
[fl(cb) + fN(w) my /N ][fz(w) + £ () m, /N<]

(5.8)

which may be considerably different from the coherence for the undisturbed

series
e @) ¥ (¢ (w)?
®) =~ ﬁwfl(w) fg(a))

*(

Similarly, we have

¢’ (@) = tan™t 9 (@) 5 (3.9)
cox(w) + 1 () mlme/l\T
instead of
() = tan_l{- %x(w)
| % (w)

Ag fN(w) mlmg/Ng.z O (it being reasonable to assume the mean of
an accumulated series to be positive), it is seen, for instance, that When
cX(m) is positive the lag-between the two series is reduced. |

Clearly the effeét'under discussion can be of a considerably dis-
rupting nature when spectral and cross-spectral methods are being used on
accumulated data. It will Dbe especlally important when the ratio between

% ‘
For a description of the use of these and related statistics on

both stationary and non-stationary economic series see Granger [2].
|
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the mean and the standard deviation of the undisturbed series are not small.
If the effect is importgnt in gpectral analyses 1t will be at least as
important in alternative méthods of investigating time series, such as the
fitting of autoregressive models, but the nature in which it disrupts the
method is likely to be more subtle and difficult to investigate.

The problem of improving the data to reduce the effect will be

discussed in section 5.

4. Consideration of the Actual Effect.

The series consisting of the number of days in a month is primarily
the numbers 31, 28, 31, 30, 31, %0, 31, 31, 30, 31, 30, 31 continually
repeated. The‘only change from year to year is due to the lengthening of
February by one day each leap year. Clearly, the major component of such
a series is the annual component. This component is, however, such that
all the harmonics are of roughly equal importance. Taking into account the
leap years, the average month-length is 30.437 days with variance 0.70. The
first autocorrelation is approximately -0.42 and the second autocorrelation
is positive. These facts allow us to discuss the more obvious properties of
the series € introduced in section 2. We see that 062 = TB%%%%772 = 0.00076
and that the spectral density of the series will have a high value at the
Nyquist frequency, will generally be larger for high fregquencies than for low
frequencies, and will have peaks at frequencies corresponding to harmonics of

2
the annual component. With o

il

.00076, the term exp {_a?ceg} changes
from 1 at ® =0 to 0.991 at ® = 7 , and so the effect of this term in
equation (2.8) is to emﬁhasize slightly the low frequencies, but the effect
is so small as to be negligible°

To consider the effect on accumulated series of the variable number

of working days, series were constructed of the actual number of days worked
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per month in the United Kingdom in the 30-year period 1933 to 1962. One
series assumed g 5-day,wofking»week and the other a 5%—day week. Weekehds
and all public holidays were taken into account but not annual (summer)

holidays or strikes. The resulting series had the following characteristics:

o-day week
mean = 21.15 days, variance = 1.51 days
Py = =0.51 s Py = 0.15
5%—day week
mean = 23.27 days, variance = 1.46 days
py = -0.k9 P, = 0.23

(If similar series had been constructed for the United States, the means
would have been lower and the variances greater, as there are more puplic
holidays in the United Stapgs than in Britain.)

The power spectra:of each of the series were calculated on an
IBM 650 computer using the Tukey estimate (see Blackman ang Tukey [4] or
Granger [2]) over 60 freqUency bands. As the major features of the two
resulting curves were similai, only the estimated spectrum for the Beries
assuning a 5-day week is illustrated. (See diagram on following page.)

The diagram illustrates the plot of 1log ?(w) against fre-
quency ® . (The gap at frequency %gﬂ is due to the estimating procedure
glving a negative estimate.) As would De expected, the higher frequencies
are considerably more important than the lower frequencies, and there
are important peaks at frequencies %g (due to annual component) and =
(due to Py being large in magnitude and negative). The high peak at

frequency %%E can be explained as corresponding to the alias of the

weekly cycle. It was noted above that the average number of days in a
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month is 30.437 and so there are 4.348 weeks in the average month. As we
are recording monthly, a frequency 4.348 will "alias" into the frequency
0.348. Such a frequency corresponds to the L4ong point when a spectrum ié
estimated over 60 frequency bands as 2 x 60 X O.5ﬁ8[= 41.76 and 42 is the
integer nearest 41.76.

If, for a moment, we ignore the peaks around the 10th and Long
frequency bands, the actual effect on an accumulated series of the varying
number of working days can be quickly seen. Equation (3.6) shows that the
effect makes an important difference to the variance if mQUN2/N2 is not
negligible compared to qxe - Using the figures for a O-day week, thisg
means that 0.0034 m2 is not negligible compared to okg or that m/cx
is of the order of 17. ‘Thus, for example, if m/cX = 5.4 the effect would
increase the variance of the accumulated series by approximately 10 percent.

When the ratio m/qX is such that the effect isg not negligible,
equation (3.5) indicates that the major change in the bower spectrum will be
an increase in the high frequencies. One might note that the convolution
term will, in general, also chiefly affect the high frequencies. Experi-
ence indicates that the majority of economic series have a large peak around
zero frequency even when an efficient method of trend removal has been used.
This peak will be moved to the Nyquist frequency on convolution due to the
major peak at the Nyquist in fN(m) - Thus, most aspects of the effect gre
inclined to raise the higher frequencies of the spectrum of the accumulated
series. The effects due témthe other peaks in fN(w) are less easily
determined, as they chiefly depend on the shape of fx(m) - One would cer-
tainly expect the harmonics of the annual component to be emphasized in the
spectrum of the observed series I

Similarly, equations (3.8) and (3.9) suggest that the coherence

and angle diagrams will be chiefly affected at the high frequencies.
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It is unusual for a series to be‘chiefly disturbed at the higher
frequencies rather than at the low frequencies. In a sense the results are
comforting, as it ig the important low frequency components which chiefly
concern policy makers. However, when cross-spectral techniques are beéing
used and particularly when short-run prediction is being attempted, the
effect being studied could Be of considerable importance if the series'is

such that the ratio m/ox is large.

5. Methods of Reducing the Effect.

As, for instantaneously recorded series, the effect is slight,
and as there appears to be no obvious way of improving the series once it
has been recorded, no further discussion is required for this type of
series.

Alﬁhough the approximation used for discussing the effect on
accumulated series is prébably a reasonably good one for most purposes,
unfortunately it helps only slightly in discussing methods of improving the
data. Given the series Vi and assuming that the series Nt is also known,
the approximation suggest;ﬁthat we can reconstruct X, merely by considering

2, = %; v, - (5.1)

If the approximation were exact, 2y = L but as it is only an
approximation, the transformation of the series Yy in equation (5.1) will
not entirely remove the éffectc However, this transformation will certainly
considerably reduce the effect and will be well worth making for many series.

Some published data has already been so transformed; the Board of
Trade in London, for instance, uses it on some import and export series.

When the data is "raw" and the effect is likely to be serious the transfor-

mation should certainly be made, especially when an electronic computer is

i
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being used, as the extra calculation involved will be of little consequence.

However, to use equation (5.1) one needs the series N£

number of days that ought to have been worked in any month for s given‘fac-

The

tory, say, can be easily deduced by subtracting a day from the total in
the month for every Sunday and a further day or half-day for each Saturday.
For any given country only a.little more effort is required to take into
account public holidays, and so, in theory, a series N£ can be constructed
based on either a 5-day or g 5%-day week. Unfortunately the problem is more
complex, as annual holidays and‘strikes‘must be taken into account. The
"rules" for public holidays are not entirely uniform. If, for instance, g
public holiday of not first class importance falls on a Saturday, do the
workers get only the half-day off or.is a further half-day also not worked?
In the latter case does this lie on the Friday or the Monday, which could be
in a different month? Are the local semi—official_public holidays obs;rved
as well as the national ones?

Even more important in complicating the construction of the series
N£ is the problem of aggregation. If the series Ve is the steel pro@uc-
tion for the United States, this will be the sum of individual series ffom
many sources, each of which will have its own. seriesg for the number of days
worked in every month. The "true" N£ would need to be a weighted average
over all the individual series. In such s case, the approximation used in
section 3 will be less sapisfactory, and any method of reducing the effect
by using g transformat;on of type (5.1) will also be less effective.

Clearly, no definite rule can be stated as to whether or not the
transformation (5.1) shouid be used; it must be left to the investigator to
decide if it is appropriate to his individual problem. It would, perhaps,
not be asking too much to ask the producers of statistics to consider 1if the

series of an accumulated form could not be so improved at source.
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