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PREFACE

A part of this memorandum was read to the Tenth Annual
Logistics Conference of the Office of Naval Research, held at
The George Washington University in January, 1960, and appears in

the Conference Proceedings in the Naval Research Logistics Quarterly

of December, 1960, under the title, "Priority Indicators in More
Than One Dimension." Another portion appeared in the same journal
under the title, "Comments on 'A General Theory of Measurement-
Applications to Utility'," in September, 1960. A summary of some
of the literature involved had previously appeared in the same
journal under the title, "A Selected, Descriptive Bibliography of
References on Priority Systems and Related Non—Pfice Allocators,"
in March, 1958.

The author is deeply indebted to Professor Oskar Morgen-
stern for ﬁis advice.and encouragement during the preparation of

this study.
W. Giles Mellon

April 25, 1962.
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CHAPTER I

INTRODUCTION

“. . . without a pricing mechanism there is

no economic calculation"
L. von Mises

"Prices as such have nothing to do with the
problem, although — like Voltaire's God —
it may be desirable to invent them if they
do not existt!"

Paul Samuelson

~Introductory Remarks

Although the efficient allocation of resources is Economics
in the sense of the usual textbook definition, and is assuredly the
core of economic tﬁeory, 1n many situations tﬁe system of money prices
is insufficient in itself as a g@ide to optimum behavior. One of the
most important of these situatioﬁs 18 that of the allocation of resources
within the military establishment, where money costs are indeed a sig-
nificant factor, but yet must be combined with some "measure of military
worth" in arriving at meny decisions. It is this "combinatorial" case
which poses the greatest theoretical problems, and it is precisely in

this case that our theoretical analysls is currently most d.eficj_ent.:L

Tep. ., » there exists no real theory of priorities; especi-
ally the working of priorities in systems where also prices prevail and
localized decisions are frequently'possible, is only imperfectly
understood." Oskar Morgenstern, "Consistency Problems in the Military
Supply System," Naval Research logistics Quarterly, Vol. 1, No. L
(December, 1954); p. 271; ". . . there is a need for imaginative con-
ceptual and theoretical work in the general problem of promoting effi-
cient use of resources in an environment in which the market pattern is
incomplete. While the Defense Departments usually purchase factors and
pbroducts on markets, . . . there are no markets for valuing the outputs
(military capsbilities or worths) which they produce . . . . There is &
lot of ready-made economic theory which is applicable to this problem
to some extent, but it requires development and adaptation." Charles
Hitch, "National Security Policy as a Field for Economics Research,"
RAND Paper P-1776 (August 19, 1959).
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This memorandum concerns itself specifically with the illus-
tration of how measures of military worth — or what we have chosen to
call "priorities" — can be developed and applied to particular military
decision problems. At the same time, however, it is important to remem-
ber that such measures of worth are of vital importance in those other
areas where a system of money prices is not sufficient in and of itself
to gulde the allocation of resources. The most important of these cases,
as well\as the most well known to economists, is, of course, the theory
of consumer behavior, where an optimal expenditure program depends on the
consumerfs evaluation (utility function) éf the various combinations of
goods available, as well as on their relative and absolute prices and
his total income. But there are other well-known cases which are of
great importance. As examples, we list the following which are arranged
in reverse order of the importance of money prices, and in direct order
of the importance of priority or non-price indicators, in each.

1. Central planning in the theoretical "socialist state."
2. Central planning and control in Soviet-type economies.

3. Evaluation of economic development programs for under-
developed economies.

L. Administration of war production and rationing in a
capitalist economy in time of war.

2. EBvaluation of public investment in a capitalist economy.

6. Evaluation of alternative choices of action within a
business organization.

The desirability — indeed the necessity — of making efficient
economic calculations in each of the above isg beyond qguestion. Yet, a
system of money prices may not exist at all (1); money prices may exist

purely as an accounting device, or on only a limited scale in one or two



sectors of the economy (2); money prices may be anrimportant considera-
tion, but the natural operation of the price system must be constrained
to avoid socially undesirable alldeation patterns (3, 4); money costs
must be weighed against non-monetary factors, as for example, the proba-
bility of reducing loss of life by flood control, to reach a decision
(5)2; and finally, while the overall motivation may be one of profit
maximization, certain factors —- as for example the value of good public
relations — cannot be easily expressed in dollar terms.5

Thus, while this discussion is confined to problems related
to military deciéion, 1t is hoped that the reader can see how much of

the discussion is applicable to other economic situations as well,

Definitions

Throughout this discussion, we have chosen to use the term
ﬁpriofity" as opposed to the terms "utility" or "military worth." To a
certain extent, this choice represents a personal whim, but as so many
particular cénnotations have been attached to "utility,"  and even to
"military worth," it was desired to use a terminology which would begin

its theoretical life with a nearly clean slate.

2cf. D. von Dantzig, "Economic Decision Problems for Flood
Prevention," Econometrica, Vol. 2k, No. 3 (July, 1956), 276-287. There
is, of course, extensive treatment of this problem in the literature
on the benefits-cost criterion. :

5A particularly good discussion of the advantages of a price
system is to be found in F. A. von Hayek, "Pricing Versus Rationing,"
The Banker, Vol. 51, No. 16k (September, 1939), 2h2-249, though Professor
. von Hayek takes a rather extreme view on the effectiveness of the money
price system in wartime. See also, Tjalling C. Koopmans, "Uses of Prices,"
Cowles Commission Papers, Special Paper No. 3, 1954,

JJ'Thus, we would maintain that there is, at the moment, no
commonly agreed upon meaning of "priority" in economic theory. An asser-
tion to the contrary, however, can be found in the "Letter to the Editor"
by Joseph B. Kruskal, The Naval Research Logistics Quarterly, Vol. 6,

No. 3 (September, 1959), 261.




We define "priority" to mean "any ‘indicator which may be
assoclated with an *alternative® so as to permit the alternative to be
‘evaluated® with respect to other alternatives," where the exact natur:
of an "alternative" and the degree of "evaluation" involved are, for the
moment, left undefined.

"Priority systems" are defined ss "the method or scheme of
classification by which the priority indicators are associated with the
set of alternatives."

Priority systems are scmetimes sufficient in themselves to
establish a "priority program.” By a "priority program" we mean "a plan
of action which, on the basis of the priority indicators assign«d to the
various alternatives under consideration and whatever other intoimalion

is relevant, informs the responsible decision-making authority which

alternative or combination of alternatives, and in what order wi degree,
should be adopted."” Thus, if the alternatives were, for example, a set

of' development projects, and the objective of the priority program was
simply to select the four which have the highest priority rankiing, GLhen
clearly the priority system is sufficient by itself to determine the
program. But, as we have indicated above, the more usual — and more
interesting situation — is where this is not the case.

Consider the following example. It is desired to maximize
the value of a set of alternatives, each of these alternatives has a
money cost associated with it, and total expenditures for the operation
are limited, so that only a limited number of combinations or alterna-
tives are feasible. IF it were possible to derive a single-valued,
order-preserving function, which represents the value of these alter-

natives up to a linear transformation (as, for example, the well-known




von Neumann-Morgenstern index of utility), then the computation of the
optimal "priority program" in this case is an example of an assignment-
transportation linear programming problem. Assignment of personnel to
Jobs on the basis of test scores, or the assignment of plants to loca-
tions are two other examples of this type of problem.5 Furthermore? if
we solve the program for alternative values of the budget restraint, we
obtain a function which relates the changes in payoff ﬁo changes in costs,
on the basis of which the administering authorities should be able to
reéch better décisions as to whether additional éxpenditures Ol & program
are justified. In the case where the alternatives are "lumpy," as for
expensive, discrete projects, this latter inférmation is especially
valuable, since it can be true that a slight increase in the amount of
funds available for expenditure can allow the inclusion of an additional
project with a relatively high payoff, thus sharply increasing the

payoff from the total pbrogram. This is particularly applicable to the
case of financing in the military services, where the budget restraints
are seldom completely rigid, but ure always subject to a degree of
flexibility resulting from the bargalning process inherent in their

) 6
establishment. It is the obvious similarity of problems of this type

5cf. Tjalling C. Koopmans and Martin J. Beckman, "Assignment
Problems and the Location of Economic Activity," Beonometrica, Vol. 25,
No. 1 (January, 1957), 53-72; reprinted as Cowles Foundation Paper No. 8,
1957. '
6A. C. Enthoven and H. S. Rowen (An Analysis of Defense Organ-
ization," RAND Paper P-1640 (March, 1959), 5-6) make this point in the
- following way: "The defense economy is more like the economy of a
college student being supported by his father than like the economy of
a household trying to allocate optimally within a fixed set of income
possibilities . . . . The military departments, like the college boy,
know full well that how much they get depends very much on what and how
much they ask for." See also Richard B. Maffei, "Simulation, Sensitiv-
ity, and Management Decision Rules," The Journal of Business of the

University of Chicago, Vol. 21, No. 3 (July, 1958), 177-186.




to the theory of consumer behavior which is the basis for the majority
of the attempts to develop a theory of "military worth" for application

to problems of military decision.

Assumptions of the Analysis

The discussion of the development of priority systems and
their use in the solution of priority programs is based on five major
assumptions. Asg each of these has considerable interest in its own

right, they are reviewed briefly below.

1. It is aésumed that the priorities discussed are obtained by the
direct questioning of expert personnel. This‘method of approach is well
established, and is the basis of several recognized studies in military
decision making.7 It is also assumed that the answers so obtained obey
certain well recognized axioms of consistent behavior. Thus, if an
"authority" prefers A to B and B to C, we assume that he is transitive —
i.e., prefers A to C — as a matter of course, and without directly

soliciting that information.

7cf. R. J. Aumann and J. B. Kruskal, "Assigning Quantitative
Values by Qualitative Methods in an Allocation~Procurement Problem,"
Technical Report No. 21, Analytical Research Group, James Forrestal
Research Center, Princeton University (July, 1956). A revised version
under the title "Assigning Quantitative Values to Qualitative Pactors
in the Naval Electronics Problem," appeared in the Naval Research Logis-
tics Quarterly, Vol. 6, No. 1 (March, 1959, 1-16. Also, Henry Solomon,
Joseph P. PFennell, and Marvin Denicoff,. "A Method for Determining the
Military Worth of Spare Parts," Serial T-82/58, George Washington Univer-
sity Logistics Research Project (April, 1958), of which a revised version
under the title "Summary of a Method for Determining the Military Worth
of Spare Parts" appeared in the Naval Research Logistics Quarterly,
Vol. 7, No. 3 (September, 1960), 221-3%. According to their investiga-
tions, substantial agreement as to relative worth was obtained for
92.4% of the total number of components ranked by three Judges.




There are two major difficulties involved in this approach.
The first is the difficulty of determining which comparisons should be
made by questionlng expert authority, and which should be made by a
more direct method. Thus, if one wishes to determine whether or not one
plece of equipment is superior to another, it may be preferable to sub-
Ject them both to a series of mechanical tests to determine relative
performance, ruther than to ask a number of experienced military personnel
which piece of equlpment they consider as superior.8 The second diffi-
cul£y is that the annwers obtained by such Questioning may not, in fact,
obey the rules of consistency.

Certainly, the first objection raises a major problem in the
use of the direct-questioning approach. We shall assume for the pur-
bposes of this digcussion that military planners possess a satisfactory
method of deciding which approach is most applicable in a particular
case, but we do uvu in full knowledge of the strength of such an assump-
tion. We would add, however, that in the very common case where there
are several dimensions of comparison, the direct testing approach will
usually need to be supplemented by obtaining the opinions of expert
military personnel. Thus, one might discover by testing that radar set
A has a greater range than radar set B, but is also more difficult to
maintain. In this.situation, it is necessafy to obtain a weighing of
the importance of greater range against greater dependability to decide
which set to purchase ~— g weighing which can only be obtained by an

individual's decision. Therefore, in many situations, the methods of

8 .
I am indebted to Professor Ansley J. Coale of Princeton
University for several conversations on this point.




direct questioning and empirical testing are necessary complements to
one another, rather than direct substitutes.

The second objection is less damaging. While it is true that
under questioning expert personnel might give inconsistent comparisons,
~the method which we utilize in this baper assumes that all comparisons
which are implied by the usual rules of consistency do, in fact, hold,
and, therefore, that the expert personnel are only questioned as to rela-
tionships which do not follow from these rules. We would add, however,
that it is a fairly simple matter to determine whether or not a set of
orderings is internally consistent,9 and that, therefore, even if we did
not follow a policy of automatically excludingvthe possibility of incon-
sistent comparisons, it would be possible to locate quickly the inconsis-
tent relations, and ask the expert authorities being questioned to make

new comparisons eliminating their inconsistencies.

2. It is assumed for the purposes of this discussion that the
various rankings obtained from expert authorities are either the views
of a single individual, or represent the unanimous views of a group of
~ individuals. In practice, in many situations the priority indicators
must be based on a consensus of the opinions of a group of experts: we
may face an institutional arrangement where a group, such as a board of
directors or the Joint Chiefs of Staff, must be consulted and arrive at
a joint decision; we may deliberately choose.ta ask several persons
their opinions in the hope'that the average of these opinions is more

likely to bé nearer the true answer than the estimate of a single person;

9cf. Harold W. Kuhn, "Solvability and Consistency for Systems
of Linear Equations and Inequalities," American Mathematical Menthly,
Vol. 63, No. 4 (April, 1956), 217-232. :




or, finally, we may need to consult several persons on the rankings,
elther because it would be impossible for any one person to answer the
large nunmber of questions which may be necessary to construct the scale
which measures the alternatives — as may be the case in the von Neumann-
Morgenstern approach to measurable utility or if we were attempting to
construct an indifference map ;— or because any one person may not be
sufficiently familiar with all of the alternatives to be able to Judge
their relative importance with any degree of competence. In practice,

it isrmost unlikely that a group will be unanimous in its opinions.

Thus, in most realistic situations, the military analyst will be faced
with devising a method of aggregating the individual rankings into a
single composite ranking. While we, for this discussion, assume in
effect that such a method for devising a composite ranking exiets, it
should be noted that a very considerable portion of the literature of
welfare economics is devoted to demonstrating the difficulties of obtain-
ing such a ranking. Aniimportantvquestion, therefore, is whether the
problem of aggregation of expert opinion is closer to the problem of
obtaining a community welfare function, or is, in fact, merely a statis-
‘ﬁical regression problem of estimating a function on the basis of a

number of points which are randomly distributed about it,lo but we shall

lOThe latter is the position adopted by Kenneth J. Arrow in
his discussion of a baper by Commander Walter H. Keen ("A Note on the
Construction of Numerical Utilities for a Finite Set of Economic Items,"
George Washington University Logistics Papers, Appendix 1 to the Quar-
terly Program Report No. 1, (November, 1949-February, 1950)) in Social
Choice and Individual Values, Wiley (New York, 1951), where he does not
question Keen's method of obtaining an ordering of objectives based on
combining a set of individual orderings. Keen's approach to the priority
problem is first to obtain an ordering of the set of objectives according
to the method given by M. G. Kendall and modified by Garret Schuyler
("The Ordering of N Items Assigned to k Rank Categories by Votes of m
Individuals," Journal of the American Statistical Association, Vol. k43,
No. 2kl (December, 1948), 559-563; see also M. G. Kendall, The Advanced
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not consider this question further in our discussion.

3. We restrict ourselves to problems which may be classified as

"simple maximum,"

that 1s, where all relevant variables, while perhaps
only imperfectly known, are under the control of the military decision
maker and not partially under the control of other intelligent entities
which are in opposition to him. This latter situation is the domain of
the Theory of Games of Strategy. As our discussion of the degrees of
measurement which result from the questioning of expert personnel has

considerable relevance for Game problems, however, we briefly note the

connection.

Theory of Statistics (London, 1943), p. 410.) 1In the case in which we
have only 3 categories of ranking, Schuyler Suggests the following
criterion for establishing an ordering of the alternatives. If an
alternative j receives aJ number of first place votes, bj number
of second place votes, and c¢j number of second place votes, then the
value of the indicator to be attached to the alternative
o = 3aj + 2bj + cj
J aj + bj + ¢j

When this ordering is establiished, the method of ranking is reused to
establish the preference of the group for various probability combina-
tions of the alternatives which, when a zero point and a unit of measure
are determined which can be done arbitrarily, establishes the N-M utility
index. The validity of the method thus depends on two factors: whether
the problem of expert opinion is exempt from the critique which Arrow
makes of group welfare functions; and the suitability of the N-M utility
index method in this context. In a lebtter to the author, Professor Arrow
expresses a similar position:

As you quite correctly observe, I feel that the question of

pooling experts® opinions is different from that of a con-~

sensus of welfare judgments because presumably they are all

Judging the same underlying reality. I must admit that this

gets into complicated epistemological questions if pushed far

enough. However, if we postulate the existence of an objec-

tively valid scale of some kind in the universe and assume that

each expert's opinion is a random function with the objective

scale or a parameter and with a probability distribution which

has some degree of specification a priori, then we have a

manageable statistical problem -- that of estimating the

underlying scale.
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The necessity for, and the utilization of, numeral indicators
of priority or utility in the theory of games is well known. It was the
purpose of the theory of utility.devised by von Neumann and Morgensternll
to provide a measure of the subjective value of the outcomes of alter-
native courses of action to the players involved; and it is the inherent
inability of this measure to overcome, other than by assumption, the
problems\of interpersonal comparison of value which constitutes one of
the most serious gaps in the theory's applicability to major problems.
In géme theory, as in the study of military operations research, the
concentration has been on the way in which the measures of worth could
be utilized, once they have been developed. |

When numbers for the game matrix are available, the solution
to the game can be used to generate other priority indicators which
can,‘in turn, be used to resolve other non-price allocation problems.
This point has been well demonstrated by Professor Thomson Whitin.12
Whitin begins his discussion with a variation on the well-known
"Colonel Blotto Problem." From an example, he shows that it is
bossible te compute a function which gives the marginal value of each
unit of military strength which is added to the forces of each player,

in terms of its contribution to the value of the game for that player;

llJohn von Neumann and Oskar Morgenstern, The Theory of Games

and Economic Behavior, 3rd ed. rev. (Princeton, 1953).

lE'I'he Theory of Inventory M anag ement, 2nd ed. (Princeton,
1957), Chapter 9, "The Problem of Military Value," pp. 189-207.

et D. W. Blackett, "Some Blotto Games," Naval Research
Logistics Quarterly, Vol. 1, No. 1 (March, 1954), 55-60; J. W. Tukey,
"A Problem in Strategy," Econometrica, Vol. 17, No. 1 (January, 1949),
15; John McDonald, "A Theory of Strategy," Fortune (June, 1949),
102,
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and also the changes in this value which will result if these additional
forces become available to the player after he has committed himself to
a strategy. From the first of these outcomes, we obtain a numerical
value which enables us to decide whether a unit should be utilized on
one front or another; and from the second, a numerical measure of the
value of holding units in reserve, rather than committing them all at
once. The relevance of this to the main line of discussion is quite
clear. One way to determine the military worth of an alternative is in
terms of its contribution to the game payoff, a "derived" value, rather
than one which is determined directly.

Thus, one method of obtaining numerical indicators of value
(priority, utility) is through this approach, which we may call "deri-
vation." No attempt is made to measure the value of an alternative
directly, but only in terms of its marginal contribution to the outcome
of a conflict situation. The approach could be generalized to include
situations of uncertainty, "games against nature."

In a second section Whitin applies game theory to the problem
of' choosing the optimum point on the production possibility curve —
the derivation of the appropriate ratio of production between two types
of military equipment, given technical limits on production. He derives
the following: a description of a game which gives the alternative
courses of action for all players in the Tace of all possible combina-
tions of weapons and dispésition of these forces by the other player;

a solution to the problem of which strategy to employ if one should
discover the productive plans of the enemy; and the optimal strategy to

be used if the enemy discovers one's own production plans. Finally,

Whitin illustrates the manner in which these strategies will be altered



if the relative payoff values of the objectives of the game are changed.
To approach the problem in this manner is, however, simply to
push the basic problem back one step, for although the derived. indicators
will be useful in many non~price allocation problems, their existence
rests on the establishment of a real-valued function which measures the
value of the alternatives in the conflict situation to each of the
players in comparable terms. (This problem is, of course, simply by-
Passed in the Blotto formulation.) A somewhat more Promising approach
is‘suggested by our discussion of pricrity indicators where the neasure-
ment is not "numerical,” but of the form of orderings or orderings-on-
distances between alternatives. (See Chapter III.) Especially for
opposing players, it is usually highly unrealistic to suppose that we
could ever obtain numerical measures of their evaluation of allcrnatives.
Whitin suggests, however, that it may not be necessary to have abgso-
lutely precise measures of the relative importance of these objectives,
since the choice of optimal strategies for each situation can remain
invariant through substantial changes in their value. Thus, we may
attach a value of 2 to objective A and 1 to B, even though we know that
military worth can never be determined exactly, since variastions between
2.5 and 1.5 in the value of A, or between 1.5 and .5 1n the value of B
might not alter the choice of strategy. This suggests two lines of
research which should be pursued if game theory is to be applied to
concrete decision problems. First, the possibility of using a less-
than-numerical scale should be investigated from a theoretical point of

b ,
view.l And second, the relative stability of the solutions of

l‘LStJc'anﬁgfel;y' enough, this important line of research has
received comparatively little attention. In their original formulsation
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particular games when the playersf evaluations of the outcome are
changed should be examined. The following approach could be nsed. From
qualified sources we obtain an estimate of the values which are attached
to the set of "alternatives" by "our side," together with an estimate of
the degree of variance these estimates involve. We also obtain such

information on our opponent's evaluation of objectives, again based on

(The Theory of Games and Fconomic Behavior, op. cit., section 66,

pp. 603 ff.) von Neumann and Morgenstern discuss the possible generaliza-
tion-of the utility concept to avoid the use of numerical and transfer-
able utility. These remarks have been extended by Lloyd S. Shapley and
Martin Shubik, "Solution of n-Person Cames with Ordinal Utilities,"
Econometrica (abstract), Vol. 21, No. 2 (April, 1953), 197. Their
remarks may be summarized as follows: It is assumed that every player
can order every possible outcome of the game. If we form the Cartesian
product of these ordered sets of outcomes, then each possible outcome
will be represented by a vector in this product. Coalitions can be
formed. Any coalition is "effective" with respect to any of the set

of vectors if there exists a strategy for the coalition whose outcome
is as desirable as any of the vectors, despite any actions which may be
taken by the blayers who are outside the coalition. Within the coali-
tion there may be some provision for side-payments. Among the sets of
vectors there will be some which will be dominated by the particular
vector we have chosen, in the sense that the set of players which
prefer this vector to all others is an effective set. There may exist
a set of outcomes where each player receives at least as much as he
would playing alone: clearly the solution set will be chosen from

this set. In fact, the solution set will be that subset which includes
every dominating vector and which excludes every dominated one of the
vectors contained in the set which gave each player at least as much

as he could obtain by playing alone. As the authors point out, this
provides no systematic method for finding the solutions to particular
games, nor does it guarantee that a solution does exist. That we can
do nothing more than describe the properties that a solution would
bossess in this case indicates the fact that if we have only an order-
ing of objectives, we can say almost nothing about the solution to the
game .

In another approach to this problem, R. Duncan Luce and
Robert W. Adams ("The Determination of Subjective Characteristic
Functions in Games with Misperceived Payoff Functions," Econometrica,
Vol. 2k, No. 2 (april, 1956), 158-171) assume that players operate on
the basis of incorrect estimates of an opponent's utility function.
By obtaining a function which measures a player's valuation of the
coalition which might be formed, the authors show that a player's
subjective characteristic function may be derived from this informaticn
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observations by our own experts: we would here expect that the degree
of variance in these estimates would be substantially greater and the
degree of meésurement‘less than in the first case. We then compute

the solution to the game and the sensitivity of the solution to changes
in the values attached to the alternatives and compare the latter with
our own estimates of the accuracy of the values we have asslgned to the
alternatives. By a suitable statistical decision criterion, we then
attempt to decide whether or not we are Justified in taking a decision

based on our information.

L. We assume throughout that expressed preferences are determinate
and not probabilistic, i.e., that the military experts questioned will

not, under the same set of exterior circumstances, sometimes assert Lthat

light on our basic problem of poverty of information about an opponent's
ranking of objectives, since in this case we would probably not be in
bossession of his ranking of the coalitions. John C. Harsanyi ("Bar-
gaining in Tgnorance of the Opponent's Utility Function," Cowles Foun-
dation Discussion Paper No. M6, December 11, 1957) considers the
question of how to bargain when one has only limited information con-
cerning the numerical qualities of an opponent's utility function, but
again does not utilize intermediate stages of measurement.

Finally, Martin Shubik ("Some Experimental Non-Zero Sum Cames
with Lack of Informstion About the Rules," Management Science, Vol. 8,
No. 2 (January, 1962), 215-23k; reprinted as Cowles Foundation Paper
No. 170) has discusred games where a player is ignorant of his opponent?s
payoff function, and shows how after a series of experimental games
players were able to rank the entries in their opponent’s matrices with
fair accuracy.

The nature of the solution to games where one or more of the evalua-
tions of alternatives by one of the competing parties is in these Torms
has never been investigated, and deserves some future research.
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A 1s preferred to B, and sometimes that B is preferred to A.15

5. We deal throughout with situations where the set of alterna-
tives to be measured is specified in advance —- that is, we do not
consider situations where the priority ratings must be continuously
.modified to take account of the fact that new and unforeseen alterna-

tives must be considered.

Method of Approach

‘ The method of approach utilized in the remainder of the dis-
cussion is as follows: FEach degree of measurement — simple ordering
through uniqueness to a linear transformation iﬁ one or many dimensions —
which is to be obtained by the questioning of expert authorities is

examined in its relation to particular problems in military decision

making. We emphasize the latter, because, in general, it will be found
that there exists a certain probability that an initial degree of measur-
menf will enable us to solve the particular type of Priority program at
hand. We then move to the next level of measurement, and repeat the
process. Finally, the utilization of numerical scales is discussed
briefly.

This way of approaching the question -— that a certain level

of measurement will resolve sa specific priority program with a certain

15

For a discussion of a theory of utility based on the opposite
assumption, see R. Duncan Luce, Individual Choice Behavior (New York,
John Wiley, 1959). Such probabilistic utilities should, however, not be
confused with the von Neumann-Morgenstern index of measurable utility —
discussed at a later point in the study — which, though based on

choices between combinations of probabilities and alternatives, is
nevertheless a deterministic utility. Cf. Richard G. Davis and Walter

G. Mellon, "Majumdar on 'Behaviourist Cardinalism'," Economica, Vol. 27,
No. 107 (August, 1960), 253-255.
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level of probability (when we are dealing with less-than-numerical
scales of measurement) — is in direct contrast to the more usual
axiomatic formulations. It is suggested that for practical purposes,
however, it it less useful to know that it is strictly necessary to
have a very high level of measurement (which implies a very strong set
of axioms) to resolve Ell cases of a particular priority brogram, than
to know that we may goet satisfactory results in most or even some cases
with a considerably weaker degree of measurement.

Naturslly, in any specific case, a certain degree of measure-
ment either will or will not resolve the priority program, but from any
particular level ol measurement we can deduce brecisely which additional
comparisons are necessary to move clbser to a resolution. Thus, it will
not be necessary to develop a higher scale of measurement which covers
all possible alternatives, but only those relevant to the particular
prleem. The exumples in the three chapters which follow are designed

to bring out the relative strength of this general method.l6

‘ 16We abslract from the important consideration that in prac-
tlce, the gains in computing optimal priority brograms should be weighed
against the costs of obtaining additional degrees of measurement. One
simple method to take it into account would be to present expert per-
sonnel with the following question: To move to the next level of
measurement will involve a certain effort and dollar cost, but it will
also improve the chances of solving the problem by x %. Is the expected
result worth the additional outlay?

The emphasis on the axiomatic method in utility theory as
opposed to the approach followed in this paper has its parallel in the
fact that theoretical economics has placed such great attention on the
nature of optimal solutions under restrictive assumptions, and yet has
taken very little notice of the pathbreaking paper by R. G. Lipsey and
R. K. Lancaster ("The General Theory of Second Best," Review of Economic
Studies, Vol. XXIV, No. 63 (1956-1957), 11-32), which examines the prob-~
lem of rational behavior, when some of the conditions for a theoretical
optimum are not met.




CHAPTER II

SIMPLE ORDERS

Section 1. Simple Orders in One Dimension

Examglg_l;

Consider the following situation. A base commander has three
ships available, and has been ordered by his Theatre Command to carry
out three missions. His problem is to assign these ships to the desig-
nated missions in such a way as to maximize the total military worth of

the entire operation. The resulting assignment matrix is illustrated by

" Figure 1.

Fig. 1

Assignment Matrix for
3 x 3 Example
¢-——f-e - T-ZC
5 Ay T Mo ‘*—:/AB
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. 31 €T P32 €1 33
1 2 3
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In the case where we possess numerical values for each of the
particular assignments, the Aij of the illustration, the problem is
mathematically trivial — unless, of course, the values of the assign-

ments vary according to which ship is assigned to which mission. All
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possible sets of assignments are compared, and the one which contains
the Aij summing to the highest value is selected. Iﬁ is true that the
number of possible aésignment sets increases as the prime of the number
of items to be assigned — to allocate 25 items to 25 positions invoives
the comparison of:l.55 X 1025 separate assignment sets — so that the
actual solution of any reasonably sized problem by enumeration is highly
impractical. But, despite the considerable mathematical ingenuity which
has been displayed in devising efficient methods of determining ihe
optimal assignﬁent, the problem in this form is inherently uninteresting.

Let it be supposed, however, that we possess only a complete
order on the Aij" Then, our information is limited to the following
bropositions. If Al’

the assignment matrix, then:

AE’ A3’ etE., stand for the various elements in

1. Al P A2 P A5 — .Al P A5

2. If AP A, , then (Al, AB) P (AE, AB) .

3. If Al P A, , then (Al) in (AE, AS) .

L, Ir Ay P A, , and A.5 P A, , then
(Al, AB) P (Ag, Au) .

5. If A P4, , and Ag P A, then

(:Al’ A4> in (A

3

o A5)
Let the particular order on the Aij of Fig. 1 obtained by

questioning expert bersonnel be of the following form:

A15 P A25 P Ale P All P A22 P_A.55 P A21 P A32 P A51 .




There are 6 (3!) possible assignment plans:

(Apps Ay Ags) (A)15 A5ps A55)

By application of [4.], we see that none of these assignments is revealed
as preferred to any other. This, however, is a result of the particu-
lar order which we have chosen on the Aij — an order, however, which
has‘a special significance as is shown below. Because the result is a
function of a particular order on the Aij > Wwe would expect that in
certain cases an order established by the quesﬁioning déminates all
others. And, in fact, of the 362,880 (9!) possible ways in which the
Aij might be ordered, in 10,080 (%8) of these cases, the first three
Aij in the order correspond to one of the possible assignment plans, so
that one plan is definifely revealed as preferred to all others.

Thus, in an "average" case the results will fall somewhere
between these two extremes. On the one hand, there is a high probabil-
ity that one plan will not be revealed as preferred to all others, but,
on the other, there is a high probability that some of the plans will be
revealed as inferior to some other plans. If it should be the case that
the set of undominated plans is fairly small, then the most preferred
plan can be efficiently selected by soliciting additional comparisons
from qualified personnel. -

In the above example, we have been assuming that each of the
many thousand orders on the Aij is equally possible. Let us assume,

however, for the moment that it is possible to order separately the

relative importance of each ship, and the relative impertance of the
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mission to which it is assigned. Let mission 3 and ship 3 be the most
important (have the highest priority indicator attached), mission 2 and
ship 2, the next most important, and mission 1 and ship 1 the least

important. It then follows that assignment A

1% has the highest priority

attached to it, followed by either A 5 OF A More generally, we may

1 23"
say that an assignment has a higher priority than another assignment if
it consists of assigning a higher ranked ship to a higher ranked mission,
a higher ranked ship to an equivalent mission, or an equivalent ship to
a higher ranked mission. The resulting relationships between the assign-
ments are given by the direction of the arrows in Fig. 1. (This is
equivalent to the assumption of Pareto optimality discussed in Section 2.)

If these relationships hold between the assigmments, then it
follows that no simple order on the assignments can ever yield one
assignment plan which is preferred to all other plans, and indeed —
more stronglyl—~ no assignment plan which is preferred to any other
assignment plan. The proof of this proposition is fairly obvious. Com-
pare the positions in the assignment matrix to which the lowest ranked
- ship can be assigned, that is, the column in the assignment matrix which
is nearest the origin. If in assignment plan 1, ship 1 is assigned to
mission 2, then in any other assignment plan, ship 1 can be assigned to
missions 1, 2, or 3. The assignment of ship 1 tp any of the three
missions, of course, eliminates the row in the assignment matrix corres-
ponding to the mission selected from ever being used again in the same
plan. Let it be assumed that in plan 1, ship 1 is assigned tb mission 3
and ship 2 to mission 2, and that in plan 2, ship 1 is assigned to

mission 2 and ship 2 to mission 1. By (4.1, plen 1 is clearly preferred

to plan 2. But, the last two elements of the two plans are now determined,
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as there is only one degree of freedom left in each complete assignment.
In plan 1, ship 3 must be assigned to mission 1, and in plan 3, ship 3
must be assigned to mission 5. As A15 P A33’ by our assumption, then the
two plans are incomparable by [5.]. By extension, it follows that any
two assignment plans, where the elements of the assignment matrix are so
ordered, will be incomparable. And, in turn, if we make the (major)
assumption that it is possible to conceive of the absolute worth of the
assigned object independently of the mission to which it is assigned,
thenv;— since it is always Possible to arrange the rankings along each
axis as in the above example — a simple order on the elements of the
assignment matrix will never reveal one assignment plan as preferred to
any other. The question of the independence of object and mission is,
naturally, one which would be expected to hold in some sltuations, and
not in others, but we shall adhere to thig assumption in this discus-
sion\in order to illustrate how higher orders of measurement can resolve
the resulting'incomparabilities which 1t of necessity involves. This

is Jjustified since, if higher degrees of measurement can accomplish

such resolution in a situation where lower degrees of measurement

alwéYs lead to incomparabilities, it follows that they can do so where
lower degrees of measurement sometimes lead to incomparabilities —— i,e.,
where other orders on the Aij are present than the type we assume

above.

'ExamEle 2.

The director of a military research brogram, operating under
a limited budget, has a number of research projects which he would like

to undertake:, the dollar cost of each of these projects, we assume, is




known in advance, but the most information which the director can
obtain from his staff on the relative expected value of the projects is
a complete order. The problem — a Very common one in military deci-
sion — is to find the best combination of projects which can be purchased
within the available budget.17

For illustrative burposes, assume that there are five projects
under consideration, all of which involve a positive expected payoff,
which are ordered:

Al P A2 P A3 P AH P A5 3

and which have expected dollar costs of;

A $10,000 A,  $30,000

l)
Ay, §20,000 A5, §50,000
A5, §60,000

The total budget is assumed at $100,000.
There are 20 possible combinations which are feasible — that

is, which do not violate the budget restraint. These are:

1. A 8. A, Ay 15. A, AQ,,A3
2. A, 9. A, A5 16. A, Ay, Ay
3. A 10. A, Ay 17 A, A, A
. A, 11. AE? A, 18. Al AB, A,
5. Ag | 12. 4, A, 19 Ay, Ay, Ag
6. A, A, 13. Ay, A& 20. Ay, Ay, Ag
T A, A b A, Ay

17Our example 1s, of course, simple, as it is chosen to illus-
trate the effectiveness of gradually increasing the degree of measurement,
rather than to provide insight into actual problems. For a discussion of
how budget constraints interact with the values of the projects selected,
see Scott C. Daubin, "The Allocation of Development Funds: An Analytic
Approach," Naval Research Logistics Quarterly, Vol. 5, No. 3 (September,
1958), 263-T6. The general question of the nature of various types of
budget restraints is discussed ip G. Hadley and T. M. Whitin, "Budﬁet
Constraints in Logistics Models,"” Naval ReSearch Logistics Quarterly,
Vol. 8, No. 3 (September, 1961), 2I5-250.
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In this trivial example, it is readily seen that combination 15

(A Ay AB) is preferred to combinations 16-20 by [b.], and by exten-

l)
sion, to programs 1-14%. This is entirely fortuitous, as the result is
in most cases a function of the combination of the particular order
chosen, and of the size of the budget restfaint, Thus, if the budget of

the Program Director were raised to @llO;OOO, combination (Al’ A Ah’ A

" 5)
would become feasible, which by [5.] ie incomparable to combination i5.

It is interesting to note, however, that either the original order on the
alternatives or the interachion of the costs éf the projects within the
budget restraint can be the controlling factor in any particular case.

In this example, it is entirely the latter, i.e., no one of the 120 (51)
possible orders on the projects could ever reveal any combination of
projects superior to combination 15,

Because of the fact that the projects have discrete costs
aﬁtached to them, the interaction of the budget restraint with the
orderings of the expected payoffs from the projects means that there
is no systematic way, as in our first example, to determine the proba-
bility that a simple order on the projects will establish a priority
program. 1If we specify the size of the budget restraint and the costs
of each project, however, then, if all orderings on the projects are
regarded, in the abstract, as being equally probable, such g probability
can be determined. The assumption that all conceivable orders on the
alternatives are equally poésible is not as strong as it would first
appear. As is shown in Example 1, it is possible tc impose in particu-
lar cases reasonable restrictions on the set of all possible orders,

and then consider as equally probable only that subset of orders which

conform to the restrictions.
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As in Bxample 1, the normal (more probable) case would be
that some combinations are revealed by the orderings as dominating some
other feasible combinations, but that the set of these dominant combina-
tions will (most probebly) contain more than a single element. As we
show‘in Chapter III, if higher levels of measurement can be obtained from
questioning expert personnel, then 1t is possible to reduce this set of
dominant combinations by & certain proportion with each new degree of
measurement. It mey, of course, be true that in problems of this type
we arrive at the highest degree of measurement which it is in practice
possible to obtaln without having reduced the non-dominated set of
combinations to a single element, but even in this case, there is a
considerable value In having eliminated a number of clearly inferior
choices. While this does not show up clearly in our illustrations be-
cause of their small size, in aﬁy normal-sized problem which would in-
volve thousands of comparisons, the fact that even moderate increases
in the degree'of meapurement will reduce the non-dominated set of

choices very quickly to a manageable size becomes of great importance.

Example 3.

A third comuon type of priority program is an extension of
both of the above examples, where it is necessary to rank the complete
set of all assignment plans, or the set of all possible combinations of
projects. BSuch a ranking might be useful in cases where, for example,
additional resources to carry out less than the top-rated projects are
expected to become available in the future, and it is desired to have
all possible projects rated in advancé.

We shall not examine this example in detail at each stage of
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measurement, for its relationship to our two basic examples is clear.
Tn the context of our probabilistic approach, 1t is evident that the
chances that the orderings on the alternatives will be such as to
completely order all the many answers to a priority program are much
smaller than the chances that such an order will select one answer as
optimal, but will not resolve the incomparsbilities between the set of

. 1
dominated answers.

‘Section 2. Orders in More Than One Dimension

Of more interest than the single-valued examples discussed in
the section above are those cases where the priority indicators exist in
more than one dimension of measurement';~ that is, given a number of
points which exist in a space whose dimensions are the evaluation of
their alternatives with respect to more than one attribute by qualified
experts, how are these alternatives to be ranked? Indeed, on closer
examination, almost every single dimensional case can be logically
extended into a multi-dimensional one. Thus, in Example 2 in the pre-
ceding section, it is to be noted that combination 15 is superior to

combinations 18, 19, and 20 in an absolute sense — that is, it is not

An analogous situation has been discussed where the problem
is the assignment of employees to positions on the basis of Jjob apti-
tude ratings. H. C. Taylor and J. T. Russell ("The Relationship of
Validity Coefficients to the Practical Effectiveness of Tests in Selec-
tion: Tables and Discussion," Journal of Applied Psychology, Vol. 23,
No. 5 (October, 1939), 565-578) note that a major consideration is the
proportion of the individuals tested which are to be hired. They show
that even a selection procedure which has a low correlation with the
criterion of eventual job success is still much better than hiring
without the test, provided that only a small proportion of those tested
are eventually hired. Conversely, they show that even a test which
predicts eventual job success with great accuracy has little value when

nearly all applicants tested are hired.
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only preferred by [4.], but it has also a smaller total cost. This,
however, is not true for combinations 16 and 17, which are inferior

by the assumed order on the alternatives and by [4.], but which have a
smaller total cost than 15. Of course, if there is really nothing
worthwhile on which to spend funds other than the projects listed, then
it is better to proceed with combination of projects 15, rather than to
proceed with combination 16, which involves a lower‘expected return and
the waste of $M0,000. But in a realistic situation, new promising
projécts may suddenly be suggested on which this extra $H0,000 might Dbe
spent in such a way as to more than make up the difference between 15
and 16. Again, the research program, as in the‘defense report, may be
part of a much larger program in which the $40,000 could be used to
bring a total payoff to the overall program, though at a reduced payoff
to the research sector.19 Ir thes¢ considerations are admitted, then
the problem is at once transformed into a two-dimensional one, where an
optimum solution depends on the ability to weigh expected payoffs against
payoffs from spending excess funds in other ways. Again, we can add
another dimension of measurement by‘sbecifying in addition to a ranking
or higher degree of measurement on the expected payoff from the projects,
a measure of the expected variance in these payoffs. Thus, project L
could be expected to.be far more valuable than project 2, but the

chances of its success are less.EO It is clear, therefore, that the

l9Cf. Charles Hitéh, "Sub-Optimization in Operations Problems,"
Journal of the Operations Research Society of America, Vol. 1, No. 3
(iay, 1953), B7-99-

2OCf. the author's review of: Harry M. Markowitz, Portfolio

Selection (New York, Wiley, 1959) in the Naval Research Logistics
Quarterly, Vol. 7, No. 1 (March, 1960), 91-92.
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logic of priority indicators in more than one dimension is of consider-
ably greater relevance to most decisions, military and otherwise, than
is the single-dimensional case. For illustrative purposes, we confine
ourselves to examples of two-dimensional cases, though in practice most
decisions would involve several dimensions — that is, the decision
space would be the positive hyperoctant.
Example.

Assume that there exists a central supply depot which supports
a number of outlying bases. BEach of three bases submits from time to
time requests for material to which it attaches a priority classification
which represents its own appraisal‘of the relative urgency of the request.

o

The central supply depot, in turn; must appraise the relative importance
of each base as it contributes to overall theatre operation, and on the
basis of these two sets of priérities must rank the requests in order
of importance, with those requests having a lower composite rating
either not héving their requests filled at all, or else receiving the
requested material at some other date.El For our illustrative purposes,
we have omitted consideration of thé problem of the time phasing of
requests, although, as several authorities have pointed out, this is a

vital consideration in the design of military priority systems.22

21

Cf. Morgenstern, op. cit. n.l, for a discussion of this
same general problem. Much of the following section is based on the
author's paper, "Priority Indicators in More Than One Dimension,"
Naval Research Logistics Quarterly, Vol. T, Wo. 4 (December, 19€0),
51%-527, as are the sections on the multi-dimensional cases in Chap-
ters IIL and IV. :

22Cf. Morgenstern, gg;_gig;, also J. C. Busby, "Comments on the
Morgenstern Model," Naval Research Logistics Quarterly, Vol. 2, No. L
(December, 1955), 205-236, Considerable attention has been paid to one
phase of the time-phasing problem--priorities in waiting~-line situations.
With respect to priorities of this particular type, see Frederick F.
Stephan, "Two Queues Under Preemptive Priority with Poisson Arrival and
Service Rates," Operations Research, Vol. 6, No. 3 (May-June, 1958),
399-418. A comparison of these studies with this report will show, how-
ever, that the priorities dealt with are of a very simple type.
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Let it be further assumed that there are five priority classus
into which the bases can place their requests (so that the class of all
requests is only semi- and not completely ordered), and that there are
five priority classes to describe the relative importance of each base
as appraised by the central supply depot. Thus, there are 25 possible
composite priority rankings which can be attached to any particular
request, and the problem is to rank these composite rankings so as o

25

obtain a semi-order on the set of all requests submitted. Since even

in this simple example there are 25! (1.55 x 1025) possible orders on
these composite rankings, the approach must be to search for acceptable
a priori criteria which can be applied to reduce the problem to manage-

able size.

Criteria of Ranking.

The first criterion which we discuss has the very desirable
property of, completely ordering all of the 25 points in and of itself,
but has, as would be expected, the undesirable property of being too
strong to be generally acceptable. 'This is to assume that the ordering
on the combinations is "lexicographic.” In such orders, one vector
(priority combination) is considered preferred to another if a desig-
nated component of the first vector is greater than the corresponding
component of the second vector. Only if the two vectors have identical
values of this particular component, will the determination of which
vector is preferred rest on the comparison of the value of other compon-
ents -in ‘both vectors. In terms of the example given above, this type

23Once the 25 combinations have been ordered, it might be
found that the distribution of the requests within these classes 1is

such that it is possible to combine the 25 combinations intc several
larger groupings. Cf. Keen, op. cit., n. 10.
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of ordering would imply that it could be decided which one of the two
dimensions was the most important. Assume this was the relative lmpor-
tance {(as given by the priority class in which it was placed) of the
base from which a request originates. Then, for example, all requests
of priority 5 bases would be ranked above all requests from priority I
bases, no matler what degree of priority was attached to their requests
by the originating bases. Only if two requests came from bases of equal
prigrity ranking, would the ranking of the requests be determined by the
priority attached to the requests by the bases. (The reader is referred
to Figure 2, page 31, which illustrates each of the orderings we shall
discuss.) Assuming that the ordering is lexicographic and that 1 is the
dominant vector, the final ordering of the 25 points in the priority

space will be of the¢ form A, P A6 P Al

L P A P AP Ay, Phy oo By

1 1 2 25

ag shown in Figure 2.

The assiumption that we are dealing with a lexicographic order-
ing is not aﬁ acceptable criterion in most cases of military supply. We
would not ordinarily say, for example, that a set of ping-pong paddlcs
for an important combalant ship 1s more important than the engine for a
supply ship. In mosl cases, an infinitesimal movement along one of our
dimensional axes does not outweigh very large movement(s) along the

other(s), which the assumption of lexicographicity indica‘tes.211L This

o]

“"FPor a discussion of the difficulties in military supply that
can develop when priorities of this "pre-emptive" type are applied, see
Henry C. Eccles, Logistics in the National Defense (Harrisburg, 1959),
p. 150, To assume that the higher priority is "overriding" or "preemp-
tive" in the lexicographic sense is to deny the existence of an Archi-
medean property in the system, and to assert that no number of lower
priority items can take precedence over a higher priority item, which
is clearly implausible in many situations. In addition, we must
consider the problem of "diminishing marginal worth." In general, as
more and more items of supply are acquired, the marginal contribution




-A31~

Fig. 2

Orders Under Alternative Criteria

MPORTANCE OF REQUEST
o

PRIMARY CLASSES

{ 2 3 4 5
PRIORITY CLASSES DIMENSION | IMPORTANCE OF BASE
Legend

1. Arrows =& and => indicate the preference relations
established by the assumption that the ordering is
lexicographic; relations between alternatives which
are not shown are ensured through the property of
transitivity.

2, Arrows —> indicate the preference relations estab-
lished by the assumption of Pareto Optimality.

3. Arrows ---> indicate the preference relationships
established by the simple ordering on the dimensions.

of each additional item will diminish. A carrier or a troop combat unit
may be assigned a higher priority than a supply ship or a headquarters
unit. Yet, it would be implausible to assert that a fifth spare part
for the carrier is more important than the supply ship's engine. This
insistence on the over-riding nature of priorities without recognition
of the diminishing utility factor has been responsible for a great deal
of the difficulty that priority systems have run into in military
operations. ~
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means that we must look for a weaker, but more acceptable criterion of
ordering.

One criterion exists which is intuitivély pérfectly acceptable:
this is the rathef dbvious'concept khown to economists as the Princible
- of Pareto Optimality.25 Under this criterion one alternative is con-
sidered ;uperiér to another if it exceeds the latter in at least one
dimension, and is no worse than the second in any other dimension. In
terms of our example, this would mean that more important requests from
more important bases are considered as more important than lower priority
requests from lower pribrity‘bases; that requests from equally importan£
bases take precedence according to the priority indicator attached by
the requesting bases; and that requests from bases of different priority
rankings which have the same priority assigned to them by the requesting
base take precedence according to the priority classification of the
requesting base. Figure 2 illustrates the effect of this criterion in
establishing én order among the 25 pcoints in the priority space. From
the light arrows we see that Pareto Opﬁimality establishes point A1 as

the most highly preferred, and point A _-as the least preferred, and sets

25
up certain relationships among the other alternatives. This criterion

does not, of course, like that of lexicographicity, establish a complete

order, but it does reduce the number of possible orders to a small

25.As the reader will have noted, nearly all of the material
inherent in the problem of military worth has a certain relationship to
welfare economics. Considered in this light, many of the difficulties
and mistakes.of the military worth theorist appear fairly obvious. In
particular, while the "results' obtained by the "new" welfare economics
are nearly all negative in that they point up what cannot be said con-
cerning the solution of certain problems, the study of these limited
results may at least keep researchers in related problems like military
worth from wandering down some well-worn methodological blind alleys.
The reader is recommended to Jerome Rothenberg, The Measurement of Social
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fraction of the total number of orders possible if no criterion were
imposed.26 Assuming transitivity, then é series of additional pairwise
coﬁparisons between points will be able to establish a complete order.
We know that Al must be the highest ranked point. The next poinmt in the
order must be elther A2 or A6’ If A2 is selected, then the next point
can only be AB'or A6, and so on. This process of choice generates a
tree diagram of the form shown in Figure 3 (reduced to a 3x3 example and

only one-half of the symmetrical tree illustrated for reasons of space).

Tig. 3

Ordering Tree for 3 x 3 Example
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extended discussion of ways in which welfare concepts — which we
utilize only in relation to military decision problems —— can be used
in coming to social decisgilons.

26I'hus, in the case where we have three priority classes in
each of three dimensions, the application of the principle reduces the-
number of possible orders from 362,880 to 42. More generally, the
total number of orders which obey the restriction of Pareto Optimality
is given by 2! 31!. 21 4 21.21 4 2%+ 2! (number of orders beginning

T.O¢8 52 B ESY |
other than AlPAePA3 or AlPAuPA7)+2, 2t 4+ 1 4 2120 41

(number of orders beglgplng Al ?,AQ P A5 and Al P Ah P A7) . See
also Garrett Birkhoff, Lattice Theory, Rev. Ed. (Providence, 1948).
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By following down the diagram and obtaining the nccessary directions as
to which way to turn each time that a branch is reached, a complete 6rder
on the alternatives is obtained by a limited number of palrwise compari-
sons. The exact number of such comparisons which must be made depends
on the particular path which is chosen. Thus, if we should have chosen
the order A.l P Aﬁ P A7 P A2 P A.5 P A8 P A5 P A6 P A9 , it could have
been determined by six pairwise comparisons, while if‘the order -began
Al E A2 P Ah ... , it would be necessary to have more than six such com-
parisons, since we would be following a path where the ordering tree
divides into three parts. By setting up the problem in the form we have
just discussed, it is easy to determine which comparisons are relevant,
and to have the experts questioned only with respect to these.

The alternative approach to obtaining the needed additional
comparisons to establish the complete order bj direct questioning of
expert personnel is to search for a strongef criterion of orderiné than
Pareto Optimaiity, In the multi-dimensional context, the logical first
step is to inquire whether this can be accomplished by ordering the
dimensions of measurement themselves — that is, in the context of the
supply base example, can anything additional be learned by obtaining
the information that the importance of the base from which a request
originates, as measured by the priority attached to that base by the
central supply depot, is more important than the importance of the
request itself, as measured by the priority indicator attached by the
requesting base.

Taken simpiy in this form, such information is worthless, in

the sense that it adds no additional information beyond that given by
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Pareto Optimality. A statement that one attribute (dimension) is more
important than another — i.e., that cleanliness is less preferable
than Godliness — can mean only one of two things. Either we mean that
Godliness is so much more important that any amount of it, no matter
how small, outweighs any amount of cleanliness (denial of the*Archi-
medean propertw, or we mean that some amount of it (unspecified) out-
weighs some amount of cleanliness (also unspecified); but presumably if
we had enough of the latter, the direction of the inequality would be
reversed. The first assertion is, of course, our previous one of lexico-
graphicity. In the second meaning, if we take any two points, neither
of which is Pareto-dominant with respect to the other, this type of
ordering on the dimensions of measurement tells us nothing as to which

point is "better." Let the points (alternatives) be as in Figure k.

Fig. 4

Costs Versus Effectiveness

(Cost)
—_—
}_J

0 U
—_—
(Effectiveness)

They may represent, for example, two weapons systems. Movement along the
Y axis is taken to represent money costs, and movement along the X axis,

military effectiveness. Suppose that we are in agreement that the
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military effectiveness of a weapons system is more important than the
money cost. We cannot say that system 1 is preferred to system 2, since
we do not know whether increased costs of system 2 are not more than
offset by its increased military effectiveness from the statement that
"military effectiveness is more important than costs." Of course, we
can say that if two weapons systems have equal costs, we will choose the
one with the greatest military effectiveness, but this is merely Pareto
Optémality once again.

We can, however, make another assumption in the light of our
example, providing that we realize its strength. This is to assume that

a movement of one priority class in one dimension is more important than

a movement of one priority class in another. Thus, in our example, we
obtain an opinion from qualified personnel that, other things equal, we
should consider the importance of the base f?om which a request origi-
nates as more important than the urgency at£ached to the request by the
sending base; to the extent that a request from a base of a one-higher
priority class should take precedence over a request from a base in a
priority class one below it, even if the second request has a priority
attached to it by the issuing base which is one class above that
attached by’the base issuing the first request. This assumption provides
us with, in this example, 16 additional bits of information (indicated
by - - > in Figure 2). Correspondingly, the maximum number of addi-
tional bits of informatioﬂ needed to establish a complete order is then
once again reduced. For our 3x3 example, there are only 4 complete
orders which obey this criterion plus Pareto Optimality: we therefore

need to ask only 2 direct comparisons to establish the final complete

order. (See diagram, Figure 5.)
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Fig. 5

Ordering Tree Under

Stronger Assumptions
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Again, @e may eithef'stop at this}point and solicit the addi-
tional necessary comparisons directly whicﬁ are needed to establish a
complete order, or we may impose further over-all conditions.27

A next step might be as follows: an alternative is con-
sidered preferable to another if it is one priority group ranking
higher in,K the more important dimension even if it is two groups lower
in the less important dimension. Thus, in our example, this would mean
that a request of urgency 5 from a base of priority class 5 would take

precedence over a request of urgency 5 from a class 4 priority base.

The reader can establish for himself in Pigure 2 the new set of

27And, of course, conversely, Jjust as the number of pieces of
information necessary to obtain a complete order increases rapidly or
the number of dimensions of measurement and|or the number of degrees of
measurement (number of priority classes) in each dimension rises, so
does the strength of the criterion necessary for a complete order to be

established on the alternatives.
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relationships which this assumption establishes among the alternatives.
It should also be evident that a further extension of this line of
relationships — i.e., that urgency 2 requests from class 5 bases take
precedence over urgency 5 requests from class 4 bases, and so on — will
eventually lead back‘to the assumption of lexicographic orders. The point
is that this assumption can be approached to any degree which is thougint
warranted by thé relationships between the alternatives as determined by
the questioning of the expert personnel involved. As the criterion
appfoaches closer to lexicographicity, the number of additional pieces of
information needed to establish a complete order will, of course, diminish.
A more restrictive method of choosingya criterion would be to
choose one which is "closed" rather than "open." Thus, it might be
agreed upon that a difference of one priority class in the more impor-
tant dimension of measurement is.more importént than a movement of one
priority class in the less important dimensién, and also that a movement
of two priority classes in the less important priority class 1s more
important thén a movement of one priority class in the more important
dimension — that is, a reqguest of urgency 4 from a base of importance
5 takes precedence over g request of urgency 5 from a base of importance
5, but a request of urgency 5 from a base of importance 4 takes prece-
dence over a requesﬁ of urgency 3 from a base of importance 5. The
criterion, together with transitivity and Pareto Optimality, will yield

: 2
a complete order of the form shown in Figure 6.

28Eh'is is equivalent to the following criterion: let the alter-
natives be ordered by their Cartesian distance from the origin — where
we treat the numbers of the priority classes as if they were "real’
numbers; where ties occur among alternatives, these are broken by
referring to the ordering of the dimensions.
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Fig. 6

Order Under "Closed" Criterion
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Two Reservations.

To the above remarks, two commentsyshould be added. The first
is that there is no reason that the approaches given above should be
considered as mutually exclusive. For example, the assumption of a
lexicographie ordering might be applied to a portion of a total problem,
and some other of the criteria to the remainder. Thus, in the supply
base illustration, we might make the assumption — based on the question-
ing of expert personnel — that above the minimum level of priority
class 3 for the importance of the base, we are prepared to evaluate
requests on the basis of the importance of the base and the urgency of
the request as designated’by the priority classification attached by the
requesting base, with the former being rated as a more important consid-
eration: 5elow this priority class of importance of base, the priority
of the base has an overruling importance. This semi-lexicographic case

is illustrated in Figure T: the comblete order on the combinations can



be determined by obtaining the answer to eleven direct pairwise com-

parisons.

Fig. 7

Semi—Lexicographic Order
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Secondly, we should again emphasize that, no matter how plaus-
ible they may éeem in the abstract, none of these criteria, except that
of Pareto Optimelity, must hold in any particular situation. In partic-
>ular, they all imply a constancy of relationship within the preference
structure which need not be present. In any application, this should be
made explicitly clear to the expert personnel who are being questioned

as to whether or not they would accept one of these more general criteria.

Upgrading of Priorities.

There 1s one additional problem inherent in these methods, or
any other method, which is concerned with setting priorities within the

particular multi-dimensional problem which relates to different levels

'

of an organization. This is that as soon as the method of setting
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priorities for the organization as a whole is understood by the subor-
dinate divisions of the organization, these divisions may attempt to
inflate their own priority requests to assure that they are filled before
fhose of the other divisions of the organization, thus upsetting the
overall opfimization procedure for the organization as a whole. This

)
practice apparently occurs in military supply, despite the fairly tight
control which can be exerted over subordinate activities: it certainly
occuyrs in Government, and in other organizations. In another context
we have dealt with the.design of an allocation plan which makes misrepre-
sentation of the true preference structure unprofitable.29 Here, we
note only thé folléwing.

First, in the context of the supply base example, the possi-
bility of an upgrading of requesté on the part of the bases is one
strong argument for the adoption of a lexicographic ordering, in which
the importance of the base from which the request priginates is the
dominaent vector. For, in this case, the fact that a base starts attach-
ing a priority 5‘classification to all its requests can never mean that

~any of the requests are processed further ahead of those of another base
than would otherwise be the case. In fact, this inflating of its
requests could only harm the base (subordinate division of the organi-
zation) itself, since if it alters the real structure of its preferences
by crowding all its requgs?s into the higher priority classification,

it may find "its toothbrushes arriving before its ammunition." Because

9A lecture delivered to the Econometric Research Program,
Princeton University, by the author and Professor Clive Granger on
UTyo Sets of Problems in the Theory of Bargaining," (December, 1959).
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this method of processing requests avoids any advantages of a competi-
tive race to inflate priorities, this may be an offsetting factor to
some of the disadvantages of lexicographic orders which we have men-
tioned before. At the very least, it péints up the fact that it would
be doubly disadvantageous to establish a lexicographic method in which
the dominant vector was the urgency attachedjfo requests by the bases
(subordinate division of the organization) since, in ihis case, 1t would
clearly be to their advantage to always inflate the priorities attached
to their requests. Aﬁy base (division) which did not enter the race
would find that its requests were poorly treated, yet if all inflated
the priorities of their requests,ﬁthe system would clearly break down.
(Obviously, certain elements of tﬁis problem were found in the break-
down of the priority system during World War II.) Any system which
édmgéls the division of an organization to take action which is clearly
disadvantageous to the organization as a whole is most certainly
undesirable.;

There remains the entire family of non-lexicographic orders,
. which indeed the solicitation of expert opinions — in the absence of
the explicit consideration of other factors like the one we are touch-
ing upon‘here — is more likely to produce. In the case of non-
lexicographic orders, in the example, the degree to which each base
can improve the treatment of its own requests will depend on the method
of combined ordering adopged by the central supply depot (top level of
érganizatioh), but in any case {except that of lexicographic orders

with the X-axis dominant) such improvement will be possible. This is a

necessary consequence of the application of Pareto Optimality, which
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guarantees that if a higher priority is attached by the requesting base,

this will at the least not lower the request with respect to the order

in which it will be treated. Thus, for example, if the order of base
priority-request priority combination should be that shown in Figure 6,
bases 1, 2, 3, or I would have an incentive to inflate thelr requests,
since if they did not, they would be put at a disadvantage with respect
to those which did: base 5 could divide up its requeéts as it saw fit
between priority classifications 4 and 5, since A1 and A6 rank all the
other points.

This prdblemv- which is found in.all organizational situations
where the oﬁinions of subordinate divisions of the organization, in
competition with one another, must be taken into account by the upper
levels of managementv~— is a difficult one to approach. The simple
answer‘;w to keep the subordinate activities ignorant of the manner in
which their opinions on the urgency of certain decisions are incorpor-
ated into a éombined plan of decision covering all subordinate activities
by the upper level of management.;~ will not do, since, as we noted
above, any non-lexicographic method of developing a combined plan would
not lower in order a request for whiéh a higher priority is requested.
Thus, tﬁe subordinate activity would attach a higher priority to its
requests even if it were totally ignorant of exactly the weight given.
this factor. It is true that in the case of lexicographic methods of
weighting (which is one reason for adopting such-a method, as we have
already notéd), such a procedure might rebound to the disadvantage of
the subordinate activity, but this is offset by the undesirable implica-

tions of lexicographicity, and the fact that for the organization as a
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whole, it is certainly not desirable to have one subdivision operating
inefficiently. If a lexicographic order, with importance of the sub-
activity as the dominant dimension of rating, were to be adopted, then
this should at least'be made explicit to all sub-activities.
In our discussion of the problem of bargaining with arbitra-

tion,BO we developed the following device to make misrepresentation of a
true structure of preferences unprofitable. An arbiter obtains from
.eachbplayer an evaluation of what the latter feels to be hie "fair
share" of a certain prizev—— for example, a set of inherited objects,
points at issue in the matter of a work contract, etc. The arbiter has
at his dispoeal two methods of determining the way in which the "prizes"
are to be distributed among the players: one of these rewards the
player by giving him more than his true "fair share" based on his actual
structure of preferences if he states these "true" preferences, and
causes him to get less than his "fair" share if he misrepresents them;
the second exectly the opposite. Let us suppose that a player by judi-
cious misrepresentation could have made an extra $100, if a method of
~dividing the priées had been used which assumed that each player told
the truth about his preferences among the prizes. The arbiter, however,
chooses the method of division by flipping a coin. Now, the player
knows that if he misrepresents his preference and the method which
allows misrepresentation to be rewarded should happen to be used, then
he will gain $100 above hie fair share; on the other hand, it is just as
likely that the method which punishes misrepresentation by subtracting

$100 from his fair share will be used. The expected profits of

50rp 4.
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cheating are then § O , which means that the player might as well cor-
rectly represent his preference in the first place.51

Can the fact that misrepresentation of the preferences can
be made unprofitable be applied to our present problem? The answer is
yes, but at a cost. Presumably the best combined plan of allocation
for the organization as a whole would involve a true statement of each
sub-activity's relative appraisal of its needs, or at least for the
momgnt we will so assume. A system designed to make misrepresentation
unprofitable would havé to imply a chance that some other method would
be used, so that the expected value of the results generated by such a
system would be lower than optimal. There would, then, be a question as
to whether the losses to the organization as a whole by having a chance
that a non-optimal method of allocation might be adopted as a device to
make misrepresentation unprofitable, would be less or greater than the
loss of efficiency which would result from a systematic misrepresentation
of the importance of their requests by sub-activities of the organiza-
tion. However, no matter how it is dealt with, we should stress that
~this problem would be encountered in such situations no matter which

method of guiding allocation were used.

Numerical Representations.

If number relationships are preferred te order relationships;
and also to simplify calculations in the more complicated situations, we
may always replace the order relations with theilr numerical equivalents,

provided we are careful to remember that the resulting figures and
>L0f. the discussion on "Problems of Fair Division" in R. Duncan
Luce and Howard Raiffa, Games and Decisions (New York, Wiley, 1958),

565-367. *
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combinations of figures obey only the rules of order-arithmetic and

not the rules of ordinary arithmetic. Thus, in our supply base example,
we might assign the following weights to each of the priority classes on
each axis of measurement. The importance of each of the dimensions can
then be assigned a weight which when multiplied times the product of the

weights assigned to each priority class will generate a series of numbers

Table 1
Priority =
Class Weight
1 2
2 N
3 6
L 8
5 10

to be assigned to each position which will order these alternative posi-
tioné in the same way that the order relations which we have discussed
above would. Thus, referring to Figure 8, we can see that if the two
dimensions are given equal weight, a series of numbers is generated
‘which corresponds to the relationship established by the condition of
Pareto Optimality. DBegin with the top number in bracket: if dimension
1 is assigned a weight twice that of 2 , the series of numbers gener-
ated obeys the criterion given on page 37, and so on. The "scales"
which result can then be designed to cobey any criterion we may choose,
but only in the sense that they are uniqﬁe up to é monotone transforma-
tion of the criterion. This property should be kept constantly in mind.
For example, the-"scales" so obtained cannot, in the "open-end" case, be

used to establish the complete order among the alternatives, or, at least,
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Fig. 8

Weightings Under Alternate Criterisa
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may very well contradict that which could be established by a direct
questioning of the personnel involved. Thus, in Figure 8, the figures
we have established to represent Pareto Optimality would indicate ac

as preferre@ to a25 if they are read as real numbers, a relation

which is not at ali implied by Pareto Optimality.

This difficulty is not found in the "closed-end" case of order-
ing on the dimensions discussed on p. 38. Thus if dimension one is given
the weight of 2.5 and two the weight of two, a complete order of the
form of Figure 6 is determined. In such orders, the "scales" which are

formed are invariant with respect to final order within the monotone

transformation of the condition of the order on the dimensions.
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Table 2
Dimensions Scores
1 2 3 L
1 2 4 2.5
2 2 2 2.0
3 2
L 2

Summarx.

What then can be léarned from the simple order case? We have
seen that, in the one-dimensional examples, the establishment of simple
orders is sufficient to resolve only a rather limited number of priority
programs. In the multi-dimensional example, we have seen that an order
on alternatives can sometimes be established by questioning of expert
personnel. This order can, in turn, be used in the computation of
priority programs, as the examples in the one-dimensional case have
indicated. On the one hand then, in contrast to many discussions of
military worth which imply that a numerical scale is a necessity, simple
orders are more effective than might be generally realized. On the
other, simple orders can resolve only a proportion of the type of prob-
lems we have discussed, and’ for other problems of military decision —
for example, the relative payoffs of allotting funds to two alternative
research projects where we have payoffs in both as an increasing func-

tion of expenditures — they are virtually useless.
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We are thus compelled to seek to obtain a higher degree of
measurement by asking more sophisticated questions of our military
experts — realizing, of course, that as the questions become more com-
plex, the chances of obtaining meaningful answers are correspondingly
reduced. Fconomists are accustomed to deal with only two types of
measurementl—~ ordinal and cardinal. But, as we see in the following

chapter, there are a number of intermediate stages.



CHAPTER III

ORDERS -ON-DISTANCE

Section 1. Orders-on-Distance in One Dimension

The second major general class of measurement consists of

"orders-on-distance,"

or "metric"” scales. This general class may, in
turn, be subdivided into two main sub-classes: "Orders-on-simple-dis-
tances" and "Orders-on-compound-distances," with the latter class
capable of being subdivided still further. We discuss each of these
various degrees of ﬁeasurement in turn, and relate them to the examples
used in Chapter II to show how a greater probability of resolution of
these particular prioriﬁy program problems is generated at each addi-
tional level of measurement.

A preliminary digression will serve to place this new level of
measurement in its proper perspective. It is to be remembered that a

number of order-on-distance relationships are predictable from a simple
order on a set of alternatives. Assume that there are five alternatives,
- ordered as follows:

VPWPXPYPZ
The number of possible relationships which can exist between all contin-
uous slmple and compound distances in a set of alternatives is given by

.the expression:

N
K-3J, where XK'= & N~ 1 ,.
J=1 i=1

o o

where N 1is the number of alternatives, or alternatively by the expres-

2 ((3)+ (1) + (™)
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sion
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written in the usual notation for ordered partitions. For our set of
five ordered alternatives, there are thus 45 different possible compari-
sons between the continuous simple and compound distances between

alternatives. TFor later reference, these are listed below.

1. VZP VY 16. WZ P WX 31. VW ? WK *
2. VZP WX 17. WZ P XY 32, VW ? XY %
3. VZP W 18. WZ P XZ 33. VW ? YZ %
k. VZ P WZ 19. WZ P YZ 34, VW ? WY

5. VZP WY 20. VK P VW 35. VW ? XZ

6. VZ P WX 21. VX P WX 36. WY ? Y2 %%
7. VZ P XZ 22, WY P WX 37. WX ? XY *
8. VZ P XY 23, WY P XY 38. WK ? Y2 ¥
9. VZ P YZ oh. X7 P XY 39. WX ? YZ +
10. VY P VX 5. X7 P YZ 0. XY ? YZ %
11. VY P W 26. VY ? YZ ¥ L1, VY ? WZ *x
12. VY P WX 27. VX ? XZ *% L2, VY 7 X2 **
13. VY P WY 28. VW ? WZ + 43, VX ? WZ +
14, VY P XY 29. VK ? XY ** L. VX ? WY %
15. WZ P WY 30. VK 2 YZ %% L5, WY ? XZ %%

The first 25 combinations are those where the relationship of the dis-
tances between alternatives is fixed by the establishment of a simple
order on the alternatives of the form given above. The relationship in
this case is simply that the whole is greater than any of its parts.

For a set of N ordered alternatives, the number of comparisons between

distances between alternatives which are fixed by the simple order is

Py :2@>+<l§>

Since these relationships are immediately established by the

given by

simple order, when we move to measurement of the form of orders-on-



distance, the first step must be to make sure that the method of solicit-
ing such information from expert opinions is efficiently designed to
avoid asking for the comparisons which we already know from the order-
on-the-alternatives, and is concentrated on asking for comparisons which
will increase our degree of measurement. Alternatively, of course, the
Information which we gain from the simple order on alternatives can be
used to check the answers to comparisons of distances between alterna-
tivgs for consistency.

In realistic situations, however, the informational effective-
ness of the order on the alternatives themselves will prove limited. Just
as was the case in our previous discussion of the effectiveness of the
criterion of Pareto Optimality in establishing a complete order on a set
of alternatives, the amount of order-on-distance (metric) information
conveyed by the order on the alternatives diminishes rapidly as the num-
ber of ordered alternatives increases. Thus, for three ordered alterna-
tives, all (2) metric relationships are determined, while for ten ordered
alternatives, a complete order determines only 450 out of the possible
.990 metric relationships.

An examination of the 20 mefric comparisons in our example
where the direction of preference was not determined by the order on the
alternatives shows that these fall into two classes. First, there are
those comparisons which are between entirely disjoint distance intervals,
such as number 33, the relétionship of distance VW +to distance YZ
For a set of N ordered alternatives, the number of such comparisons is
given by

N1
()
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and constitute numbers 26 through 40 in the listing on page 51.
Second, there are those combinations which are between dis-

52

tances which partially but not completely overlap one ancther. For

a set of N ordered alternatives, the number of such combinations is

o, - (1).

These combinations are those which constitute numbers 41 through 45 in

given by

the .listing on page 51.

The next question is, what additional ordering information is
necessary to establish the direction of the preference relationship in
these 20 combinations, and, therefore, a complete order on the entire set
of all (in our example) 45 combinations. From the fact that the original
order on the five altérnatives enabled us to derive 25 bits 5f metric
information, we may assume that it is not necessary to obtain all of the
other 20 comparisons by direct questioning, but rather that the determin-
ation of some lesser number of comparisons will be sufficient to determine
the remainder. This is true, and in fact, the "informational effective-
ness" of certain additional directly-obtained order information — which
we may define as the ratio of the number of bits of metric information
indirectly determined to the number of those established by direct

33

questioning of experts — is quite high.

32More exactly, those combinations where the number of simple
distances (distances between alternatives which are adjacent in a par-
ticular order) are equal in both sides of the combination when an over-
lap occurs.

55C:E‘. Robert F. Fagot, "An Ordered Metric Model of Individual
Choice Behavior," Technical Report No. 1%, Applied Mathematics and
Statistics Laboratory, Stanford University (September 12, 1957), Sec-
tion 5. Also, C. G. Hempel and P. Oppenheim, "Studies in the Logic of
Explanation," Philosophy of Science, Vol. 15, No. 2 (April, 1948),
135-175; John Kemeny and P. Oppenheim, "Systematic Power," Philosophy of




Let a preference order be established between the simple dis-

tances between the five alternatives, and let this order be of the form
VWP WLP XY P YZ

From this order, we obtain directly the six pieces of metric information
indicated with a single * in the listing on page 5l. Using in addition
our rules of order arithmetic, we obtain the additional 9 preference
relationships which are indicated in the listing as *¥

There remain those fi&e combinations marked with a + where the
order on non-compound distances between alternatives is not sufficient
to establish the direction of the preference relationship. These, in
turn, are of three different types. The first is what may be termed as
completely dependent. The listing on page 51 contains only one example
of this type, combination 43 (VX ? WZ) . It is clear that the direction
of the preference relationship in this combination depends on the direc-
tion of the relationship in combination 35 (VW 2 XZ) . This in turn
shows that the difficulty in determining a complete order on all combin-
ations when possessed of an order on alternatives and an order on the
simple distances bétween alternatives lies enﬁirely with a subset of the
set of non-overlapping compound distances.

The second type is what may be termed semi-dependent. Consider
combinations 28, 34, and 35. Let the direction of the preference rela-
tionship in 28 be solicited directly. If (VW P WZ) , then the direc-

tion of preference in the other two combinations is rixed at once.

Science, Vol. 22, No. 1 (January, 1955), 27-33; and Sidney Siegel,
TTndividual Decision-Making Under Uncertainty: An Ordered Metric Model,"
unpublished manuscript — all of which make use of a similar concept.
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If (WZ P W) , then we must solicit the preference relationship in the
other two combinations directly. Finally, the third or completely
dependent type, is given by combination 39. Again, the direction of the
preference relationship within the combination must be obtained by
direct question.

Thus, a complete order is efficiently established between all
simple and compound continuous distances between the ordered alternatives.
There remain the relationships between non-continuous distances. For
a set of five ordered alternatives, there.are 9 such alternatives. These

are;

1. VW 2 WX + YZ 6. WX + YZ P XY

2. VW + XY P WK 7. VW +XY P YZ

3. W + YZ P WX 8. VW +XY{P YZ '+ WY
b. VW +YZ P XY 9. VX + YZ P XY

5. VW + XZ P WX

In this example, the ordefing on the simple distances is sufficient to
establish the direction of the preference relation in all but one case.
(This is, of course, merely fortuitous, in that we have chosen to order
the simple distances in the same descending order as the alternatives —
which is clearly a special case.) In the case of comparison 1, the
direction of preference may or may not be determined by the order on
compound continuous distances. Clearly, if VW P WZ , then it is; if

WZ P W , it is not.

Orders on Simple Distances.

. Let it be assumed that we have four alternatives to be ranked

in a single dimension of measurement. By the questioning of expert

personnel, the following relationships are obtained: alternstive W is
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preferred to alternative X , X to ¥ and ¥ to Z ; and also that
alternative W 1is preferred to alternative X by more than alternative
X is preferred to Y , and in turn, that alternative Y is preferred

to Z by less than X 1is preferred to Y . These relationships are

shown pictorially in Figure 9.54
W X Y 7
1 0
Fig. 9

3k

The concept of metric relationships has been most thoroughly
explored by: C. H. Coombs, "Psychological Scaling Without a Unit of
Measurement," Psychological Review, Vol. 57, No. 3 (May, 1950), 145-158;
"Mathematical Models in Psychological Scaling," Journal of the American
Statistical Association, Vol. 46, No. 256 (December, 1951), L80-L8g;

A Theory of Psychological Scaling (Ann Arbor, University of Michigan
Engineering Research Institute, Bulletin No. 34, 1952); and Sidney
Siegel, "A Method for Obtaining an Ordered Metric Scale," Psychometrika,
Vol. 21, No. 2 (June, 1956), 207-216. Professor Siegel has used his
method for obtaining the metric relations — which is in fact a weakened
version of the von Neumann-Morgenstern utility theory — in a number of
applications. Cf. "Level of Aspiration and Decision Meking," Psycholo-
gical Review, Vol. 64, No. 4 (1957), 253-262; "Utility of Grades: Level
of Aspiration in & Decision Theory Context," Journal of Experimental
Psychology, Vol. 55, No. 1 (January, 1958), 81-85 (with Selwyn W. Becker);
‘Prediction of Decisions from a Higher Ordered Metric Scale of Utility,"
Journal of Experimental Psychology, Vol. 52, No. 2 (August, 1956), 138-
14L (with Paul M. Hurst). Professor Siegel does not base his metric
scales on the answers to questions of the form: "Do you prefer A to B
by more than you prefer B to C?" Instead, these relationships. are
deduced by the subject's choices between various probability combina-

tions.
"

. .suppose that an individual must choose between (B,B;%) and.
(A,C;%)‘ That is, he must choose between getting B for sure or
getting a 50-50 chance at A or C. By making the choice he yields
new information. If-he chooses the combination which gives him
B for sure, his choice indicates that B is closer to A than it is
to C. If he chooses (A,C;3), then B must be closer to C than it
is to A. This is fundamentally new information because the state-
ment A > B > C tells us nothing about the distances (differences)
between the entities on the utility scale." ("A Method for Obtain-
ing an Ordered Metric Scale," op. cit.)

As has been pointed out, however, in other discussions (cf.

Luce and Raiffa, op. cit., n. 31, p. 32; or Davis and Mellon, op. cit.,

n. 15), information of this type cannot be logically deduced from such
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It will be readily observed that the establishment of these
simple orders on the distances between alternatives establishes certain
ranges of relationship which thesé distances can bear to one another,
and, therefore, fixes certain ranges within which the alternatives them-
selves are confined over the entire dimension of measurement. Thus, let
us arbitrarily assign the number 1 to the highest ranking alternative W
and the numbér 0 to the lowest rankihg alternative Z . (Any other
numbers would, of course, do guite as well.) Governed by the rankings
on the simple distances between the alternatives, the following ranges
of vaiues can be aésigned to the alternativesf The iogic behind the

determination of the possible ranges which the alternatives may take is

Table 3

Alternative Priority Indicator Midpoint of Range

W 1 1

X '—-‘-Q>o-—.->.666... —> .333 ..
4 -0 - —> .333 .., —> 166 ..
z 0 0

easily explained. At the extreme upper range, the distance XY is very

probability comparisons because of the possibility that the subject may
not be maximizing expected utility due either to a positive adversion to
risk or a positive utility of gambling. As we demonstrate below, however,
measurement of the form of orders on distances between alternatives esg-
tablishes a series of ranges of values which the alternatives may assume.
It is, therefore, possible that comparisons of the nature used by Profes-
sor Siegel may in many instances yield information of the type which he
asserts they do, because the deviation from the expected utility hypothe-
sis on the part of the subject is sufficiently small and does not, there-
fore, alter the evaluation of the alternatives by more than an amount
which would exceed the ranges established on the alternatives by an order
on the distances between them which was not influenced by the subjects!
attitudes toward risk. Thus, the Siegel method has a finite probability —
impossible to specify in a non-concrete example — of escaping the objec-
tions raised to similar interpretations of the von Neumann-Morgenstern
method of utility as yielding higher degrees of measurement, e.g., that
an alternative is twice another.
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slightly larger than the distance YZ , and since these both must be

less than the distance WX , they both must be slightly smaller than e

5
of the total range separating all alternatives. At their extreme lower
ranges, the distances XY and YZ approach zero, while the distance
WX occupies nearly the entire range between all the alternatives. This
then is the special property of all orderings on distances: that the
largest ranked distance can never be reduced below slightly more than
%th‘ the total distance between alﬁernatives, while the other alterna-
tives, no matter what their number, can all be reduced to nearly zero,55
and that at the upper limit of the range for all distances between alter-
natives but the highest ranked one, tﬁe alternatives will approach an

even spacing over the entire range of measurement. (Naturally, an alter-

native may not be assigned to any point within the ranges iﬁdependently

of the assignment of other alternatives to points within their respective
ranges in such a way which would violate the order on the alternatives
themselves.)

Since the establishment of the ranking on the distances between
alternatives fixes the position of the alternatives within certain ranges,
it is clear that we can assign any values to the alternatives which are
unique up to the transformation fixed by the ranges. The question is,
what numbers are to be assigned. If we wish the numbers to stand only
for the order-on-distance relations, as in the previous section, then any
number within the ranges Qill do just as well as any other — provided
that the order conditions are not violated. If we wish, however, to use
the numbers so assigned as a substitute for an actual numerical scale on

the alternatives, then the logic of how these numbers are to be selected

35As the reader can easily verify, this does not result from
the fact that, for convenience, we have ranked the distances between
alternatives in the same order as the alternatives themselves.
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within the ranges established by the orders-on-distance becomes impor-
tant. We consider the latter case here — which in any event includes
the first case within it.

Digressing slightly, if we were to add several more alterna-
tives to the example given above, then it is clear that the range over
which those alternatives, which are neither first nor last in the rank-
ing, can vary is decreased. Given a fixed origin and end point, no
matter whether these be designated as O and 1 or O and 1,000,000
eaéh addition of an‘alternative will decrease the range which non-fixed
alternatives can take by %ih the distance between the first and last

of the ranked alternatives. Let the process be continued indefinitely:
As the number of élternatives approaches o , the range which s#EH Aph=
fixed alternative can move within approaches i ~— i.e., at the limit,
€ach alternative has no range within which it can move. Or, the scale
which relates the position of the alternatives has become invariant,
except with fespect to origin and unit of measurement — that is, unique

to a linear transformation. With an infinite number of alternatives,
then, an order on the distances between alternatives is equivalent to a

36

numerical scale. Since, however, in reality one never will have to
deal with an infinite number of alternatives, it is then proper to
consider orders-on-distance as representing a type of measurément which
is intermediate between simple orderings and uniqueness to a linear
transformation, approachiﬁg the latter as a'limit, and always providing
considerably more information than the former. Since the increase in
the number of alternatives to be evaluated is generally represented as s

36

Intuitively obvious, this proposition was first given a
formal proof in Aumann and Kruskal, op. cit., n. 7.
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factor tending to complicate the computation involved in any decision
problem, it is somewhat reassuring to note that in this case such an
increase improves the rellability of the measure of value of the alter-
natives as well.

If we were to pick & single number to assign to each alterna-
tive to represent the information conveyed by the orders-on-distance
between alternatives, the first logical choice would be to pick the mid-
point of the range fixed by the ordersfon-distance. Thus, in our simple
exaﬁple above, the alternatives would be assignéd the values shown in
the last column of Teble 3 on page 37,

Is this then the "best"‘way in whiéh‘to assign numbers to the
alternatives? Assuming that we a%e trying to construct some reasonable
substitute for a true numefical s;ale, there is some question as to
whether this question has any real meaning. If we assume that the
orderings-on~-distance are the highest form of measurement possible in
the minds of the expert personnel from which they are obtained, then it
would seem to make no difference how the numbers were selected within
the ranges —— if we use such numbers in any other way then as a conveni-
ent representation of the order-on-distance relafionships, we are
simply using arbitrary and non-existent relations as if they were mean-
ingful. On the other hand, we may‘conceive of' the orders-on-distance
as the only obtainsble reflections of a "true" numerical scale relating
the alternatives to one aﬁother, which exists in the minds of the ques-
tioned expert personnel. ‘In this case, since we have ﬁo infofmation
about the numerical scale other then the relationships implied by the
orders-on-distance, we rationslize that the true subjective values which

the individuals attach to alternatives méy-lie anywhere within the
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ranges established by the distance orderings. Thus, by fixing the value
to be assigned to each alternative at the midpoint of the range deter-
mined by the orders-on-distance, the total deviation thch could possibl:-
occur between the values we assign to each alternative and the "true,"
but unknown, subjective values of the alternatives would be minimized.
If, however, one does not believe that any such "true" values exist, or,
indeed, that any such concept has any meaning, then, as stated above, any
set of numbers which are unique up to the intervals established by the
érders—on—distance would do precisely as well, and any argument in favor
of the midpoint rule must be one merely of simplicity and convenience.

An interesting treatment of this problem is given in an impor-
tant paper by Robert P. Abelson and John W. Tukey,37 which we summarize
below.

In assigning numerical values to our alternatives, subject to
whatever order restrictions we have — that is, whether we have a simple
order, an brder—on—simple—distances, or some more restrictive measure —
we produce a series.of values: Xps Xpy o eeey Xn" Let us imagine the
ideal or actual values to be assigned to these alternatives, as the
series of values: MR VIR Y, - In a normal problem, the success
or failure of our assigmment could well be measured by the square of the

formal product-moment correlation between the x's and y's , 1.e., by

57"Efficient Conversion of Non-Metric Information into Metric
Information," a paper delivered at the annual meeting of the American
Statistical Association, Washington, D. C., December, 1959. Summary
in the Journal of the American Statistical Association, Vol. 55, No. 270
(June, 1960), 353; alsc "Bfficient Utilization of Non-Numerical Infor-
mation in Quantitative Analysis," mimeographed (Princeton University,

1958) .
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N - - 2
. [ii:l(xi-X)(yi-y)]
NN
iil(xi—X) iil(yi-y)

But, of course, we do not know the y sequence. All we know
is that it must obey the same set of inequalities as the x system, the
inequalities defermined by our initial order restrictions. Tukey and
Abelson suggest the following. Assume that Nature is playing a game in
Which it attempts to select a y sequence which obeys the inequalities,
but which gives a minimum Valué of r2 for any chosen x sequence. In
turn, we play a game in which we choose the X sequence in such a
manner that the minimum re which can be attained by'Nature is as high
as possible. Thié, of course, is a "conservative" strategy.

The scales which result when this method is appliéd when any
of a number of order relationships hold between a set of alternatives
are given in some detail in the paper cited. In the c¢ontext of this
section, it éan easily be seen that the midpoint rule is the result of
applying this "maximinf criterion when the order rélation is an order-
on-distance between alternatives. Thus, from the relationships given
in Fig. 9 and Table 3, if we were to make the assignment of the value
.4 to alternative X » Wwe are assuming that Nature would assign a Value
as close as possible to O; and conversely, if we were to assign a value

of say .2 , Nature would assign a value as near as possible to %' It

It is to be noted that whatever value assignments we may choose to
make, Nature will "inflict the most damage" by picking a value in one
"corner" of the range. Thus, obviously, the way to minimize this

"damage" is to assign a value to an alternative which is in the exact
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center of the range to which it is confined by the order-on-distance
relations.

The concept of limits does not lend itself readily to a mechan-
ical method for estimating the value of the priority indicators to be
attached to any particular set of alternatives. This, however, need not
prove troublesome, since these values can be easily approximated to any
desired‘degree of "accuracy." Let the range of measurement between the
highest and the lowest ranked alternative be divided into any number of
equél intervals, and assume that an order on the distance between alter-
natives, for example, that WX > XY , means that WX 1is at least one
unit of distance larger than the distance XY ; Suppose that there are
six alternatives and the distances between alternatives are ranked:
U>V>W>X>Y>Z ; and UV > VW > WX >XY >YZ . Then applying
this variation of the midpoint rule, assign the following values to the
alternatives: U = 1,000, V = hok, W = 295.5, X = 200, Y = 98.5, and
Z =0 (if the range of measurement is assumed divided into 1,000 equal
parts).

These propositions may perhaps be better visualized by remem-
bering that the ranges within which the values of the ranked alterna-
tives are confined by the establishment of orders on the distances
between them, define the limits of a polynomial in N - 2 dimension,
where N 1is the number of ranked alternatives. Assume that we have
five ranked alternatives: V >W >X >Y > 2 ; and an order on the dis-
tances between them: VW > WX > XY >YZ . If we assign V the value of
1,002 and Z +the value of O , then by the approximation rule given in

the preceding section, the other alternatives will be confined within

the following ranges: W, 750-6; X, 499-3; and Y, 249-1. This establishes
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Figure 10, and point Pfs projection on all three axes establishes the

values to be assigned to the three alternatives.

Fie, |0,
2491

124 -

The rule of usihg the midpoint of the ranges established by
the orders on distances between alternatives is, as the previous discus-
sion implies, not as innocuous as it first appears, but implies, or
results in, the assignment of values to the alternatives, which in turn
implies a degree of measurement much stronger than that given by the
orders on distances between alternatives. For three ranked alterna~
tives, thé smalleét number for which there is any significance to order-
ing the distances between alternatives, the midpoint rule assigns a
value to the middle ranked alternative in such a way that the distance
between it and the highest ranked alternative is approximately three
times the distance between the middle ranked alternative and the lowest
ranked alternative. For four alternatives, W, X, ¥, Z ranked in that

order, and with the distances between alternatives ordered WX > XY >%¥Z ,
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the midpoint method will assign a value to X , so that the distance

WX is indicated as something greater than ﬁwice the sum of the dis-
tances XY + YZ . As the number of alternatives increases, this disparity
in size, like the ranges within which alternatives are confined by the |
orders-on-distances between them, diminishes. Still, for any finite
number of alternétives, the use of the midpoint rule will imply that the
highest ranked distance between alternatives is greater than the sum of
all the other distances between alternatives conbined. This is easily
shown. Let the total distance between the highest and lowest ranked of

; set of alternatives be 1 .l Then, the highest ranked ordering distance
between alternatives will have a possible range of values ranging from
- 1 to —> lvF % where N is the number of ordered distances
between alternatives. The midpoint of this range, which is the value
which will be assigned to the second highest ranked alternative (assuming
the usual pattern of ordering of our previous examples) is then

: 1
—_— ] - =
L N
2

“Now, as N increases, the value of the expression approaches closer and
cioser to % , and, therefore, the size of the highest ranked distance
petween alternatives approaches closer and closer to % the total dis-
tance between the highest and lowest ranked alternatives from above.58
It was clearly realized that in using the midpoint rule to

establish priority indicators and then using these numbers as if they

really represented measurement unique up to a linear transformation, one

58As noted, op. cit., n. 37, this is the result of protecting
yourself against Nature playing extreme values of the ranges which the
alternatives may take. :
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was going far beyond the degree of measurement which could be legiti-
mately implied by orders-oﬁ-distance between alternatives. But, on

first inspection, the midpoint method seems both a logical and a "neutral
method of making this jump — or as logical and neutral a method as can
be devised, given that the transition from one type of measurement to the
other is unjustified by the information contained in the first. But the
unusual properties of the scale which inevitably result from the applica-
tion of the rule — that is, the fact that the largest ranked distance
betwéen alternatives is as large as all the others combined, and that the
other distances are set approximately equal —— casts some doubt on this
point. This difficulty is not seriéus if the method is merely a conven-
ient way of assigning vaiues to the alternatives, but the increased degree
of measurement which is implied over that given by the orders-on~distance
is without operational significance. Thus, 1if one used the midpoint rule
to assign values to a set of alternatives, used these values in the com-
puiation of a priority program, and then by testing determined that the
solution of the program Wés invariant with changes in the values of the
'alternatives within the ranges determined by the orders-on-distances
between the alternatives, then the midpoint rule is reduced to merely a
compﬁtational convenience. If this is not the case, however, the ques-
tion then remains as to whether we wish to substitute another rule for
that of the midpoint in view of the rather peculiar scale which the
application of that rule prbduces. The difficulty with making another
choice is, of course, that if we really have no other information other
than orders-on-distance between alternatives, we have no reason to

assert that Nature will not play the corner sequence. To protest at

the nature of the resulting scale then is really to assert that the
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degree of measurement we possess 1is of a higher — though unspecified —
order than order-on-distance.59

It is, of course, possible that whatever method is used to obtain
the information on individual rankings of the distances, between alternatives
may yield the result that some of these differences are, at least approxi-
mately, equal. Such information may, or may not, be of substantial value in
refining the scale of measurement.

Suppose that we obtain the following relationships between a set of
alternatives:

WPXPYPZ; WKPXY~YZ .

By comparison with the discussion above, it is easily seen that the use of
the midpoint rule resuits in a scale which is only infinitesimally different
from that obtained when the relation of strict preference held between the
three orders on distance. |

But let this relation be WX ~ XY P YZ . Then, the values which

the alternatives may take are constrained as follows:

Teble b
Alternative Range Midpoint
W 1 1
X —> .5 to —> .666.. .583 ...
Y —> .5 to —> .333.. .4166..

Z 0 0
Thus, the effect of a tie involving the highest—fanked distance between

alternatives is to restrict substantially the ranges through which the

alternatives might vary. As Tukey and Abelson note — in relation to the

59Tpid., p. 4.
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remarks earlier in this section, "Restrictions on the fraction of the
total range allotted the biggest interval result in powerful increases

. 2 4o
in .

Example 1.

To illustrate the way in which orders-on-distance will yield
additional information which may be of assistance in the computation of
optimal programs, we return to the simple examples given in Chapter II.

Of the six possible assignment plans given in our Example 1,
beginning on p. 18:

1. All A22 A33

2. All A32 A25

3. A21' A12 A35

L. AEl ABQ‘ A13

5. A31 ’ Al2 A25

6. ABl A22 Al5

it was shown that if the ordering on the assignment matrix cqrresponds
‘to that implied by Pareto Optimality (in the special sense described in

the pages beginning on p. 18), then none of the six assignment plans

can Be revealed as preferred to any other. If we have an ordering on

contiguous distanceé between the assignments, this situation will be

altered as follows.

As we know from Example 1 in Chapter II, there are 42 possible
complete orders which obey Pareto Optimality in the 3 x 3 example. Let
us consider one of these orders, the lexicographic order shown by ~--»

in Figure 1. If, within this order, the distances between adjacent

n

Orpid., p. 4.
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alternatives are completely ordered, then one of the assignment plans may
be determined to be preferred to all the remaining ones. This is very
easily seen. Consider assignment plans 1 and 2. Since both contain All
in common, we need compare only the remaining two elements in each plan.
Previously, with only the simple orders to guide us, the two plans were
incomparable, since A22 P A52 but A.25 P A55 ; Or A55 P A32 but

A23 P A22 . Since, however, the distances A25, A22 and A35’ A52

are assumed to be completely ordered, either assignment plan 1 is prefer-
red £o plan 2 or vice versa — that is, if (A55A52) P (AEBAEE) > By

(of plan 1) is greater than A32 (of plan 2) by mpre than A25 exceeds A, ;
and therefore plan 1 is superior. By similar reasoning, plan 1 is prefer-

red to plan 2 according to the complete order on simple distances — one

of the possible complete orders — which we have assumed below:

(ABBABE) P (A22A21) P (AEBAEE) P (A13A12) P (AllAQB) P (ABEABl) P

(A

lEAll) P (a

21h53)
Now plan 1 is incomparable to the remaining plans. But by similar
reasoning, we can establish that
Plan 2 P Plan 5
Plan 3 P Plan k4
Plan 5 P Plan 6
and, therefore, that plan 1 is preferred to all others.
This result is strictly fortuitous — that is, it depends on
the particular ordering of the distances between alternatives which was

established. Suppose that this order had been as follows:

(A__A..) P (A

35830 ophoy) P (A

lﬁAlZ) P (A

oshop) B

AllAQB) P (A12All

(Ayphsy) P (Ag As3)

) P



-70-

Then an order of preference among the possible assignment plans would
be established as follows:

1P2;1P3

5P 2

3P L

6P 5 .
This order does not tell us whether plan 1 is preferred to or considered
infe?ior to plan 6. To determine this, we compare (A35A51) and (A15All>'
Although the distances to be compared are compound rather than simple
distances, this comparison could be made in the present case because of
the particular nature of the ordering. The rules of order-arithmetic
apply to orderings-dn—distances between alternatives as well as the
ordering on the alternatives themselves. In the present case, by the
application of assumption [5.] on page 16, we can say that
(A53A5l) P (A15All) if (A55A52) P (ADAIE) and (A52A5l) P (AlEAll). By
the second ordering, however, we see that this is not the case, and,
therefore, that plans 1 and 6 are incomparable.

The reader may question; why choose the comparison between
(A35A5l) and (AlBAll) and not that between (A51A11> and (A55Al5)? The
answer is that any single comparison is sufficient. If a single such
comparison reveals ﬂhat a plan is incomparable to another plan, then
all possible comparisons (6 in the case where we are comparing two
three-~element plans) will show incomparability -— and the same is true
of preference.
This fact is extremely convenient, for in any realistically

sized project there would be a considerable number of comparisons which

would have to be made, if it were not true. The reason why it is true
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can most easily be seen in the context of another simple example.
Assume the following order on the elements of the assignment

matrix (assume matrix not rearranged so as to be Pareto-optimal):

- P e
(i) A?l P A3l P A22 P Al2 P A53 P A13 P A52 P A25 P All 5

and the following order-on-distance for the simple distances between

these elements:

) P (A

) P (A 55A.l5

Yy P (A A 51}\22

(ii) (A, .A,,) P (A12A55 o1831

20712 )P

(A15A32) P (A52A25) P (AEBAll)

Plans 1, 2, 4, and 5 are eliminated as inferior to plan 3
(AElAlEABB) and plan 6 (A31A22A15). There are 6 possible different com-

parisons which can be made between these two remaining plans. These are:

1o | Aoy Ay B ST T S P
Bips Bop L Ao B3 ¢ Bor By
bs50 Bz | Aa37 faz | B30 Ay

ho [ Ay Asy 5. [ Asys Ay 6. [ Ay A
bor A3 ¢ Aor Bop Mor A5
Bs30 f51 | B30 B30 lA%’ Boo

But these comparisons, in fact, only appear to be different.
Tn the final analysis, the relationship between the two plans will rest
on the nature of the same relationship between elements of the plan.
Thus, consider comparison group 1. We must determine in this comparison
whether or not the sum of the distances (AZlABl) and (A55A15) is greater

than, less than, or incomparable to the distance (A12A22), While the
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latter is greater than any one of the two previous distances, we do not
know whether or not it is greater than their sum, so the two plans are
incomparable. The reader can verify that all the other comparison groups
will involve making exactly the same comparison, and, thus, that it was
sufficient to make only the first comparison to establish that the plans

are incomparable.

Examgle 2.

The second example of computation of an optimal program was
the selection of a "best" set of alternative projects. In the example
given in Chapter II, let the budget restraint be raised to $110,000.
The sole decision in this case is whether the preferred set of projects

is (Al’A2’A3) or (A ), both of which are feasible.

1’ 5

In this case, to obtain information of the form that A3 is

Boyhy s

preferred to AM by more than Ah is preferred to A_. does not, of necessity,

5

decide between the two sets. One possibility of settling this impasse,

short of a numerical scale, would be to obtain orderings on various

combinations of projects — in this case, by questioning expert personnel
or A, alone. If the

5’ )

number of combinations which have not been excluded from consideration by

as to whether they would rather have Ah and A

the budget restraint, simple ordering on the alternatives and ordering-
on-the-distances between alternatives, is not overly large, then this
direct method would be feasible.

It.is possible, however, the the order-on-the-distances between
alternatives is of a form which will allow a comparison between the com-
binations. Assume a ranking on the projects of (project A6 has been

added, so that projectA_ is assigned a value other than 0):

5
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A P A2 PA,P AM PA

1 3 5 P Ag

and an order on the distances between projects of the form:

AlAE P AEAB P ABAM P AMA5 P A5A6 .

Assigning the value of 1 to A, and O to A6’ the values which each project

1

can assume are so counstrained that A, is preferred to the sum of projects

)

Au and A_ (as in this special ranking each alternative will assume values

>

greater than the sum of the values assumed by all the alternatives which

follow it in the order).

Orders~-on-Compound-Distances

We have seen that a (limited) number of the possible continuous
distance relationships which hold betﬁeen a set of ordered alternatives
cannot be deduced, either from the order on the alternatives itself, or
from an order on the distances between adjacent alternatives. In the
limited number of cases, therefore, where the weaker levels of measure-
ment take a form where the resolution of a priority program depends on one
of these undetermined relationships, it is necessary to move to a higher
level of measurement — to obtain orders on continuous compound, as well
as simple, distances between alternatives.

Measurement in the form of orders-on-continuous-compound-
distances will reduce the ranges within whichvthe ordered alternatives
are restricted, or — in the terms of the remarks on p. 62 — will raise
the maxmin value of r2 .41 As in the case of indifference between
simple orderé—on—distance discussed in the section beginning on p. 55,
the extent of additional measurement will be dependent on which form the

compound distance order relationship takes. Thus, for the four

n

Lrvia.
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alternatives ordered:

WPXPYPZ,
with an order on the simple distances between alternatives of the form

WX PXYPYZ,

the only comparison between compound distances which is not automatically
determined by these relationships is whether WX P XZ or XZ p WX . If
the former is true, then we establish a set of limited rénges on the
alternatives which is almost identical to that given in Table k — i.e.,
the‘additional order information leads to only minor increase in the
degree of measurement.‘ On the other hand, if we establish that XZ P WX ,

then the ranges on the alternatives will be as in Table D.

Table 5
Alternative - Range Midgoint
W | 1 1
X 0-—>.5 25
Y —>0 - —> 2.5 —> ,125
Z 0 0

If we are dealing with five or more alternatives, then orders
on compound distances will always yield us an appreciably higher degree
of measurement, for they will then begin to limit the ranges of distance
between other than th¢ two highest ranked alternatives. Nevertheless,
as has been pointed out above, the increase in the degree of measurement
will be greatest when other distances are established as preferred to

that between the two highest ranked alternatives.
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Example 1.

Tt follows that if we obtain a limited number of additional
bits of order information on compound distance, we have a higher proba-
bility of resolving the problems which we have been using as examples.
Thus, in the assignment problem example, 1t was noted on p. 70 that the

two plans,

were incomparable on the basis of the order information there assumed.
This incomparability can be resolved by obtaining the appropriate rela-
tionship between the continuous compound distances (AlBAll) and (A55A51),
On the other hand, the example of p- 69 remains unresolved. Nor, indeed,
can the determination of all possible relationships between compound
distances possibly resolve this comparison. Again, this result is
fortuitous. Had, for example, our order on the elements of the assign-
ment problem been

A22 P A12 P A21 P ABl‘P A35 P A15 oo

we could have certainly resolved the comparison by obtaihing an order
on compound distances. Had it been,
A22 P A12 P A21 P ABl P A52 P A55 P Al5 ey

we might have been able to resolve the compafison with such an order.

Example 2.
In the example on p. T2, let the order on the projects be

Al P 11\.2 P A

3 P Ah P A

>

and the order on the distances vetween alternatives
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A1A2 P AEA P AhA P A Ah .

) > )
Then an order on the continuous compound distances — in particular, the
relation:
A2A5 P A2A5 ; or A2A5 P A2A5

would be sufficient to establish one combination as preferred. The
result is again fortuitous, depending in this case on the fact that the
costs of the projects interacted with the budget restraint in such a way

that the two project sets compared had two elements in common.

Orders on Non-Continuous Compound Distances

There remains our final higher gradation of measurement obtained
by soliciting orders on distances between alternatives which are non-
continuousv—— as in the examples given on p. 55.

Let five alternatives be ordered as follows:

Resulting Values (1)

Alternative Range Midpoint
(1) VPWPXPYPZ v 1 1
i ' W -1 -->0 %
Let the order on the distances X -1 -—-0 i
between alternatives be: Y -1 - -0 ;
Z 0 0

(2) WXPYZPXYP W ;

Iet the order.on the distances
between continuous compound dis- (2)
tances (not otherwise determined

in (1) and (2) be: v 1 1
W -1 - = .75 875
(3) XZ P VX ; X - .67 -0 335
Y - .50 =0 L2950

and let the order on the compound Z 0 0

non-continuous distances between (5)
alternatives (not otherwise

already determined be: Vv 1 1
W -1~ .75 875
(%) (W, XY) P YZ X - .67 - .50 .585
Y - .33 = .25 .290

Z 0 0
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Resulting Values  (4)

Alternative - Range Midpoint
The increasing power of each Vv 1 1
. W - 1-=.75 875
stage of measurement, and the great X - 67 > .50 .585
' Y - 3% - .25 .290
power of this final stage, are illus- Z 0 0

trated in the decreasing ranges within which set of orders confine the
alternatives. This is evident even in our simple example, where only
three examples fall in the field of measurement, and becomes more pro-
nounced, of course, as the number of alternatives increases. As Tukey

1

and Abelson note: . higher-ordered metric scales can come very close

to numerical scales."42
Yet, it must be remembered that coming fvery close" in measure-
ment to a numerical scale may stilﬂ be sufficiently far away in many
cases to make the necessary comparisons to resolve a priority program.
Thus, if to decide which of two combinations is preferred it were neces-
sary to determine whether W is preferred to a combination of X and
Y, it is evidént that the various degrees of ordering listed above are
of little use. Using the values assigned by the midpoint rule in the
case of simple orders, it is found that W P (X, Y) ; in the case of
orders-on-simple distances that W P (X, Y) ; in the case of orders-on-
compound-continuous distances between alternatives that (X, Y) PW ;
and in the case of orders-on-compound non-continuous distances between
alternatives that (X, ¥) =W . From this we can deduce the general
proposition that order—on—distance relationships cannot always resolve
problems of the type discussed in our Example 2; they are, however,
possible to resolve comparisons similar to those in Example 1 where the

comparison sets have always an equal number of elements in each.

n

2Ibid., p. k.
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Section 2. Orders-on-Distance in
More Than One Dimension

The term "orders-on-distance" in more than one dimension can
be used in one of two senses — either that the dimensions themselves
are so ordered, or that an Qrder-on—distance exists along each axis of
measurement. We have already dealt with the first case to some extent
in Chapter II, and so will confine the discussion to the second.

The simplest case is where there exists a series of priority
classes along each axis; and an order-on-the distance between classes
on one axis. Returning to the supply base example, let it be assumed

that there exist three priority classes in each dimension: in the

dimension of the importance of the base from which the request originate: .

it is known that the difference between a number 1 priority and a number
2 priority is greater than tha£ between a number 2 and a number 5 prior-
ity; in the dimension of the importance of thé request attached to a
request by one of the outlying bases, there exists only a simple order.

(See Pigure 11.)

Fig. 11
Importance of
Request | A5 A2 Al
1
A6 A5 Ah
2
A A
5"98A7

3 2 1 Importance of
Base
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The addition of the increased information on the X axis
indicates nothing concerning the order of the points in the diagram,
which must be obtained by means of one of the methods discussed in
Chapter II. Let it be assumed that we have determined an order on thé
poihts of the form:

AP A2 P A3 P Ah PA

1 P A6 P A7 P A8 P A

> 9

Then the orders-on-the-distances between priority classes on the X-axis
add the following information on orders on simple distances:

A1A2 P AEA ; AMA P A5A6 3 A7A8 P A8A9

5
Ay = MAS = AAg 5 Ahy = By = Aghy

As would be expected, the lexicographic order on the points causes the

k3

field of measurement in this instance to fall apart into three distinct
parts. UMﬁﬁsaMﬁﬁmmlimbﬁmﬁonisdMaHmm the order information
at hand will confine the values to be assigned to the points within
ranges no more constrained than those established by the simple order on
the points — i.e., hardly at all. And we have here used an order on
the points which yields a maximum of information. Thus; had the complete
order been of the form:

Al P AQ P Ah P A5 P A5 P A7 P A6 P A8 P A9 3
then only the first of the 9 orders-on-simple~distances appears in the
ordering (and it is illegitimate to assume that the relation AlAE P AEAB
holds for the distance A2A5 in the above order). And, in fact, no matter

what degree of measurement is possessed along each axis in a multi-

dimensional problem, it can do no better then a simple order in helping

hBWhich involves the assumption that the distance between the
priority classes on an axis are unaffected by the rankings on the other
axis. ’
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us to move closer to a numerical scale over each point in the decision
space. But, once we obtain any additional information which relates the
relative ranking of movement along one dimension to movement along
another, then these higher degrees of measurement along each of the
axes become increasingly significant.
Thus, in our first order let us assume that we are able to

obtain the following additional piece of order information:

AlAQ P ABAh 5 AlAE P A6A7 .
It then follows that the range over which A2 may move in the field of
measuremernt without violating the order conditions is reduced by 13/15,
with a similar restriction being imposed on the range of values which may
be assigned to Ah’ A5, A7, and Aé . This, however, it must be remember-
ed, was a "powerful" piece of Qrder information. Thus, the relation

A1A2 P AEAM P A6A7

adds only slightly to our degree of measurement, and the relation

ABAL P A1A2 5 A6A7 P AlA2
adds nothing at all. Following through the same loglc, we can see that
if we can obtain the information

AEAB P ABAM 3 A2A3 P A6A7 s
then thé ranges wﬁich each alternative can occupy are restricted fur-

ther, and so on.

The second case is where an order on the distance between
priority classes is obtained for both (all) dimensions of measurement.
Let it be assumed that in Figure 1l we obtain information that the
difference between a priority 1 request from an outlying base and a

priority 2 request is less than the difference between a priority 2
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request and a priority 3 request. We then possess the following infor-

mation:

Al P A2 P A3 P Ah P A5 P A6 P A7 P A8 P A9

AlA2 P A2A5 5 A4A5 P A5A6 3 A7A8 P A8A9

1

AlAE = AMA5 = A7A8 3 A2A5 = A5A6 = A8A9

AMA7 P AlAM

-

A8A5 P A2A5 3 A6A9 P A5A6

As above, even the addition of what appears to be a considerable addi-
tional degree of measurement is still insufficient to enable us to
appreciably limit the range of values which can be assigned to the
points without violation of the order conditions. Also, as above, how-
ever, once the critical relationships are established which prevent the
field of measurement from breaking into incomparable parts, then the
order-on-distance relations are quite powerful in restricting +the range
of values wﬁich the alternatives can occupy-.

Similar relationships hold as we obfain higher and higher
degrees of measurement on one or both (all) of the dimensions of measure-
ment. We may thus generalize the pfoblem of orders-on-distance in
more than one dimension in the following maﬁner.

[1.] 1In each such problem, there will be critical order relation-
ships, which, when established, will "tie" the various portions of the
field of measurement togéther. In our example gbove, these relation-
ships are £he comparisons of the distances ABAM and A6A7 and their
relationship to the other distances between alternatives.

[2.] The number of such critical relationships — which we shall

call "bridges" for convenience — depends on the nature of the order on
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the points in the decision space. It is minimized when the order is

a lexicographic one — and in those cases 1is N-1 inan N x N
problem. If the order is not lexicographic — and in our 3 x 3 example,
there is only one chance in 21 that it will be so (assuming that all
orders which-obey the rule of ‘Pareto Optimality are equally possible) —
then the number of "bridges" will be increased. In the 3 x 3 case, this
number could reach a maximum of 8 in our first example.

[3.1 The "pridge" relationships must all be established in order
that the order-on-distance relationships may effectively limit the
ranges over which the alternatives may vary.u% One unestablished "bridge"
relationship can defeat the entire measurement which would otherwise be
established. o

[4.] Moreover, the direction of the comparison between a bridging
distance and other distances is critically important. As we have seen
above, the information that a bridging distance is greater than an
"ordinary" distance adds nothing to our degree of measurement. In order
to obtain significant measurement information, the direction must run
the other way for E;; bridging distances — that is, each of these must

b5

be judged as inferior to one of the "regular" distances.

Though these relationships need not be established by direct
comparison, but can in certain instances be deduced from the order on
XP: ";ridges." In our example, if A A, P ABA , and ABAM P A6A7’ then

172 6A7'

LJFSIt will be recognized that the difficulty is precisely of
the same nature as that which is encountered in the single dimensional
case where there is no meaningful way of restricting the size of the
largest distance between alternatives, though considerably more trouble-
some since there can be only one highest ranked interval in any simple
order on alternatives, but any multi-dimensional problem will contain
several bridge relationships. As in that case, we can assign each
alternative a value equal to the midpoint of the range to which it is
confined, provided that we have an order on the bridge distances them-
selves. :
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[5.] The effectiveness of the amount of measurement obtained by
relationships between the "bridge" relationships themselves depends on
the number of such relationships, as compared to the number of fordinary"
relationships, as well as on the type of order on the bridges. In the
lexicographic example used above, the information A3Au P A6A7 has the
effect of imposing the following ranges on alternatives AB’ A#, A6,

and A7‘:

Alternative Range Midpdint

A, > 1.0 - .0 .50
A, >1.0-.0 .50
A > 5.0 .25

A > .5 .0 25

That is, it divides the range of values which éan»be assumed by A6
and A9 almost squarely in half, and in so doing imposes a bound on the
vaiues which can be assumed by the alternatives not involved in the
comparison. As the number of bridges increases, reaching at a limit
the entire number of simple distance comparisons in the order (a chance
again of 1 in 21 in the 3 x 3 case), then the amount of measurement
information which their comparison contributes rises proportionately.
What then can we say concerning the prdbably effectiveness of
the degrees of measurement discussed in this section in the resolution
of priority programs? Iy would most certainly appear that this effective-
ness is limited. There is first the necessity for the strong assump-
tions as té the nature of the "bridges" — assumptions which, if we
regard all orderings as equally possible, are unlikely to be met in an

actual problem. Moreover, even if these assumptions are met in a
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particular case, we are still only at the point of Section 1, for the
resulting degree of measurement — depending on its strength — may

or may not be able to resolve the program. Thus, while measurement of

the order-on-~distance form can sometimes be useful in a multi-dimensional
case, the introduction of additional degrees of measurement serves to

reduce markedly the probabilities that such will be the case.,46

46I'his statement may be qualified somewhat. It is true that
we must obtain a "proper" direction in the bridge relations with
ordinary distances in order to have effective measurement over the
entire range of measurement, but it is also true that the very simplest
form of order-on-distances will suffice. Thus, one could attain a
fairly powerful degree of measurement by having compound orders-on-

distances along each axis of measurement and a simple order-on-distance
tleing each bridge into the scale.
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Appendix I. Ordered-Ratio Mee’;xsuremem}L7

We have seen from the above that the determination of all
possible combinations of orders-on-distances between alternatives
results — in the single dimension case — in a powerful scale of
measurement which is sufficient to resolve a number of priority programs,
where onyg Eriori grounds it might have been thought that a numerical
scale Qould have been necessary. There is, however, another type of
‘measurement which overlaps the degree of measurement given by orders-on-
distance, -and whichv—— assuming always that the necessary information
can be obtained by questioning of expert persdnnel —— can be used to
supplement order-on-distance measurement. We discuss this alternative
type below, first in relation to single dimension cases, and then in

relation to the multi-dimensional examples.

Single Dimension Case.

This type of measurement — which we have called "ordered-
ratio” _ is obtained as follows. Expert personnel are asked to rank
the distances between alternatives, not in relation to the distances
between other alternatives, but as to whether or not they are greater
or less than a certain fraction of the entire range of measurement, or
or a certain fraction of another distance between alternatives. Thus,
assume that four alternatives are ordered

WPXPYPZ,
and the distances between alternatives are ordered

XY P WX P YZ

u7Abelson and Tukey, op. cit., n. 37, is the only other source
where the author has seen the properties of this particular type of
measurement; in contrast, metric (order-on-distance) scales have
received considerable attention.
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Let it be determined by questioning that the distance XY is not more
than % the distance XZ — i.e., of the entire range of measurement.
This limitation on the largest interval, as we have previously noted,
has the effect of sharply curtailing the range of velues which can be
assumed by the alternatives without violating the order conditions.
Before X  might take any value between -~ 1.0 and - .50, and Y any
value between - .333 ... and - O ; with the limitation, X is confined
to the range .75 to - .50 and Y to the range - .25 to =0

In this example, the only additional piece of order-on-distance
informatidn which would have been significant is the relationship

WX + Y2 P XY ,

which establishes the same limitation on the ranges of the alternatives.
Thus, any piece of ordered-ratio information may yield the same (or less)
degree of measurement as order-on-distance relationships. But, what is
more important, ratio information can be used to give a higher degree of
measurement than order-on-distance relationships can ever yield. Thus,
the information that the distance XY cannot exceed % of the entire
range of measurement will, with the assumed simple order on the dis-
tances, confine alternative X +to a range of values - .70 to - .50
and alternative Y +to a range - 20 to - O ; and the information that

XY cannot exceed of the entire range of measurement would fix the

L

5
2 1

value of X at 3 and of Y at 3 .

The latter result is obtained because our initial example
dealt with only four alternatives. Moreover, even if we were able by a

series of questions to determine exactly what proportion of the total range

of measurement is occupied by the largest distance between alternatives,
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this information need not interact with the ranges imposed by the
available orders on distance in such a way as to be effective in
severely curtailing the ranges of the alternatives — e.g., to know
that XY is exactly % of XZ +tells us very little more than it is
not more than % , and little more than the relation XY + YZ P WX

The ranges to which the alternatives are confined can be
further limited by soliciting ratio information concerning the smallest
ranked distance as well. If we have, for example, the information that
Yz %'T%T XZ , this together with the information, XY < % YZ , and
XY P WX P YZ , limits alternative X +to a range of values between
- .60 and - .50 , and Y to a range of valués between - .10 and
- 0

The relationship of ratio scales to those obtained from an
order-on~-distances between alternatives is thus one of possible substi-
tutability or supplementarity. Possessing only a ranking on alternatives,
it might be decided to ébtain ratio information instead of orders-on-
distances. The choice here is between which of the methods is Judged
‘ the easiest to use in practice, as we could on a priori grounds not
determine in advance which would yield the greatest degree of measure-
ment. FEven if order-on-distance relationships are obtained, we have
seen that ratio information need not in all cases increase the degree
of measurement. To this, however, two qualifications should be made.

First, while ratio-information will not of necessity increase
the amount of measurement beyond that which would be obtained from
orders—on—disfances, there is a very high probability that it will do
so, especially if such information is obtained for the smallest ranked

distance as well as the largest. Second; following from this, it would
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be expected that the use of ratio scales would be effective in many
particular decision problems. As has been seen in this chapter, in
practical decision situations there is always the possibility that the
order-on-distance relation is unable to resolve a priority program.
Where this occurs, the logical approach would be to isolate the key
comparisons which must be made to resolve the program, but, where
order-on-distance information has only led to incomparabilities, also
solicit ratio information which, in a certain number of cases, will be

able to lead to a resolution of the program.

Priority'Indicatdfs in More Than One Dimension

The use of ratio relationships can be'pafticularly helpful in
dealing with the problems involved in multi-dimensional cases. As we
have seen in section 2 of this chapter, the critical relationships in
the multi-dimensional case are those which we have called "oridges."
Furthermore, ‘it is necessary that all bridge relationships be dominated
by non-bridge relationships in order to obtain a meaningful restriction
of the range of values to be assigned to the alternatives associated
with each bridge relationship. In the example given in [5.] (p. 83),
the information that A3Ah < .6 AlA9 , Tor instance, has the effect of
confining the alternatives involved in the two bridge relationships to
the ranges

A5 1.0 > .6
Ah 1.0 - .0
A6 5 - 0
A 5 - 0

Again, as the bridge relationships each bccupy the same theoretical
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position as the highest ranked interval between alternatives in the
single dimensional case, as in that case, ratio information will prove
particularly powerful. As rétio information, however, may be less
powerful than orders-on-compound distances which would "tie" the
bridges to other intervals between alternatives, the choice between

the two approaches will rest on which is the easlest to use in practice.



CHAPTER IV

NUMERICAL MEASURES OF PRIORITY

Section 1. Numerical Priorities in One Dimension

We may, in the computation of an optimal priority program,
be unable to obtain measurement of a higher order than that represented
by one of the orders-on-distances discussed in Chapter IIIL, or by the
combination order-ratio scales discussed in Appendix I. In this case,
numérical values can be assigned to the midpoints of the ranges deter-
mined by these orders, and the values used iﬁ‘the computation of the
program. From our previous discussion, it is possible to compute — in
specific instances — the chances that this method will lead to a solu-
tion which dominates all others.

There are, however, three alternative methods by which measure-
ment of a still higher order can be obtained — though these, of course,
involve strdnger assumptions than the measurements discussed in the
previous two chapters. Each of these is discussed in turn below,

together with examples of the types of problems where they can be most

effectively employed, and the difficulties ilrrv'o_'Lved.“8

MSIt is, in fact, not always possible theoretically to move
from a complete order on a set of alternatives to a numerical order, but
the conditions which must be met are not restrictive. The major excep-
tion — when the initial order is lexicographic — is discussed in
section 2 on multi-dimensional priorities.

See I. N. Herstein, "Some Mathematical Methods and Techniques
in Economics," Quarterly of Applied Mathematics, Vol. XI, No. 3 (October,
1955) 2L49-262, reprinted as Cowles Commission Paper, New Series, No. 78
(1953); Gerard Debreu, "Representation of a Preference Ordering by a
Numerical Function,™ in R. M. Thrall, C. H. Coombs, and R. L. Davis, eds.,
Decision Processes (New York, Wiley, 1954), 159-165, reprinted as Cowles
Commission Paper, New Series, No. 97 (1954); Herman Wold, "A Synthesis of
Purc Demand Analysis,” Part LL, Skandinavisk Aktuarietidskrift, Vol. 26,
Nos. 3 and 4, 220-263; Tjalling C. Koopmans, Three Bssays on the State of

~90-
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Indifference

One of the more important developments of modern. economic
theory has been the indifference curve approach, which permits the
derivation of most of the important propositions concerning consumer

behavior without direct reliance on the concept of numerical utility.

This approach, as yet, has not been utilized in any military operations
research_study. Yet, its application to the problem of military worth
is clear. ¥For example, if several types of equipment are to be allo-
catéd to various bases, one way to approach the problem is to devise a
real-valued function representing the utility, or military worth, of
each assignment, and then to maximize this funcfion, subject to the
restraints imposed by the quantity of each type of équipment on hand
andjor their market prices and the amount of funds available to be
spent on procurement. As we have noted previously, it is easy enough
to conceive of the problem's solution in this form; the difficulty is
in the determination of the worth function.

The gquestion is, then, whether the indifference map approach

could be used to bypass the necessity of establishing a numerical worth

function. In certain limited military decision problems, this possi-
bility would appear to be present. Suppose that one were charged with
the responsibility of providing supplies for a warship. By appropriate

gquestioning, let it be assumed that an indifference map of the form of

Economic Science, (New York, McGraw-Hill, 1957), 19; Samuel Eilenberg,
"Ordered Topological Spaces," American Journal of Mathematics, Vol. IXIIT,
No. 1 (January, 19%1), 39-45. One aspect of the problem of moving from
orderings to functions has been thoroughly explored: +this is the case

of the relationship of indifference maps to demand functions. Cf.
Nicholas Georgescu-Roegen, "The Pure Theory of Consumers' Behavior,"
Quarterly Journal of Ecomomics, Vol. L, No. 4 (August, 1936), 545-593.
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Figure 12 can be established. The indifference curves indicate the

gsize -
dollar cod

0 gsize - dollar cost

Fig. 12

various combinations of equipment which in the opinion of the questioned
experts would contribute equally tg the military effectiveness of the
vessel, with the higher curves representing the military worth of having
more of both items. The pricevline can represeﬁt whatever restrictions
are imposed on the amount which can be placed aboard the ship. These
restrictions may be in the form of limited storage space, in which case
the slope of,the price line will be the ratio of the area occupied by
the two types of equipment, and its distance from the origin will repre-
sent the total amount of storage space available. Or the restrictions
may ﬁe on the total amount of funds which are avallable to purchase
equipment, so that this total is given by the distance of the price

line from the origin, and its slope by the ratio of the prices of the
two types of equipment. Or, both such restrictions may be present, so
that the price line may have the broken shape of the line enclosing the
shaded area‘on Figure 12. ’
What are the advantages of this method of approach? In addi-

tion to the fact that one does not have ﬁo determine a numerical worth

’
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function for the value of these different types of equipment, and for
different amounts of each type of equipment, in order to take into
account the phenomenon of diminishing marginal worth, the indifference
curve method explicitly provides even more information than a numerical
function of this form could. This is because it explicitly takes into
account the fact that the value of a piece of equipment on board the
ship may depend on whether or not another, complementary or supplemen-
tary, piece of equipment is also on board. Hicks' well-known objections
to Pareto and Edgeworth do not appear applicable here.

Secondly, indifference curves provide for an adjustment to
changes in the conditions which restrict the amounts to be allocated
just as well as a numerical position would, and demonstrate clearly the
relationship between changes in these restrictions and the pattern of
allocation. Suppose that the Navy's budget is limited, and the costs
of equipment A should rise — perhaps because a newer model is intro-
duced. A nétural inclination might be simply to cutback on total
procurement ofvboth items, perhaps by equal amounts. (It will be
recalled that Congress recently considered reducing defense costs by
cutting expenditures for military hardware by a flat percentage.) Yet
this may be far from the most effective way of cutting back, which
could be clearly determined if the relevant indifference map of mili-
tary worth is before the relevant authorities. (Or, indeed, if they
were only more aware of the type of‘thinking that it involves.)

There are, however, several basic objections to utilizing
this method of approach in a practical problem solution situation,

whatever may be its merits as a way of visualizing the theoretical
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properties of a solution.

The basic loss of information which occurs when we use indif-
ference maps rather than numerical utility in a welfare economic con-
text is not overly important in our present context. In the absence
of ﬁumerical utility, one has no idea of how much better or worse one
utility surface is than another. In our example, wé would know that if
the budget restraint is eased so that we can move to a highér utility
curve, total military worth is increased, but we would not know by how
mucﬁ. This loss of information could be important if we were to possess
a function which converted numerical utility into money costs. Since,
however, it is unlikely that we would possess such a function, and since
the resolution of such a problem would most generaliy be fo submit both
gain and costs of a program to a superior authority which decides 1if
the gain in military worth merits the increased costs, this information
loss may not be overly important.

There is the more important question of the logical restric-
tions which are necessarily imposed on an indifference map composed on
the basis of the judgment of a number of persons, for in a realistic
situation, it would not appear desirable, or even possible, to construct
a map on the basis of the preference structure of a single individual.

Finally,bthe indifference map approach usually considers
only two types of items at a single time. However, 1t would be pos;
sible to construct a series of maps, one for each pair of items to be
rated or assigned, thus tracing out the multi-dimensional indifference
surface two dimensions at a time. For any particular limitation,

price or spatial or both, on the amount of items which can be carried
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or purchased; it is then possible to establish the point on the surface
which constitutes the feasible optimum. Since it is impossible to
assign fractions of an item, the problem is one in integer programming,
where the valuing function is the rather peculiar one defined by the

49

points of indifference.

von Neumann-Morgenstern Utility.

The most intellectually prepossessing of the various methods
for‘reaching a degree of measurement of uniqueness to a linear transfor-
mation, von Neumann-Morgenstern utility, has, to the author's knowledge,
never been applied in a problem of military deéision making. One funda-
mental difficulty is the large number of questions which a subject must
answer in order that his complete utility function may be determined.

A recent paper by Professor Johann Pfanzagl5oattempts, however, to
introduce an axiom which would reduce the number of questions necessary
to determine such a scale. Unfortunately, this axiom seems intuitively
unacceptable. In commenting on this axiom, the author wrote:

The article by Professor Pfanzagl represents a signiflcant

contribution to measurement theory in general and to the theory
of the measurement of utility in particular. I would like to
comment briefly on the section of the paper which deals with

von Neumann-Morgenstern utility, and more explicitly,on the
axiom of "consistency" proposed by the author.

The axlom is given as:

. (1) Mla +Db) P (b +c)=MaPb)+c

l‘L9Cf. Stephen W. Rousseas and Albert G. Hart, "Empirical Ver-
ification of a Composite Indifference Map," The Journal of Political
Economy, Vol. LIX, No. 4(August, 1951), 288-318; also W. Allen Wallis
and Milton Friedman, "The Empirical Derivation of Indifference Functions,'
in Studies in Mathematical Economics and Econometrics in Memory of
Henry Schultz, ed. Oscar Lange, Francis McIntyre, and Theodore O. Yntema
{Chicago, University of Chicago Press, 1942).

1

X3 ohann Pfanzagl, "A General Theory of Measurement — Appli-
cations to Utility," Research Memorandum No. D (Econometric Research

Program, Princeton University (December,l958); reprinted in the Naval
Research Logistics Quarterly, Vol. 6, No. 4 (December, 1959), 283-29k.
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I interpret its meaning as follows. Suppose that we consider

a lottery ticket of the usual form, as, for example,

($10, % H $, %). The von Neumann-Morgenstern method asserts
that, by offering various sums of money we can determine some
sum of money, let us say $5.50, so that the subject is indiffer-
ent between this amount and the ticket, that is, so that they
have equal utilities. The axiom of consistency appears to
assert the following:

(2) If utility of ($10, £ ; $1, 2) and $5.50 are equal,
then utility of ($12, % ; $3, ) and $7.50 are also equal,

where the ¢ from (1) is $2, the proposition to hold for any
value of. ¢ .

The axiom seems at first glance to be inherently plausible.
It must, for example, hold for anyone who, like the subject in
the example above, values alternatives on the basis of comparing
expected money values. Bven if this is not the case, if, for
example, the subject were indifferent between the first ticket
and $4, it is true that he would pay $6 for the second ticket
since he is sure of at least $2 more on it. Professor Pfanzagl
shows that if the consistency axiom is accepted, then the util-
ity of money function of the subject 1s determined to within one
parameter which is fixed by establishing a single point of indif-
ference. The importance of this is obvious. The main disadvantage
of the von Neumann-Morgenstern method as a device for establishing
scales of utility in real situations has been the very large
number of questions which the subject would have to answer. If
the consistency axiom can be accepted, then much of this diffi-
culty is avoided.

Both for the reason of applicability and for the reason
of acceptability, the axiom should not, I believe, be accepted
into our thinking. In constructing a scale to measure the
utility of money, we must determlne how the subject feels
about $l million as compared with $l0,000, $100, $l, and so0 on.
Suppose that a person is indifferent between the ticket
(410, & ; $1, 2) and $4. Let us, for the moment, agree to
accept the consistency axiom. Then the subject will also be
indifferent between the ticket ($1,000,010, %; $1,000,001, 3)
and an amount $l,OO0,00M. The question is, what does this tell
us about the shape of the utility function in the neighborhood
of $l,OO0,000? T suggest that it may very well tell us nothing
at all. The subject, whether he chooses as a gift the money or
the ticket, is absolutely sure in the latter case of receiving
at least $l,OO0,000 more than in the first case and will natur-
ally be willing to pay $l,OO0,000 more for the ticket since he
is sure to get it back anyway. The only real decision, there-
fore, in the second case, is whether he wants the ticket
($10, %; $1, 3) or $l4 sure, which we already know from the
first comparison. We have no additional real information
about how the subject feels about having $l million as compared
with having $l or $4 or $lO. If we really wish to determine
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the entire utility function from the first comparison plus
the consistency axiom, we can only assume that the slope of
the function is everywhere the same as in the neighborhood
of the first comparison. Reduced to this form, the axiom
seems far less plausible.

Next we may question whether or not the axiom might be
expected to hold over considerable amounts, especially if we
admit negative payoffs. OSuppose that I offer as a gift to a
person in moderate circumstances a choice of one of the follow-
ing: $100,000 or a ticket ($l,OO0,000, % ; $O, %). He may very
well prefer the sure $lO0,000, especially if, for example, he
needs $50,000 for his wife's operation. Suppose that we sub-
tract an equal amount e , say $EO0,000, from each of the two
alternatives. By the axiom of consistency he should still

- prefer the sure amount, which now has become =~ $lO0,000. Yet
he may very likely choose the ticket ($800,000, & ; - $200,000,
since this offers him his only chance of escaping from an over-
whelming burden of debt.

ANt
N

Professor Pfanzagl makes the following point. If an indi-
vidual is willing to pay $2 for a ticket ($10, % ; $1, 3), it
does not mean that the utility of the ticket is equal to the
utility of $2 but that the "status quo" has the same utility as
a ticket of the form (status quo + $8, % ; status quo - $1, 1)
since the cost of the ticket must be subtracted from the value
of the prize. The two will be equivalent only if the axiom of
consistency is valid. This is quite true. But there is no
reason why the two should be equivalent. If we turn our
previous example around, our subject might have chosen the
ticket ($1,000,000, % ) $0, %) rather than $100,000 had he been
in comfortable circumstances and wanted a chance at becoming
rich: +this does not mean that he would give you $lO0,000 for
the ticket. It is true that this distinction i1s not always
made by writers on utility and that the failure to make it
is an unwitting assumption of the consistency axiom, but this
does not excuse the failure to make the distinction; it is
probable that the "lottery ticket" terminology used in the
von Neumann-Morgenstern construction has confused this point
somewhat .

If we have interpreted the axiom correctly, and if it is
true, as Professor Pfanzagl indicates, that the axiom has been
tacitly assumed in the well-known studies of utility measure-
ment that he cites,5l,then it is certainly true, as he states,

5HM. Friedman and L. J. Savage, "The Utility Analysis of
Choices Involving Risk," Journal of Political Economy, Vol. LVI,
No. 4 (April, 1948), 279-30L; F. Mosteller and P. Nogee, "An Exper-
imental Measurement of Utility," Journal of Political Economy, Vol. LIX,
No. 5 (October, 1951), 3T71l-hok.

)
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that much of the recent experimental work on utility measure-

ment will need critical reappraisal, since it seems questionable

that we shall want to accept the axiom.o?

We have already touched on the second major objection to the

use of von Neumann-Morgenstern utility in an actual decision situation53~—
that the attitude toward uncertainty of the personnel being questioned
may distort their appraisal of the alternatives as alternative sure
prospects. A method for separating such attitudes from the "sure-thing"

appraisals remains a sine qua non if this method is to be used in the

types of problems which we have been discussing.

Limited Conditions Scale.

Numerical scales of this type are obtained by soliciting certain
restrictions on the nature of the scale from qualified personnel. Assume
that the problem is to evaluate the expected payoff of a weapons system,
as more and more funds are expended on it. The first logical condition
which we can expect to hold is that

(1) P(O) =0 ; i.e., zero expenditure results in a

zero payoff.

'Secohdly5 we can safely assume that

(2) P(E) = non-negative; i.e., that as we increase expendi-

tures we do not, at least, lower expected payoffs.
At this point, our experts provide us with a general appraisal of the
nature of the payoff function. Several fypes of possible payoff func-

tions are noted below.

52W.'G. Mellon, "Comments on 'A General Theory of Measurement-
Applications to Utility'," Naval Research Logistics Quarterly, Vol. 7,
No. 3 (September, 1960), 285-287.

er. a. 54, page 56.
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1. Step Function.5u
Fig. 13
Expected
Payoff
0 Dollar
Expenditures
2. Proportional Returns to Limit.55
Fig. 1b
Expected
Payoff
o Dollar
Expenditures

3, Continuous Proportional Returns.

Fig. 15

Expected
Returns

e

0 g Dollar

Expenditures

5k

In this type of payoff function,
no return is gained until a
certain amount 1s expended; a
payoff is then reached which
cannot be increased by the
expenditure of additional funds .

In this type of payoff function,
expenditures result in a propor-
tional payoff up to a cutoff
point; beyond that point addi-
tional expenditures add nothing
to the payoff from the system.

In this type of return, expendi-
tures continue to result in a
proportional addition to payoff.

Cf. Herbert A. Simon, "A Behavioral Model of Rational Choice,"

Quarterly Journal of Economics, Vol. IXIX, No. 1 (February, 1955), 99-118.

P20f. Jacob Marscek and M. R. Mickey, "Optimal Weapons Systems, "
Naval Research Logistics Quarterly, Vol. 1, No. 2 (June, 1954), 116-140.
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4, Saturation Function.5

Fig. 16
Expected In this type of payoff function,
Payoff returns begin to decrease as
‘ expenditures rise beyond a
certain point.
¢ Dollar

Expenditures

In addition, these four basic types of payoff function can be used as

approximations of more complicated relations. - Thus, the Step Function

(1.) serves as an approximation of the payoff illustrated in Figure 17,57
and so on.
Fig. 17
Expected
Payoff ///»,WWW, -
0 Dollar

Expenditures

The use of such scales, once derived, is amply illustrated in the refer-
ences attached to the various types of ?ayoffs, and 1s not of great
interest in the context of this paper. It is to be noted, however, that

scales of these types can be dealt with in the same way as the degrees

56

Cf. T. E. Phipps, "The Balance of Peacetime Procurement and
R and D Spending,” Memorandum, April 25, 1957 (unpublished), Naval War-
fare Analysis Group.

5TCf. n. 54, page 99.
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of measurement considered in Chapters II and III_—— i.e., it may not be
necessary to obtain information from expert personnel sufficient to
establish exact mathematical values for the functions. Thus, the know-
ledge that the payoff function resulting from expenditures on weapons
system A is of the form of Figure 13, while that resulting from con-
tinued expenditures on weapons system B is of the form of Figure 15, can
be useful in arriving at the decision as to how to divide a given budget
bepween the two systems — even 1if we have only a very rough idea as to
where (at what level of expenditure) the break in Figure 13 takes place.
On the othér hand, 1if the payoff functions from the two weapons systems
are of the form shown in Figure 16 — and it would be expected that
this would be the more normal case — 1t 1s necessary to possess fairly
exact information as to the numerical parameters of the functions in
order to divide expenditures optimally between them.

The numerical parameters of these continuous payoff functions
are derived Ey asking expert personnel gquestions of the form — what
percent increase (decrease) in payoff will result from a given pexcent
increase (decrease) in expenditures — and from the resulting answers
fitting a smooth curve of one of the general forms discussed above.
While — despite their apparent numerical properties — scales of this
type may actually contain no higher a degree of measurement than the
higher order-on-distance scales discusséd in Chapter IIT, they are much
more sulted to the resolu%ion of continuous payoff problems. In con-
trast, our‘earlier scales are better suited to problems where it is

necessary to evaluate discrete alternatives.
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Section 2. Numerical Priorities in More Than One Dimension

As in the case of lower degrees of measurement, the main
theoretical interest in numefical scales lies in the multi-dimensional
case. We treat first the case in which alternatives are measured in
two or more dimensions and are lexicographically ordered, then the case

where the alternatives are not so ordered.

Example 1. Lexicographic (Non-Archimedean) Orders.

Assume the following situation. The Congress wishes to estab-
lish a rule which will govern the appointment of individuals to civil
service positions and which will take into account the following two
factors: the length of military service of the applicant, and his suit-
ability for the position as measured by his score on a standard examina-
tioﬁ. Let us assume that the following method is adopted: Persons with
more military service are always preferred to peréons with less service,
and only among veterans with equal time of service is preference given
to the applicant with the higher test score.58 (This special type of
lexicographic order we may call the case of overriding veteran's prefef—
ence. )

We thus have established a lexicographic ordering in two
dimensions: 1in each dimension the alternatives are measured on a numer-
ical scale, but these scales are in noncomparasble terms. From Figure 18,
we can éee that the five applicants illustrated would be ranked in the
order:

xl‘P XE P x5 P X4 P x5

58‘I‘his is similar to the systems which determine the seniority
of officers in the armed forces.
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Fig. 18

Test Score
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Dimension) » Xy
5
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100 200 300 400 500

Length of Military Service
in Days (Primary Dimension)

While this rule is sufficient to establish a semi-order on all candi-
dates, let it be assumed that it is necessary to have a numerical scale
which relates each candidate td one another — perhaps to accomplish an
optimal assignment of the rated personnel to a set of positions. It is,
however, a particular feature of lexicographic orders that — strictly
speaking — while they will completely order all points in N-dimensions,
vhich no other general ordering rule will accomplish, it is impossible
-to establish a continuous real-valued function éver all the ordered
points. However, as we shall see, this limitation — while formally
correct — is not a serious barrier to practical use of numerical func-
tions in the lexicographic case.

Assume that therg exists a real function which is order preserv-
ing on the points in Figure 18. Then such a function will associate two
values with ﬁoints x5 and x5 , Which contain thé same value of the
Y-coordinate. We know that V., , the value associated with %, by the

)

function, is + to V5 , the value associated with x5 , since by our
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rule V, >V_ . If a, designates the X-coordinate of x b its

3 5 P 37 73

Y-coordinate, and a_. and b_. the same for x then, as b, and

5 5 57 3

b5 are identical, and with this coordinate (b5 = b_) we can associate

5

5 - N5) . Assuming that the Y-coordinate

extends indefinitely, i.e., comprises the whole set of real numbers,

a disjoint interval (N

then with each value (b component) we can assoclate one or several such
disjoint intervals; and conversely, the same is true for every value of
a . Cantor's Theorem, however, states that the set of all real numbers
is not countab;e, while fhe set of all disjoint intervals is. Therefore,
the assumption that we can define a réal—valued function over a set of
points ordered by a non-Archimedeasn criterion inevitably leads to contra-
diction, and is thus false. Debreu, to whom the above proof is due,
states that the following condition must hold for ahy set of ordered

points in order that a real-valued function may be defined on it.

If for every x € X the sets (x{X | x <x'},
(x{X | x' <x} are closed (in X), there exists
on X a continuous, real, order-preserving
function.59
However, it is significant to note that the discontinuity, which the
assumption of lexicographic orderings will inevitably introduce into
any attempt to define a continuous, real-valued function across such
points, can be reduced to any.size we choose. Thus, 1f the test scores

can run from O to 100, let us add to the test score of every veteran

the value 101 + the number of days of his service. In the resulting

590g. cit. n. 48, p. 160. It is easily seen that this condi-
tion does not hold in the case of lexicographic orders. Consider
Figure 19 shown below. The assumption of lexicographic orderings is
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order, all veterans will obviously rank above all non-veterans, all
non-veterans are ranked according to their test scores, and all veﬁerans
with equal test scores are ranked by their length of service, and the
function ranking each man is continuous in the real integers. The
discontinuity, concealed in this function, can, however, be still fur-
ther reduced. Consider the case in which the scores on the qualifying
test can range between —3> 0 and - 100 — that is, approach 100 and
0 as limits, without these two values actually ever being awarded to

any candidate. Then add 100 points plus the number of days of military

that Xy P X5 5 if its coordinates obey the relations X > Xy 5 OT

X =Xy, ¥ > Vo - Thus, p01nt% Xns x3 P X5’ X, P X But all
points like Xg are ranked inferior to X - Thus, the set of all

points preferred to x, 1s not closed, since it does not include all its

1
own boundary (set of all points I, i.e., like X6)" The same is true

for the set of all points inferior to point x since it also does

1 B
not include all its own boundary (i.e. set of points IT, like X), s

which are preferred to x. by the lexicographic rule.

1

Fig. 19

Non-Closure of lLexicographic Orderings

Y
X x
1T L 2
% %5
X X
6
I .5
X
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service to the test score of every veteran. In the final ranking, a
non-veteran who does perfectly on the test will be assigned a rating
approaching 100 as an upper limit, while the rating as;igned to a
veteran will approach 100 as a lower limit — i.e., the order assigned
by the lexicographic ordering on the candidates will be preserved,
while the numerical Tunction assigned by our rule will be almost every-
where continuocus.

From the above, we see that by selectilon of a proper conver-
sion factor it is possible to "collapse" a multi-dimensional ranking
into a single-dimensional one, even if the ranking 1is lexicographic.

We would add, however, that multi-dimensional lexicographic measures

may be used for certain decisions, without such conversion, thereby
by-passing some very considerable difficulties. In this connection,

two papers are relevant.éo Hausner and Thrall generalize the von Neumann-
Morgenstern index of measurable utility by showing that it is possible

to dispense with the Archimedean Property. It will be recalled that

this Property enteré into the construction of the index in the proposi-
tion that, if C P B P A , then it is possible to construct a lottery
ticket of the form [A(p) ; C(1-p)] for some probability p

(0 >p < 1) which will be equivalent to a ticket [B, p =1] . Thrall

offers the following illustration of a situation where this property

OMelvin Hausner, "Multidimensional Utilities," and Robert
M. Thrall, "Application of Multidimensional Utility Theory," in
R. M. Thrall, C. H. Coombs, and R. L. Davis, eds., Decision Processes
(New York, Wiley, 1954); also L. S. Shapley, "Equilibrium Points in
Games With Vector Payoffs," Naval Research Logistics Quarterly, Vol. 6,
No. 1 {(March, 1959), 57-62; also Oskar Morgenstern, TA Political Econo-
mist Views the Navlendustry Look at the Future," Aerospace Engineering,
Vol. 20, No. 12 (December, 1961), L8.
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may not hold. The alternatives are: A , to be hanged at sundown;

B, to be given one pin; C , to be given two pins. The order CPB P A
still holds, but Thrall suggests that no rational person would ever pick
the ticket [A(p) ; C(1-p)] , with p other than absolutely zero.

Thrall notes, however, that in certain situations a utility function
which had such non-Archimidean properties can be profitably used:

However, a two dimensional utility will fit this case if we
let the dominant component describe the probability of
being hanged and the subordinate component refer to the
relative probability of one pin versus two pins. In more
detail, we assign to A, B, C, respectively, the coordinates
(0,0), (1,0), (1,1). Then the utility space can be considered
as the triangle with vertices A, B, C. I{f D and E are two
prospects, we have D <E 1f E is closer to the side BC ,
or if the directed line segment DE 1is parallel to and has
the same sense as BC ; i.e., if D = (a,b) and E = (c,d)
we have D <E if a <c¢ or if a=c¢ and b <d

Another example arises in appraising various alterna-
tives in a military situation. The commanding general must
give top priority to not losing the war; subject to this
priority he tries to conserve manpower; and, finally, other
things being equal he abttempts to conserve supplies. This
could be described by a three dimensional utility....

Suppose a commanding general 1s using two dimensional
utility to evaluate a military situation. If he has n Tbasic
strategies P

10 e P and his enemy has m basic strate-

n
gies Ql’ ceey Qm s he must first evaluate the outcome if he
chooses Pi and the enemy chooses Qj . This evaluation will

) where, say, the

be an ordered pair of numbers (ai s

SRS
first component is the dominant one. If we assume that the
general is using game theory, his action will be to choose
some mixed strategy. If he chooses the mixed strategy which
assigns probability 12 to Pi , i.e., if he chooses a

probability vector =n = (pl, ey pn) then his expected out-

come will be at least as good as the vector
fn) = mﬁn Zpkékj’ bkj)

Hence his task is to choose a probability vector = so0 as to
maximize f(x). Since his order relation is lexicographic, he
first finds those vectors =n for which the first component

fl(ﬂ) = min Zpkakj" of f(m)
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is a maximum. According to the general theory of games
these vectors form a non-empty convex subset S of the set
of all probability vectors. If S is a one element set

his problem is solved, but if 8 is larger than one element
he now must search for vectors =n in S which maximize the
second component

£ () = min Zp of f(\)
2 j

Again the theory of games guarantees a solution. If instead
of two dimensions the general had three or more dimensions,

he would merely iterate this process.

"M

This discussion illustrates the fact that non-Archimedean
utilities are perfectly satisfactory for game theory. The
equivalence of game theory and linear programming guarantees
that non-Archimedean utilities will be satisfactory also for
linear programming prdblems.6l

But while this type of measurement will indeed be satisfactory —

if a lexicographic order conveys an accurate pictpre of the decision
situation — in game theory or in linear programming problems where the
question is one of selecting the preferred altefnative, it will not
serve in the case where we must compare the payoffs from different
weapons systems or select an optimal set of alternatives, for example.
Moreover, ouf previous stricfures about the limited applicability of
orders which are truly lexicographic still apply.62

In terms of our personnel selection problem, we note that it
is possible to weaken somewhat the lexicographic relation, by allowing
the dominant vector to take only the values of 1 or 0. Thus, we

establish the following rule: All job applicants are divided into two

Ibid., pp. 185-186.
628 i .

.But see the remarks of Morgenstern, op. cit., n. 2. It is
possible to conceive of orders which are "almost lexicographic" or
"almost non-Archimidean" where the assumption of lexicographicity is
so near true that it can be used as an approximation of the truth. To
turn Thrall's example around, it is possible to conceive of a stack of
pins so high, and therefore so valuable, that a person would run some
incredibly minute chance of being hanged to attain it.
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classes, veterans and non-veterans; all veterans are to be preferred
to all non-veterans, but within each group ranking is to be on the
basis of test scores. From Figure 20, we see that this results in a

ranking of the candidates: x. P Xy P Xy, Px, Px_P Xg P x while

3 5 T

the application of our previous rule would have resulted in a ranking

2

Xl P x2 P x5 P Xh P x5 P X6 P x7 ees

scale 1s obtained by adding 100+ points to the test score of every

A nearly continuocus numerical

veteran.

Fig. 20
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Example 2. Non-Lexicographic Orders.

We turn to a consideration of those cases where the assumption

of lexicographicity does not hold. In these instances, there are two
basic methods of dealing with the problems presented by more than one

dimension of measurement.
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Conversion: The first of these is what may be termed
"conversion." In this method, a multi-dimensional problem with numer-
ical scales along each dimension of measurement is "converted" into a
single-dimension by selecting a factor which converts measurement along
one axis into measurement along another. Thus, in the example of
veteran's preference given in the preceding section, we might add a
fixed amount to every veteran's test score. Assuming this amount at,
say, 20 points, then the candidates in Figure 20 above would be ranked
Xo P xl In x6 P X, P XB In x7 P x5 . Again, we might add one point to
the test scores for each 10 days of military service, which would rank
the candidates X, In Xe P Xy P Xy, P x7 P X5 P X5.'

A method of this sort may be used to resolve a number of multi-
dimensional priority problems, especially when we are seeking a conven-
ient rule-of-thumb. On the other hand, it does involve a very strong
assumption which is probably inapplicable to most situations: that
the contribuﬁion of the vector, which is converted into the other, to
the total numerical score of each position, is constant — in our example,
. that one monthfs service is always equal to 1 point of test score, no
matter what the score may be.

Conversion rule-of-thumb methods can be used to convert
priority measurement in one dimension into priority measurement in
another. 1In addition, priority — that is, subjective — measurement
can sometimes be usefully'converted into objective measurement in the
context of éertain decision problems. The usual meaning of the word
"objective" implies something which can be expressed in dollars or

pounds, while "subjective" usually implies something which cannot be

expressed in such terms. But a middle ground may exist between the two
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types of indicators, in the sense that indicators which are subjective
in nature may be usefully translated into objective terms. If we were
attempting to estimate whether or not a proposed flood control was
desirable, we would want to be able to compare costs and returns.

Since one of the costs is danger to human life if the project is not
established, an arbitrary value in dollars can be assigned to such loss,
and the concept of expected costs used to combine these costs with
expected dollar damage to property.65 Such an approach can also be used
to manipulate the results of programs in a desired direction. If one
were designing a program for the optimal decisign in the assignment of
funds for alternative weapons systems where one of the evaluative Ffac-
tors is the fact that it is estimated that some systems will be ready
for use before some others, we might include in the cost function for
the program an arbitrary dollar penalty for not having the weapon avail-
able by a certain time. Not that we are trying to seriously estimate the
dollar costs of military defeat. THere is no meaningful way to estimate
the money costs of a 20 percent choice of a weapon's unavailability
resulting in a 2 per cent (estimated) choice of the nation losing a war.
But a sufficiently high dollar penalty will reduce this risk to any
desired estimated value. The choice between the degrees of risk we are
willing to risk is, of course, a purely subjective one and not subject

to computation.

Combination: The second method which may be used to resolve

this problem is the method of "combination," in which the scores of an

alternative along all sxes are "combined" — that is, added and|or

e, op. cit., n. 2.
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multiplied together to give a total score for each alternative. This
is, of course, adding apples and peaches since the measurements are
not in comparable terms; but if we are careful to always remember the
dubious numerical nature of the scales with which we are dealing, we
will find the method as satisfactory as any of the others we have men-
tioned. The general choice in this instance is between addition and
multiplication. If properly used, both of these methods will usually
preserve the property of Pareto Optimality, and will indicate whether
each‘alternative is >, is equal to, or < +than any other. 1In general,
the choice of whether one uses addition or multiplication would depend
on the particular problem at hand.64 Thus, if your lowest ranking
alternative was, in fact, completely valueless in oﬁe dimension (as in
the earlier example in this discussion, if one of the outlying bases
were of no positive value to the'military effort), then it would make
sense to assign this alternative the value of zero and to use the rule
of multiplication. In our example this would be equivalent to stating
that a request from an activity is worthless, no matter What'is the
degree of urgency. On the other hand, it would be obviously absurd to
give the lowest degree of urgency a value of zero, since this would
assert that the lowest ranking request from the highest valued base
(in terms of importance) should be treated exactly the same as the lowest
ranked request from the lowest ranked base. This difficulty can be

easily avoided with the foliowing procedure: let the numerical scale,

6qu we possess the final figures themselves (in the assign-
ment problem, for example, the value of item X in position Z), then we
can show that this figure can be broken up into the sum of two values
which represent the contribution of each dimension to the total.
Cf. Koopmans and Beckman, op. cit., n. 5.
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which is assigned by the outlying bases to the relative urgency of a
request, run from 1 to 2, and the relative importance of the base from
which the request ofiginates run from O to 1. All requests from the
worthless base will be treated as worthless, all lowest value requests
will be ordered according to the importance of the base from which they
originate, and the principle of Pareto Optimality will be observed. If
the lowest ranked base is, on the other hand, not wortﬁless, but simply
less important, we may have both scales run from 1 to 2.65 To re-
empﬁasize what we have said previously, the proper approach in design-
ing numeriqal indicators to assist us in military computation is to
decide first which criterion these methods of establishing the worth
scales should meet and then to design them accordingly, since the degree
of measurement involved in military-worth studies is necessarily lim-
ited.66

The simplest case in which the combinatorial appr@ach can be
used, and the case in which its use is least open to quéstion, is where

the numerical measure of value on one dimension is a subjective scale,

65In simplest terms, the principle of additivity seems ill-
adapted to this method because it will by definition give, for example,
the value of a particular piece of equipment in a particular assignment,
or the sum of the value of the equipment and of the place or operation
to which it is assigned. Thus, if a very valuable piece of equipment
is assigned to a worthless operation, the value of this assignment would
be the value of the equipment itself if we were to add; whereas, in fact,
the value of this assignment is patently zero. The process of multi-
plication, on the other hand, introduces (even though imperfectly) the
concept that the value of the equipment in a particular operation is a
unique alternative and depends on the value of the equipment and of its
location in a fairly complex fashion.

In a more general sense, it can be shown that an adoption of
the procedures and problems introduced into economic literature by
Professor Kemneth J. Arrow (cf. n. 10) can be used to show that any
method of resolving the multidimensional.priority problem, in which we
have less than absolute-zero scales of measurement, will fail to meet
a set of very reasonable criteria.
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obtained by the questioning of expert personnel, but the numerical
measure along the second dimension is in terms of some objective cri-
terion of performance.

Example. The following method is used by the Department of
Defense. Materials which are necessary for national defense are assigned
index numbers, which are employed as follows:

1. The smaller the Alternative Material Index Number the more
available is the metal. In choosing between several metals
which meet military performance requirements, and that are
required in the same quantity for a particular application,
select the metal with the lowest index number.

2. 1If two or more metals which could be used in a particular
application would be required in different quantities,
multiply the Alternative Material Index Number of each by
the respective quantity to determine their gross Index
Number and adopt the metal with the lowest gross Index
Number. If, for example, 100 tons of aluminum can be used
in lieu of 150 tons of copper in a military application,
the comparison would be thus:

€0.0
115.5 .

In this instance preference would be given to aluminum.

100 tons of aluminum times O0.60

i

150 tons of copper times 0.77
67

We see that the government is faced with the problem of how
to purchase an optimal "bundle" of commodities, where each "bundle" has
two components (instead of two types of commodities): the relative
military value of the‘metal and its costs in terms of the amount used.

In Figure 21, point x, 1is the aluminum combination, x. is the cop-

1 2

per combination, and we have added x, — 50 pounds of manganese with

3

a scarcity rating of .8 —— for illustration. Xy would have been pre-

ferred to X, in any case, since it is dominant in both directions of

measurement, so that the whole purpose of the Defense Department method

67Memorandum, Department of Defense. The method by which this
index (measure of priority) is established is classified information.
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is to decide between combinations like  x and X

1 3
Quantity Fig. 21
(in pounds)
200
120
lOO e e e e« At e 3 f\‘ \—_‘-—/
50 e
\
1 1 1 1 !< 1 1 1
1.2 .3 o S5 6 .7 .8 .9 .10
Index of Scarcity
If these were combinations of goods purchased by a constmer
at different times, it would be problematical — depending on relative
prices — as to whether x5 could be compared to Xy - But in the

current situation we know that 100 pounds of aluminum is technologically
equivalent to 50 pounds of manganese. Thus, we are Tforced only to
choose the cheapest — where cogt is defined as scarcity times amount ~—
which can be read off by drawing 1505cost curves through x3 and Xl 3
and choosing the combination nearest to the origin. We thus see that

we face no serious. difficulties in multi-dimensional problems of this
class — provided that we possess a satisfactory subjective index:

therefore, the main interest must lie in those cases where more than

one dimension of measurement is in subjective terms.

sSummary .
Our discussion of numerical indicators in one dimension has

been limited, for this topic has already been extensively considered
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elsewhere. It is, moreover, of considerably less interest than that

of less-than-numerical indicators, since it is quite apparent what can

be done with a numerical indicator of worth —— once it has been derived —
while the usefulness of less-thén—numerical measures had not been
previously dealt with in any systematic manner. What interest there

is in the single-dimension numerical case lies, therefore, in the

methods by which the priority indicators are derived.

In the case where we are dealing with measurement in more than
oné dimension, the problems encountered are of greater theoretical
interest. As was shown, a number of more-or-less arbitrary methods can
be used to induce comparability between the scéles of measurement. As
a check on the "validity" of these methods, rankings of certain of the

points in the decision space could be solicited directly.



CHAPTER V

CONCLUSTON

The Future Trend of Priority Research.

The present study is entitled "An Approach to a Theory of
Priorities" in appreciation of the fact that extended future research
will be necessary in order to apply its lines of reasoning to realis-
tic decision problems. In particular, any significant advances will
depend on the ability of those in authority -— in the military or else-
where — tovseparate problems where the solicitation of expert opinion
approach is applicable from those where further technical study is
implied‘;— i.e., the ability to resolve the problem discussed under
Assumption 1 in Chapter I. No less important, the guestion raised in
the discussion of Assumption 2 ;— the development of logically satis-
factory methods of amalgamation of expert opinions — must be dealt
with. As the first is a problem to be handled by consultation with
experienced military decision makers, so the second is a purely abstract
problem which should be considered by those experienced in welfare econ-
omics and related disciplines.

A second, and less challenging, set of problems are related to
the actual use of fhe method in decision situations. For realistic-
ally-sized problems where we use less-than-numerical scales of measure-
ment, it will be necessar& to develop programs which will guickly
determine — from an initial set of rankings — whether or not these
rankings have resolved the priority program, and what the probability
is, if the program is not resolved, that movement to the next level of

measurement will accomplish this resolution, e.g., the expected size

' = 117—
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of the non-dominated group of assignments in Example 1 in Chapters II
and IITI.

Finally, there is a great need to incorporate stochastic and
dynamic elements into the analysis. For example, the assertion has
been often made that priorities, meaning classification schemes of the
type discussed above, are completely ineffective when the set of alter-
natives to be reached is not constant, nor known in advance, and where
there is a limitation on resources so that the organization cannot
(eventually) satisfy all the alternatives. Thus, when the problem was
one of allocating raw materials in wartime, priority systems eventually
broke down when a number of new and extremely important projects, which
rated high priority, came into existence after the ﬁriority system was
established. When high priorities were assigned to these projects,
the total number of A-1 priorities became so great that the rating
became not a guarantee of obtaining its material, but a mere "hunting
license." The authorities, it is true, attempted to restore the use-
fulness of the priority system by adding new, Super-priority ratings,
but this led to inflation of the priority currency, and then the
problem had to be re~faced when a still more important project had
to be considered. In the end, the priority systems were abandoned in
favor of systems of direct allocation. Nearly all the material con-
cerned with the subject of Priorities is about these wartime experi-
ences with priority (classification ranking) plans and why they
failed. There is thus what appears to be general agreement among
military supply experts at least that only direct allocation will be
satisfactory in the limited supply-variable alternative.

From what we have said breviously, however, it should be
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clear that direct allocation and priorities are not oppesites or com-
petitive, but rather mirror images of one another, since in any assign-
ment problem, the values of the assignment matter dictate where each
item shall be placed for an optimal solution of the assignment problem;
and some system of priorities is reflected in even the most improvised
system of direct allocation.

This is not to say that this particular case does not pose
some special problems in the design of priority systems. In addition
to %he always present problem of whether or not priorities should be
overriding,‘which can usually be solved by numerical utilities and some
built-in systems of diminishing marginal worth, there are the special
problems introduced by the fact that the number of alternatives to be
ranked is variable. It would appear, however, that the problem has been
somewhat misconstrued by those who maintain that only direct allocation
can be effective in such cases. These critics point to the inflation
of priorities as an indication of the breakdown in the priority system.
But this type of inflation, in a situation where there is no meaning
_ to "social jusﬁice," is not comparable with price inflation in the
economy proper; but it is an essential part of a properly functioning
system in non~price situations. As new and more urgent requests become
evident, it is obviously correct that they be assigned higher and
higher priorities. It is not this "inflation," but the fact that the
priority systems were imprbperly designed to deal with a future stream
of alternatives, that led to difficulties during the Second World War.

This, then, is one type of stochastic feature which should

be incorporated into the analysis of priority problems — that new
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alternatives are constantly likely to appear, and that optimal alloca-
tion patterns may involve setting aside a portion of resources to
accommodate these alternatives when they do appear. Provided that we
can devise a rate of time discount or priority to compare meeting
present goals with future goals, and provided that it is possible to
specify in a meaningful way the values of these future alternatives
combined with the chances that they will appear, our deterministic, one-
per;od examples can be expanded into a much more useful form.

A second type of stochastic problem is where a fixed set of
alternatives‘;~ to which priority indicators are attached ——‘are sub-
Jject to random demand. A typical example would be where we have a
number of types of equipment which'are needed for the efficient opera-
tion of a fleet, a limited appropriation with which to purchase equip-
ment and stock the fleet, dollar césts for each type of equipment, and
subjective measures of priority for each type of equipment which indi-
cate the "miiitary dig-utility" of "run-outs." If these priority
indicators are in numerical form, then the problem is a typical in&en—‘
tory situation, if we can only define the probable demands for each
type of equipment. The complications arise if the priority indicators
attached to each type of equipment are of one of the less-than-
numerical scales discussed in Chapters II and IITI — i.e., that we have
information of the form that the difference in the costs of running out
of type A equipment as opéosed to type B equipment 1is greater than the
difference in the'costs of running out.of.typé C equipment, as opposed
to type D. Following the line of reasoning of our earlier chapters,

we know that such information establishes a range of values for each
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alternative. Solving the inventory problem for each admissible value
of each type of eguipment run-out, we would establish a set of non-
dominated inventory policies. The size of this set will depend on the
degree of measurement on the costs of run~out, and how this measurement
interacts with the other parameters of the problem, but, unlike the
selection of an optimal set of projects example used in Chapters I and
III, since the inventory blans are not composed of a set of "lumpy"
ofjects, but are fairly continuously related to one another, it is not
probable that this set will consist of a single plan. Selective solici-
tation of additional order information can be. used to reduce the size
of the set up to a point. And, as we have noted previously, the infor-
mation that an optimal inventory program consists’of stocking between
X and X + AX units of A aﬁd Y and Y + AY units of B , can
prove a major advance over ad hoc solutions. In most military supply
problems we are seeking improvement rather than optimization, the con-

cept which has come to be known in military logistics as "acceptability.”

Applications to Economic Decision Problems.

The discussion in this report has been confined almost entirely
to problems of military decision. We would disagree with those commen-
tators who might maintain that these are not economic problems in the
proper definition of the term. Charles Hitch comments:

. men in their wealth producing and acguiring activities
are especially inclined to economize; i.e., to minimize costs,
or to maximize the achievement of objectives with resources,
in a careful and explicit way. But people in other activi-
ties, outside the institutions of the economy as these are
usually understood, also economize in this manner, or want to,
or in some important sense ought to. These include people
concerned with national security, and in consequence a lot of
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economic theory — or the analysis of econouizing — can
be applied, if appropriately adapted, to the solution of
their problems. The design of a system for ordering and
stocking spare parts for aircraft 1s an economic problem
whether the aircraft are owned by a commercial airline or
by the U. 8. Alr Force, although there are important dif-
ferences stemming from the fact that the services of the
former are sold on the market while the services of the
latter are not. So is the choice between Bomarc and Nike-
Hercules: which missile (or combination of the two) will
provide the most economical (i.e., efficient) air defense
of the U. 8.2 So, too, is the choice between military aid,
on the one hand, and a larger budget for our own military
forces on the other.

We would add, however, that the possible applications of sub-
jective indicators of priority of varying degrees of measurement have
applications, as we have indicated in the introduction, which range
far beyond the purely military. Subjective indicators of worth have
already been utilized, for example, by Markowitz, in his method for
selection of optimal investment portfolios, and has even been applied

69 The

to macro-economic decision problems for the economy as a whole.
use of subjective measures of worth even in discussions of the prob-
lems of military decision (in any rigorous manner) is only some ten to
fifteen years old, and most non-military applications date from an even
later period. It seems safe to suggest, therefore, that subjective
indicators of worth will come to play an increasing role in economic
decision making in the future, if certain prejudices against thelr use

can be overcome.

6892; cit., n. 1, p. L.

69In particular, the path-breaking (and almost unnoticed) work
of Ragnar Frisch in translating preferencesof political authorities into
numerical terms, and the imbedding of these preferences as the objec-
tive function in a national macroeconomic decision problem. Cf. Profes-
sor Frisch's monograph, "Numerical Determination of a Quadratic Preference
Function in Use in Macro-Economic Programming," Memorandum fra Sosial-
¢konomisk Institutt (University of Oslo, February 1L, 1957).



~123-

In a number of readings done for this study, the author has
encountered the position that while theoretical analysis may be "all
right in its place," it is no substitute for experience and Jjudgment.
But, it is the purpose of all attempts to use subjective indicators of
priority in decision problems to make maximum use of experience and
expert opinion. It is, Therefore, quite false to suggest that there is
& necessary dichotomy between analysis and the use of expert Judgment .
Analysis without judgment faces the danger of losing sight of its
dbjeétives and the intangibles of a problem through an over concern with
internal rigor: judgment without analysis can become so involved in
the complexities of a problem that the final decision may not reflect
the best judgment of the decision maker. A proper use of data based
on judgment in analytical models is what is called for — a form of

"subjective programming."

Concluding Note.
To tﬁe extent that it méy prove necessary, we conclude with

a note of caution. These methods of constructing numerical or quasi-
numerical utilities are best suited for the resolution of decision
problems, where the number of alternatives is determinate and limited,
and there are a limiﬁed number of dimensions of measurement. In these
"sub-optimizing" situations, careful application of the methods described
in this study can lead to answers which, if not optimal, are at least
improvements over presently employed ad EQE procedures. As Charles
Hitch writes:A

Economists will be successful in tackling these problems only

if they accept modest objectives. Optima are unattainable in

a world of incommensurables and uncertainties. But economizing
does not necessarily require optimizing, in the military or in
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the economy. It simply requires finding better solutions
than those which would otherwise be adopted. And this,

in very many cases, is both a feasible and the practically
important objective.

79;&194, p. 12. This does not mean that one cannot sometimes
make useful judgments on very broad problems. Cf. Giles Mellon,

"Less Bang for the Buck?" Challen e, Vol. 8, No. 9 (June, 1960), 19-23.
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