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COMPOSITION OF GENERAL SUM GAMES

Bezalel Peleg

§ 0. Introduction

In the following pages we generalize von Neumann and Morgenstern's theory
of composition ([ N and M], Chapter IX) to general sum games. We do not consider

(1)

"outside sources and thus our results are the same as their results for the
"normal zone". We emphasize that our results can in no sense be regarded as new;
we merely reformulate and strengthen part of the results in [N and M], Chapter IX.

Our only contribution is, perhaps, that we succeed to obtain a uniform theory for

solutions of a composition.

§ l. DNotation and Preliminaries

Let N ={1,...,n} be a set with n members, (identified with the first

n natural numbers). A characteristic function is a non-negative real function

v defined on the subsets of N which satisfies

(1.1) v (#) = 0, where § is the empty set,
(L.2) v ({i})= 0, for all ieN , and

(1.3) v (s)> 0, for all sCUN.

The pair G = (N,v) is an n-person game. The members of N are called

players. Subsets of N are called coalitions. An individually rational payoff

vector (i.r.p.v.) is an n-tuple of real numbers x = (Xl’°"’xn) which satisfies

(1)

Since we do not assume superadditivity it seems that there is no point in
introducing "outside“*sources".. -




ABSTRACT

A description of the structure of the von Neumann and Morgenstern
solutions of a composition of general sum cooperative games is given.
We do not assume superadditivity and thus we succeed to get a uniform
theory. Essentially we get in our formulation the results which were

obtained by von Neumann and Morgenstern for the "normal zone'.

A solution of a composition determines uniquely the transfer
of money between the component games and is the cartesian product of
its projections on the payoff spaces of the component games. The
transfer is limited only by the requirement that for each payoff vector
in the solution, both the two sets of players of the components have

non empty effective subsets.



(1.4) x; 20 , 1= 1,...,n (individual rationality), and
n

(1.5) T x, =v(N)
. i
i=1

An i.r.p.v. represents a possible outcome of G. We remark that when G

is superadditive then (1.4) and (1.5) yield the well-known definition of im-

putation. The set of all the i.r.p.v.'s of G is denoted by A(G) . We call

a coalition S effective for the i.r.p.v. x if

that

(1.6) T x, < v(8)
jeg *t

Let x, y € A(G). x dominates y via a coalition & (written x asy5) if:

(1.7) 8 is effective for x , and

(1.8) x; >y, for all ies

x dominates y (written x = y) if there exists a coalition S % ¢ such

XeqY - Asolution of G is a subset V of A(G) which satisfies:

(1.9) if X,y € V then x does not dominate y, and

(1.10) if vy é V  then there exists an x € V such that x o Vo

Let t <v (N) . We define a game G(t) = (N, vt) by

{-v (8), s fn

(1.11) vt(S) =
vv (N)-t, 8 =N

Let x € A(G(t)). =x will be called detached if

(1.12) bH X > v(8) , for all & cn.
: ieS

X 1is fully detached if

(1.13) = x,>v(s), forall stg .
ieS *

1




_ - _ ‘ . t
Let G, (Nl, vl) and G, (NE’ V2) be two. games, not necessarily with
the same number of players, with disjoint sets of players, that is ﬁyiﬁNE =0 .

The composition of G, and G, is the game G = (N,v) where:

(1.14) N = NlUN2 , and

(1.15) v(s) = v, (sle) + v, (an2)', for all sC N .

An i.r.p.v. z € A(G) is a real fuhction defined on N which satisfies

1

(1.4) and (1.5); its restrictions to N. and to N will be denoted by =z

1 2
2
and  z° respectively. Clearly zl € A(Gl(t)) and z € A(GQ(—t)), where

t = t(z) is defined by

(1.16) t(z) = vl(Nl)- b} Z;
ieNl

t(z) 1is the amount that is transferred from N, to N, when the payments

to the members of N are specified by =z

§ 2. The Structure of the Solutions of a Composition

Let G, = (Ni,vi) » 1 =1,2, De two games with disjoint sets of players,
and let G = (N,v) be the composition of G, and G, .
(2)

Lemma 2.1 Let z € A(G) . If S is effective for z then SN Ny
or SN N2 is effective for =z

Proof: (1.6) and (1.15)

Corollary 2.2 If 1z, z € A(G) and z&1 7 then zeianIz or ZS‘ShNQZ

Corollary 2.3 If z € A(G) then there is an Sl(: N, , 8 L ¢, or there

isan S, N, , S, $# , which is effective for =z

(E)The possibility that both these coalitions are effective for =z is not excluded.

i




Proof: (1.5) and Lemma 2.1

Lemma 2.4 If V 1is a solution for G and z,Zz € V then t(z) = t(z) .

Proof: Suppose, per absurdum, that t(z) < t(z) . Let

e =v(N) - = Ei - I 2z, .e>0 . Define z*cA(G) Dby:
1eNl 1€N2
* -z e . APRCREPRE e .
z*, zg + TﬁT for 1 ¢ Nl , and 27 23 +-TNT for 1 e N2 ,» Where INI
\\iis the number of players of N . We now distinguish the following two
e :
N _
pogsibilities
\\\ g
(2.1)Nz% e v

N
N
It foll&&svfrom corollary 2.3 and the definition of 2z* +that 2z* dominates

Z or z , & céntradiction.

(2.2) z¥ ¢V .

There exists & z¥** € V that dominates z* . By Corollary 2.2 and the
definition of 2z* , z*¥* dominates z or z , a contradiction.

1 2
Lemma 2.5 Let V be a solution of G . If z € V then z and .z are

not fully detached.

Proof: Assume, per absurdum, that zl is fully detached (see (1.13)).
Hence there is an i ¢ Nl such that zi >0 . Choose 0O0<e < z% and

define z by:

i ’”zj B J e‘Nl and j % i
(2.3) z, = { z;-€ s, j =1

- e .
Zj +~lﬁ;T » J € N2



Here lNé, denotes the number of players in N2 . Clearly we can choose
e such that z* will be fully detached (with respect to Gl(t) , where t = t(z)).
By Lemma 2.4 =z é V  thus there exists a z*eV which dominates 2z . By Corollary
2.2 and the definition of =z z¥ 2z , a contradiction. The proof that 22 is
not fully detached is similar.

let V be a solution of G . By Lemma 2.4 there is a real number + = (V)
such that t(z) =t for all 2z € V . Define the following sets: V. 1is the pro-

Jection of V on the space whose coordinates are indexed by the members Ni ,

i=1, 2.

Lemma 2.6 Vl is a solution of Gl(t) and V2 is a solution of GE('t)'
Proof'; We shall prove that Vl is a solution of Gl(t) . The proof that

V, 1is a solution of GQ(-t) is similar.

‘ 2
Let 2% e A(Gl(t)) - V, - Choose 22 e V, and form z = (zl, z7) . oz &V .
Hence there exists z € V such that zsiz . By Corollary 2.2 and the definition
2 -
of 2z  we must have that le+zl . Thus Vl is externally stable, 1.e. it

satisfies (1.10). The fact that V., is internally stable, i.e., that is

1
satisfies (1.9), follows from the fact that V is.

Lemma 2.7 V = Vl XVé

- 1 -2
Proof': Let 2, z €V and form z¥* = (27, z27) If z* ¢ V then
there exists 2** € V such that 2z**gz* . It follows from Corollary

2.2 and the definition of z* that z*¥* dominates =z or z, a contradiction.

(N

Lemma 2.8 Let - v,(N,) <t <v be such that G,(t) and G,(-t)

1 l)

have no fully detached i.r.p.v.'s . I Vl is a solution of Gl(t) and

V2 is a solution for Ge(-t) then V = le Vé is a solution for G .




Proof: It follows from Corollary 2.2 that V is internally stable, i.e.,

it satisfies (1.9). Let now =z € A(G)-V . We distinguish the following

possibilities.
(2.k4) t(z) > ¢
Let e = t(z)-t and let 2° e V, . Define z e A(G) by
CZ. o+ < ieN
- 1 )
(2.5) z, = { s T -t
- zi 5 ie N2

Here lNl' is the number of players in Nl . If zeV , that is
El € Vl » then, since by the choice of t El is not fully detached,

it has a non empty effective set; it follows that zez . IF El é Vl

then there exists a 27T ¢ V), which dominates it. ILet % = (ﬁl, 22)
2z
(2.6) t(z) =t

If 2t ¢ V] then there exists a z' ¢ V such that ztez . Let 3% e v,
z = (51,52) dominates =z . If 22 é V2 the proof that 2z is dominated

by a member of V is similar.

f(2.7) t(z) <t

The treatment of this case is similar to that of (2.5)

We are now able to formulate
o S ' T . Theorem V 1is a solution of G if

and only if it has the following form: V = V1><Vé where Vl and Vé satisfy

(2.8) . . VvV, is a solution of Gl(t) and V, is a solution of Gg(-t)
(2.9) Gl(t) and GE(_t) have no fully detached i.r.v.p.'s.;, and
(2.10) - v(Ny) <t < v, (N))
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