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STRUCTURES IN LOGISTIC OPERATIONS
Harlan Mills*

Preface. We present an abstract scheme for studying certain as-
pects of logistics, followed by two appendlces, illustrating more con-
crete ideas. While this seems the most appropriate logical order of
exposition, it is not the order in which the ideas were conceived.
Rather, the general scheme was inferred from specific examples. For
this reason, it is suggested that the reader look at the appendices
first (which are self-contained), whence it is hoped the abstract
scheme will take on more realism and urgency -

Preliminaries.

We seek to mathematize notions of logistics in order to organize
and summarize a variety of problems, approaches, and techniques. Our
descriptions provide certain points of view in inventory and production
control, etc.; other viewpoints are also needed in the total considera-
tion of physical operations (as J. Tukey has put it in another context,
"too many have sought a 'single truth' as vigorously as Henry George
sought a 'single tax '").

Consider a physical operation engaged in, among other things, the
transfer and/or alteration of certain material from one set of ex-
ternal sources (suppliers) to another set of external sinks (consumers).
We take logistics to be concerned solely with the presence, location,
and flow of such material. Equipment, processes, and other material
which are employed in the transfer and/or alteration of the material
of interest are taken for granted, without further iInquiry into their
physical nature, and are characterized solely in terms of the inputs
and outputs of the material of interest in thelr employment.

We suppose the logistics of material of a given interest in a
physical operation can be described "microscopically" to any desired
detail by accounting, factually, for the bresence, location, and flow
of the material over time. Often, such a microscopic description can
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be deduced from physical circumstances of the operation, and more generic
descriptions of the conditions of logistic interest can be similarly
derived. But usually, such descriptions, in operations of moderste

size and complexity, exceed both the current bounds of effective com-
putability and the intuitive grasp of those who would understand them.
This dilemma suggests a major goal — to develop "macroscopic" des-
criptions out of microscopic ones which can be both computable and
wlthin the reach of intuition, even at the sacrifice of "fine struc-

ture" in the descriptions.

Our point of view is to be statistical. We seek to replace dis-
crete and exact measurements of the presence, location, and flow of
material by summary averages, varlabilities, correlations, etec., and
to replace intractable combinatorial problems by cruder, tractable
statistical ones. OQur underlying model is to be, eventually, a
stochastic process, in which decision makers are embedded, acquiring
Information and acting upon it over time. It will be unusual that a
decision maker know the entire situation of the operation at any
given time, or, Indeed, that he know the structure of the underlying
stochastic process, except as 1t is partially revealed through sample
statistics which are available. We shall be interested in his problems.

Systems

We mathematize the notion of system (as an extension of the notion
of abstract relation) as follows: A system is a subset of a product
set.

Interpretation: If x = (X15 Xps -5 X)) € 8, a system, then

Xys Xps -v., X are measurements of attributes 1, 2, «.., n (of

somé conceived operation) which can co-exist.

Notational Extension: If g system 1s written 3 = {x|p(x)), where
p(x) 1is some proposition in "variables" Xy, X

0r s Xy, then a
tacit understanding of "S = (x|...}" allows the system 3 to be
represented by p(x); in this case the system has been described in

terms of "variables and necessary relations" (though not uniquely).

Discrete Measurements and Concepts

We introduce and briefly discuss some building blocks for a micro-
scopic logistic model. Their forms are, ultimately a matter of taste;




Some are quite natural, while others may appear a bit contrived at
first glance. It is hoped, in any case, that their uses and con-
veniences will justify (in the reader) their definitions.

Time. We suppose time is partitioned into discrete (connected)
periods — say weeks, months, three second intervals, etc.

Inventories. We Suppose all material of interéstﬁis classified
into a finite number of commodities, determined by intrinsic prop-
erties of the material and/or its spatial location. Labeling the

commodities 1, 2, ..., m, we denote the inventory of commodity j
at the end of time period t by 1.(t). The entire 1list of in-
ventories, a vector i(t) = (1, (t), i, (), ..., 1,(t)), 1is called

the inventory profile of period t. Let I be the set of all possible
inventory profiles. We assume that all material of interest in the

operation at the end of each time period is accounted for in each
inventory profile.

Activities. We Suppose all material of interest in the operation
is either processed from one inventory profile to the next by

1) conservative brocesses, such as
storage
transportation
transformation
Cr' processed into or out of inventory profiles by

2) nonconservative brocesses, such as

Supply by external socurces

consumption by external sinks.
The entire list of activities of these processes, for time period t
will be denoted by a vector a(t), and called the activity profile for
period t. Iet A be the set of all possible activity profiles. We
assume that the disposition of every bit of material in inventory pro-
file 1i(t = 1), either processed into i(t) or consumed by external
sinks, is accounted for by activity profile a(t). Similarly, i(t)
arises from a(t). Thus, there are strong inner consistency require-

ments on any sequence
o LB = 1), alt), 1(8), alt + 1),

which purports to be measurements of the location and flow of material



in a physical operation. We call these consistency requirements the
material balance of the operation. They determine a system, ordinarily
called the "input-output system" of the operation.

Agents. The physical operation is conducted by means of agents,
internal and external, who, in concert, select an activity profile for
each time period. We distinguish one agent, called 0, as enviromment,
and label the others 1, 25 .-o, N. It will be supposed that each agent
1s given exclusive and autonomous Jurisdiction over a subset of the
Processes of the operation. ILet the product space A {(of all activity
profiles) be partitioned into subproduct spaces AO, A1, ey An; we
suppose at each time period t+, each agent, say k, selects a sub-
vector ak(t) € A, and the actlvity profile a(t) = (ao(t), a,{t),

v an(t)) results. For convenience, we shall handle the operation's
total relationship with external sources and sinks through the single
agent O.

Requisitions. Agents communicate with each other (and with the
external world through agent O0) by means of requisitions. Usually,
a requisition is taken to be s request for a certain activity; we will
find it convenient to generallze as follows: a requisition is a subset
of activity profiles, interpreted to mean that any member of the subset
1s authorized (by the requisitioning agent). A vector =r(t) = rO(t),
r.(t), ..., rn(t)), where rk(t) C A, for each agent %k, is called
the requisition profile for period t. Let the set of all possible
requisition profiles be denoted by R.

Observable Sequences. We are now in a position to formulate an
underlying model of observable events in the conduct of a physical
operatlon. We suppose, in each time period that, first, the agents
select, by slmultaneous choice, a requisition profile, say =r{t), and
second, by simultaneous choice, an activity profile, a(t). If
al{t) e rk(t)ﬁ each k, then 1(t) is determined by material balance;
if a(t) ¢ rk(t), some  k, we shall terminate our consideration of

the operation. Thus, recursively, we obtain a system whose elements
are sequences (possibly terminating), of the form,

sees L6 - 1), r(t), alt), 1(t), r(t + 1), alt + 1),
of observable events in the operatlon.

States. We shall find it convenient to define a state of the



operation as a truncated sequence, or s history, say s(t), where,
s(t) = (ov, 2(t = 1), alt - 1), i(t - 1), v(t), a(t), 1(t));

let S be the set of all possible states of the operation. (We shall
admlt terminated states, written (..., »(t), al(t), T), din 8.)

Information. Internal agents in the operation are partially in-
formed about the state of the Operation at thelr occasions of choice.
We formulate their states of information as follows:

At the occasion of s requisition choice, each agent k £ 0 is
informed that state s(t) is contained in some subset, say
Fk, of all possible states S Fk is to depend only on s(t),
not t.

At the occasion of an activity choice, each agent % # 0 is
informed that (s(t), r(t + 1)) is contained in some subset,
say Gk’ of the product set 8 x R; Gk is also independent
of +t.

In contrast, agent O, enviromment, 1is fully informed of the state of
the operation and the Succeeding requisition profile at its occasions

of choice, and, in addition, informed of the time period, itself. This
latter distinction is crucial, for it embeds the ggent environment in
real time and forbids this knowledge to internal agents of the Operation.

This completes our informal description of a mlcroscopic logistic
model, via the introduction and description of its building blocks.
For convenience, we summarize it below.

Microscopic Logistic Model — Axiomatic Description
A microscopic logistic model is determined by a collection of sets,

N'-:{T’ 2_9 ° 8 0y l’l}; I; AO’ .A..l, LY n 2

with defined sets,
(n+1 sets)
B _ A A A _
A = AO X A1 X oo. X An’ R=2"x2"%x ... x2%, 8= ... xR X AXx T

and a set of mappings
3 SxR '
F: N X8 —> 2", G: Nx 8 xR —_— 2 > Hi SXRXA—> 8.

In this description, we interpret N as the set of internal agents, I,
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A, R as the sets of inventory, activity, requisition profiles, S as
the set of states, F and ¢ as information specifications at requi-
sition and activity choices, and H the material balance-termination
rule of the operation.

Stochastic Logistic Models

It remains to complete our description to choices made by the in-
ternal agents of a physical operation in response to specific environ-
mental events; we seek, then, to study such situstions through the
assumption that environmental events are stochastic in origin, in-

ducing stochastic behavior throughout the operation.

Policies. Physical Operations can conceivably be conducted en-
tirely by caprice; we shall assume, however, that a given information
specification will lead to s unique choice by an internal agent at any
occaslon of either requisition of activity choice in the operation.
Simply put, we assume there exists a mapping from information to choice,
and call such a mapping a policy; specifically, we suppose, for agent
k # 0, a requisition policy, ©py, and actlivity policy dy> which
provides correspondences,

Py - 2S — 2A5 Qe s ESXR > Ak .

We also use this notation to indicate policies for agent O, letting
T be the set of all integers (time periods)

Por Tx 8 —> 2% g TxSxR—> A .

Given an initial state, s(0), then, a set of policies Dgs Dy»

Pos +++5 Pps Qs Qs dps «--»> dy will determine, recursively, the states
s(1), s(2), ..., and thereby, the logistics of the operation. Suppose,
now, that PO and QO are stochastic variables, taking values in the
sets of envirommental requisition and activity policies;: then PO and

QO Induce, through the recursion described above, a stochastic process.
It is in the statistical descriptions of such stochastic processes that
we pose and seek answers to problems of decision makers in the operation.

Harlan Mills

February, 1959
MATHEMATICA
and Princeton University



APFENDIX 1. A LOGISTIC MODEL

A Laboratory Operation

We conslder a "laboratory" multi-echelon operation of & simple
nature to 1llustrate ocup approach, The image of a manufeacturer-re-
taller-wholesaler ls a convenient one though countless other examples
wlll do as well. We suppose & manufacturer, a dealer, and & retaller,
as a slngle operation, deallng with a single product. It 1s supposed
the product 1s & "shelf item”, and that customers wlll not back order
substltutes belng readlly aveilable 1n other brands, etc. For con-
venlence, we will say that all events teke place 1n the operatlon on
"Monday morning", end use weekly perleds to monitor the operation. A
dlagrem suggesting the operation follows, the double arrows indlcating
flow of the product, the slngle arrows, the counter flow of orders, from
component to component.

' manufacturer
. production [T
b
 manufacturer L
.. sales

M,%“)
2 ! P
s

|wwhalesaler

E
AL
[ retaller ')/

B O |

0 4k Voo
Lo o

I

. M
I customers

The numbers along side the arrows indicate the number of tilme perileds
required for that particular flew. For example, shlpments from manu-
facturer tc wholesaler require two weeks, whille one week is requlred for
& retaller's order to reach the wholesaler. The four weeks shipment
time from production to sales in the manufacturing organization 1s the
"manufacturing cycle".



On "Monday morning” we Suppose the following sequence of events,
in each component:

. An crder is placed for that week.
2. The shipments coming into that component thet week
arrive.

3. The orders coming into that component that week arrive
(these are the whole week's sales, in the case of the retailer).
L. A shipment is made for that week out of inventory
on hand (sales made to customers during the week in the case

of the retailer).

In the event that a shipment is different than that requested by its
corresponding order, we also Suppose an lmmediate notification of the
exact amount of the shipment, so that a complete knowledge of inven-
tories in transit is available. As set up, our operation requires that
a component make its order for the week, before finding out what de-
mands are placed on it. Clearly we could allow the order to be made
at the end of the week, but this would be equivalent (calling that
"next week's" order) o the scheme set up. We shall also suppose,

on the "requisition end” of the operation that the production de-
partment of the manufacturew always meets, exactly, the orders placed
on it by the sales department;.

The cperation, through time, then, is determined by the appearance
of seven numbers each weelk

— the customer demand (on the retailer)
— for each of the three components

the amcunt shipped
the amcunt ordered.

A Representation of the Logistic Operation

In order to describe the Operation in action, we will list each
of these seven numbers for each period, and in additicn, list the
presence and location of all material in the operation. For con-
venience, this 1ist is organized from the point of view of each of
the three components, and what they know at any particular time period,
using the symbols



D: Demand during week

S:  Shipments during week .

I: Inventory in transit at beginning of week (we denote
TW TQ, «++ &8 Inventory to arrive in 1, 2,
weeks )

R: Order placed (R for requisition) at beginning of
week
and displaying the 1is* as follows:

Retailer Wholesaler Manufacturer
Week D S T T3 R D 8 I TT T2 R D 8 T T1 Te T5 R
] 23 13 13 17 11 Th 14 21 32 28 16 717 21 17 13 19 15
2 12 12 17 11 14 11 11 39 28 16 14 16 16 21 13 19 15 27
3 21 16 16 14 17 T 1k 56 156 14 8 T4 14 18 19 15 21 1h4
t Pe Sy Iy TgRy Dy 5¢ T, T\ TR, Dy §, I, T o4 T3 R

(since there 1s no time delay in the order placed by sales on the pro-
duction department, ﬁ+ = @k+)‘ These numbers have internal consistencies,
due to material balances, and the time delays in the operstion.

The shipment decisions are quite trivial. Hach component, in the
natural course of events, would try to £il1l an order, and falling that,
do as well as possible; i.e., we have "shipping policles”,

We note in passing, that in many situations, the shipping decision is
not trivial, where "allocation problems" exist. Were our laboratory
Operaticon to contain several wholesalers, and for each of these,
several retailers, a component with more orders than inventory on hand
would be faced with the problem of allocating the avallable inventory.

The ordering decisions are not trivial. Indeed, decisions of
this kind are at the root of a large number of problems in logistics.
While such decisions can be made by caprice, and the operation will
proceed through time, we shall not consider caprical behavior. Rather,
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we consider ”ordering policies" — rules which Supply an unambiguous

order, out of current or past data available to a com

ponent at any
point of time.

Some simple examples of ordering policies are:

1. A "two bin" policy: when Inventory falls below a
given level, say I*, order an amount R . IT.e.,

td 2
>x®

3=J

)

H

ct

VAN

i
*

Lo 1r I > I

A two bin policy based on a running average: let the
average of the past ten weeks be defined as the current
sales rate: when inventory falls below & times the
sales rate, order twice the sales rate. T.e., let

10
A _ L
St = 7o 31-3 ?O(Slw? 0ot * Si—1o)
J=1
and
28y if I < us!
R, = -
(- . *
0 if Iy > 48t

3. A "fixed cycle" policy with a buffer: attempt to maintain
3 tlwmes the current sales rate (see example 2 above) in
Inventory at the beginning of each week. For the retailer,

88y, the estimated inventory, before ordering, at time
T+ 2 will be

*

while the goal is 3S§° The order required is

* , * %
33¢ - (I = 28y + Typ) = 53¢ - Iy = Tyy

if positive: thus the policy is

! * - - }
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These policies are illustrative, rather than suggestions of "good"
policies. The third one, particularly, has certain inherent insta-
bilities that make it dangerous, .which is taken up in Appendix 2.

In order to illustrate our laboratory operation in action, we
will pick some ordering policies arbitrarily for the three components.
We suppose each component attempts to keep two week's of buffer in-
ventory on hand by using a running average of past demands, and ad-
Justing orders to maintain an estimated two week's lead on future
demands. And, simply for ease in computing a history of the opera-
tion in action, we will take, in each case, a running average of
the order-shipment cycle time for each component plus two — 1.e.,
a four-week average for the retailer, a five-week average for the
wholesaler, and a six-week average for the manufacturer. The re-
tailer's policy is, then

Ry = max(0, D._, + Dip + Dp_g + Dy - Iy - T,¢)

Nominally, the wholesaler would order

- s - o -

Dt-] + Dt—2 + Dt-3 + Dtuh + Dt—5

- Iy - Ty - Ty

if positive, but, since the retailer is immediately notified of short
shipments, if they occur, and these are accounted for in his ordering
(Dp_; = Ri_,» etc.), the sum of retailer's demands.on_ﬁhe whole-
saler would have the effect of counting unfilled orders (between the
retaller and wholesaler) more than once — the best estimate of the
retailer's past demands is, then,

Dt—1 + St_2 + St—3 + St-h + St—5 5

for the shortages in past shipments are accumulated in Bt—1‘ Thus,
we take

Rt = maX(O, Dt"’l + St—2 + St'—3 + St_l'. + St-5 - It hnd T1t - Tgt)

and, similarly, for the manufacturer, we take

R, = max (0, Dp_, +8

+
@5

tep T Sgog *t Sply * Sy

[
=31

1
i

t
3
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Gilven, now, a past history, and a future Séquence of customer demands
these ordering (and shipping) policies completely determine the future
history of the Operation. E.g., the following data are sufficient to

20

determine the future (weeks, 1, 2, ...):
Week D 8 7T T1 R D § 1 Tl 62 R D 3§ I %1 %2 %3 R

-5 10
-4 15 20
-3 25 20 20
-2 15 20
-1 25 10

0 10 10 30 15 30 15 15 20 10 20 4o 20 20 25 25 45 10 15
1 10

2 20

3 15

b 25

5

Using these policies (and extending the sequence of customer's demands),
we carry out ten weeks of operation, in illustration, to get an array
of data as follows:

Week D S I T R ]-DgfiTER D 8 Tifﬂgﬁgﬁ
=5 10
-4 15 20
-3 25 20 20
=2 15 15 20
-1 20 25 10
0 10 10 30 15 30 15 15 20 10 20 40 20 20 25 25 45 10 15
1 10 10 35 15 20 30 15 15 20 30 25 ko 30 30 45 10 15 o
2 20 20 40 20 o0 20 2020 30 25 30 25 25 45 10 15 0 60
3 15 15 40 0 20 0 0 3025 30 5 30 30 30 15 0 60 20
by 25 25 25 20 10 20 20 55 30 5 © 5 5 15 0 60 20 4o
5 20 20 20 10 40 10 10 65 5 0 0 0O 0 10 60 20 40 ¢
6 15 10 10 40 30 Lo 4o 60 o0 70 20 ko o0 o0
7 25 25 ko 20 15 30 20 20 0 5 65 5 5 9040 0 o0 o
8 10 10 35 0 50 15 0 0 5 65 30 65 65 125 0 0 0 o0
9 15 15 25 5 4o 50 5 5 65 30 20 30 30 60 0O 0 45
10 25 15 15 4o 10 ho ko 65 30 20 5 20 20 30 0 0 45 Lo
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The transition from one row of data to the next is most easily seen
by reference to what the columns "stang for" in the operation — for ex-
ample{ inventory in transit two weeks from arrival in one row auto-
matically becomes the inventory in transit one week from arrival, a
shipment, ét’ by the manufaotufer is, simultaneously, inventory in
transit two weeks from arrival Tet’ for the wholesaler, etc. To
reflect these transitions, and; again, to guard against ambiguities,
we 1ist a sequence of computations, for reference, which carry one
row into the next:

Given all data of the table for t-1,tt -2, ...,

Dt is given arbitrarily
?3t = fpo
Tot = T3 4
ilt B ?eyt—1 .

g = Tyoy - Sy + T1,t-1

:t - ﬁt—] _ ) ) ) ) _ ) _
*Ry = max (o, Diq + 8y 5+ Stoz + 8y + Stm_5 * 8 g - I - T,

| B rfl2t - igt);

*gt = min(]zD 5 Et)
Tog = St
Tlt - :e,t-1 )

o= Toog = Bply ¢ Ty 4o,

Dy = Ry, _

Ry = max(o, Deoq + Sy - ét—3 + Spy ¢ ét-s - Ip - Ty - Tot)
*§t = min(ﬁtﬁ Tt)
Ty = 5

o = Tgoy =8 + 1,t=1
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The six instances orf choice in the operation in each time period are de-
noted by asterisks — their formulas are the "variables" of the operation.
Notice this sequence is, indeed, "computable", for it is arranged so

that no data is used to define other data until it has been defined it-
self'. (This history has no significance in itself, beyond illustrating
our scheme for Oorganizing and describing the operation —— the left

hand column of customer demands is simply a "haphazard" sequence. )

Columns of such arrays are time series of events occurring in the
operation which can be diagrammed in familisr ways. One can often get
a better visualization of certain aspects of the history by DPlotting
such time series simultaneously. For example, we plot time series of
shipments and inventories, below, comparing them among the three
components.
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It 1s easy to see g phenomenon in these dlagrams which seems to be
generally true (even though this particular illustration does not prove
anything in itself ). The further removed s compenent is from the
source of externsal demands, in an Ccperation of thigs kind; the more
violent are the internal demands placed upon it. 1In each of these dis-
grams the manufacturer!'s swings are the greatest, the retailer's the
least. Indeed, the sequence of demands (ﬁ) cn the production de-
Partment of the manufacturer is even more erratic than that of the
sales department (D). |

The analogy of this operation to g convay of trucks seems useful
for Visualizing, in a loose way, this kind of phenomena. As the lead
truck of a convoy varies its Speed, the whole convoy expands and con-
tracts, accordion fashion. A small variation in the lead truck speed
is converted into larger and larger variations in trucks farther back
in the convoy. If we imagine g correspondence between the trucks and
the components of our laboratory Operaticn, with the Speed of a truck
corresponding to the rate of "Flow of material” through a component,,
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there are various ways of making this analogy more precise. Some trucks
in a convoy may be large and pondercus, others small and nimble, drivers
may have dilfferent reaction times, etc.

Two Experiments With The Laboratory Operation

Whereas we simply used a haphazard sequence of customer demands in
illustrating the description of our laboratory operation in action, we
now consider a bit more pburpcseful sequences. The number of questions
we might ask abstractly about the laboratory cperation is boundless.
In any specific situation, there will be some sensible few. For ex-
ample, if we are concerned with a suboperation — say the manufacturer —

we might know what types of ordering and shipping policies are used in
the rest of the operation. Then, we may want to "try out", in some Wway,
various possible policies for the suboperation, given the other policies.
Or, if we are concerned with the operation as a whole, we might want to
"try out", in some way, integrated, correlated, policies for the sub-
operations, etc.

In 1llustration, we consider two simple experiments in our lab-
oratory operation, using the policies defined above. When customer
orders are constant, the operatiocn becomes completely stable — each
row of data is duplicated in the next row, etec. In fact, every entry
in a row will be this constant demand except the three inventory fig-
ures, which will be twice the constant demand. We ask two questions
now:

1. When the cperation is stable at s constant customer
demand of 10, how does it behave if the demand goes to

15  and stays theres

2. When the operation is stable at s constant customer
demand of 15, how does it behave if the demand goes to
10 and stays there?

The next two pages contain histories for each of these cases, showing
the transition from one stable operation to another. The length of
time 1t takes the operation to regain stability may be surprising -
over thirty weeks in each instance, and the apparent chaos which takes
place in the meantime. For example, the inventory of the manufacturer
does go from 20 to 30 in the first case; but it "goes by way of 80!



History of operation going from constant demand of
to constant demand

Week D 8 I T1 R
Stable
0 10 10 20 10 10
1 15 15 20 10 10
2 15 15 15 10 20
3 15 10% 10 20 20
4 15 15 20 10 25
5 15 15 15 10 35
6 15 10*% 10 10 4o
7 15 10% 10 20 30
8 15 15 20 10 30
9 1515 15 10 35
10 15 10% 10 10 %40
11 15 10% 10 10 Lo
12 15 10% 10 L0 10
13 15 15 Lo 10 10
14 15 15 35 10 15
15 15 15 30 15 15
16 stable
17
18
19
20
21
22
23
ok
25
26
27
28
29
30
31
30
33

*
Shipment below requisition.

D

S

16 10

10
10
20
20
25
35
4o
30
30
35
4o
4o
10
10
15
15
15
15
15
15
15
15
15

10
10
20
10%
10%
10%
DO*
10%
10%
10%
10%
Lo
10
10
15
15
15
15
15
15
15
15
15

I

amo

T

stable

20 10

20
20
20
10
10
10
20
10
10
10
10
Lo
25
25
30
35
ko
35
ko
45
30
25
30

stable
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History of operation going from constant
to constant demand of

Week

0 15
1 10
2 10
3 10
L 10
5 10
6 10
7 10
8 10
9 10
10 10
11 10
12 10
13 10
14 10
15
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17
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19
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23
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25
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27
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31
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10 30 15
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A point of interest, in this connection, is in the isolated view of
the manufacturer. During the first transition, say, the manufacturer's
Information indicates {(up to period 22) quite a haphazard environment
even though, as spectators of the entire operation, we know the situation
1s very simple. This Seems often true —— understanding a situation to a
great extent, depends on finding a "natural" operation to embed it in.
Curiously, such natural operations usually cut across organizations and
legal entities, within whose bounds problems are usually stated. For
example, a manufacturer may often regard wholesalers as "customers" ang
ind their activity, as "orderers" almost Impossible to understand. Yet,
an operation in which wholesalers are embedded, while beyond direct con-
trol of the wmanufacturer, may bring an air of reason and pPredictability
into the wholesaler's orders.




APPENDIX 2. STABILITY IN MULTI-ECHELON LOGISTIC OPERATIONS

Preliminaries

In the logistic model of Appendix 1, activities at declision points
are carried out on the basis of local information and local reasoning.
In such an operation we seek to discover how these local activities,
which can be analyzed quite accurately as isolated Processes, Iinter-
relate and aggregate into an operation as a whole.

We consider an Operation of several stock points at various
echelons, where each stock point handles a common material. The sys-
tem originates with an "initial" stock peint which supplies several
other stock points, each of which supplies still other stock points,
etc., until the material reaches "final" stock points which supply,
on demand, consumers of the material which are external to the system.
Within the system each stock point, in general, 1s engaged in
requisitioning (from a unique stock point), storing, and shipping (to
other stock points or consumers) the material. The initial stock
point procures the material from sources external to the system, of
course.

It i1s easy to conceive and analyze the average flow of material
through the system. The average flow through any stock polnt must be
the sum of the average flow through the stock points 1t supplies, etec.

It is more difficult to concelve and analyze the statistical
variability of the flow of material through the system. The vari-
ability at any stock point depends on the variabilities at the stock
points it supplies in complex ways, involving the ordering rules em-
ployed, the serial correlations of the flows of material, etc.

Our main concern is the conception and analysis of the sta-
tistical characteristics of s multi-echelon supply System. We begin
with an illustrative statistical analysis of s single stock point,
and extend the methods to include a multi-echelon operation.

20




"Months' of Supply" Ordering Rules

A "k months' of supply" ordering rule, using n months of past

data to estimate demand, can be described by the relation

n
_k _
Ry = 7 Z Stea = It
a=

if the right side is non-negative, where

Rt is amount requisitioned in month ¢,
St 1s amount shipped in month t,
It is amount on hand at end of month +t.

These quantities must also satisfy a material balance

It+1 = It + Pt - St

(for slmplicity, we assume no delay in filling requisitions).

21

(1)

(2)

Equations

(1) and (2), regarded as difference equations in an independent sequence
{3;) and dependent sequences {Rt}, (I}, have the solutions [3]

Ry

K Kk
(T + 2080 -3 8¢qp

n

) X
It = By + 3 Z St-1-a
a=1

When k, n, and the verlebllity of elements of (3,] are such that
the right side of (1) 1s non-negative with high probebility, we teke
(3) and (&%) to be good approximations of the operation of thls order-

ing rule.

If the St are rendom variables, then the Rt and It are
rendom varlables also. The orderling rule transforms & sequence of

random verisbles (St} Into sequences (R} and (I,) by means of
(3) and (4). If the Sy are independent and identical random vari-
ables with common variance cg, then Rt’ It and ARt = R
have variances which can be obtalned from (3) and (4) as [2

?+1 = Rt

(3)

(&)

(5)
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2
2
o7 = (1 + -]%—-)cg (6)
GiR = 20}—2{(8.)

(We need n>z2 for ciR). Notice, however, that even though the St
are uncorrelated, the Rt and It will be correlated by the process.
We define cé(a), gg(a), a%(a) as the auto-covariances of [St], {Rt}.
{It}, SO

2 — —

and have the general transformation in auto-covariances, from (3) and
(%) [11]

op(a) = [0+ £+ EP21Ba) - o s eB(a +n) + oBla - n)] (1)
x° N

2 2

O'I(a) = (] +'n—)O'S(a) +b; (m%lh—r%)[dg(ai—b) + cg(a-b)]. (8)

It 1s easily seen that (5) and (6) are special cases of (7) and (8).
We are interested in the general formulation of (7) and (8) because,
even though the source of externsa] demands on the system may be un-
correlated, the reflections of these demands in requisitions within the
system acquire serisl correlations; thus, in general, we must be
equipped to handle a serially correlated set of demands in the analysis
- of a stock point ordering rule.

In equation (7), when a = 0, we have
or(0) = L0+ £+ &P12(0) - &)1 4 £)o2 (n)
. 2 2
and, since cs(o) > cS(n), we have

or(0) 2 [+ £+ EP1a2(0) - 2K)(1 « X)o2(0)

= [(1 + %) - (%)1205(0) = c§(0> ;




that 1s, no matter what the serial correlations are in the incoming de-
mands, the variance of the outgoing requisitions is at least as great
as the variance of the incoming demands. When the incoming demands are
uncorrelated, this "variance amplification factor" is

P el
n/’

k2 kv2 |
(‘3 + (“ﬁ’) 2
when several echelons use this same type ordering rule, the amplifi-
cation gets worse, through the induced serial coerrelations, rather

than better.
Indeed, when incoming demands are uncorrelated and, say, k = 5,

n =10, we have

2
op = 2°5d§g G% = 3°5U§ s

and we see that "Months' of Supply" ordering rules are dangerous in-
deed, in their inadvertent Introduction of instability into a supply
System. One could better use the extremely simple-minded ordering_rule

Re = B¢y
for then,
2 _ 2 o2 = 42
R T O9gv I~ %

An Optimal Class of Ordering Rules

"Months? of Supply" ordering rules introduce statistical insta-
billity into a Supply system, while the simple rule of ordering the
previous month's demands reduces both requistion and inventory vari-
ance. We might ask if we can do better —. can the variances of
requisitioning and inventories be reduced to below that of incoming
demands? The paper "Stochastic Properties of Elementary Logistic
Components” studies such questions. Tt establishes three major re-
sults, in the case of uncorrelated demands [k4]:

1) There exists an ultimate boundary in the op = o7
space beyond which Improvement (in additional smoothing ) is
not possible (Theorem 1 - Smoothing Capacity).

23



2) Ordering rules can be constructed which approach this
ultimate performance in s certain asymptotic sense (Theorem
2 = Optimal Policy Class).

3) The effect of time delays in informetion or materia]l
handling on the variance of requisitions and inventories ig
determined in an asymptotic sense (Theorem 3 - Information
Delay).

The first two points can be summarized, approximately, by the
following statement: An ordering rule of the form

oR, ., + (1 - a)s irf I

b1 t < Ipax

0 if It > ImaX

for 0< a« 1, will result, as ImaX is increased, in variances

2 p ] 2
GR = (‘*L—’g')as: 5:2[ = ! )Ug 5

1+a 1-&2
these are the best results possible, in the sense that any ordering

rule will result in requisition and inventory variances which both
equal or exceed the values above for some o.

For compariscn, we take @ = .5 above, and get the following
- table
2,2 2,2
Type Policy og/og o1/0g
Months' of Supply (k =5, n=10) 2.50 3.50

il

Optimal Policy Class (o = .5) 0.33 1.33

Other members of the optimal policy class will smooth requisitions
even more, at the expense of additional inventory variance — for

example, with inventory variance ratio at the Months! of Supply value

of 3.50, the Optimal Policy Class ordering variance ratio (for
a = .16) is .09 — decreasing the requisition variance by a factor
over 25 with no increase in inventory variance!
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A General Method of Analysis

material flows to reach it. First, the initial stock point of s SysS=-
tem will be labeled o0, the 1*P stock point supplieq by it by ©6i, the
jth in the next echelon supplied by 1, &by 01j, etc. In general, a
stock point with a signature

05 R
? ]_2. s h;_,n
acquilres material through n previous stock points o, 0113 Oilig,
.3 Oi?ign,oinhm, (Our assumption that each stock point is supplied

by a unique other stock point is handy and crucial for this notation. ;

Slmilarly, we will dencte shipments, requisitions, and inventories
occurring in the system by adjoining these signatures, as

R I etc.

0,1 o, 01j,t°

These signatures will allow us to assemble & multi-echelon system
out of its components in quite a convenient fashion. For now we assume
that inventories are sufficient so that requirements are almost always
met, and shipments sre synenymous with demands. Then, for each stock

'ny we have a pair of relations corresponding to

point k = Oi]ig..al
(1) and (2) above — an ordering rule and an inventory balance —

= . g T. A ’ )

Tyt = Tep = By p ¢ Sy, t (2k)

and each stock point, except "final stock points” dealing with external
consumers, an "aggregation”

sk;t = Ej E%j’t (7k)
kj

Summing over all stock points kj which k supplies. We have not
Specifiled the nature of the functions fkg except to require them to
be dependent only on "past information”.

The equations of (1k), (2k) and (7k) define s multi-echelon




model — delays in information and transit of material are easily
handled as minor modifications in these equations. If the functions
fk are taken to be linear, then our model 1s a discrete sStochastic
linear system and we have many techniques directly applicable to char-

acterizing and optimizing (through the choice of the fkvs) its opera-
tion.

In fact, the two following well known facts [1] allow us to
handle auto-covariances in the System in much the same way that
average flows can be aggregated.

Fact 1. If {Rky;t} and {ngyt} are independent random
sequences; then; using

Bt = B ¢ + Ry

4 o5t
we have
@% (a) = @E (a) + Gé {a) ;
k k? k2

1.e., auto-covariances are additive, just like means and
simple variances of independent random variables.

Fact 2. TIf an ordering rule has the form

ng t = Z aaSK; t"a
8=

1
then

2,y 2
oRk(a) = Z Z Oébac_bask(a -c) .
b=1 c=1

Thus we begin with the auto-covariances of the demands on the "final
Stock points, transform them into the requisition auto-covariances by ,
means of Fact 2, aggregate requisition auto-covariances into demand -
auto-covariances at the next echelon, and repeat through the system

At each stock point, the inventory auto-covariance can also be come-
puted from the incoming demand auto-covariance. In this way, the
statistical varlability of s multi-echelon system can be analyzed

in the same way average flow can be analyzed — the only real difflerence
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i1s that the transformation of average flow through any given stock point
i1s trivially the identity.

[1]
[2]

[3]
[4]

[5]
[6]

[7]

BIBLIOGRAPHY

Willlam M Brown, "Analysis of discrete linear systems" SIAM, vol.
5, no. 4 (1957).

Will Feller, "Introduction to Probability Theory and Its Appli-
cation", vol. 1, 2nd Ed., Wiley, 1957.

Semuel Goldberg, "Introduction to Difference Equations", Wiley, 1958.

Harlan Mills, "Stochastic Properties of Elementary Logistic
Components”, submitted to STAM.

Roger Pinkham, "An approach to linear inventory-production rules",
Operations Research, vol. 6, no. 2 (1958).

Herbert J. Vassian, "Application of discrete variable servo theo
to inventory control", Operations Research, vol. 3, no. 3 (1955).

Norbert Wiener, "Extrapolation, Interpolation, and Smoothing of
Stationary Time Series™, Wiley, 1949.




