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ABSTRACT

Three different notes are presented here which are related to certain
new and simple concepts of non-cooperative n-person games. These are na-
tural generalizations of the notions of maximin and minimax strategies and
the saddle points of two-person games. The concept of the equilibrium
point appears as a special case of one of these.

The first note expresses some intuitive considerations for games on
Euclidean spaces. Their characterizations are essentially given by Kakutani's
fixed point theorem. As a particular case, we examine such points for the
mixed extensions of finite ne-person games.

The second and third notes are concerned with two different mathematical
extensions of the results obtained in the first note. They are based respec-
tively on. Fan's and Nikaido-Isoda's ideas of proving the existence of equili-
brium points for games on real linear topological spaces. In particular, the
concepts introduced in the first note are examined for mixed extensions of
continuous games. These last two notes involve the use of more advanced

mathematical techniques than does the first.
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"SIMPLE" STABILITY OF GENERAL n-PERSON GAMES

Ezio Marchi

I. Let I = (& 5 A

i,..n, N .,An} be an n-person game in normal form

177"

and N = {1,...,n} +the set of players where for player 1eN , Zi is the

strategy set, assumed to be non-empty, compact and convex in a Euclidean space,

and Ai a real function on ZN = X Zi 1s the payoff. A function e: NﬁPN R
ieN
where PN denotes the set of all subsets of N , is said to be a simple

structure function of the game T if £dr all iell  the set e(i) is included in

the set N - {(i}. We define L, = (P,e) as the game I' with simple structure

function e , and to simplify, Pe is said to be a game. For the player ieN

belonging to the game I, , the sets e(i) and f£(i) = N-(e(i)u {i)) are

the antagonistic and the indifferent coalitions regpectively. The strategy

Oe;N can be represeunted for ieN as ¢ = (Oi’ce(i)’af(i)) where GieZi , and

0,4, = X Z, where R is e(i) or f(i) .
R R .
JeR
Given the strategy GeZN ;5 Tfor dieN 1let
= PPN ; { o]
o gy Bi%e (1)8 80090 (1) Tp))

be a zero-sum two person game whose maximin value is

Vi(df(i)) = sng sminez Ai(si’se(i)’gf(i)) .
: i1 e(i) e(j.)

If Pe is a game with a simple structure function e , then a strategy

BGZN of the game Pe is called an e-maximin simple stable point, concisely

gm-simple stable if:



-2 .

Smi(m)ez Ai(ci’se(i)’af(i)) = V‘(Gf(i)) for all ieN .
e (i

e (i)

A strategy anN is gm—simple stable of the game e if and only if it is an

equilibrium point of the game IT'¥* = (Zl,...,Zn; Fl,...,F } where the payoff Fi

is defined by:

= i o) 1 .
Fi(U) min Ai(ci’se(i)’ f(i)) for ieN and OGZﬁ
se(i)ez

e (i)

Intuitively speaking, the coalition e(i) of the player ieN in the game

Pe is the set of players that can enter into an alliance non cooperatively. Thus

the behavior of the members of the coalition can be viewed as directed towards
hurting player ieN in an non-cooperative manner. The coalition f(i) are the
indifferent players. An Em—simple stable point is a rule of behavior which on the

one hand assures at least the amount vi(af(i)) to each player independently on the

behavior of the antagonistic coalition and on the other hand such that the value

v (Gf(i)) is the meximum safety value which the mentioned player is able to get, if

i
in each instance all the players of his indifferent coalition abide by it. The out-
come for the palyer 1eN with respect to the strategy ae;N 5 gm-simple proint in the

game Pe is:
800550 (5252 (1)) 2 vi(9pyy) -

There are two interesting particular cases of Em-simple stable points, which
characterize extreme structures of games: (1) if each indifferent coalition is

empty; and (ii) if each antagonistic cocalition is void. In the last case such a

point is an equilibrium point.



THEOREM: If for each iell the game Pe satisfies the following conditions:

Zi is compact and convex set in an Buclidéan space; Ai is continuous in

erN and

F;(055005y) = . minéz G Se(1)7% (1)’
e(i) e(i)

is concave with respect to o,eX, for fixed o_,. .el_,. 5 then T has
iT i f(l) f(l) e

at least one gm=simple stable point.

PROCF : Given GeZN and 1eN , we define the set

o) = DI = F. (s.,,0,,. .
R; (9) (reZp: Fylvs000y) o 108559043y

s.€%,
id

The function F, on the compact set I, for fixed o_,..eX ,. > 1s continuous,

i i (i) (1)
since the function Ai is continuous on Zy and therefore Ri(o) is non-empty.
2
It Tt 5 T° € Ri(a) , let AT 4 (1-M) T° be in ZN where Ae[0,1] . By concavity

of the function F. for fixed o_,..eZ_,. we obtain
i (1) (1)

1 2
T AT
Fi(h : + (1-N\) 5 Gf(i)) > . mz; Fi(si’gf(i)) 5
i i

conseguently the sget Ri(c)(: ZN is convex. TLet ¥ : ZN%ZN be a multivalued

function defined by ¥(g) = N Ri(c) and let o(k)» o, 7T(k)>T be two con-
ieN

vergent sequenceg in ZN » Which are such that for each positive integer
k : T(k)e¥(o(kx)) . By definition we have for all positive integers k and

iell : 7(k) eRi(G(k)) , i.e.,



Fi(Ti(k) s of(i)(k)) =  max Fi(s.,cf(i)(k))

and by continuity of the function Ai

Pty (6) 5 00y (6)) = Fy(7,00,)

and

max F_(s.,0,.,.v(k)) = max F,_ (s.,0_,. .)
sex 11 £{i) s ey L4 £(i)
i 71 i1

Then TeRi(d) for all ieN ; so we have obtained 7Te¥(o) . Furthermore, the
function ¥ is upper semi~continuous. We can now apply the fixed-point theorem of

Kakutani, since the assumption of this theorem is satisfied for the function ¥ ,

and since the set ;N is non-empty, compact and convex in a Buclidean space. It
follows that there exists a fixed point 5e;N: Beﬁ(B) , Wwhich is an gm-simple

stable point of the game Pe . Q.E.D.

Iif Fe is a game with the simple structure function e , then a strategy

BGZN is called an e-minimax simple point or concisely anngm—simple stable point of

the game Pe if:

- - i,
max T,/ = - . i
Jmex Ai(si’ce(i)’ £(1) ) v (Gf(i)) . for all ieN ,
where

i _ o
v <Uf(i)) = min max Ai(s.,se<i>7of(i)) for a1l ieN ;

i
se(i)eZe(i) sieZi

) .

is the minimax value of the game P(Gf(i)

Intuitively speaking, an gm-simple stable point is a rule of behavior which

on the one hand assures to each antagonistic coaglition that its corresponding player



cannot safely obtain more than vi(Ef(i)) s 1lndependent of his own behavior and
on the other hand such that the value is the maximum value that the antagonistic
coalition will be able to safely prevent against its corresponding player's behavior
1f in each instance all the players of his indifferent coalition abide by it. The
outcome for the player i1ell with respect to the strategy BG;N , gm-simple stable

point in the game Fé s 1s:

s

808 ) <V GBrr))

1( 1’06(1)’Uf

If every antagonist coalition is empty in the game Ié , then each strategy:

UeZN is an.gm—simple stable point. Another extreme case appears when every indif-

ferent coalition is empty.

THEOREM: If for each ieN +the game Pe satisfies the following conditions:

Zi is compact and convex set in an Euclidean space; Ai is continuous in

ce;N ;
o o = o] o]
¢; (9 (1) (1)’ mex A, (s, e(1)% (1)’

8.€2,
i 7d

i i T i o .

is convex with respect to Ge(i)eze(i) or fixed f(i)ezf(i)

Then if for GeZN there is a TE;N such that:

Gi(Te(i)’Gf(i)) = vi(of(i)) for each ielN ,

Pe has at least one E@—simple stable point.

PROCF: Given Ge;N and ieN , we define the following non~-empty set

51000 = lrely 5 G5 ()% q)) = _min o Gi(8()% ) T -
e (1)%e (1)



If 1, 17 € 8,(0), let M\ 7t + (1-N) 12 be in ZN where Ae [0,1]. By the

conVex%ty of the function Gi Tor fixed Of(i)ezf(i) , wWe obtain

1 2 -
STy AN Ty Ty) S mR e o)
e(i) e(i)

and consequently for each GEZN the set Si(OJ C:Zﬁ is convex. Let ¥ Zﬁ.»Zﬁ

be a muitivalued function defined by: ¥(o) = N Si(O) » with regard to last
ieN

condition for each: OeX the set ¥(c) is non-empty. Let o(k)~> 0 and T(k)=>1T
be two convergent sequences in ZN » such that for each positive integer k :

(k) e VP(iok)) . By definitions, we have that for all integers k and ieN :
T(k) e Si(c(k)) , i.e.,

,Gi(Te(i)(k)’ Gf(i>(k)) = . mil’lez Gi(se(i)’cf(i)(k)) .
e(i) "e(d)

By continuity of the function Ai :

Gj- (Te(i)(k) ) Gf(i)(k))_)Gi(Te(i)’Gf(i>)

and

. mizélZ Gi(se(i)’df(i)(k))-es mineZ Gi(ée(ij’af(i)) .
e(i) e(d) e(i) Te(i)
Hence TeSi(G) for all ieN and we have obtained 7e¥(0) which proves the upper-
semicontinuity of the function ¥ . Therefore, by application of Kakutani's theorem
the existence of a fixed voint EG;N : 0e ¥U(T) , which is an gm-simple stable point
of the game Pe is guaranteed. Q.E.D.
The lé;t condivlon in the above theorem can be interpreted in the following

way: For any established behavior there is another one which is such that if all



the players of the indifferent coalition of any player abide by the first one, the

second one is minimax for his antagonistic coalition in the resulting game.

THEOREM: If for each 3ieN +the game Pe satisfies the following conditions:

Zi is compact and convex in an Euclidean space; Ai is continuous in

g ; g.,0 i i o] i a
eZN 3 Fi( 52 f(i)) 1s concave with respect to ie;N for fixed £
and. Gi(de(i)’gf(i)) is convex with respect to Ge(i)eze(i) for fixed

Gf(i)ezf(i) o Then if for each GG;N there is a TEZN such that for all iel:

i
3 (T32% (3 3 (Op(qy) and Gi(Te(i)’Gf(i)) = Vo)

then the game Pe has at least one gm-Simple and. Em-simple stable point.

PROOF: Let ¥ ZN %iﬁ be a multivalued function defined by ¥(o) = N [Si(c) RJG)]
ieN
where Si(G) and Ri(G) have been defined previously. For each OeZN , the set

¥(o) is non-empty and convex. By the continuity of the function Ai s the function
T ois upper-semicontinuous, then applying Kakutani's theorem, the existence of a
fixed point BGZN : e ¥(5) is guaranteed. Such a strategy is gm—simple and

gm—simple stable point. Q.E.D.

For any established behavior among the Players, there is another one which
is such that, if all the players of the indifferent coalition of any player abide
by the first one, the second one is minimax for his antagonistic coalition and maxi-
min for himself in the resulting game. Such is a possible interpretation to the
last condition in the above theorem. The oubcome of player ieN with respect to

the strategy GEZN g@-simple and §m=simple stable in the game Pe is



Such a point we call e-simple stable. An e-simple point is a rule of behavior
which is maximin for each Pplayer and minimax for his antagonistic coalition in the
resulting game, if in each instance all the players of his indifferent coalition
abide by it. |

An interesting particular case of the e-simple stable point appears when the

above relations hold as equalities. An immediate result is given in the following:

THEOREM: If for each ieN the game Pe satisfies the following conditions:

Zi is compact and convex in an Euclidean space, Ai is continuous in

i o i o
GeZN , concave with respect ieZi for fixed ( e(i)’cf(i)) eZe(i) X Zf(i)

and convex with respect Ge(i)eze(i) for fixed (Gi’of(i)) € Zi X Zf(i) .
Then if for each GeZN there is a TeZN such that
- 1
Fi(tp0e3y) = vi(9p(4y) and G (Ta(1y% (1)) = vV (94
simple
then the game Pg has a E{stable point GezN:-
.O-‘ = 8 6 8 = EY 1 R
v Cr(e)) A (955 e (1) % (1) i (% (1)) for all ieN

PROOF: The first conditions assure for each ieN the concavity of the function
Fi(ci’gf(i)) In 0,eX, for fixed Gf(i)ezf(i) and the convexity of the function
G (o ,.,,0_,. in © , €2 ,, for fixed o_, \€eZ_,. .\ .
1( e(i)’ f(l)) e(i) Te(i) £(1) 7F(1) simple
Therefore, by the above theorem the existence of an §4stable point GGZN

ls guaranteed, and the theorem is proved since for each ieN and GEZN we have

v,(of(i)) = vl(cf<i)) . Q.E.D.



Such a point we call an n-person e-simple saddle point or rather a e-simple

saddle point of the game Ié » An e-simple saddle point is a rule of behavior which

for each player ieN is saddle point in the resulting game, 1f all the players of
the indifferent coalition abide by it. In other words, it 1s optimal for each

player and each antagonistic coalition, given the actions of the indifferent coali-
~the mixed extension of a finite
tions. As a simple illustration, let Pe be!two person game Pe with its structure

function defined by: e(l) = {2} , e(2) = {1} . For this game the existence of
an e-simple saddle point is equivalent to the following condition: Ul N VP and

U. Nv . - . .
2 1 are non-empty, where Ui is the set of maximin strategies for player i

and Vj is the set of minimax strategies for player J + i in the zero-sum two-

person game I, = z., ij+i 3 A} where i,j = 1,2 .

I1I. In this section, we examine some applications that deal with finite gamnes.

We need the following:

LEMMA: The mixed extension fe = {El,o.o,i 3 B

. l,..,,En} of a finite

n-person game I = (&

ERRRPL Al’°°°’An} with simple structure function

e such that for each 1eN and each  ( X5 % the function

X X
e(1)) € %5 * Xpy)
Ei(Xi’ Xe(i)’ Xf(i)) 1s linear in Xe(i)exe(i) ; Tor each 1eN satisfiles the
following: E., dis continuous in the varisble x € XN = X Zi K

+ ieN

i ~
v, (%x.,.y) = v (x.,.,) for each x.,..€ X_,. = X 5.,
ivVE(d) (i) (i) “r(d) ser(1) 9

where Vi(Xf(i)) and vl(xf(i)) are the respectives maximin and minimax

values of the zero-sum two-person game

~

F(Xf(i)) = X X gy Ei(Xi’Xe(i)’Xf(i))}
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PROCF: For i1eN , the function Ei is continuous with respect to x ¢ XN since
it is a multilinear function. The function Ei is continuous with respect to the

variable (xi, Xe(i)) in 'Xi X Xe(i) which is compact and convex. The .function

min Ei(xi, @ (1) Xf(i))

De (1) Le (1)

is concave in x, € X, for fixed x_,..€ X _,. and the function
i i (i) "f£(1)

~ max Ei(wi, Xe(i)’ Xf(i)) 13 also concave in Xe(i)e Xe(i) for f;xed
w, €X,
i i
]
Xf(i) € Xf(i) . Then the game T (Xf(i)) has an equilibrium point and therefore:

Vi(xf(i)) = vi(xf(i)) . Q.E.D.

We note that the strong condition of linearity on the expectation function is necessary
in the above formulation, since otherwise the equality of the maximin vi(xf(i))
and minimax Vl(xf(i)) values is not guaranteed.

This fact is illustrated in the following example:

Given the finite zero-sum two-person game

I = {Zl, 22 ; A} -
where the strategies sets are
Zl = IxZ, ZE = X
with £ = (1,2} and the payoff defined by
| A(Ul, 02) 05) _ 1 if Gl-= 02 = 05
0 otherwise,

then by simple arguments of symmetry, one can easily obtain the Tfollowing equalities
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max min E(xy) = 7
X € XxZ y &

. 1

min max E(x,y) = 5
yes xeZxs

Applying the theorems together with the lemmas, we obtain the following result.

~

THEOREM: The mixed extension Pe of the finite game Pe such that for

i the f i
each 1ieN and each (Xi Xf(i)) € Xi x Xe(i) e function Ei(x

e (1) % (1))

is linear in Xe(i) € Xe(i) 5 has the following properties:

a) There is at least one giﬁimple stable point X € XN such that:

- - - - i- :
Ei(xi’xe(i)’xf(i)) > vi(xf(i)) = v (Xf(i)) for all ielN .
b) If for each x ¢ XN there is a y ¢ XN such that for all ielN :
i
max B, (., ¥ /.y Xoron) = Vo(x.,.4)
wiexi i1 Ye(i) f(%) (i)

then I has a least one em—simple stable point xeX such that
e =

N
- - - - 1= :
. < = .
El(Xi’ Xe(i)’xf(i)) < vi(xf(i)) v (Xf(i)) for all ieN
¢) If for x € X, there is a ye XN such that for ieN :
wmln . Ei<yi’¢%(i)’xf(i)x=vi(xf(i)> 5
e(i)Te(i)
and
max E. (0, ,5 ;.%o ) = V(%)
wiexi ivie(1)’7F(H) (i)

then Pe has at least one n-person e-simple stable saddle point.
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An analogous result to that expressed in part a) of the above theorem can

.be easily obtained by a different technique. Since it is interesting, we present

[

such an alternative technique.

THEOREM: The mixed extension Ra of the finite game Pe has at least one

roint 1>_<eX1\T which satisfies:

. - - o i .
min Ei<xi’ze(i)’xf(i)) = Vi<xf(i)) = v (Xf(i)) for all ieN ,
Z . \€L 4.,
e(i)“e(i)
- 5 ~ ~1 .
where Ze(i) e (1) and vi(xf(i)) and V‘(Xf(i)) are respectively

the maximin and minimax values of the zZero-sum two-person game

To(e(a)) = BuBoqg)s Bz gy )

PROCF: For 1eN , consider the continuous function Ci defined by

Ci(xi’xf(i)) = min Ei(xi,ze(i), Xf(i))

Ze (1)%%e (1)

in the variable (Xi’xf(i)) € Xi x Xf(i) . Ci is concave in xieXi for fixed
xf(.)eX By the theorem of Nakaido-Isoda (©) , the game

i)7f(1)

% = {Xl,...,Xn, Cl,...,Cn} has an equilibrium point ieXN 5 d.e.,

min Ei(Xi’ Ze (1 )7 Xf(i)) = vi(xf(i)) for all ieN .
Z .. \€hL ,,
e(di)"e(i) :
. : ~ o~ ~
With this result and the fact that vi(xf(i)) = v (Xf(i)) for each game Ib(xf(i))

where Xf(i)e Xf(i) by the minimax theorem, the existence of that point is

guaranteed. Q.E.D.
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The point in the previous theorem can be intuitively interpreted as an
Em-simple stable point of a partially-cooperative game in the following sense. Each
Player is guaranteed his least position (vi(if(i))) , even though the behavior of
his antagonistic coalition could be concentréted on hurting him, in a cooperative
way; 1f in each instance all the players of his indifferent coalition abide by it.

From an intuitive viewpoint it could be surprising that such a point is an
Em-simple stable point and conversely. This fact can be easily obtained directly
from the corresponding definitions.

We remark that the last conditions in the second and third theorems, such as

the corresponding in the subsequent results, express the same results.of the theorems

when all the sets f(i) are empty and therefore they have not any value.

(©): Nikaido, H., and K. Isoda: Note on noncooperative convex games. Pacific

J. Math. 5, 807-815 (1955).
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SIMPLE STABLE POINTS IN TOPOLOGICAL

LINEAR SPACES

1. By application of a geometric theorem concerning convex sets presented in [1],
Fan in [2] has established under general conditions the existence of an equilibrium
point in n-person games on real separated linear topological spaces.

The principal result in the present paper is related to the existence of the
simple stable points, introduced in our recent note [L4], of n-person games defined
on real separated topological vector spaces.

This result will be obtained by application of a method which is essentially
that due to Fan in [2]. This method uses a generalization of a theorem due to
Pan, concerning convex sets.

As an‘application of the principal result some results concerning continuous

n-person games will be derived.

2. For our purpose, we need a generalized form of Knaster-Kuratowski~Mazurkiewicz's

theorem for a real separated topological linear space Y given in [1].

LEMMA 1 (Fan): ILet X be a set in a real separated topological vector space

Y . For each xe X, let S(x) be a closed subset of Y , such thatb:

(i) The convex hull of any finite subset {xl,.-.,Xm} of X is a subset
m
of U s(x.)
i=1 1

(ii) For at least one x € X the set S(x) 4is compact.

Then n sx)+g.
xeX

By application of this result we derive the following.

THEOREM 2: TLet Xl’°°°’x be compact, convex sets, each in a real separated
—_ n

topological vector space. For each ieN = {1,...,n}, let h(i) be a subset
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of N, and
Xqy = T X, @ g X, .
jen(i) Y j¢n(i)
n
et X = I X, . TFor each xeX , let Xh . be the projection of x in
. i (i)
i=1
Xh(i) > and let xh(l) be the projection of x in Xh(l) . Given n sub-
n
sets B.,¢..,8 of X = I X. such that
1 il .
J=1
(i) For each ieN = {1,...,n}) and each =xeX the cylinder
= . h(i) .
Si(X) {yeX: (yh(i),x ) € Si} is convex.

(ii) For each ieN and xeX the cylinder

h(i)

sh(x) = {yeX: (xh(i),y ) € 8]

is open in X.

(i1ii) For each xeX there is a yeX such that:

h(i) )
(yh(i>,x ) € 5, for all ieN .

I
Then N S. + ¢ .
i=1 *

PROCF : For each xeX , consider the compact set A(x) defined as the complement

in X of the intersection of the Sl(x) :

By the last condition, the set N A(x) is empty; and therefore by the lemma 1,

xeX
m m
there exists a z = Ya, x(j) , vhere x(j)eX , a.>0 and ¥ @, =1, which
=% J= 1
J=1 J=1
m
does not belong to the set U A(x(j)) . Hence, for each j e {1,...,m) and each
J=1
ieN: x(j) € Si(z) : and consequently,
m
z = Z o, x(3)es.(z) for each ielN ,
j=1 Y *
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n
which implies that z e N 3. . Q.E.D.
i=1 *
A particular case is immediately derived when h(i) = (i} for each ieN .

By simplicity we use X, and x for X{i} and x{l} .

COROLLARY 3 (Fan): Let Xl,...,XnA be noh—empty compact convex sets each in a real
separated topological vector space. Let Sl,--.,Sn' be. n—stibsets of X . such that:
(i) For each ieN and each xeX the eylinder
— . i
8, (x) = ({yex: (y;,%7) e 8,]

is non-empty and convex.

(i1) For each ieN and each xeX the cylinder

Si(X)

1l

i
(veX: (x,57) € 8,1
is open. in X .

n
hen. N. 3. .
Then i 5y + ¢

PROOF : Since for each ieN and each xeX +the set Si(x) is non-empty, we can

choose for each ieN a y(i) e Si(x) - Therefore for each =xeX <there is an yeX

such that (yi,xl) € Si for each iel , namely vy = (yl(l),...,yn(n)) . Consequently,

the requirements of the previous theorem are satisfied. Q.E.D.

A real function f defined on a topological space X is said to be lower-
semicontinuous (upper—semicontinuous) on. X , if for each real number 1 , the set
{xeX: £(x) > r} ({xeX: £(x) < r})‘ is open.

A real Tunction f defined on a convex set of a real vector space X is said
to be quasi-concave (quasi-convex) on X , if for each real number r the set

{xeX: £(x) > r} ({xeX: £(x) <r}) is éonvex.
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THEOREM 4: ILet Xl’“""Xn be non-empty, compact, convex sets each in s
real separated topological vector space, and let fl,...,fn be a real

function defined on X » having the following Pbroperties:

(1) For each ieN and fixed Xh(i)e X the function

h(i)
fi(xh(i)’x +

h(i)’

) is lower-semicontinuous in Xh(l)e thl) .

h V. .
(i1) For each ieN and fixed x (1)6 Xh(l)

h(i)
fi<xh(i)’ 2

s the function

is gquasi-concave in Xh(i)e Xh

(i) °
(iii) Given r = (rl,,..,rn) » Tfor each xe€X there is a yeX

h(i) .
such that fi(yh(i)’ ple ) > r, for every ieN .

Then ‘there -exists an .- %X such that fi(ih(i),ih(l)) > r, for all ieN .

PROOF: Consider for each ieN , The set

g, = [xeX: fi(xh(i)’ xh(i))

5 > ri} .

Then on one hand, the cylinders

5,09 = rexs 2,0y 0y ) >

are convex. On the other hand, the cylinders

Si(X) = {yeX: fi(xh(i), yh(i)) >r,)

are open in. X . Furthermore, for each =xeX +there is a yeX such that

h(i) .
(yh(i)’ X ) € Si for each iel .

Hence, theorem 2 applied to the sets Si » guarantees the existence of the point
xeX such that: fi(i) >r, for each ieN. Q.E.D.
The condition on the last result of a real valued function is unnecessarily

restrictive. Indeed, the result is valid for functions with values in an ordered set.
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If, for every ieN , h(i) = {i} , the above result is the same as theorem 5

given in [11].
It is interesting to observe that in general,
Goc e gy ) sy
y (1)
for every 1iell .does not imply condition (iii) of the last theorem. However,
condition (iii) is assured in the simple case where h(i) = {i} for each -ieN .

Therefore, one obtains the following statement (related also in [1]): if, for each

ieN , g, > r, , then there exists an XeX such that f, (X, ,%") > r. for every iel.
7= i it i

3. Now, we consider as applicatons the following theorems concerned with simple

stable points of games.

THEOREM 5: Let Xl""’Xn be non-empty, compact, convex sets, each in a
real separated topological vector space. TFor each ieN = {1,...,n}, let
e(i) be a subset of N - {i} and f(i) =N - (e(i) U {i})) . Let
Al""’An be n continuous real functions defined on X ,» such that for
each ieN and fixed Xf(i)e Xf(i) the function Fi defined by
F,(%5%5y) = min Ay Gy Do (1) %p(1)) >
w_ . \€X .
e(i)e(d)
is quasi-concave with respect to xi € Xi .

Then there exists an xeX such that

Fi(xi’xf(i)) = ) zgx Fi(wi’xf(i)) for every ieN .
i1

Such a point is a Em-simple stable point of the game I = {Xl,...;Xn;Al,...,An}.

PROOF: For each ieN and each & > 0 , consider the set
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85’1 = {xeX: Fi(Xi’Xf(i)) > max Fi(wi’xf(i)) - 3)

w, €X,

iTi
Let h(i) = {1} . Since the functions F. and max F, are continuous,

* w_eXi L
then the cylinder -
i
= : . > -
S (x) {yeX: Fi(xi,yf(i)) wmg(c Fi(wi,y_f(i)) 5]
i1

is open in X . Because the function Fi is quasi-concave in xieX >, the cylinder

Sa)i(x) = {yeX: Fi(yi’xf(i)) > max Fi(wi’xf(i)) - 5}

W, eX,
i1
is convex. Then by application of corocllary 3, we have
ns, , 4
S .
in 5,4 d for every & > 0 ;
and therefore there exists a point xeX such that
- n -
xe N &5 . for every 5 >0 .
. 0,1
i=1
Such a point satisfies
Fi(xi’xf(i)) = wm:; Fi(wi’xf(i)) for every ieN . Q.E.D.
1771

We note that this proof is essentially that given in [2] which proves the
existence of an equilibrium point. The reason of this connection is that an

gm-simple stable point of the game I = {Xl,...,Xn, A .,Am) related in the

120

above theorem, is an equilibrium point of the game I'* X

IEARE
and conversely.
THEOREM 6: Let Xl"°"Xn be non-empty, compact, convex sets each in a
real separated topological vector space. For each ielN = {l,u..,n},

let e(i) be a subset of N - {i) and (1) =N - (e(1)U (i}) .
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Let Al""’An be n continuous real functions defined on X » such that

for each ieN and fixed x_,..¢ X_,. the function G. defined by
(i) @) i

O e 1y %e(e)) = mex A(ox o x )
w, €X,
i1
. . . ] 7 .
is quasil~convex in Xe(i) € Xe(i) If for each xeX , there is a yeX sueh
that
Gi(ye(i)’xf(i)) = mlnéx Gixa%(i)’xf(i)) for every iel ,

Pe(i)e(d) -
then there exists a xeX such that
Gi(xe(i)’xf(i)> = min Gi(aé(i)’xf(i)) for every ieN .
W . \€X . :
e(i)e(d)
Such a point is an gm-simple stable point of the game

D= (Kpee X5 Ayeeh ) o

1

- PROCE: The last condition implies the following one! for each & > 0 and each
xeX ‘there is a vyeX such that

Gi(ye(i)’xf(i)) <3w minGX Gi(we(i),xf(i)) + 8 for each iel .
e(di)e(i)

-For each ieN and each 8>0 s> consider the set

86,i = {xeX: Gi(xe(i)’xf(i)) < O\)mil’l. o Gi(we(i)’xf(i)) + B} .
e(i)e(i)

Let h(i) = e(i) . Then the cylinder

‘SS,i(X) = {yeX: Gi(ye(i),xf(i)) < min Gy <we(i)’xf(i)) + B}
W . €X_ .
e(i) e (i
is convex, since the function Gi is quasi-convex in Xe(i)exe(i) . Because the
functions Gi and . min G, are continuous, the cylinder

a%(i)exe(i)
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S;(X) = {yeX: Gi(xe(i)’yf(i)) < wmine}( Gi(we(i)’yf(i)) + 6}
e(i) e(i)

is open in X . Finally, by the last condition, we have that, for each & > O

i f 11 dieN.
and each =xeX , there is a yeX such that (ye(i)’xf(i) u {i}) € SB ; for all ie

2

Then, by application of theorem 2 to the sets S6 5 we have:

2

n
T S6,i + ¢, for every & > 0O ;

and therefore, there exists a point X
n
x € N 8. . for every © >0 .
Ci=1 051

Such a point satisfies:

Gi(xé(i)’if(i)) = &Fin = Gi(Qe(i)’if(i)) for every i1eN . Q.E.D.
e(i) Te(i)

THEOREM 7: Let Xl’""’Xn be non-empty, compact, convex sets, each in a.
real separated topological vector space. For each iell = {l,..},n} , let

e(i) be a subset of N - {i} and f(i) =N - (e{(i) VU {i}) . Let A A

1’777
be n continuous real functions defined on X , such that for each 1eN

. + 5 3 : s . .
and fixed Xf(i)e Xf(i)’ he function Fi 1s -quasi-concave in XieXi B

and the function G, is quasi-convex in x ,..€ X ,.., .
i e(i)” Te(i)

If, for each ==eX , there is a yeX such that for every ielN :

F.(y.,xf(.)) =  max F.(w.,xf(.>)
1 1 1 UJlexl 1 1 4
and : '
Gi(ye(i)’xf(i)) = mn Gi(“%(i)’xf(i)) ;

@ (1) %e (1)

then, there exists an xeX such that, for every iell
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F. (x »X (1)) = wmg; F, (w ,Xf( ))
and ol
Gi(ie(i)’ ;{f(l)) = min

(CU :X )
e(i)’"f (1)
O (1)¥e (1) ;

Such a point is an Em - and gm—simple stable point of the game

r = EXl,.,.,Xng Al,oo.,An} .

PROOF: The last condition implies the following: for each & > 0 and each xeX ,

there is a yeX such that for each ieN :

F.(y.,%.,.\) > max F. (w 5 X ) - B
1i2TF (1) ®. X, (i)
i
and
Gi(yé(i)’xf(i)) < min Gi(wé(i)’xf(i)) + B
w . \eX .
e(i)e(d)
For each ieN and each & > O , consider the sets
i
SG,S,i = {xeX: Gi(xe(i)’xf(i)) < min Gi(we(i)’xf(i)) + d )
N -5 S
e(i)™e (1)
and
5,1 = % 5,1 5¢,5,1

Let h(i) = (i} U e(i) . Then, for each xeX +the cylinder

8,1 (%) = % 5,1 ) N Sa,5,1 %)

is convex, since the function Fi is quasi-concave in xieXi and the function Gi
is quasi-convex in x € X ..\ . Because the functions
e(i)” Te(i)
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F_,G., max F and min G
* w,€X, o X
170 e(1) Te(d)

are continuous, the cylinder

i i i
86(x) = §;}5(x) N SG’S(X)

is open in X . Finally, for each xeX , there is a yeX such that

(y{i} Ue(i) Xf(i)) € 8y 5 for all ieN ,

>

since the last condition holds. Then, theorem 2 applied to the sets 86 5
2

n
guarantees that, for every & > 0 , the set _ﬂ S is non-empty; and therefore,

i=1 9,1

there exists a point X ¢ X such that

n
xe [ 8. . for every 3 >0 ,
which satisfies the requirements of the theorem. Q.E.D.

With an additional condition it is possible to get the existence of simple

saddle points of an n-person game.

COROLLARY 8: Let Xl,.on,X be non-empty, compact and convex sets, each in a real
n

separated topological vector space. For each ieN = {1,...,n} ; let e(i) De a

l""’An be n continuous

real functions defined on X > such that for each ieN , the function Ai is quasi-

subset of N - {i} and f(i) =N - (e(i) U {i}) . Lét A

concave in x,eX. for fixed (Xe(i)’ Xf(i)) € Xe(i)x Xf(i) and it is gquasi-convex
. f 3 ‘< °
in Xe(i)e Xe(i) or fixed (Xi’kf(i)) € Xi x Xf(i)

If, for each xeX , there is a yeX such that for every ieN :

Fi(yi’xf(i)> = wm?§ Fi<wi’ Xf(i))
i™i
and
Gi(ye(i)’xf(i)) = . mi? X Gi(we(i)’ Xe (1))
e(i)” “e(d

then, there exists a point =xeX such that
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BBpEeay¥e)) = Bl

i

Gi(ie(i)’if(i))

for every ieN .
Such a point in an e-simple saddle point of the game

I = (X X ;A A} .

l,...,n l,o-c’ n

PROOF: Suppose that the function Fi is not quasi-concave in the variable xieXi

i . A
for fixed Xf(i)e Xf(i) Then, for a real number and Xf(i) eXf(i) the set

Fy, = {Xi € Xi: Fi(xi,xf(i)) >N )
is not convex, that is, there exist ii’ Ei'€:Xi._suCh'that for some u e [0,1]:
Fi(u ii + (1-p) %i, Xf(i)) < AL
On the other hand at such points, one has:
Ai(ii’we(i)’xf(i)) > M and Ai(ii, ée(i)’xf(i)) > A

for all we(i)e Xe(i) « In particular at the point we(i)e Xe(i) for which

Fi(u ii + (L-p) ;i’ Xf(i)) = Ai(“ ii f (l—p) ii’ée(i)’xf(i)) < AN,

we have. _ _ ~
A .
Ai(xi’ we(i)’ Xf(i)) > and Ai<xi’ée(i)’ Xf(i)) > A

This is impossible, since the function Ai is quasi-concave in xiGXi for fixed
. F . . ) . .
(Xe(i)’ Xf(i)) € Xe(i) X Xf(i) Then i 1s gquasi-concave in xieXi for fixed

xf<i)€ Xf(i) . Similarly, one can easily prove that the function Gi is quasi-

i f fixed .
convex in xe(i)e Xe(i) or fixe Xf(i)exf(i)
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By the last theorem, there exists a point xeX such that

Fl(xi’xf(l)) = wmz§ Fi(wi’if(i))
i1 ’
and
Gi(ie(i)’if(i)) = nin Gi(me(i)’if(i)) for every iell .

W (1)%e (1)

On the other hand, for each ieN and each Xf(i)exf(i) 5> consider the zero-sum

two person game

Wl 2 ’
where 1 5
et = A, Yo el o= Xy
and "

Now, for Jje{1l,2} , let &(j) be the set defined by &(j) = k , where k 4 j
and ke {1,2} . Then we have T(3j)=¢ .

By application of theorem 5 to the game Pi(xf(i)) with the sets é(j) for

je{l,2)} , since the continuous function Bi is quasi-concave in y4€ Yi and quasi-

convex in Vs € Y? > Tthe existence of a point (§l, ;2) € Yi b4 Y? such that

B ~ ~ .
.i(yl,yg) max  min B, (¥ ,¥,)

J1 Yo
= min  max B, (y,¥,) ,
Yo 3
is guaranteed.

Thus, we have obtained the result that, for each ieN and each Xf(i)e Xf(i) B

wm2§ wmln . A(wi’aé(i)’ XT(i)) =w mlzX wm2§ A(wi’we(i)’xf(i)) .
171 Te(d)T fe(d) . e(i)e(i) it
Then, the point xeX obviously satisfies:
W, X,
i7i
= i % for each ieN. Q.E.D.
min Gi(&%(i)’xf(i))

we(i)exe(i)
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We note that the particular case of theorem > applied to the game Fi(xf(i))

in the above proof is a corollary of Sion's minimax theorem found in [1].

L. In this section some applications of the above results to certain kinds of
continuous games are considered.

Let 2 be a separated compact space. Then the conjugate space C*(Z) of the
Banach space C(X) of all real continuous functions on X is a locall& convex,
separated real topological linear space, with respect to the weak topology induced
by C(Z) . The set X of regular Borel measures on X with total measure one is
compact and convex in C*(%) with respect to the w* - topology.

By using these faats, we obtain from theorem 5 the following result.

COROLIARY 9: Let I = (S ,...,5; A

1. n’ 17"

Zi is a separated and compact space, Ai is a real continuous function. Then the

..,An} be a game, where, for each ieN P

mixed extension

= {Xl,...,Xn; El,...,En} 5

where for each ieN , Xi is the set of regular Borel measures with measure one and

the expectation function is defined by

Ei(xl,...,xn) = J[' Ai d(xlx...x xn)

le...xZn

has an Em-simple stable point.

PROOF: Consider for each ielN » the multilinear, real function Ei defined on

Xlx...x XIl > which is continuous. Therefore the function Fi defined by

’Fi(xi}xf(i)) = | mi?x Ei(xi’we(i)’xf(i))
: a@(i) e(i) '

is concave in XieXi , Tor each fixed Xf(i)e Xf(i) - By direct application of

~

theorem 5 to the mixed extension game I' , the existence of an gm-stable point is

guaranteed. Q.E.D.
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In an analogous way, from the theorem 6, we have:

COROLLARY 10: Let IT' = {Zl,.,,,zn 3 Al,...,Ah] be a game, where for each ieN 5
Zi is a separated and compact space, and Ai is a real continuous function. Let
T = {Xl,..,,Xn; El’""’En} be its mixed extension, such that for each ieN and

fixed (Xi’xf(i))e Xi X Xf(i) the expectation function Ei 1s linear in the
variable xe(i)e Xe(i) .
If for each x € X there is a Yy € X such that for every 1eN
max Ei(wi, ye(i)’ Xf(i)) = min max Ei(wi’we(i)’xf(i)) .

w,eX, W . eX . w. eX,
i e(i)™e (1) i

Then, the mixed extension I' thas an gm—stable point.

Finally, from corollary 8 we immediately obtain:

COROLIARY 11: Let I = ({x ..,25} Al""’An] be a game, where for each ieN s

17"
Zi is a separated and compact space and Ai a real continuons function; and let

I = {Xl,.,.,xn; E ,e..,E. )

1 n
be its mixed extension, such that, for each ieN and Tixed (x.,x.,. X, x X, . 3
PR )T (i)
the expectation function E. 1is linear in the variable x EX L.
i e (i) e(1)

If for each xeX +there is a yeX such that, for every ielN :

wmz§ Ei(wi’ye(i)’xf(i)) = mimGX gazx E'(wi’wé(i)’xf(i))
17 e(i)™e(1) “i%%4
and
. mineX Ei<yi’we(i)’xf(i)) = wmzi wmin.ex Ei(wi’we(i)’xf(i)) 5
e(i)™e (i) i7d e(i) e (1)

then the mixed extension f has éﬁ e-simple saddle point.
We note that if for each iell , the set e(i) =@ , then corollary 9, which

determines the existence of equilibrium point, coincides with the result given by
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by Glicksberg [3], which has used a general method of fixed points for multivalued
functions on locally convex, compact linear topological spaces.

From theorem 5 one can easily derive the following result:

COROLLARY 12: Let I' = (X ..,Zn, A1’°°”An} be a game, where for each iell ,

1’7

Zi is a separated and compact space, Ai a real continuous function.
For each ieN , let Ze(i) be the set of regular Borel measures on

Z . = X 2. with measure one. Then the extension

e(1) jee (i)

™ = ESFRERP oF HyseeoH )

where the payoff function Hi of ieN is defined by

Hi(xi, Ze(i)’xf(i)) = k/ A, @(xi x Ze(1) X Xf(i)) ;
2% 2 1) (1)

has a point X ¢ X such that for all ieN:

min Hi(xi’ze(i)’xf(i)) = max min Hi(wi,z

XL y)
| (1) (1)
Ze(i)eze(i) ”wigXi Ze(i)eze(i) e (1

= min max H'(wi’ze(i)’xf(i)) .

éZ
Ze(1)e(1) %%

Further related topics are given in [5].
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ANOTHER NOTE ON SIMPLE STABLE POINTS

IN TOPOLOGICAL LINEAR SPACES-

Ezio Marchi

1. In our recent paper [2], we established some results concerning the simple
stable points of games defined on separated, convex, compact, real topological
linear spaces. We derived these results by using a generalization of s result
given by Fan in [1], which is concerned with the intersection of sets with convex
sections.

The object of this note is to brove some existence theorems for simple stable
points of games given on convex, compact, real topological linear spaces, by using
the same idea usged by Nikaido-Isoda [3] in order to Prove the existence of an
equilibrium point.

There is certain similarity between the results expressed in this paper and
the respective results obtained by the mentioned technique. However, neither the

results obtained here include the other, nor are included in them.

2. For our burpose, we need the basic result introduced in [3], the application of

which will give the Principal results.

THEOREM 1 (Nikaido-Isoda): Let ® be a real function defined on & x & 5

where X is non-empty, convex and compact in a real topological linear Space,
such that the following two conditions are fulfilled:
(1) For each 0eS , the functions ®(0,7) and @(T,T) are continuous
in %eX .
(i) For each TeX , the function ® (0,7) is concave in oex .

Then there exists a point 7TeX such that

O(7,7T) = max q(s,T)
seZ




- 30 -

PROOF: Assume that there is not a point having the property Just mentioned.

Then, for each 7Tel , there is a 0Oey such that
?(1,7) < o@(o,T) .

Let o = {Tex: @(T,T) < ¢(0,T)}

be a set in X .
By the continuity of ¢(0,T) ang ®(T,7T) in TeZ for each Oecl ,

there ixists a finite number of 0'1,---,0n € 2 such that

I
©
It
™

i
Consider the functions
o, (T) = mex [o (0,57) - o(v,7), 0] for i=l,...,n .

Therefore by definition

n
p(t) = = pi(T) > 0 for all TeX .
i=1
Let
" n Di(T)
T) = § ——— o0,
© i=1 p(7) i i

which 'definesa functiqn

since X 1is convex.

The convex hull of Gl”'"’cn in ' Z is homeomorphic to a simplex in

an Euclidean space. Then, the application of Brower's fixed point to the function

guarantees the existence of a fixed point T :

~ n p(:E)
T = 1l g

i=1 D( T 1
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From the last condition we obtain
o(7,7) > o(t,T)

which is impossible. Q.E.D.

5. Let

I = (& Z ;A

12004y ':An}

120

be a n-person game where, for each ieN = {1,...,n)} the set Zi is non-empty,
compact, and convex in a resl topological linear space and the payoff function ‘Ai

is defined on T = X X. with values in the real numbers.
ien *
Let
e(i) C N-{i} and f(i) = N - (e(d) U {i} )

be the set of players for each ieN , and consider Zp = X X, with R : e(i)
jeR 9
or £(i) .

A point CeX is said to be a Em—simple stable point of the game T if,

£

for all ieN ,

i s Ai<ai’se(i)’af(i)) - Smin s i8558 (5)2%5)) -
e(i) "e(i) i 71 e(di)"%e(i)

Such a point can be easily characterized by the function

¢ (0,7) = = F (o,,1.,..,) ,
1 ey 10iTE@E)

where, for each ieN , the function. Fi is defined by

Fi(di’cf(i)> = min Ai(gi’se(i)’ %1y

Se (1)%% (1)
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IEMMA 2: A point O e X is a gm—Simple stable point of the game I' if

and only if

@l(S,a) = max & (s,0)
se

PROCF': Let 0Oey be a gm—simple stable point of the game T . Then, for each eeN B

- -

F.(0,,0...y) = max F,(s,,0.,. .) s
itil () s ex i (i)
‘ i
and therefore,
®l(0,5) = max ®l(8,0)
seX

Now, examine the sufficiency. Iet 0 ¢ & be such a point which fulfills,

for each 7 ¢ X,

@l(BJS) > o (7,0)

Suppose that there is a 7T e X and a non-empty subset I C N such that,
for each iel ,
F (5.,5 < T,
1% 1)) < Fy(m )
i

Consider the strategy 7T € &  defined by
T, if  iel

i
o 1f deN-I

then the following satisfied:

o (g,0) < @l(%,c)

l_J

which is absurd. Q.E.D.
A point 0 € I is said to be = Em-simple stable point of the game T if,

for all ieN ,
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sz§ Ai(si’ce(i)’af(i)) = Smln s Sm:; Ai(si’se(i)’gf(i)) .
i1 e(i) e(i) 171

Introducing for each 1ieN the function Gi defined by

Gi(ce(i)’cf(i)) = S?zg' Ai(si’ce(i)’gf(i)) ;
1 1 '

as 1s illustrated in the following:

LEMMA 3: If for each oey there is a 1eXx such that for each ieN :

-Gi<Te(i)’0e(i)) T [-Gi(se(i)’cf(i))] ’
e(i) "e(i) -

then a point Ges  is a gm-simple stable point of the game - I' if and only if

0, (0,0) = pax O (s,0)
2 8S€2, 2

- PROCF: Let 5e;N be an gm-simple stable point of the game TI'. Then, for each
leN - - - :
-Gi(ge(i)’cf(i)) - mex [_Gi(se(i)’cf(i))] g

: S ,.\€X .

- e(i) "e(i)
Therefore

R Gt N | (=G (55150000001
iy  1oe(l) (L) ieN s ,.ovex ., 1 e(d)e()
e(1)%e (i)

which implies the validity of the below equality

@2(5;5) = max @2(5,5) .
sex
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Now, consider a point oey, which satisfied

seXx

and suppose that there is a non-empty subset I C N such that, for each 1ieIl ,

_Gi(Be(i)faf(i)) < Smax o [-G.(s ,..,0 .))]
' e(i) Te(i)

By hypothesis, given the point 0€Z , there exists a point 7el such that,

for each 1eN ,

and therefore, we obtain
@2(6,‘6) < o,(7,0)

wvhich contradicts the hypothesis. Q.E.D.

An immediate consequence of the preceeding lemmas 1s given in the following

result:

COROLIARY 4: If for each 0eX +there is a 7TeX such that, for all ielN ,

F.(1,.,0,,. = ax F.(s.,0,,.
1( i’ f(l)) Sizzi 1<Sl’ f(l))

and
6y (o)) T Gy
: e(i) "e(i)

then, a point 0er is an Cn and g?-simple stable point of the game I' if and only if

0, (5,0) = mex ®l(s’6>
s€EX
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and

@2(5,5) = max ®2(s,5)
seZ
L. In. this section, we will obtain some general theorems which are concerned with

the existence of simple stable points of n-person games.

These theorems will be obtained as a. direct application of the above results.

2

THEOREM 5: Let I’ = {21*""Zn3 Al,...,An} be a game, where for each ieN
the set Zi is convex, compact in a real topological linear space, such that

the following conditions are fulfilled:

. el . i o.,0
(i) For each ieN and each f(i)ezfQi) » the function ?i(‘i’ f(i))

is concave in 0,eX,

i1
PN . . o . o .
(ii) For each ieN and each ieZi , the function Fi(Gi, f(i)) is
- . Z R
continuous in qf(i)e'f(i)

(iii1) The function

=P, (o
i

ieN ijcf(i))

is continuous in oeX .

Then, there exists an gm-simple stable point of the game I .

PROQF:‘ Consider the function-

o (0,7) = ii&‘Fi(gi’Tf(i))

defined on the set Z x T . Foreach 1 e & » the function ®1(0;T) is

concave in OU€X . On the other hand, the function @l(G,G) is continuous

in 0eX ; and for each 0eZ, the function @l(G,T) is continuous in 7TeX .
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Then, by direct application of Theorem 1 to the function _@l, the existence

of a point 0eX such that

is guaranteed.

By Lemma 2, such a point is an gm-simple stable point of the game T . Q.E.D.

100 12000 An} be a game, where for each

ieN , the set Zl is comvex, compact in a real topological linear space,

THEOREM 6: ILet I' = (& Zh5 A

such that the following conditions are fulfilled:

(i) For each ieN and fixed Gf( ) f( ) the function

i
o
G; (% (1)2% (1))
is convex in G /.y €L ,. 1\
e(i) “e(i)
(11) For each ieN and each ée(i)eze(i) the function Gy (6 e(1)’ f(l))

is cont%nuous in Gf(l)e Zf(l)

(iii)  The function .
i? G; (@ e(i)’ f(l))

is continuous in oeXx .

(iv) For each 0¢X there is & 7TeX such that for each ielN :

G2y % @) = . s 1015 (1) % ()]
e(i)"e(i)

Then, there exists an gm-simple stable point of the game T .
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PROOF : Consider the function

@2(0,1) = iiN [—Gi(ce(i)’Tf(i)J]
defined as Z x . On one hand, for each teX , the function QB(O,T) is concave
in 0eX ; and, on the other hand, the function @2(0,0) is continuous in oeZ .
Furthermore, for each 0eX , the function 0,(0,7) is continous in TeX .

Then,‘Theorem 1 applied to the function @2 guarantees the existence of a
point GeX such that

0,0) = max @2(5,5)
seX

By Lemma 3, such a point is a gm—simple stable point of the game I . Q.E.D.

19000 l,...,An} be a game where for each

1eN the set Zi is convex, compact in a real topological linear space,

THEOREM T Let I'= (= Zn; A

such that the following conditions are fulfilled:
i i =z the funeti F (o,,0
(i) For each ieN and each Gf(i)e p(i) » the function i( 57 f(i))

I i s\ _/.vs0,,.4) 1
is concave in Olezl » and the function Gl(ce(l), f(l)) is
i o 2 .
convex. in ,e(i)e < (1)
(i1) For each ieN and every o.eX. and o .\€Z_,.\ the functions
1771 e(i) Te(i)

Fi(ci, £ (i )) and G ( (1) o (i)) are continuous in o (i)ezf(i)'

(iii)  The functions

Z T 1900 g)) end 8% 1) %))

are continuous in oeX .
{
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(iv) For each 0eX there is a TeX such that for each ieN :

Fi(Ti,of(i)) = sz; s (s s f( ))
1771
and
il o) = mE [0 (g o))
e(i) e (1)

Then, there exists an & and gm-simple stable point of the game T .

PROOF: Again, consider the function

o(o,7) = @l(a,T) + @E(O,T)
defined as X x X . The function ®(G,G) is continuous in 0eX since the func-
tions @l(c,c) and @2(0,0) are continuous in o0eX . Moreover, since the

functions @l(G,T) cand ®2(G,T) are continuous in 7eX for each 0ef , then the
function @(o,7) is continuous in 7TeX for each oeX . Finally, for each 7TeX ,
the function @(0,7) is concave in oeX » since it is a sum of concave functions.

Then, Theorem 1 applied to the function ®(0,7) guarantees the existence of

a point G € & such that

) 8)5) + @2(5,8) = max [(Dl(s}a) +"®2("S:a)]

(
1 SE.

By the last condition, there is a 7eX such that

@l(%,ﬁ) + @2(%,5) =  max [0 (s o) + @ (s )] .
seZl

On the other hand, for each TeI :

9 (7,0) < o (v,0) = iEN szg F.(s,,0 % (1))
1 1
and
0, (1,5) < 2,(7,0) = = max [_Gi(se(i)’af(i))]

ielN SE(i)eze(i)
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which implies that

@l(S,G) + @2(5,3) =  max @l(s,E) +  max @2(8,5) s
ser se
and therefore
@l(a,a) =  max @l(s,G)
sex
and -
@2(0,0) =  max @2(8,0) .

sex
Then, by corollary 4, such a point }s a Em and Em-simple stable point of
the game I'. Q.E.D.
The above results are the principal of this paper. We note that Theorem 5
essentially coincides with the theorem of Nikaido-TIsods in [3], since a e, ~simple
stable point of a game T = (X

SRR 120

.,Fn] and conversely.

.,An} is an equilibrium point of

the game I = {Zl,...,zn; Fl,..

An immediate consequence of the last theorem is the following:
LR, Zn; Al,...,

conditions of the last theorem. If for each o0ef and each ieN ,

COROLIARY 8: Let I' = {(z An] be a game that satisfies all the

s.ex Fi(si’cf(i)) T minez Gi(se(i)’cf(i)) ’
1€ e(i)""e(1)

then there exists an Em.andﬁgmASimple,stable”point*EQZ“'such that for.each ieN

Ai(ai’Ee(i)’af(i)) = szg Fi(si’af(i))
1824
= min Gy (8¢ (1)90(5)) -

Se (1) (1)
Such a point is called an &~simple saddle point of the game T .
Indeed, there are games for which the additional condition in this last
corollary can be in some sense weakened. In fact, this is possible by using Sion's

minimax theorem [1] for games defined on separated, real topological linear spaces.
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