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ABSTRACT

A game theoretical approach of situations in opinion making is
presented. The opinions of the members are supposed to be expressed
under internal and external pressures which take into account the sin-

cerety of the members and their authority influence.

Different cases are considered and conditions for the existence
of equilibrium points are derived. Furthermore in the last section, by
using the contraction principle in metric spaces, a sufficient condition
for the existence of'ggg equilibrium point in a general game is presented.

Some examples are outlined.




A GAME THEORETICAL APPROACH TO SOME SITUATIONS IN OPINION MAKING

Fzio Marchi

1. Introduction

In the last decade game theoretical, as well as applied economics has been
concerned with an increasing number of topics, giving rise to a large number of
different types of applications. In all of them the brocess starts with the obser-
vation of the behavior of an individual in trying to solve a problem. Provided
that this problem can be represented by a theoretical model, the individuals then
try to obtain a solution by a strictly mathematical approach. But in many cases
the economic situation has a speclal relationship with the bahavior of the people
or institutions considered. In some circumstances the economic problem is a direct
consequence of the manner in which beople act and this behavior may depend on other
factors which have little or no connection with the economic aspects. Thus, in
general the economic aspect of a broblem is a reflection of the aggregate behavior
of the people involved, and hence much of the economic theory should be devoted to
group rather than individual making.

The study of group decision making forms a substantiasl proportion of modern
work in the social sciences. Thisg can be seen in both empirical and theoretical
contributions. Many of the theoretical studies are connected with the theory of
ganes, which, in a broad sense, may be seen as a part of group decision making.
Generglly, in a theoretical approach 1t is assumed that the behavior of individuals
is established according to some principles which reflect some general intuitive

ideas.




Independent of the mechanism and the rules within which the final decision is
made, a group always has a period of discussions and deliberations whose duration
is closely connected to the particular situation. Indeed, the decision reached by
a group is a direct consequence of this period of discussion. In practice an analy=-
sis of this step is almost impossible. Nevertheless in spite of all of the diffi-
culties involved we can say that in situations involving conflict the opinions of
the members play an important role. Here, the term opinion is understood in a broad
sense and without any reference to a specific definition. Consider for example, the
committee appointed by a government to determine a new tax law which will be enacted
by a simple majority of votes. The final decision, that is, the new tax rate, is
reached by the voting system. All the previous debates corresponding to the period
of discussion and the final vote, can be seen as the opinions of the corresponding
members of the committee. The respective processes by which these opinions are
arrived at can be very complicated and moreover, they can be unrealistic or even
wrong from a purely technical point of view.

This note is devoted to the presenatation of a theoretical model based on
game theory, concerning some conflict aspects arising in situations in which
conflicting opinions are present.

In situations involving group decisions, the opinions of the members are
expressed with more or less force in a continuous way during the discussion
period. Furthermore, these opinions can be changed as a result of the arguments
that arise during that period. OF course, we are not able to incorporate this
important aspect in our examination, and therefore, for reasons of simplicity we
asgume that the opinions of all the members are given simultaneously without any

reference to the previous deliberations.




From here on we consider the group of people to be denoted by N = (1,...,n)
whose members will be called players. Thus, each player ieN expresses a possi-
ble opinion denoted by Gi » Chosen from the set of all his possible opinions
which is specified by Zi

Having this description, we are interested in describing some situation of
conflict of a group, which arises from the susceptibility of each player expres-
sing his opinion in comparison to the remaining players. First.of all,it is
natural to assume that one can divide all the effects that a player is submitted
to into internal and external which are independent. Thus, the internal effect
is comnsidered only in relation to himself. At this point, we suppose that it

can be measured as a function of the deviation from the adopted opinion and his

intrinsic opinion. In other words, if for player ieN , piezi indicates his
own opinion on the matter under discussion, and if he adopts the opinion GieZi 5
he will then be under the effect, expressed by the utility function Pi , of

the deviation "Gimpj” - This may be considered the pressure of his own sin-

cerity. At this point we do note that depending on the problem, such a function
can be measured in monetary terms. For example, in a political-economical situa-
tion the amount of money that a player gets from an outside agent, under the
deviation of his own criterium,can be expressed. OFf course, depending on the
situation, it may be expressed in terms of external pressure. This example
suggests that the external effect indicates the influence that each player has

cn the group. In general, we can assume that @i is the influence coefficient

of player i1eN with respect to rlayer jeN , which can be interpreted as the
welght of player's jeN opinion on Player ieN. In other words, 1t measures

the authority influence of player jeN over player ieN .




Having these coefficients, we now consider that a part of the external
influence for a player depends on the deviation from his expressed opinion and

the "weighted average" with respect to his own influence coefficients of all

Players expressed opinions. This effect can be observed in an intuitive point

of view as the average pressure on this player. Let Qi be the function of

player 1ieN wmeasuring this effect. Finally, we assume that there is another
bressure of the whole group on each Player which is due to the unequality of
the weighted opinions. This effect can heuristically reflect the dispersive
bressure on player ieN , which will be described by the function Ri

The principal objective here is to guarantee the existence of a joint
behavior having an intuitive background of the group without cooperation con-

nections between the players and under sll the previous conditions.

2. Precise Formulation.

The previous commentary immediately formulates a game which involves the
conflict situvation of expressing the opinions under the hypothesis Just con-
sidered. But in order to completely determine the game we must describe in a
more accurate way the preceding comments. For this reason, we consider that

the subject under discussion has many extremal points. ILet M = “{1,...,m} be

the set of these. Then the set of g1l rermitted opinions for each player is

defined by the simplex

m
i .
8.1 = [(Sl’°°"sm)€ R™: .% s; =1 and s, >0 for each ieM)
i=1
vhere R© indicates the cartesian product X R of the real line R . Then,
ieM

the dntrinsic opinion s of player ieN = {1,...,n}is awell defined point

p. = (p,

i 11’°'°’Pim) € Zi =9

m=1 '




Because the difference of opinions

P, )

9Py = (Uil—pil""’cim" im

1L 71

always belongs to the cartesian product [-l,l]m = iéM[—l,l] » then the internal
Pressure is determined by a real function

" S5 R

P;o= [-1,1

which is regarded in utility terms.

On the other hand, for the description of the external pressure it is
natural to assume that the influence coefficients wi is a non~negative real
number with the normalized property

2 wq =1 for every ieN .
. 1
JjeN
Now, let I %be the set of all the opinions of all of the players considered.

This is given by the cartesian product

=X %=X 8
il T ey M

Then, for an arbitrary established Joint opinion

g = ( ...,on) € =

0,5
the weighted average of player ieN with respect to his own influence coefficients

is given by

E(6) = Zol o, = (B (9),....E, (0))=(sado,,.
1 F i°J il im jeN i gl 1eN

..,Z(DJ_'O' Je S

J jm m-1

This is a vector with the property that

J
0< E, (0)= 2 o o, < 1
-~ “ik jeN 1 gk =~

for each component keM and each joint opinion oeX , since

0<wd <1l and 0<o. < 1
o 3 - —_ Jk._



The deviation from the weighted average of the expressed opinion

Gi € Zi = Sm 1 of player 1eN , is given by the difference
m
g)~a -

2

and therefore the average bressure on player ieN is determined by the real

functio m
on Q; : [-1,1]

L

- R .
Finally, the dispersion of opinions among the players can be measured by

the weighted variance of the opinions considered as samplescf.a random variable,

that is, by
i 2 j 2 je j 2
Do) = (0,,(0),--,D, (0)) = (Z o) o2 - (5 of 0, )%,...,2 adc® (= wds. )F)
i il im jeN i1 jeN * Ji jen 1 jm jeN i jm
e [0,1]"

since the numerical value of the welghted wvariance always satisfies

0< % w‘?oz.k - (2 oa‘.jcr.k)2 = Z w‘?(c.k -z w‘?c.k)2_< 1
JeN L JjeN +J JjeN o JeN tJ
for every oeX and every keM . The influence of this dispersion is defined

by the real function -
Ri: [0,1] -R

With all these elements, we can observe the conflict situation of opiniona-
tion as determined by an n-person game, where using the principle of superposition
for utilities, the payoff function of a player is related to the sum of the par-

tial pressures functions. Formally, we define the n-person opinion game by

r_ = (=

op l,...,Zn; Ul,...,Un]

where the strategy set Zi of player ieN is S

. and his corresponding

payoff Ui; 2 >R , is defined by



Uplogsees0) =B (0,-p,) + Q& (0)-0,) + R (D,(0))

for all oeZ . This can be regarded in terms of utility.

Having the form of payoff functions, it is very important that we express
some properties of the functions Pi,Qi and Ri. First of all, it is natural
to think that if player ieN deviatesifrom his own opinion p; then the con-
tribution of function Pi to the whole utility decreases monotonically. Thus

the function :Pi reaches the meximum at the point (0,...,0)e [--l,l]m . Ana-

logously the functions Qi and Ri reach their own maximums at the same point.

Furthermore, they must be'monotonically decreasing elsewhere, since by deviating

from it their corresponding contribution of utility can be seen to decrease.
Now from all the possible ways that this decreasing can be described, we

assume for simplicity the convexity of these function. The advantage here is

that we will get a well defined concavity property on the utility functions which

as 1t will be seen, is necessary from a mathematical point of view.
The central problem is to characterize a Jolnt opinion based on intuitive

considerations and to determine under what kind of conditions it exists.

For the situations under consideration, where coalitions are not rermitted

it seems natural to assume that Players will adopt a joint opinion such that if

any player departs from it, his own utility will decrease, if all the remaining

players abide by it. Such a concept corresponds to the notion due to Nash of an

- equilibrium point introduced in [1] for the opinion game Pop - Formally, we
say that the joint strategy T = (Bl’°°°’6n) € 2 1is an equilibrium opinion of

Iy if
op
U. (o

;(07500,0

1129479430702 %) = mex U (G

for all the players ieN .

b4



Now, we are interested in answering the second question which involves the
existence of such an equilibrium opinion. This will be obtained as a direct con-
sequence of the following auxiliary well known theorem concerning the existence

of such points for arbitrary games:

THEOREM 1: Ilet I = {zl,...,zn; Al,...,An} be an arbitrary n-person game

such that the strategy set Zi of player ieN is a bounded, closed, convex

set in a euclidean space and his payoff function .Ai is continuous. If

N i i >z i 2,
Ai(cl, ,dn) is concave with respect ;€% for fixed o e 100

Z a = vee,0 DYy ilibri
Gi-l € 1217 9.7 € 141’ 59, € W then I' has at least one equilibriim
point.

Before formulating the central existence theorem for equilibrium opinion

points, the following very simple but useful results are recalled:

Proposition. 2: If the functions f,g: S -»R are concave, then the sum f+g:S5-R

1s also concave.

PROOF: By the definition, for any s.,s belonging to the convex set & and any

1’72
A e [0,1] , we have

f(xsl + (1->\,)s2) > A f(sl) + (1-N\) f(sg)

and. g(hsl + (1=2) 82)-2 A g(sl) + (1-N) 8(82)

Hence, by adding them we have;

+ (l-k)se) = f(ksl + (l—%)se) + g(xsl + (l-K)sg)

2 ME(sy) + gls))) + (-M)(£(sy) + g(sy) =

= AME+g) (s) + (1-0) (f3g) (sy) 5

and therefore the concavity of the sum function f+g is demonstrated. (Q.E.D.)



Of course, the previous result holds true for an arbitrary number of
functions each having this property.

Given functions g * T - [a,b] CR defined on a convex set . T C{Rn , with
k=1,...,m, we define the vector function

m m
g = (gl,--a,gm) : T - [a,b]" CR

by g(s) = (gl(SL---,gm(S))e [a,0]™

.for each s T .

Proposition 3: If the functions

f: [a,b]mv(me —R and g: T -[a,b] R
with k = 1,...,m are concave and f(s

whenever Slk-f S for every k=1,...,m; then, the composition function
fg = f(gl,...,gm) : T -R
is concave.

PROOF : By the definition of concavity for the functions & » We have that for

any pair of points tl and. t2 belonging to the convex set T , We have
g (M6, + (1-2) t,) > A g, (t)) + (lfh) g (t,)

for any -Ae [0,1] . From this by the last condition on the function f , for

the point A+ (1_x)t2 e T we have,

Tla(ey + (1M)8,)) = £e) (Ve + (1-A)8),eosg (V6 + (1-3) 3,))

> Ty (b)) + (1-2) g (t5),.. -2 g, (81 )+(1-Ng (¢))

T gls) + (10) & (5,))

Finally, by virtue of the concavity property of function f , we have for

such points
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F0e(ty) + (1-0) & (1)) 2 A8 (8(5,)) + (1-0) 2(a(t,))

which implies
ey + (1-M)8,)) > Mg (5,)) + (1) 7 (g (5,))

Thus, the concavity of the composition. function is proven. (Q.E.D.)

A very close result regarding similar conditions is formulated as follows:

Proposition 4: If the functions gk: T »[a,b] C R with k=1,...,m are convex

and s [a,b]mC Rm SR

is concave such that

whenever Slk-f Sy for every k=1,...,m . Then the composition function

fg = f(gl,...,gm) : T -R

is concave.
PROOF: . Again by the definition of convexity for the functions g, » We have
B Mty + (A0) 1) <A g (5)) + (1-N) g (t,)

for every pair of points + t, Dbelonging to the convex set T > and for all

1’2
Ae[0,1] . Then, by virtue of the additional condition on function f > at this
point, we have,

f(g(xtl + (1-x)t2)) = f(gl(xtl+ (1-x)t2),...,gm(xtl + (1-n) tg))

> Tl (t) + (2-0) g (t5), v 5N g, (t ) + (1-2) g, (t;))

1l

and therefore from the concavity of f > 1t follows that

Tlaivey + (1-0)ty)) > A (s(t))) + (1-0) £ (g(t,))

which implies the concavity of the composition function fg . (Q.E.D.)
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Having these very simple auxiliary results, the existence of the equilibrium
point for the opinion game will be obtained as a direct conseduence of first

theorem. This is formulsted as follows.

THEOREM 5: If for every player ieN +the continuous functions Pi’Qi
and Ri are concave such that
Rils)) 2 Ri(sp)

whenever Slk-f SEk for every k = 1,...,m, then, the opinion game Po

has at least one equilibrium opinion.
PROCF : Consider for an arbitrary player -ieN and a given joint opinion
(Ul"°”Giul’0i+l""’cn) € jéN—[i)Sm—l the corresponding functions Pi s Qi
and Ri'. Then, for the first function, for a pair of points Oi and Bi be-
longing to the strategy set Zi = Sm 1 of player ieN and for any real number

A in the unit interval [0,1] from concavity we have

P, (Ao, + (1-1) Ei -p) = Pi(k(cinpi) + (1-\) (Bi—pi))

A - YN G-
>n B (omp,) + (M) P, (5,-p,)

and therefore calling ai(ci) = 0.-D, ef-1,11" the composition function
Pa, ¢ S - R
i me1.
is concave with respect to the variable oieZi - On the other hand for the
second function,
Z j - - i -+ - 9 =
Qi(. @50 (1 wi) (koi (1 k)ci))
Jel- {1}
- . - i i - .
=q.(n( = mga.- (l—wi)d.) + (N)( Z w:‘zﬁ- - (-] )‘ji/ >
TogeN-(i} * Y * jeN=(1) * ¢ .

Q. (Z oo —(1-m?§x,)+ - a, (£ o G, - (l—w%) o, )
1 jeN—{i}l J i1t jeN=- (1) 153 1 1
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Then, by calling

(5 )= ¥ J _ ok _ m
B, (o) jeN—{i}wigj (1L w;)o, e [-1,1] s

it follows that the composition function

‘QiBi : S =R

m=1

1s concave with respect to the variable cieZi . Finally, we examine the remaining

function. First of all, let us consider for k: 1,...,m

R TP LA PIC AL RPRPEPLAY

=[ = ) ? -(= o) o )2] - 2@%( bX W o )o,

jeli~ (1) i gk jeN-{1) i jk i jel- {1) i "Jk’Tik ik
which can be written as
Vi (O = Dype (03500050, 150, 50y seeis ) = %1 Pyt Gk Uik
1f we put go = Z o’ o - ( Z o) cr.k)2
jeN- {1} P geN-iy t J
and . wi (jeN?[i} wq ij)
Cipe = wi (l-mi)

The function 755 :[0,1] = [0,1] is convex because the constant and linear
functions and the quadratic functions with the ceefficient Cik-E O are convex,
and 7ik is the sum of these. Define for Player ieN the function

7y [0,11" = [o0,1]™

by
(o))

75(0) = (3005705575 im

for all the points of [0,1]" . Thus, the restriction of the composition fumection
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)
By 7408507 50 » R

is concave with respect to the variable Giezi = Sm 1" Indeed, by virtue of
concavity and the additional property on function Ri , proposition 4 applied to
the T i = oo ion.

e function Ri and 7i (yil, ’7im) guarantees the assertion

Now, because for fixed (o "Giéi’0i+l"°°gn) the payoff function Ai as

170

a function of the variable oieX is given by the sum

, (s} oo o o0 IR =
A;(0y,ens0, 150,50, 05 29,) =P (0,) + QB (0,) + R, lSm—l(Gi) )

it follows that it is concave, and therefore the last condition of theorem 1 for
the opinion game is satisfied.

Remembering that the strategy sets Zi = Sm-l are bounded, closed and convex
and that the payoff function ‘Ai is continuous with respect to the product variable,
since it is the sum of compositions of continuous functions.

Thus, theorem 1 guarantees the existence of an equilibrium opinion for game
Fop, (Q.E.D.)

At th%s point, we do point out that in the previous theorem the condition
.that the functions Pi,Qi and Ri of player ieN reach their respective maxi-
mum at the point (O,««m,O)eRm is not used, and therefore, it is not necessary
for the existence of an equilibrium opinion. But, such a property should be con-
sidered in the mcdel since it ;s related to the intuitive considerations mentioned.

Now, we are going to present a very simple example, to which we will apply
the above result.

First of all, we consider that the number m of extreme opinions involved in

the conflict is two. Thus, the strategy set of each player in the game is given

2
by Slc:'R - Then, the functions of player ielN
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Pi,Qi : [-1,1] x [-2,1] SR

are given by the corresponding

7, K 5, k,

- i - i

P, (s158,) = a, + — 5; emd Q(s;,s,) = B+ B 1
i

where ai’Bi’yi and Si are real numbers, ki and Ei integers, and the function
Ri =0 . These fuanctions are independent of the second variable which does not

determine any loss of generality. 1Indeed, this can be done in the general formula-

tion, since one of the coordinates of S 1s completely determined by the know-

m-1
ledge of the others. Now, in order to establish the concavity of such functions,
we must choose the numbers 75 and 61 non-positive . and the integers ki and

ki even. Since sk with k even is a convex function. and by the independence
on the variable S5 both functions Pi and Qi are concave. Therefore by
theorem 1, the opinion game having these, has at least one equilibrium opinion. We
point out that such functions satisfy the important condition of reaching their
maximum at the point whose first coordinate is zero.

Finally, we remark that even though theorem 1 holds true with a weaker con-
dition on the form of the payoff functions, namely, the Quasi-concavity, this

cannot be applied to the functions Pi’Qi and Ri » Since the sum of quasi-concave

functions is not, in general quasi-concave.

3. Some applications to mixed extensions.

This section is devoted to some of the applications of the results formulated
in the previous paragraph concerning existence of an equilibrium opinion. They
are related to opinion situations with repetition, fhat is, where the players
involved. express their opinions, a very large number of times which can itself be

varied. Thus, we consider the relative frequency of such opinions, and the
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expectations of the winnings of the players in the opinion conflict. OFf course
this consideration is quite vague since with the expressed concepts one can realize
several different formulations, as we will show in the remaining part of this
section. We will examine only three @pproaches involving different rules of the
opinion conflict under consideration.

First of all, we consider only the case where the number of extreme opinions
is finite, and the Players afe constrained to choose one element from them. An
.example of this is illustrated in voting where the extreme opinions are those
classically used, namely: for, against and abstain. Of course, one can illus-
trate more complicated opinion situations where the number of the extreme op%nions
is larger than three.

Let. 8= {1,...,m} be the set of all those extreme opinions. Assuming that
the pressures involved are the same kind as Just mentioned, then, for player ielN
they are measured by the same functions Pi’Qi and Ri - But, now they are de-
fined differently according to the situation under consideration. It seems natural

for the subsequent discussion to define the first of them, measuring the internal

effect, by
P: X2, XZ, =8X8 - R.
i i i
The opinion of player ieN is determined by the fixed second coordinate PieZi .

This function reaches the maximum on o; = Py

N The external pressure is now

given by the superposition of partial effect expressed by the functions

Qi: [-(m-1), m-1] - R

whose argument. is again
- (m-1) < Ei(o) -0, <=l
for each 0= (0,,...,0.) e % = X % =g" , and by the functions
1 n jeN I

R:[ O, @-1)°1 o R |
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since its argument
Di(c) = X wg G? - ( = wi 0.)2 = X w; (0, - = @ o.)2
jen-+ d JeN J JeN -+ d sen J

for every joint opinion o = (cl,...,cp) ez =g" now satisfies:

0< Di(c) < (m-l)go

Again, by the intuitive considerations we assume that the maxima of these
functions are reached at the point zero . Having these functions, then, the

opinion game

= (X .y L3 U

I\f,op 170 n l’“”’Un} describing the conflict

situation is given by the strategy sets Zi = S5 and the payoff functions

Ui(ql,..,,cn;pi) = Pi(oi;pi) + Qi(Ei(O)noi) + Ri(Di(G))

where for simplicity pieZi appears explicitly, it is a finite game.

Our attention is not concentrated on the opinion game F} which describes
50

the opinion conflict under the assumption that it does occur only once, but in

the results of many repetitions of this game Pf op
2

In this simpler»examination, we suppose that the intrinsic opinion b, € Zi

of player ieN is kept constant, that is it does not change.
Since it is important to consider only the statistical behavior of the

2

opinion, let xi(ci) be the probability that player ieN plays the opinion GieZi
that is, the relative frequence of this opinion. Then, if the game is repeated a
very large number of times, we can represent by Zi = Sm'l the set of all the

available probabilities of player ieN , which will be called a mixed strategy

differenciating from the strategy aieZi which will now be called pure strategy.

Assuming that the player ieN plays the mixed strategy Xiezi = Sm-l , then

t

his corresponding expectation of the utility payoff is given by
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]

U X ... = . .
1 (%5 s%5P; ) . ex 5 ox U; (050050, ) %y (@) x, (o)
11 n n

P (60,) + 9, () + R ()

where x = (xl,-..,xn) and where the expectations functions §ifor fixed pieZi,
~ )

Qi and. Ri are defined by

P.(x,p,) = T P (0.,p.) % (0.)
1 274 g.ex 10 4774 104
i
Q - e - .
i(x) z by Qi(Ei(d) o) xl(cfl) x (o)
0.eX 0 €L
171 n n
and finally
R.(x) = = . 2 R.(D,(0)) x (0_)...x (5 )
i o ex . it i 11 n n
1 n n

With these new functions, we can express the new opinion conflict by

repetition of the original geme 1n the mixed extension opinion game

~

J.Ul?"")U‘} °

o 8o g0
? n

50D 1’ n

L K
H:‘:l

1l

~—

]

Now we consider the problem of an "equilibrium" in this new game. It will
have a different intuitive meaning since the strategies now are the probabilities.
If the circumstances do not permit cooperation between the Players it seems natural

to define a statistical equilibrium cpinion as a Joint strategy

X = (%l"°°’in) € le...x Zp such that:

~

*,HUi(Xl,,.uxi

U, 5{ ¢ oo ;{, 5{. ;{, e s e o X . .>= U.,,;{,‘ ° 8 8 5{. .
1( 1’ T R e BT ? n,pl) v Sl R R o I ’“n,pi

for every player ielN .
Once such a point is established, no player has any reason to change his own

statistical behavior, assuming that those remaining abide by it.
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Now we are interested in knowing if there exist some such point. In a direct

way, applying theorem 1 to the mixed extension I

the existence isg immediately
f,op

establisghed. Indeed, because the expectation function 6i of player ieN 1is g
multivalued function with respect to Xl’°"’Xn > and the strategy set Zi = Sm-l
is bounded, closed and convex, then all the requirements are satisfied.

Now we can assume that the Opinion piezi does not remain fixed during the
repetitions of the game. Thus one can incorporate a larger class of situations
involving opi?ions where the players are bermitted to change their own intrinsic
Copinions. Of course, the preceding approach where those were fixed then follow

!
as a particular case of thig second approach. Since we are concerned with the
statistical measure of the utility of players, we describe it only in a statistical
way by assigning to blayer ieN g Probability distribution s for the intrinsic
orinion defined over the get Zi = S = {1,...,m} of extreme opinions. Now, the
intern effect of Player ieN will be s function of two variables, namely: GieZi
and pieZi > which is given by Pi - On the other hand, the external effect is not
altered, since this new statistical consideration on the change of the intrinsic
opinion does not affect their determination.

Thus, if the bplayer ieN hag the Probability distribution for the intrinsic

opinion, given by Yy then if he chooses the opinion oieZi in a play, it is

natural that he will eéxpect the amount of internal effect

Z -
o Pi(diypi) yi(Pi)
Pl 5

The new game expressing such s new conflict situation is therefore given by

~

I‘f;op(Y) { l) 2 nJ Ui} 2 i) J i

where y indicates the joint distribution ‘(yi’°°"yn) c le,..x Zy1 and the
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bayoff functions are defined by

Ui(Xl’“"Xnin)z Pi(x’yi)-l- Ql(X) + Ri(X)
where

Lok

it

 (%y,) z Z  Po,p.) x (0.) y(p,)
i i p.eS. g.en, L 1771071V i
A A A

by

. Pi(x,pi) y(pi)
p.€ .
1L 1

From the definition of the expectation of utility Gi we have,

Ui(xl""’xn’yi> = z Ui<Xl"”’X1’l’.Pi) yi(pi)

p;ez;

Again, by the form of the expectations functions, given the joint distribution

~
~

Y , the existence of a statistical equilibrium opinion for game Pf op(y) , that
2

is, a point % = (Rysee o) € ZX0 00X En such that

1

1( 1’ R T R s FO0 7 n’yl)

max Ui(x so,X

. _oU, L X, cee XL
- 121705 5 n’,yl)
i i

1’

for every player ieN 5, 1t is guaranteed.

We do note that in this approach for each player ieN +the distributions x5
and Yy of the respective probability intrinsic opinion are considered independent,
which is from an intuitive. point of view, a very strong condition.

The form of the expectations of this second approach, suggests immediately
that we consider the situation where the probability of the intrinsic opinion is
also a strategy of the players. Thus, now in general, the complete mixed strategy
of player ieN is determined by the variable =z, belonging to the strategy set
~— *

2i X Zi « Thus, for sa (oi,pi) , the number zi(ci,pi) represents the probability

that the player ieN chooses the pure strategy aieZi and the intrinsic opinion
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pieZ . - It is interesting to observe that, in some sense, this reflects the
statistical tendency in which the Player must change his own intrinsic opinion.

Such a conflict situation is now represented by the game

T~ ~—
= {Zp X Z,..,5 XE

XE 5 Up,een,U )

L RTT
e

f,op
where the mixed strategy set of player ieN is given by the correlated distribu-

) Y
tion of the probability set Zi X Zi - This expectation is defined by

~ 5] ~ ~
Ui(Zl)"')Zn) = Pi(Z) + er(Z) + Ri(z) D
with
Pi(z> =0. Z’ )ez Z Pi(ci}pi) Zi<Gini)
10P 8%y 2
and

vhere x e & x...xzn is the marginal distribution deduced from

1
Y i P
Zz e X XI X...X2 X2 with
1 1 n n
D.EX,
i i

for each player ieN and each pure strategy dieZi .

~
Again, from the multilinearity of the expectation function Ui of player

ieN , such a game has a statistical equilibrium opinion z . Precisely, from
- Vi Va4
theorem 1 1t follows that there exists a point z e Zl X Zl Koo X Zn X Zn such
that ~ _ =
: coe,sZ Z.,% cee,Z = max Z yeee,Z Z coe,Z
Up(ByoeeesZy 525020 050000 ol U (Byoeeeny 15058y seeesB))

for every player  ielN .
It is interesting to point out that if here one substitutes for the strategy

Ve ~ ~
set Zi X Zi the product set Zi X Zi which represents the joint independent
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distribution of probabilities, then the existence of a. statistical equilibrium
opinion is not assured. Indeed, in such a cage the concavity with respect to

the variable (x.,y.) € &. X &. of function
i7Y1 i i

5 b
1571 Pi®%y

is not always guaranteed, and therefore all the requirements of theorem 1 are not
satisfied by this game.

All the previous statistical approach has been concerned with the internal
and external pressures regarding a simple play, that is determined on bure strategies.
The statistical approach has been done only with respect to the repetition of the
game. Actually, one can relate the statistical conflict situation considered by
assuming the internal and external bressures are related not by a pure strategy
but with respect to the mixed strategies. Thus, the effects are due to the statig-
tical behavior of opinions, without any reference to the simple behavior in pure
opinions.

This new statistical approach can be formulated by considering the fixed

~

statistical intrinsic opinion yi € Zi = Sm—l of player i1eN and the respective

internal effect determined by the continuous functions:

B [-1,00" 5 R

whose argument is the difference Xi = yi between the statistical behavior Xi

and ¥ which satisfies "
.

- -1,1
Xi yie[ )

In similar fashion, the external statistical effect is measured on the one

hand by the continuous function
Qy [-1,11" & R
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with argument -
- -1,1
Ei(x) X, € [-1,1]
and on the other hand by the continuous

R, : (0,11 - =w

which will determine the bressure due to the dispersion
D, (x) e [0,1]"

Thus, the new conflict situation is DPrecisely determined by the game

~

Peop = (EpoeesBs U000 )

whose utility functions are given by

‘ﬁi(xl,...,xn) = i’i(xi-yi) + Qi (B, (x) - x,) o+ ﬁi (D, (x) )

Now from an intuitive point of view, the functions Pi’ Qi and ﬁi should
reach their respective maxima at the voint (O,.,.,O) € Rm +  Furthermore, if

they are concave such that

whenever Zlk-f z2k for every Xk = lye..,m <then, the theorem 5 guarantees the

existence of a statistical equilibrium opinion X = (%l,a--,in) of game I} op
>

which satisfies

U

= max U, (X.,....%
~ i1’ ?

I S SN C oW X, yaee, X )
l( lJ > l—l’ l) l_i_l} 2 n) 7 l_lJ l, l_l_l} > n
U, €,
1 1

for every player ieN .
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L. Uniqueness of the equilibrium opinion.

The concept of equilibrium proint for n-person games does not satisfy the
equivalence property as the saddle point for zero-sum two-person does, that is,
for different equilibrium points the winnings of a player can be different. Thig
lack allows some criticism against the concept of equilibrium point. Of course,
such arguments could have no importance if the game under consideration has only
one equilibrium point. Thus, it is important to establish under which circum-
stances a game hag only one equilibrium point.

In this final section, we examine this question and arply it to our discussion
of opinion making.

Independent of the game represented by the conflict situation of opinion
making, we will formulate an answer to the question of uniqueness of equilibrium
points for a general game. This result will be obtained using the very useful

contraction principle for mapping on metric spaces: Let £ Dbe an complete metric

space and T : 2 —»X g contraction mapping, then there exist a fixed point
gel: T(o) = & . Furthermore, such a point is unique. We recall that given a

metric space X with distance d: I X & —R > amapping T: 2 5% is said to
be a contraction if there is a real number ¢ < 1 such that

a(T(0),T(7)) <c da (v,7)

for every pair o,7eZ .
For simplicity in the subsequent discussion, we will always use the space
R" with the maximum distance, that is with

d(o,7T) = max |o. - =.
ie{l,...,m)
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Given the n-person game I' = {z Al’°"’An} » Whose strategy set Zi

l,...,Zn;

for player ieN is bounded, closed and convex in a euclidean space, if his corres-

vee,0, €L, o, .eX
1’ R TN R PO R e )

9,€% , the resulting function Ai(ol,,.e,oi_lyci,vi+l,---;dn) with respect to

ponding payoff function ‘Ai is such that for each fixed UleZ

aieZi has only a point where the maximum is reached, then we define for such
player ieN the function
M, : X X...X % XZ, XeeoXZ 53
i n i

1 i-1 141
by

Mi(cl,..,,ci_l,ci+l,...,cn) = (Mil(ol,...,ci_l,oi+l,...,an),,..,

m
Mim<dl"°°’0i~l’ci+l"'°’Gn) )= o, € R

where cieZi is that unique point of player 1ieN for which

A (o

. o, O
i l) 2

.50,

. _,0.,0. e s.,0. vee,T )
i-17747 Tien’ n i=174i7 i1’ ? n)

We will now formulate a general result which guarantees the uniqueness of

the equilibrium point for s special kind of game.

1}...,Zn; Al),.

game such that the strategy set Zi of player dieN  is a bounded, closed

THEOREM 6: Let I = (% .,An] be an arbitrary n-person

set in a euclidean space le and his payoff function Ai is such that

for each fixed oieZ .50 e € X

. . 0. g € X its maximum
i=1 TTi-177i+1 n

100 i+l"..,l’l

is reached only at a point. If for each player ieN there is a real number

Ci < 1 such that

max lMik(cl’°°"’Giml’Qi+l"°°’0n) - Mik(Ti,n..,Ti_l,Ti+l,...,Tn)l
ke{l,...,mi}
< e, max max l 0, =T, |
k 2
jelN- {1} k={l,.u.,mj} Jk J

for every pair
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O 000,00, o, eas 0 and T 5e00,T, T. oo T
(13 2 1_19 l_l_l} S n) (lﬁ 2 1_19 l+lﬁ J n) J

then the game I' has s unique equilibrium point.

PROCF ; Let us consider on product space X = X Zi with the maximum
ieN
distance, the mapping T : & -3 given by

ml m

; _ n
T(o) = (M1(02’°°°’Gn)’°°"Mh<cl"'°’0n—l)) € ZIE;R X. .. XR

for every joint strategy oeX . Now, we will show that this is a contraction
mapping. From the property on the payoff functions, we have

a(T(e),T(7)) = max max [M, . (

ok g ) -
ieN kejl,c..,mi} .

O yeee,0. g, -
1’ R LR ', ’“n

Mik(Tl, Ty T e )Tn)l <

max [c. max max lg'k_T'kl]
il 7 jeN-{i) Ke(l.ooym ) I

< (max c.) max max ]G.k - T.kl = ¢ d(o,T)
JeN 9 jew ke{lg.oa,mj} J J
where c = max ¢, < 1 ; for every pair o,7eX, and therefore, T is a

JeN
contraction mapping. Then, the contraction brinciple applied to T since the

space 2 is complete, guarantees the existence of g unique fixed point

gel: T(6) = o . At such s Joint strategy we obtain
o, = Mi(cl,n..,ci_l,oi+l,ao.ycn)
for every player ieN . But remembering the definition of functions Mi , it
follows that
O 4eee,0 G .50 c00,0 )= max A, (3 ,....5 o oo,
A, (05 2941283203 47000 050,) = max A (5,00, 12175321472 0" 9

s.€X,
i
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for each 1eN , which coincides with the equilibrium point definition. The
uniqueness of this is an immediate consequence of the uniqQueness of the fixed
point of the mapping T . (Q.E.D.)

We note that in the Previous result the convexity of the strategy sets and
the continuity of payoffs functions are not necessary.

We are now interested in applying this theorem to the opinion game in order
to obtain the uniqueness of the equilibrium opinion. We only consider the general

game introduced in the second section, for which we immediately have the following

restricted result. /

THEOREM 7: Given that for every player iell the continuous functions

Pi} Qi and Ri are strictly concave such that
R, (5,) >R, (s,)

whenever s.. < s for every k = 1

1% S 8oy s+e.,m . If for each player ieN there

*
is a real number ci <1 such that_

max M, (00 000,00 500 L avei,0 )« M, (T, ,...,1, - 5To mseeesT )]
ke{l,...,m) ikl 1-1771+1 n ikl i-17 i+l n

< ci max max }c_k - T'kl
jeN-{1} k={l,...,m} Y J

for every pair

0. 50006,0, 0. N and. T_ogooe T, ,T ceo,T
(,l’ R R P R n) ( A S R 5 n) ?

then, the opinion game PO has a unique equilibrium opinion.

PROCK : First of all we recall that the maximum of an strictly concave function
is reached only at one point. Indeed, suppose that it occurrs on two roints,
then on the convex combination segment the function would be greater than the

the maximum value, which is absurd.

¥
The function Mi is taken with respect to the utility function Ui= Pi+Qi+Ri .
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On the other hand, we point out that all the propositions 2, 3, and k4
remain Valid under the substitution of strictly concave functions for concave.

Thus, it follows that for each o.eX cev,0, _€X

1655 . ,0 &%

o % .
12157101 %3415 n*n
the utility function

Ui(cl""’Gi-l’gi’ci+l"°°’0n) = Pi(cri - pi) + Qi (Ei(c)-ci) + Ri(Di(c))

is a strictly concave function with respect to Giezi » and therefore its maximum
reached only at one point.

Then, by the last condition, all the requirements of theorem 6 applied to
opinion game Pop are satisfied, which guarantees the validity of the assertion.
(Q.E.D.)

Having these results, we will now illustrate an example of & game with only
one equilibrium which can represent an opinion conflict and where certain modi-
ficated characteristics are introduced. Because theorem [ cannot be applied
directly to it we will obtain the uniqueness of the equilib?ium opinion by using
theorem 6.

As what has been considered in the example after theorem 5, we will have
situations involving only two extreme opinions. Thus, the strategy set of each
blayer is given by Sl‘g;Rg - Actually, s strategy of a player will be completely
determined by only one coordinate becguse the remaining one must be equal to one
minus the value of the first. One could then represent in g modified way the
strategy set of player ieN by the set Zi = [0,1] g;R - Thus, by this modifi-
cation, the new mathematical formulation will have g simpler structure. Here,
now we must introduce the modified functions which are

P?: [-1,1] - R
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Wwhose argument is the difference Gi - pi € -1,1 , which contributes the

internal effect,

Q? : [-1,1] - R

with argument. The deviation Ei(a) -0, € [-1,1] measures the external
bressure. and the function R? is considered to be identically zero.

Formally, the conflict situation is given by game modified

mo - v .
Top = (Bpseenn ;5 UpseeesU )

where the strategy set of blayer ieN is Zi = [0,1] and the rayoff function
Ui is given by

N — m m
Ui(,"l’“"“n) = Pi(o-p,) + qf (E; (a) - o,)

Now, we will consider the functions to be defined by

7y &y o K
Pi(s) = a + E; ? , Qi(s) = Bi + E; s ,

with ki and Ei even and greater than zero. If the non-positive number 7i
and ai are not zero, then both functions are strictly concave. The maximum
values are established at the point 0O ¢ [-1,1] . Furthermore, we consider w§< 1
for every player ieN .

Given a joint opinion GlEZ

A

function U.l0.,c.. g, g,.,0. cao o0
1( 1’ 2Ti-1771 T i ? n)

¥, k: 5. . ) )
= (a. + Bi) +-§i (ci~pi) * +‘§E = mg o, ~- (l-mi) ci) *
* i ijeN-{i) *

is strictly concave with respect to the opinion Giezi = [0,1] of blayer ieN ,
since it is the sum of strictly concave functions) and therefore its maximum is

reached only at one point. Obviously it is a convex combination of the points
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where the second angd last functions reach their respective maximums. Analytically

such a point Mi(Gl,...,Ui_l,ci+l,...,0n) is given by .
2 w?o_
jeN-(i) *

1
l-wi

My (o), 50 o) = A op o+ (1)

1-1°% 42700 n € [0,1] .

Now we are going to determine the value of N . This ig directly obtained

Ly,

0.
aII.

from the equation = 0 since the involved functions are differentiable.

We have

K -1 L oo k-1
i jeN—{i} i i
(1-2) 71[ N - B, ] - A 8, (l-wi)
1

or
ki-l
y . [ = wgcj -(l—aé)pi]
i 1,71 jeN-{1
{5‘1(1"601) 1 d { ) )
i . 5 kiul
[ = wgc. -(l-wi)pi]
jel-{1) * 9

-k-1/k.-1 ki-ki/ki-l k-1

b
.
&
g
il

Now in the simple cage where Ri =k, , 1t reduces to

and therefore

p.-+@i) (l—wg) bX wgcj
JeN- {1}

=) (l-wi) + 1




Hence for two arbitrary points, it follows immedistely that

O seves0. 50, _,een,0 ) - T yean,T T cee,T ) =
Mi( l) J . l,’ i+l} 2 n) Mi ( J J i—l’ i+l) 2 )

i- 1 n
5, 1/ki._1_ . l/ki_—l;l j
(=) (l-wi) z g (o, - 7.)
_ Y jeN- (1) Jo
b
54 k1 ; /-1
( yi) (l - Cl)i) + 1

which implies the existence of ci < 1 such that

M, (0,00, 0. - . e, T, T, e
' 1< 1’ M i T ’"n iv'1’ R L Y, n

< ¢, max ]0, - T

5
JeN-{i}
for every pair

(Gl’"°*’Oi-l’ci+l"°°’0n) and (Tl,..,,Ti_l,1i+l,..i,1n)

whenever
i ( 1-w))

Thus wunder these conditions, such a game satisfies all‘the requirements

of theorem 6 and therefore it has only one equilibrium opinion.
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