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ON DETERMINISTIC AND STOCHASTIC STRUCTURES*

Camilo Dagum

1. 'Observed Structure, Objective Structure and Philosophy of Action

The concepts of structure, development and change are authentic
themes of our time that called first upon the attention of the economist
and more recently that of the sociologist.

The fact that these concepts have received more attention is mainly
due to the non-conformist verification of the economic, poliﬁical and social
dramatic reality of the underdeveloped and developing countries Jjoined by a
desire for change, all which implies a triple process of analysis and decision:

a) A quantitative and causal analysis of the operant forces (variables)

in the social reality (knowledge of the economic structure).

b) Formulation of the objectives to be achieved, bearing in mind the
quantities of human and natural resources, in agreement with a

consistent social philosophy (objective structure).

c) Formulation of a philosophy of action, which will comprise the

decisions made in the time interval between observation and
attainment of the objective structure. It must also include an
explicit estimate of the economic and social costs due to the
process of change and a comparison with alternative decisions.

Among possible philosophies of action, those which should be

* The author is very much indebted to Professors Oskar Morgenstern,
Richard Cornwall and Dennis E. Smallwood for their valuable suggestions
and comments on earlier drafts of this paper.
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congidered are the philosophies which stress a will for change,
This desire for change is characteristic of the non-conformist
people (progressives) who are not committed to the status-quo.
The philosophies to be considered should also stress the social
and economic costs of maintaining the existing structure, which

. are characteristic of traditional societies..

2. Structure and Model

The concepts of structure and structural change already have a
rigorous meaning among econometricians and mathematical economists; i.e.,
vthose'economic anélysts who combine theory and measure. On the other hand,
literary economists generally distortvtheée concepts with vague ideas,
prejudices and soﬁetimes even ideologiéal implications.

| F. Perroux [Ref. 21 and 23], T. C. Koopmans [Ref. 12] and
Js Mérschak [Ref. 17] were the‘first to give a clear and precise formulation
of this.subject° Later, A. Marchal [Ref, 16] contributed a valuable analysis
and systematization. |

The concept of structure is strictly related to the concept of model.
The latter was treated by the author in previous papers [Ref. 6,7,8 and 9],
which specified how, in economics, a sgystem of assumptions, theory and
models derive from a process of analysis based on empirical observations.

It is assumed that each empirical observation associated with the behavior
of the economic decision=makers is a sampling from a stochastic f)rocessn
This stochastic pfocess is the economic structure corresponding to the
system, subsystem, sector; subsector, etc., submitted to analysis.

This structure is the unkndwn'that'will be egtimated from a sample of

T observations.



Once the estimation has been done we have a gpecific economic
structure, denoted by gT. This economic structure is an element of the
get of all possible structures, denoted by %VT’ that might explain the
system, subsystem, sector, subsector, etc., of the economic activity

The set of structures f; T defines a model.

3. Marginal Indeterminism and Stochastic Economics

The description of structure and model made above, is concerned with
stochastic models and stochastic structures. It is gsual in econometrics to
distinguish between deterministic and stochastic structures and also between
deterministic and stochastic models, This unnecessary and superfluous dis-
tinction has its roots in the historic development of qguantitative economic
analysis,

Initially this analysis was strictly deterministic and had as its
main purpose thé determination of the exact value of the vector of the
jointly determined variables as a function of the predetermined ones. The
limitations of this approach led to the introduction of the stochastic
component in the structural relations. The stochastic component explains
probabilistically the differences between the observed and estimated values
due to causes such as errors of specification in the model equations,
errors of measurement, exclusion of explanatory variables, et cetera.

The introduction of the stochastic component was made only to explain
what was at that time considered a residual or marginal error in the structural

relations., Therefore any stochastic model constructed in that way will be called,

following J. Neyman's terminology [Ref. 20], marginally indeterministic.

The present stage of the development of quantitative economic analysis
is characterized by the full introduction of stochastic processes into
economic analysis. According to the Jerzy Neyman terminology [Ref. 20] into
his study on the indeterminism in sciences, this stage would be called

dynamic indeterminism.




Dynamic-deterministic economic analysis has achieved a high level

of development during the two last decades but the main interest has recently

been shifted to dynamic-stochastic analysis.

I, Elements of a Model

Any model and structure are composed of some or all of the

following elements:

Equations

Variables

Parameters

behavioral
technological
ingtitutional

| identities

endogenous or jointly determined (explained by the
model or structure). E.g,: Vi = (ylt’°'°’yGt);

predetermined (explanatory variables); include
exogenous and lagged endogenous. E.g,:

z, = (zlt,.ou,th);

stochastic u, = (ult’°°°’uGt)°

B = (Bg’jn 8531, .05 G; lB, +O s matrix

of the coefficients of the jointly determined
variables. It is regular, i.e. non-singular, of
order G x G .

r - (?é h); 8=1l;...,G5 h=l,...,K; matrix of
2

the coefficients of the predetermined variables,
of order G x K .

A = (B, ;(oagyi); g¥1l;...,G3 i=1,...,G+K .

A= (Gg j); 85J=L;...,G3 variance-covariance matrix
’

of the stochastic variable,

Yother structural Parameters associated with the
stochastic vector (autocorrelation coefficients, etc.).

Using the preceding matrix notation, any general linear stochastic

model can be set out compactly, as follows:



The model is complete if B is a regular matrix and it includes H. Wold's
recursive type models ad well as the Cowles Commission's interdependent
models. To be a recursive model, B must be a triangular matrix and A
a diagonal variance-covariancé matrix. If (1) satisfies the necessary and
sufficient condition for identifiability, then it is a set of G 1linearly
independent equations, each of which explains the behavior of the particular
sector (or subsector, etc.) of the economy corresponding to that equation.
The deterministic formulation equivalent to the linear sfochastic

‘model (1) is L

'z -
(2) By, + Tz, =0 .

Determiniém in the sciences has been extensively studied by different
disciplines, mainly philosophy, with emphasis on dynamic analysis and on its
relevance to forecasting the future through knowledge of the past.

In accordance with these observations, Russell [Ref. 24 ] has written
that a system is said to be deterministic when given certain data,
el,ee,...,en s at times, tl’te""’tn » Trespectively, éoncerning this

system, and if Y _ 1is the state of the system at any time t , there is

t

a functional relation of the form,

1. PO

Using the modern notation and in a more generalized form, i.e.; without
explicit specification of the mathematical law of correspondence among
the variables, we have

Frzy =vy
For a stochastic model as (1), then

F: (Zt,ut) —)yt .



(3) Y, =-F(el,tl; eg,tg;....;en,tn;t)

The system will be deterministic throughout a given period if ¢ » in the

above formula may be any time within that veriod, though outside that

period the formula may be no longer true, If thebuniverse, as a whole,

is such a system, determinism is tfue of the universe; if not, it is not so.
H. Feigl [Ref. lO] stated that a deterministic model is characterized

by its ability to predict, in a strict and precise way, individual events

or some of their aépects.2

2. An Example of Stochastic and Determinist Structures and Models

We can illustrate the above concepts of deterministic and stochastic

model (and structure) with some examples.

Example 1. The following multiplier-accelerator Keynesian type model
is deterministic.

= +
(%) Co =@+ ByY )+ BoY o+ BYy 4

Iy = vy (T 1-Y o) + Vol¥y_omY; _3)

t

o
fl

Ct + I+ At

2As example of a less restrictive formulation of determinism we can
consider the existence of laws of least action and a finite limit v

of propagation forces (economics, physics, ete.). According to it, a
model 1s deterministic if given the laws of least action and a finite
limit v of propagation forces, then it is possible to predict exactly
the state Y, for every point (el,tl) in the space-time dimension.

Given the laws of least action, a finite limit v of propagation forces
and the coordinates (e;t) for all t < t1, and for all points e of the
space, such that the distance ]el-el < v(t,-t), then if it is possible to
predict exactly the state Y,_ for every po%nt (el,tl) in the space-time
dimension, the model is said to be deterministicy



where At is autonomous investment, considered as an exogenous variable,
Vo= (Ct’It’Yt) is the vector of the endogenous variables and o
represents autonomous consumption,

If we assume as a real case that:

Cy =140 +0.50 v, , + 0.15 Yoo ¥ 0107, 4
(5) I, =1.50 (Yt_l-Yt_g) + 0.60 (Yt_g-Yt_3)
Y =C +I_+A

t t t t

then we have a deterministic structure; i.e., there is a functional
relation from the predetermined variables to the jointly determined variables.
The deterministic structure (5) is an element & of the set ??T

of all the possible deterministic structures corresponding to (4)3 i,e.,
ere Yoy -

Example 2. A stochastic formulation of (4) is:

C, =0 + B, Y

£ 1Yt B Y ot B Y g tugy

—~
(O
~r
H
1l

g =V (Yy =Y ) + VoTy_omTp_3) *+ Uy

<!
i

t = Cp I Ay

A particular stochastic structure in the set of all possible stochastic

structures in (6) is the following:



= + +
C, 140 + 0.50 Yt_l + 0.15 Ty o 0.10 Yt_3 Uy
(7) I, =1.50 (¥, ,-¥, ,) + 0.60 (Yt_2-Yt_3) *ug,
Y =Cp t I tA
ug 2
1 1 1t 1.18 Yoy,
f(u e

s ) = p[- ( - u i + )]
1t’ 2t 2’1611\/-—135-5- 1.5010.81 1.08 "1t 2t I.Lk

E(u,

l’tJuj,t,*_T) = O i)J=lJ2; T + 0

The system of equations (7) defines a stochastic structure when the
values of the component of the vector of predetermined variables, uniquely
determined the conditional probability distribution of the vector of Jointly
determined variables.

As in every stochastic structure, (7) is specified by the numerical
values associated with the‘structural parameters including those of the

stochastic vector and the pfobability distribution of the latter.

6. Common Characteristics of a Set of Structures

A set of structures E?T defines a model when it satisfies the
following four characteristics:
(1) All the structures have the same number of equations;

(ii) The structures have the same variables (jointly determined,
predetermined and stochastics);

(iii) The structures have identical variables in each equation;
i.e., the same a priori restrictions;

(iv) Each equation must have the same mathematical law of
correspondence (functional or stochastic) among its variables.



C. Christ [Ref. 2] considers only the first three properties. The
inclusion of the fourth limits the generality of the model and makes the
concepts of structure and model more useful, particularly in reference
to a quantitative interpretation of structural changes through
statistical inference,

For example, if an estimate obtained for B in (5) is significantly
different from 0.50, for a new period tl<5 t < t2 » then the consumption
function in.(5) is said to have another structure.

| The conclusion achieved is immediate and precise, since we are
comparing two structural relations having the same mathematical law of

correspondence F (linear in this case) and identical variables.

7. Structural Change and Its Causes

Once the structural change has been tested’the next step is to
find the causes that generated it.

In (5), a variation in B can be caused by different motives,
such as change in the income distribution, change in the consumer tastes,
change in savings decisions, et cetera. It is not possible to evaluate
structural change by comparing equations with different mathematical laws
of correspondence. If this occurs, then‘the structures to which the
equations belong, are associated with different models. Thus, for example,

the following equations belong to different models.

—
[0e)
~
«Q
Il

o+
t ST Ry B Yt BT ot BT

—~~
\O
~r

Q

+

I

et B Yt B Y, .
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They cannot be produced by the same process, In such a case, the analysis
will consist of determining, probabilistically, which of the two specifica-
tions explains better the behavior of its respective economic sector or allows
a better prediction when the equation is used for prediction purposes., In this
last sense, 1t is convenient to recall the Janus Coefficient [A. Gadd and
H. Wold, Ref. 11] that has the following properties:
(1) It measures the accuracy of the prediction;
(i1) Tt gives a criterion for determining whether a structural change

has occurred between the observed and predicted period.

8. Stochastic and Deterministic Postulates

For a precise distinction between deterministic and stochastic
structures and models, it will be necessary to introduce the concepts of condi-
tion space, sample space and probability space [Ref. 15 and 19]. These concepts

will allow us to introduce the deterministic and stochastic postuiates.

A sample space R is the set of all possible outcomes of a

stochastic process, under a given set of conditions. FEach possible outcome

is called a sample point or elementary event e and a subset of sample points
e 1is called an event E , then e€E (C R. The number of sample points may be

finite or infinite.

A cdndition space f? is the set of all possible causes c¢ that

can produce an event E,

A product space or R and ;f ; denoted by R x € , is the set of

all possible pairs (E,C). A subset of the form E x C = {(e,c):ecE, ceC)
defines a rectangle in R x ¢ .
In econometrics, a sample space R 1is the set of all possible

values for the jointly determined variable Vi = (yit""’yGt) and,



- 12 -

The above three axioms imply that a probability P(¢) on a
O-algebra & of events of a sample space 73 is a mapping of & into
the real and closed interval [0,1].

We now state the follewing postulates:

Stochastic Postulate: For every set of conditions 0646 ; there exists

a probability measure P(-|c) on the measurable space (R, B) . If Eck&
then P(E|c) is the probability that E occurs given that condition ¢
occurs.

Deterministic Postulate: For every ce 1? ; the probability measure

P(- |e) 1is a Dirac measure; l.e. there exists eeR such that P(elc) = 1.

The stochastic postulate and stochastic causality can be regarded
as corresponding concepts as can the deterministic postulate and deterministic
causality. Further, deterministic causality is a limit case of stochastic

3

causality~.

3Two historical statements on deterministic causality that pervade all
of classical physics are due respectively to Descartes and Laplace.
They are also two outstanding repregentatives of rationalism that
characterized the "enlightenment" period.

Ren€¢ Descartes, in his Discours de la Méthode, states: "The long
chains of simple and easy reasonings by means of which geometers are
accustomed to reach the conclusions of their most difficult demonstra-
tions, had led me to imagine that all things, to the knowledge of which
man is competent, are mutually connected in the same way, and that there
is nothing .so. far removed from us as to be beyond our reach, or so hidden
that we cannot discover it, provided only we abstain from accepting the
false for the true, and always preserve in our thoughts the order
necessary for the deduction of one truth from another".

P. 8. Laplace, in his Théorie Analytique des Probabilitds, states:
"An intelligence knowing, at a given instant of time, all forces acting
in nature, as well as the momentary positions of all things of which the
universe consists, would be able to comprehend the motions of the largest
bodies of the world and those of the smallest atoms in one single formula,
provided it were sufficiently powerful to subject all data to analysis;
to it, nothing would be uncertain, both future and past would be present
before its eyes".
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9; Péfameter Space

To the structural parameters of the matrices B, I' and A
in (1), there is associated a point in the parameters space { .
If wefl and N is the number of structural parameters, then C:RN
where RN is the N-dimensional Euclidean space., Then,  is a point

in the parameter space Q , which itself is a subspace of RN'

Parameter Space: The set of all possible values that can be assumed by

the structural parameters of a model defines a parameter space, denoted
by Q
For exampie, in the following deterministic model of the

Keynesian type,

(10) C, =0+ PY, 3 >0 0<p<il1
+

£~ % Iy

the parameter space is:

Q= { ayp : a>0 o0<p<1}

Its corresponding graph is indicated in Figure 1 .

In the following market stochastic model,

Dy = O = By Py tu,; 0 >0 B, >0
(1) 8y = ay + By oy g + oy 3 By >0
P, =P * A (D, _1-8,) + Uy 3 A >0
oi 0 0
A-| o cg 0
0 0 Gg
E(ui,t uj,t+T) =03 1i,j=1,2,3, T7%+0.
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o

-4
Fig. 1: Parameter space corresponding to model (10).
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Fig. 2: Confidence region Rl - (elllpse) and Parameter

space Q for N=2
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the parameter space is eight~dimensional, & C R8 . Any point of the

Fuclidean .space R8 to which correspond real values for «. and positive

2
values for the remaining structural parameters defines a point « in the

parameter space § .

10. Definition of Structure

Bearing .in mind the deterministic and stochastic postulates and
the concept of parameter space, it is possible to formulate a precise

definition of economic model and economic structure,

Deterministic Model., A set of autonomous relations defines a deterministic

model when the following specifications are known:

Iy

(1). a mathematical law F of functional correspondence among
the jointly determined and predetermined variables;

(ii) a sample space R ;
(iii) a condition space 4Z 5

(iv) a parameter space Q .

Stochastic Model. A set of autonomous relations defines a stochastic

model when the following specifications are known:

(i) a mathematical law F of stochastic correspondence among the
Jjointly determined, predetermined and stochastic variables;

(ii) a probability space (R, A P);
(iii1) a condition space £

(iv) a parameter space Q .

Considering that a model is a set of structures, we can then give the

following definition.
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Stochastic Structure. A get of autonomous relations defines a stochastic
structure when the following specifications are known:

(i) a mathematical law F of stochastic correspondence among the
variables in each eguation or autonomous relation;

(i1) a probability space (R, # P);
(1iii) a condition space AZ :

(iv) a parameter point a, = (mbl,.no,abN) in O .

The definition of stochastic structure has now a simple intuitive
interpretation. In effect, given the mathematical law F and given the
point w, e (i.e., the numerical values of the structural parameters),
the set of conditions CGAZ " (i.e., specific values to the predetermined
variables) uniquely determine the conditional probability distribution of
the Jointly determined variables,

In reference to the stochastic model (1), we have symbolically:
(12) P(yteEy,zt) = lBIP(uteEu)

The conditional mathematical expectation of the vector of the jointly
-determined variables under the reduced form, defines an eo ipso predictor

[Ref. 25]. That is

(13)  E(ylzy) = -8 Tz, .

The definition of deterministic structure is obvious.

11, Definition of Structural Change

Given the stochastic structure corresponding to the parameter value

o, = (wol"°”a6N) in @ , a significance level O and a sample realization

of a stochastic structure of size T , then there exists a point estimate
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&B for mo. and a random ellipsoid Rl—a in Q , centered at
&0 = (&ol""’ﬁoN) and corresponding to a level of significance ¢ such
that
@D € = a
P(®_€R, ) = 1«

The ellipsoid R

1o 152 100(1-x)% confidence region for w,,

and 1-0 is the confidence coefficient. Further, the ellipsoid R

1y
is an estimator region for Wy such that the probability is 1l-g that
the ellipsoid. contains 'the structural parameter Wy -
In a simlilar manner we can set up an estimator region for any
subset of the parameters in the vector w, - This is of particular importance
for multiequational models of the recursive type because of the possibility
of obtaining.an estimator region for the parameters of each equation.
For N = 2, o, = Qbol“DQQ) and the confidence region is an ellipse
(Figure 2). For a single (Do s say (Dol » the estimator confidence interval

ig, of course, a one-dimensional region estimator interval. We can now give

the following definition.

Structural Change, A structural change has occurred when a structure for

the period to <t< tl s tl > to > 1s estimated to be the point 63659
in the N-dimensional space, i,e.,

. N Fal .
(1) & . (a%l,...,a%i,...,a%N) = (ﬁ%i) 3 i=l,...,N

and, when for the period t, St <, (tS >t s t, > tl), the

structure hgs been estimated to be

A A ~ ~ .
(15) d)l = <(bll"“’wli"“’wll\]) = ((J/Soi),‘ i=l,...,N



-.18 -

and when the difference ﬁi;ﬁ% does not admit the null hypothesis.

The new vector &l belongs to Q . If the structural change has
been observed in the parameters qf only one equation or a proper subset
of equations belonging to that structure, then the remaining relations
are sald to have permanence or structural autonomy; i.e., in reference

to the technological, institutional, or behavioral causes that produced

the changeu.

12. Economic Development and Structural Change

The concepts of structure and structural change are useful for
defining and programming economic develbpment.

One of the most widely accepted definitions of development is due
to F. Perroux [Ref. 22] and states: Development is a regular and
permanent growth of Gross National Product brought about by a combination
of psychological.and social changes in the population.

This definition emphasizes that in order for there to be economic
development there must be changes in the behavioral equations corresponding
to psychoiogical and social aspects of the population. These behavioral
changes will be followed by institutional and technological changes, These
must be such as to increase economic efficiency and social welfare; i.e., there
mist be greater productivity of resources,an eqﬁitable income distribution

and larger investment in the social and economic infrastructure.

hGregory C. Chow [Ref. 1] has proposed a testing method for the null
hypothesis of the difference between two points in the parameter space
when we are presented with two linear uni-equational structures belonging
to a given model with normal distribution in the disturbances. It is
possible to extend this result to non-linear multi-equational structures,
using Transvariation Theory [Ref. 3 and 5].
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The realization of development requires as a necessary though not
sufficient condition, that the new structure differs significantly from

the old one; i.e., the new estimated vector @leﬂ must show a

statistically significant difference from the original vector &o .
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Abstract

The concept of a modern society as opposed to a traditional
(backward) society and. the idea of structural change underline nearly
all up to date economic policies of development. The notion of structural
change is at stake first of all in the current polemic on causes of infla-
tion between the Latin American school of inflation (structuralist school)
and the more orthodox monetarist school. We can trace it also in the
theoretical foundations of any economic policy. Nevertheless, the concept
of structure has not a clearcut statement outside econometrics. The pur-
‘pose of this paper is to develop a quantitative and operational concept of
structure and, as a consequence, a quantitative and operational concept of
structural change. With that aim the deterministic and stochastic postu-
lates are introduced in terms of the notion of probability space, These
concepts together with the notion of parameter space bring out definitions
of stochastic and deterministic structures and structural changes. These
elements allow a direct interpretation and measure of economic development
in terms of a notion of structural change derived from: (a) an observed
structure, (b) the formulation of an objective structure and (c) a given

decision model (philosophy of action).
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