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THE METHOD OF LIMITS IN THE THEORY OF INDEX NUMBERS

S. N. Afriat

1. Balance and Composition

Consider two occasions, in which the prices and quantities of

some n goods consumed are given by pairs of vectors (po, xo), (pl, Xl)
of order n . The expenditures are
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With O and 1 as base and object occasions, the ILaspeyre index is

I

L .
L, = 1 "o u,'x
1o pl'xl 17"’

and the Paasche index is

Any points wu, x 1in the positive orthants B, C of real Euclidean
spaces of dimension n are to define a balance and a composition. They have
scalar product u'x ; and the composition x is said to be on the balance u
if u'x=1.

A balance u together with a composition x which is on it

defines an expenditure figure, which is to be denoted by E = (u I x) , where,

in this notation, it is to be automatically understood that wu'x =1 . Any

collection of expenditure figures defines an expenditure configuration.

Thus, in occasions O, 1 there are given balances u, » 4 € B,

together with compositions Xo B xl € C on them, providing a pair of expendi-

ture figures Eo =(u | x),E



2. Boundaries

For any balance u € B , the compositions =z € C in the sets

defined by
W= {z | u'z <1},
Mﬁ = {2z | u'z > 1},

are said to be within and upon the balance u » respectively. Then the set

of compositions

on the balance u , is given by

0O =W NM
u u u
Given any balances wu, v, ....€ B , they determine regions
W =W_Uw_uU ...
UyVyano u v
and
=M NM N ...
UyVyeoo u v
in C , with a surface
= N M
UyVyeen U,Vyaoo UsVyoan

as their common boundary.

All these definitions may now be formulated in a dual fashion, with
the roles of balance and composition interchanged.

Any surface of the form I = Ou,v,... defines a boundary in C
It bounds, from below, a region MI B any‘point of which defines a supported
composition; and any balance w such thai N& C:N%_ defines a supporting
balance. For example, wu, v, ... are supporting balances since
N& C:Mﬁ,v,... ; and also they are a generating set of supports for I , since
MI = Mﬁ,v,... . Let J be the surface in B which is the boundary of the

region Mj of supporting balances. Then, for u € Mj s X € MI B

u'x >1 , and u'x=1= ued and x€l



In an equivalent, dual formulation, the supporting and supported balances
and compositions interchange their roles. The boundaries J, I in B, C
are dual constructions; each is reconstructable from the other; and formula-
tions can be made with reference primarily to the one or the other.

If J, I are dual boundariés in B, C and uedJ, x eI, then
I 1is said to be through x and to touch u ; or, dually, J is through wu
and touches x

Given any balance u , and a number P > 0 , the balance % defines
the balance u expanded by the factor p . Expansion is positive or negative
according as ® = p - 1 is positive or negative.

Balances are called parallel if one is an expansion of the other.
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Given any balance u € B , and a boundary I in C , with dual J

in B , there is a unique balance % which is parallel to u and which
belongs to J , or equivalently, which touches I , where p = o(u, I) defines

the index of the balance u in respect to the boundary I , and is given by

o(u, I) = min {u'z | z € MI}
=nin {u'z ] z € I}
If I =0 » then
V,W,
o(u, I) = min (u'z | v'z >1,w'z>1, ...}
With v = 2 |

viz > 1 for all =z € MI » Whence v € Mj



Also
vy =1 for some vy € Mj 5
in which case v € J and y € I . The condition for u to be a support of

I is op(u, I) >1 . Thus

ueMJ.<=>p(u, I)>1, ved <= plu, I) =1 .

I
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3. Maps
Amap in C 1is defined by a system of boundaries, one and only one
of which passes through any composition, and, equivalently, one and only one
of which touches any balance. Since the boundaries do intersect, they are
completely ordered, each being above or below another. Then the pointsvof
C are partially ordered relative to the map, any two compositions having the
order of ﬁhe unique boundaries through them. Also the point of B are par-
tially ordered relative to the map, two balances having the order of the

unique boundaries which touch them.

-




A balance together with a composition which is on it are said to
be conjugates, relative to a map, or the expenditure figure they form is
said to belong to the map, 1f the unique boundaries touching the one and
through the other coincide.

Since the set of conjugates of a given balance or composition is
an intersection of convex sets, of the form Ou and MI » it is a convex
set. It is possible that every balance or composition has a unique conjugate,
SO & one-to-one correspondence is determined between balances and composi-
tions. This is the case when the boundaries are all smooth and strictly
convex.

Any boundary I can be g boundary in a map. Thus, for any p >0 R
another boundary Ip is defined by Ip = {xp | x~€ I} . If J is the dual
of I , then the dual of Ip is Jp = { % | uwed}. Since, for any x ,

there is just one point of the form xp on any of these boundaries, there is

Jjust one of these boundaries through any point, so they constitute a map.

*P
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Also, any two non-intersecting boundaries IO, Il can be boundaries

in the same map.
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Thus, let U, be any tangent balance of IO . Then up; =

°

ol

If = is any con-

is a parallel tangent balance of Il » Tor some pol . 1

tact of u, with Il ,» Then

1
u 'x
o1
1=u,'? 5
1ol Po1
so that
— T
Po1 T Y5 *1

So long as IO and ZIZ:L do not intersect, Po1 + 1 . Then it is possible

to consider a function defined by

‘u 'x - 1
® = min 7 s
u o1 1
o
for all supporting balances ug of IO » and the corresponding Po1 - It

a concave increasing function, it has a maximum on every balance, and its
levels describe a preference map P
Since
u'x-12>0
o zZ
for every x on IO > With the value O attained when U, is a balance

touching IO at X, » 1t follows that ¢(x) =0 on I

e}

where Xl is the contact of the tangent balance of Il parallel to u,

that

is

S0



uo'x - 1
_—_>l}
pol -1

and the value 1 is attained when uo is parallel to a balance touching

Il at x . Hence ¢@(x) =1 in I

Accordingly, IO, Il are among the boundaries of the preference
mep P described by ¢ . Any other boundary of the map is a level o(x) =t
of the function ¢ , and the boundary It of the region defined by the
system of inequalities

u'x > 1+ t(p_, - 1),

ol
where U, is any supporting balance of IO , and Po1 is determined corres-
pondingly.

Finally, any finite set of non-intersecting boundaries can be
boundaries in the same map, for they fall in an order, according to on which
side of each other they lie. Any consecutive palr of boundaries can be inter-
polated in the manner just described; and the first and last can then be used
to complete the map below and above, in the manner first described for a

single given boundary.

L. Admissibility

If any given expenditure figures belong to a given map, then that

map defines an admissible preference map for the configuration they form.




The question arises as to the existence of an admissible preference map for
a given expenditure configuration, in particular for the configuration formed

by the two given figures EO, El

If such a map P exists, let IO, I Dbe the boundaries through

1

Xo’ Xl . Then any point within uO is either on or in the inferior side of
IO . Therefore, uo'xl_f 1l means that Xl is either on IO , in the case
u 'x. =1, or inferior to x > in the case u 'x. <1 . In the one case

o 1 o} o 1
I =TI and hence u,'x > 1, and in the other, I is over u. , so that

o} 1 1l 70— o} 1
ul'xo‘> 1 . It follows that

1 v < 1 ' = ! = o
uo Xl'f 1 and Uy Xo <1 only if uo Xy 1l and Uy Xo 1

This is a weakened version of Samuelson's Axiom of Revealed Preference.l

A
O— N

Conversely, if this condition holds, an admissible preference map

exists. There only has to be examined the cases

N
0

S,
Ve

lP. A. Samuelson, "Consumption theory in terms of revealed preference,"
Economica 28 (1948), pp. 243-53.




In the first case, it is possible to take

and a map containing this boundary. In the second case, it is possible to
take

0 and Il =0 R

1
ugs ul/ul X uy

and a map containing these two boundaries.

N

N
Thus it appears that the revealed preference axiom, for a configur-
ation of two figures, is necessary and sufficient for the existence of an

admissible preference map. A more general result for a configuration with

any number of figures, has been obtained elsewhere.2

5. Limits

Now assume this axiom is satisfied, and that P is any of the

therefore existing non-empty class gD of admissible preference maps. Let
IO be the boundary of P through X, - This must have u, as a tangent,
u
since it is admitted by EO . It has a unique balance L parallel to Uy
lo

as a tangent. The number (P) defines the cost of living index,

P16 T Pio

with EO, B as base and object figures, determined relative to the prefer-

1

ence map P admitted by these figures. The problem now is to determine all

the values which plo takes as P ranges throughout QD

28, N. Afriat, "The algebra of revealed preference." Research Paper
No. 2 (May 1962), Econometric Research Program, Princeton University.
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It will appear that these valdgg(ﬁgrm an interval, whose upper
‘;imit is the Laspeyre index, and whose lower limit is going to be determined.
The result is in accordance with the familiar proposition that the
Laspeyre index provides an upper bound for the cost of living index.5 It
establishes it moreover as a least upper bound; that is, there always exists
an admissible preference map in respect to which the cost of living index is
determined within any assigned distance of the Laspeyre index, however small.
The other familiar proposition, that the Paasche index provides a
lower bound, is rejected. This is in the first place because the Paasche
index can be greater than the Laspeyre upper'limit,lL in which case the propo-
sition becomes absurd; and in the second place, because, even when it is less
than the Laspeyre limit, all that can generally be said of it is, contrary
to its being a lower bound, that it is a point in the range of values, though
not one of any special significance. |
What is usually understood as the "method of limits" in index-
number theory is the giving of limits to "the ideal index" in terms of the
Paasche and Laspeyre indices. Such an understanding of the method has proved

unworkable. The notion of an "ideal index," besides being unnecessary, is

quite unsatisfactory because it has never been given a clear meaning. What

5Wassily Leontief, "Composite commodities and the problem of index
numbers," Econometrica %, 1 (1936), pp. %9-59.

4S. N. Afriat, "An identity concerning the relation between the
Paasche and Laspeyre indices," Research Paper No. 3 (May 1962), Econcmetric
Research Program, Princeton University.
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is plain is that every admissible preference map gives a determination of the
index, and all such determinations are, without any further criterion to
distinguish them, equally admissible. Therefore, instead of the usual adop~
tion of the "theorem" that the, as yet undefined, ideal index always lies in

2 the method will now

the, sometimes non-existent, Paasche-Laspeyre interval,
e understood as the attempt to find the range of possible values of the
index, determined relative to all admissible preference maps. With this, a
definite question can be asked, and the answer found.

The popular assumption is that, if plo* is the ideal index, what-

ever 1t could be, then

< * < ! .
u 'x. - plo - ul Xo
o1

From this it is concluded that the Fisgher index, which is the geometric mean
1 L
Flo - ( EéTég > ]
o1

of these limits given by the Paasche and Laspeyre indices, is closer to the
ideal index than either of these limits. While the rejection of thisg argu-
ment destroys the ﬁsual Justification for the Fisher index, still another,
more serious objection has been made elsewhere,6 in which an observation of
BuscheguennceY, often considered to constitute a justification, becomes the

basis for a rejection.

7. R. Hicks. . A Revision of Demand Theory (Oxford, 1956).

68. N. Afriat. Preference Analysis: A General Method with
Application to the Cost of Living Index. Research Memorandum No. 29

(August 1961), Econometric Research Program, Princeton University.

3. s. Buscheguennce, "Sur une class des hypersurfaces. A propos
de'l'index idéal de M. Irv. Fisher," Recueil Mathématique, XXXII, 4 (1925),
Moscow.
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6. Evaluation of Limits

Consider the case in which Xo is revealed preferred to Xy

(uo'xl <1, ou'x > 1) , and a remaining case, in which X, 1s not revealed

! > .
preferred to X, (uo X, > 1)
If IO is any preference boundary through X, and P16 is deter-
u
mined correspondingly, then IO » in particular x , lies on or above L 5
ultxo © plO
that is >1, or
P10
1
P10 = U1 %,
let I =0 ) ' Then I is a preference boundary through x
o] Uys ul/ul X o] o}

1 7 . > s 1 t >
If U, %y <1, up X 1, then x, 1is below IO , and if u,'x 1,

1

ul'xo <1l , then % is above IO » as required for admissibility. But

P, = min {u
X

t Ty > Ty > 1 - t
1'% | uttx 21, u'x > xo] u 'x

1 1o

so that u.'x is an attainable value of p
170 lo
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Consider the case in which X is not revealed preferred to X -

Thus, Ou 1s an admissible preference boundary through X, and gives
o]

= mi ' 'y >
Py, = min {ul x | u'x > 1}

as an admissible value. Also, any admissible preference boundary IO through

XO lies in Mu and therefore cannot give a determination less than this.

o]
Hence
i ' x > .
Pio > min {ul X l u'x > 1}
Next, consider the case uo'xl_f 1.
. /
U & Uy, WX, €
=4
/
& > C \CD
Oui WUy
Anybboundary through Xo must lie in Mﬁ o A limiting position is
0’71

0 which provides the value
Ul Uy

= ;s 1 ? _ Ty >
1, = min {ul X | U x>1, v 'x > 1}
as the lower limit.

Now

< S 'x <u,t 1 :
U, S Uy U, ¥ su'x; a 1 x,

so that
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u't <uy = u x>l =u'x>1
o — 1 o - 17—

Hence, in the case U, < Uy

min {u, x | u'x > 1, u;tx > 1)
=min {u. 'x | u tx > 1} .
1 0

Otherwise,

min {u, x | UO?X.E 1, u'x>1}

= i 4 ' = .
min {ul x| u;'x >1) =1

Accordingly, assuming

u 'x. <1 and ul'xlf 1 only if uo'xl = ul'xo =1,

. ' > L
in the case U, % 2 1 or uo-S Uy the limits of P, are

7 7 1 > ?
min {ul x | u'x > 1} and U xS

and otherwise (in the case u 'x; <1 without u < ul) , the limits are
1
1l and uy Xo

It remains to evaluate min {ul'x I uo'x > 1} , or equivalently

min {ul'x | u 'x = 1} . Any point x = {Xr} of C on u, = {uor} can be
o
written x = {ur } where @ 20, 2a =1. Then
or 4
ul'x =2 o, _Lr 5
T or
1
for which the minimum value is min E_E . Hence
r or
_ u
min {u.'x | u_ 'x > 1} = min Ar |
1 o} - u
xeC r or

Now the following is established. Given (po, XO) 5 (plJ xl) as
the prices and quantities of goods consumed on two occasions, a necessary and

sufficient condition for the existence of an admissible preference map is that

t 1 t { : t - ' ' - ' .
po Xl < po Xo and. pl xo_f pl Xl only if po Xl PO Xo and pl Xo pl Xl
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Given this condition, the cost of living index P1o with o and 1 as base

and object occasions, determined relstive to any of the existing admissible

preference maps, ranges between lower and upper limits Blo 3 Blo ; Where
always
7 pl'xo
P10 = pl'xl ?
b b
. or lr
where, if p 'x. >p 'x or —— < - (r=1, ..., n),
o1 oo P, X, Py Xy
1
v po xo - plr
Plo = p.7x, Tn p_
Py 1 r or
and otherwise
v
Plo =1

This solves the problem of limits for a cost-of-1iving index
between two occasions, based on the price and quantity data for these
occasions.

Consider again the function wu.'x subject to the constraint

1
uo'x =1 . Its minimum value has been established, and, in a similar way,
ulr
its maximum value is max —— . Since uo'xo =1 , between its minimum
r or
and maximum value lies the value ul'xo . Hence
u u
. ir ' 1lr
min —— < u,'x < max -—-—— .
u - 170 - u
r or r or
Similarly, interchanging O and 1 B
Yor Yor
min — < u 'x, < max -— .
u - o "1l = u
r 1r r 1r
But
. or 1
min - = m 3
r lr 1r
max —
u
r “or

and similarly, with o and 1 interchanged. It follows that

u u
min ir < % < max —ir .
- u 'x, - u

u
r or o1l r or
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Accordingly,
u u
min —L < u 'x o, } < max —ir »
u - 1l o u.'x - u
r or o1 r or
showing common limits for both the Laspeyre and Paasche indices LlO = ul'xo
and P = ——%——— .
lo u 'x
o1
Let
et Y1 po'xo Pry
Mlo = min u—— = ——,X— min ——
r or By 1 r Por
and.
T
o _ ulr po Xo plr
Mlo = mex /= = " max -—
r or 171 r Por
so that
<
lo— 710’
and.
Mo =i
lo lo

if and only if the prices po are proportional to the prices Py

The condition uO < uq is equivalent to the condition i.f Mlo

v ~

nor u_ >u., means M, <1 <M
o— 1 lo =7 —

v
: . . _ .
The case uo X, or u, < u, , in which P16 Mlo » thus requires

Hence neither uo <u

1 lo

\4 v
M, <1<M _,or 1<M

lo — lo lo ?

1 . . ~ — f >
and the contrary case U %y <1l and uo-$ u; » in which P10 uy X 1

and 5 =1 , requires
lo 4

1 Ve
Mloflf u:L xo_<_M

°

lo

If the spread of P10 is defined as the length of the interval

v

N
plo.’ plo 2 thU.S,

A v
spread Pio ™ P1o ~ P1o 2

then, in each case,
v

spread plo-f Mlo - MlO
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The spread is thus Zero, or p is completely determined, if the

lo

prices P, and Py are proportional. In this case, moreover, the quanti-
v 1 ~
. M . . ‘ , .
ties 10 7 U1'%g E;7§— P MlO and the now determinate values of P10 and

—&— » are all equal.

pol

T. Generalization

Instead of asking for the range of admissible values of an index
plo’ between two cccasions, based Just onifhe price and quantities data for
those occasions, and the preference maps admitted by them, it is possible,
more generally, to ask for this in regard to such data for any number of fur-
ther occasions. As more data are incﬂuded, the class of admissible preference
maps becomes more confined, and thene:is a corresponding narrowing of the
range of admissible values of an index.:

To find this more generally determined range is an elaborate prob-
lem.8 Just the general result will be stated here, and it will be shown how
it contains as a special case the fesults Just obtained.

Let (pr, Xr) be the price and quantity data for occasion r

P

‘ = 1 = e— .
1, ..., k) . Let € = P,'x, and u :,
let (A, ©) , where A = {kr} , 0= {@r] » denote any non-trivial solution

(r et D, =wu 'x , and
rs r s

of the system of inequalities

AN2035 AD >0 -9 (r, s =1, veny k)

r rs — S r
Let
Q.- @ ‘
R s t
b (8 @) = min fux | u'x>1+ 22 6 =1, ..., k)
X t
and

v . A4
P, =min p__(A,0)
s A,@ rs

Now, with any o = {O}} such that @ >0, Z @ =1, let
r

8Afriat, op. cit.
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Xy = i X ar and. %1 =% ar . Let
Al _ . 1
prs(A’ ) = m&n {ur X, l Py = @S]
and let
P =max P (A, @)
TS Ao TS

Then Srs and 6rs are the lower and upper limits for the index prs 5
with s and r as base and object occasions, determined relative to all the

preference maps which are admissible on the given data. The condition

)

D.s S0,D <0, ... Dgr SO=> D =D = ... =D, =0

which generalizes the condition already stated for the case of two occasions,
and is a weakened form of the revealed preference axiom of Houthakker, is
necessary and sufficient for the existence of any such maps, and slsoc for
the existence of any solutions (A, ®) of the systems of inequalities which
enter into these formulae.

Now, in the case of two occasions r = o, 1,

Eio(A’ ®) = min {ul'x | uo'x 1,u
! X 1

v

where

or equivalently,

¢ -9 N
o} 1 0
! > > - —D
Y X = 1+ Kl - Kl ol
Therefore,
g = min [ul'x ] uo'xlz 1, u 'x>6}
X
where
¢ -0
6 =inf (1 +-25 1
1
ho
= inf (l-x—Dol)
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If D 1 <0, then 9 =1 5 in which case

—_ 2 \] ]
= m;n [ul X l u x>1} .

Hence, if Dol-S 0 , it follows that if uO.S uy then Plo has the same
expression as for the case DOl > 1 , and otherwise has the value 1 . Thus,
the general formula for Plo contains as & special case the results which have
Just been established.

. Consider now the expression

N - o ?
Prolhs @) = min (u 'x | Oy 2 @)

a
with
Xa = xO(l - a) +_Xla 3 Cpa = (po(l - a) + q)la s
and hence
! = v - = - ¢ ]
U "X, = vy xo(l a) +a = (1 uy xo)a f u 'x

where @ >0 . It is required to evaluate the minimum of ul'xa subject to

Qa‘f Qo > that is, subject to
(wl-cpo)a20= |
v . [ - - . . ) o
If ?l X <1, then, since Kl(ul X 1) > P, = ¢, , where M 20, it
follows that ?, - ?, 20, so that a is unrestricted, and ul'xa s Which

decreases as « decreases, attains its minimum value ul'xo'vwhen @ has its
minimum value O . In this case, always BlO(A, o) = ul'xo » and therefore
610 = ul'xo - Now consider the case ul'xolz l, and distinguish two classes
of solutions, such that wl < @o', and Ql_z ¢O « For the first class, necesg-
sarily « =0 , and thus Blo(A, 9) = ul'xo - For the second class, a ig
uﬁrestricted; Since ul’xd is non-decreasing as « increases, its minimum |
value 1 1is attained for o = 1 3 80 that ﬁlo(A, ®) =1 .

Thus, in the case u,'x > 1, the only values of 6lO(A, ®) are

u.'x  and 1, and hence
1%
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Py, =max p. (A, 0)
lo Ao 1o
1
= max [ul *o? 1
- 1
ul Xo

Thus in all cases = u 'xo » 1n accordance with the result already

N
plo 1

obtained.

The general formulae for E;s and Brs which have been given
can be shown to reduce to simpler formulae which generalize those obtained
for data of two occasions. But they have a further importance, in that they
are based on a general method of constructing and characterizing the entire
class of preference maps which are admissible on any consistent data, or
which are approximately admissible on any approximately consistent data.
This opens the way to a further development of the index number problem, in
the same framework aslthe rigid method of limits, but of a statistical char-

acter.




