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Abstract

In the unconditional moment restriction model of Hansen (1982), specification tests and more
efficient estimators are both available whenever the number of moment restrictions exceeds the
number of parameters of interest. We show a similar relationship between potential refutabil-
ity of a model and existence of more efficient estimators is present in much broader settings.
Specifically, a condition we name local overidentification is shown to be equivalent to both the
existence of specification tests with nontrivial local power and the existence of more efficient esti-
mators of some “smooth” parameters in general semi/nonparametric models. Under our notion
of local overidentification, various locally nontrivial specification tests such as Hausman tests,
incremental Sargan tests (or optimally weighted quasi likelihood ratio tests) naturally extend to
general semi/nonparametric settings. We further obtain simple characterizations of local overi-
dentification for general models of nonparametric conditional moment restrictions with possibly
different conditioning sets. The results are applied to determining when semi/nonparametric
models with endogeneity are locally testable, and when nonparametric plug-in and semipara-
metric two-step GMM estimators are semiparametrically efficient. Examples of empirically

relevant semi/nonparametric structural models are presented.
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1 Introduction

In work originating with Anderson and Rubin (1949) and Sargan (1958), and culminating in Hansen
(1982), overidentification in the generalized method of moments (GMM) framework was equated
with the number of unconditional moment restrictions exceeding the number of parameters of
interest. Under mild regularity conditions, such a surplus of moment restrictions was shown to
enable the construction of both more efficient estimators and model specification tests. It is
hard to overstate the importance of this result, which has granted practitioners with an intuitive
condition characterizing the existence of both efficiency gains and specification tests, and has thus

intrinsically linked both phenomena to the notion of overidentification.

Unfortunately, the existence of an analogous simple condition in general semi/non-parametric
models is to the best of our knowledge unknown. Yet, such a result stands to be particularly
valuable for these more flexible models, as their richer structure renders their potential refutability
harder to evaluate while simultaneously generating a broader set of parameters for which efficiency

considerations are of concern.

In this paper we show that, just as in GMM, efficiency and testability considerations are
linked by a single condition we name local overidentification. In order to be applicable to general
semi/non-parametric models, however, we must abstract from “counting” parameters and moment
restrictions as in GMM when defining local overidentification. Instead we employ the tangent set
T(P) which, given a (data) distribution P and a candidate model P, consists of the set of scores
corresponding to all parametric submodels of P that contain P (Bickel et al., 1993). Heuristically,
T(P) consists of all the paths from which P may be approached from within P. In particular,
whenever the closure of T'(P) in the mean squared norm equals the set of all possible scores, the
model P is locally consistent with any parametric specification and hence we say P is locally just
identified by P. In contrast, whenever there exist scores that do not belong to the closure of
T(P), the model P is locally inconsistent with some parametric specification and hence we say P
is locally overidentified by P. While these definitions can be generally applied, we focus on models
that are regular — in the sense that T'(P) is linear’ — due to the importance of this condition in
semiparametric efficiency analysis (van der Vaart, 1989).> When specialized to GMM, our notion
of local overidentification is equivalent to the standard condition that the number of unconditional

moment restrictions exceed the number of parameters of interest.

Our definition of local overidentification arises naturally from embedding regular estimators
and specifications tests in a common limiting experiment of LeCam (1986),® which enables us to
establish several equivalent characterizations of local overidentification. In particular, we show
that if P is locally just identified by P, then: (i) All asymptotically linear regular estimators of
any common “smooth” (i.e. regular) parameter must be first order equivalent; and (ii) The local
asymptotic power of any local asymptotic level a specification test cannot exceed « along all paths

approaching P from outside P. Moreover, we establish that the local overidentification of P by P

1'We stress that a model P being regular does not imply that all the parameters underlying the model are regular
(i.e., “smooth” or root-n consistently estimable, where n is the sample size). In fact, some parameters of a regular
model P may not even be identified.

2See Appendix A for a partial extension of our results to models in which T'(P) is a convex cone.

3See Choi et al. (1996) and Hirano and Porter (2009) for other applications of the limit experiment.



is equivalent to both: (i) The existence of asymptotically distinct linear regular estimators for any
“smooth” parameter that admits one such estimator; and (ii) The existence of a local asymptotic

level « specification test with non-trivial power against some path approaching P from outside P.

Our equivalent characterizations of local overidentification are very useful. They offer re-
searchers seemingly different yet equivalent ways to verify whether a data distribution P is locally
overidentified by a complicated semi/nonparametric regular model P. One obvious way is to di-
rectly verify the definition by first computing the closure of the tangent set 7'(P) and then checking
whether it is a strict subset of the space of all possible scores. An equivalent but sometimes sim-
pler approach is to examine whether it is possible to obtain two asymptotically distinct regular
estimators of a common “smooth” function of P € P, such as the cumulative distribution function
or a mean parameter | fdP for a known bounded function f. Given some structure on P, it is
often easy to compute two root-n consistent asymptotically normal estimators of a simple common
“smooth” parameter, say as approximate optimizers of weighted criterion functions with different

weights, and then verify whether their asymptotic variances differ.

The local overidentification condition by itself, however, may not lead to feasible efficient esti-
mators of parameters of interest nor to feasible tests with nontrivial local power in general regular
models. Indeed, in parallel to GMM, additional regularity conditions are required to accomplish
the latter two objectives. In our general setting, these regularity conditions are imposed by as-
suming the existence of a score statistic (a stochastic process) G, whose marginals are first order
equivalent to sample means of scores orthogonal to the tangent set T'(P). We show that such
a score statistic G,, can be constructed from two asymptotically distinct regular estimators of a
common “smooth” parameter® — a result that can be exploited to provide low level sufficient con-
ditions for the availability of Gn given additional structure on P. In addition, we show Gy, can be
employed to obtain locally nontrivial specification tests. The constructed tests encompass, among
others, Hausman (1978) type test, and criterion-based tests such as the J-test of Hansen (1982) as
special cases. In particular, proceeding in analogy to a test proposed in Eichenbaum et al. (1988)
for GMM models, we demonstrate, for general regular models P and M satisfying P C M, how
to build specification tests that aim their power at deviations from P that satisfy the maintained

larger model M. Following Arellano (2003), we refer to such tests as incremental Sargan tests.

We deduce from the described results that the equivalence between efficiency gains and non-
trivial specification tests found in Hansen (1982) is not coincidental, but rather the reflection of
a deeper principle applicable to all regular models. Our results on local overidentification in gen-
eral regular models should be widely applicable. For example, our equivalent characterizations
immediately imply that semi/nonparametric models of conditional moment restrictions (with a
common conditioning set) containing unknown functions of potentially endogenous variables are
locally overidentified because they allow for both inefficient and efficient estimators (Ai and Chen,
2003; Chen and Pouzo, 2009). Hence nontrivial local specification tests of these models exist. Our
results also show how to construct incremental Sargan tests by comparing estimators of a com-
mon “smooth” parameter as in Hausman (1978) or by applying the optimally weighted sieve quasi
likelihood ratio test of Chen and Pouzo (2009, 2015).

“We also establish a converse, that is, the availability of such a score statistic Gn yields asymptotically distinct
regular estimators of any common “smooth” parameter.



In this paper, we focus on a new application to nonparametric conditional moment restric-
tion models with possibly different conditioning sets and potential endogeneity. We derive simple
equivalent characterizations of local just identification for this very large class of models so that
other researchers do not need to compute the closure of tangent set T(P) case by case. When
specialized to nonparametric conditional moment restrictions with possibly different conditioning
sets but without endogeneity, such as nonparametric conditional mean or quantile regressions, our
characterization of P being locally just identified reduces to the condition of the nonparametric
functions being “exactly identified” in Ackerberg et al. (2014) for such models. When special-
ized to semi/nonparametric models using a control function approach for endogeneity (Heckman,
1990; Olley and Pakes, 1996; Newey et al., 1999; Blundell and Powell, 2003), our characteriza-
tion implies that P is typically locally overidentified by such models. When specialized to the
semi/nonparametric models of sequential moment restrictions containing unknown functions of
potentially endogenous variables, our characterization implies that P is typically locally overiden-
tified, which is consistent with the semiparametric efficiency bound calculation in Ai and Chen
(2012) for such models. When applied to semiparametric two-step GMM procedures, our results
imply that whenever P is locally just identified by the first stage nonparametric model, the second
stage optimally weighted GMM estimator can be semiparametrically efficient regardless of how the
first stage unknown functions are estimated; see Newey (1994); Newey and Powell (1999); Acker-
berg et al. (2014) for such examples with a nonparametric conditional mean or quantile regression
in the first stage. In Section 4 our results are illustrated further via empirically relevant examples
of semi/nonparametric structural models, including a small simulation study of incremental Sargan

tests in the semi/nonparametric production model of Olley and Pakes (1996).

The rest of the paper is organized as follows. Section 2 formally defines local overidentification
while Section 3 establishes its connections to efficient estimation and testing. Section 4 applies
our results to characterize local overidentification in nonparametric conditional moment restriction
models with possibly different information sets and potential endogeneity. Section 5 briefly con-
cludes. Appendix A provides extensions to models in which T'(P) is a convex cone. All the proofs

and additional results are contained in the Online Appendix.

2 Local Overidentification

2.1 Main Definition

We let M denote the collection of all probability measures on a measurable space (X, B). A model
P is a (not necessarily strict) subset of M. Typically, a model P is indexed by (model) parameters
that consist of parameters of interest and perhaps additional nuisance parameters. We say a model
P is semiparametric if the parameters of interest are finite dimensional but the nuisance parameters
are infinite dimensional (such as the GMM model of Hansen (1982)); semi-nonparametric if the
parameters of interest contain both finite and infinite dimensional parts; nonparametric if all the
parameters are infinite dimensional. We call a model P fully unrestricted if P = M. Therefore

even a nonparametric model may not be fully unrestricted; see Section 4 for examples.

Throughout, the data {X;}? ; is assumed to be an i.i.d. sample from a distribution P € P of



X € X. We call P the data distribution, which is always identified from the data, although its
associated model parameters might not be. Our analysis is local in nature and hence we introduce
suitable perturbations to P. Following the literature on limiting experiments (LeCam, 1986), we

consider arbitrary smooth parametric likelihoods, which are defined by:

Definition 2.1. A “path” t — P, 4 is a function defined on [0,€) C R for some € > 0 and such
that P4 is a probability measure on (X, B) for every t € [0,¢€), Pyyg = P, and

. 112 ooy L i 2
1;&)1 L(dPt,g dP*’#) 2gdP =0. (1)

The measurable function g : X — R is referred to as the “score” of the path t — Py g4.

Thus, a path is a parametric model that passes through P and is smooth in the sense of
satisfying (1) or, equivalently, being differentiable in quadratic mean.” We note Definition 2.1
implies any score must have mean zero and be square integrable with respect to P, and therefore

belong to the space LZ(P) given by

L2(P) = {g [ 9dp = 0and glna < oo} lolfso = [ gaP, @)

The restriction g € L(Q)(P) is solely the result of P, € M for all ¢ in a neighborhood of zero. If we

in addition demand that P; ; € P, then the set of feasible scores reduces to
T(P)={ge€ L§(P): (1) holds for some ¢t -+ P, , € P}, (3)

which is called the tangent set at P. Finally, we let T'(P) denote the closure of T'(P) under | - | p2.
By definition, T((P) is a (not necessarily strict) subset of LZ(P). For instance, if P = M, then
T(P) =T(P) = L(P) for any P € P.

Given the introduced notation, we can now formally define local overidentification.

Definition 2.2. If T(P) = L3(P), then we say P is locally just identified by P. Conversely, if
T(P) # L3(P), then we say P is locally overidentified by P.

Intuitively, P is locally overidentified by a model P if P yields meaningful restrictions on the
scores that can be generated by parametric submodels. Conversely, P is locally just identified by
P when the sole imposed restriction is that the scores have mean zero and a finite second moment
— a quality common to the scores of all paths regardless of whether they belong to P or not. It is
clear that Definition 2.2 is inherently local in that it concerns only the “shape” of P at the point

P rather than P in its entirety as would be appropriate for a global notion of overidentification.

Remark 2.1. Koopmans and Riersol (1950) refer to a model P as overidentified whenever there
is a possibility that P does not belong to P. Thus, P is deemed globally overidentified if P #= M
(i.e. P is a strict subset of M), and globally just identified if P = M (i.e. P is fully unrestricted).

Clearly, global just identification implies local just identification, while local overidentification

®The integral should be understood as [[1 ((dfﬁ)l/2 — (%)1/2) — %g(j—i)l/Q]Qdut where p¢ is any o-finite positive

measure dominating (P; + P). The choice of u: does not affect the value of the integral.



implies global overidentification. Although more demanding, local overidentification will provide

a stronger connection to both the testability of P and the performance of regular estimators. m

2.2 Equivalent Definitions in Regular Models

In many applications, the following condition holds and simplifies our analysis.

Assumption 2.1. (i) {X;}" | is an i.i.d. sequence with X; € X distributed according to P € P;
(ii) T(P) is linear — i.e. if g, f € T(P), a,b € R, then ag +bf € T(P).

The ii.d. requirement in Assumption 2.1(i) may be relaxed but is imposed to streamline
exposition. Assumption 2.1(ii) requires the model P to be regular at P in the sense that its
tangent set be linear. This is satisfied by numerous models (such as the GMM model), and is
either implicitly or explicitly imposed whenever semiparametric efficiency bounds and efficient
estimators are considered (H&jek, 1970; Hansen, 1985; Chamberlain, 1986; Newey, 1990; Bickel
et al., 1993). Nonetheless, Assumption 2.1(ii) does rule out certain partially identified settings
such as missing data problems (Manski, 2003), mixture models (van der Vaart, 1989), and models
where a parameter is on a boundary (Andrews, 1999). In the latter three cases, the tangent set
T(P) is not linear but a convex cone instead — a feature that complicates our analysis but still

allows for a partial extension of our results; see the Appendix A.

In the literature, the closed linear span of T'(P) under | - ||p2 is called the tangent space at
P € P (see, e.g., Definition 3.2.2 in Bickel et al. (1993)). Under Assumption 2.1, T'(P) becomes

the tangent space at P, and hence a vector subspace of L%(P). Let
T(P)* = {g € Li(P): /gfdP =0forall fe T(P)} (4)

be the orthogonal complement of T'(P). Then T'(P) and T(P)* form an orthogonal decomposition
of L3(P) (the space of all possible scores):

L§(P) = T(P) & T(P)". ()

Let I7(+) and I1;. (-) be the orthogonal projections under ||-|| po onto T'(P) and T'(P)~* respectively.
Then every g € L(P) satisfies g = Hy(g) + ;1 (g) and Var(g) = Var(r(g)) + Var(Ilp.(g)).
Intuitively, Iz (g) € T(P) is the component of g that is in accord with model P, while I (g) €
T(P)* is the component orthogonal to P.

The decomposition in (5) implies equivalent characterizations of local overidentification that

we summarize in the following simple yet useful Lemma.
Lemma 2.1. Under Assumption 2.1, the following are equivalent to Definition 2.2:

(i) P is locally just identified by P if and only if T(P)* = {0}, or equivalently, Var (I;.(g)) = 0
for all g € LE(P).

(ii) P is locally overidentified by P if and only if T(P)* # {0}, or equivalently, Var (I;.(g)) > 0
for some g € L3(P).



We next illustrate the introduced concepts in the GMM model.

GMM Illustration. Let T' € R% with d, < oo be the parameter space and p : X x R% — R%
be a known moment function with d, > d,. The GMM model P is

P:{PEM:/p(yy)szOfor some’yGF}, (6)

and for any P € P we let v(P) solve [ p(-,7(P))dP = 0. For simplicity, let p be differentiable in
v, set D(P) = [ Vyp(-,7(P))dP, and suppose Q(P) = [ p(-,7(P))p(-,7(P))'dP is invertible. For
any path t — P 4, € P, differentiating the moment conditions yields

= ;/P(',V(R&g))d&g’to = E[p(X,v(P))g(X)] — D(P)%(g)

= E[p(X,v(P){g(X) — p(X,v(P))Q(P)"'D(P)¥(¢)}], (7)

0

where X € X is distributed according to P € P and ¥(g) is the derivative of y(P;4) at t = 0.
Setting Iy, to be the d, X d, identity matrix and

R(P) = 14, — D(P)[D(P)Q(P)~'D(P)|"'D(P)'(P)~", (8)

we may exploit (7) implies the projection of any g € T'(P) onto the linear span of p(-,v(P)) equals
the projection onto the linear span of D(P)'Q(P)~'p(X,~(P)) to show

T(P)t ={g e Li(P): g = NR(P)p(-,y(P)) for some X € R},

T(P)={gc LP): /{)\/R(P)p(','y(P))}gdP =0 for all A € R%}. 9)

Thus, P is locally just identified by P if and only if R(P) = 0, which yields the usual GMM just
identification condition of d, = d,. Note that even when d, = d,, the GMM model P is globally
overidentified in the sense discussed in Remark 2.1. For instance, when X = (Y, Z, W) € R? and
p(X,v) = (Y — Zy)W it follows that P ¢ P whenever Ep[YW] # 0 and Ep[ZW]=10. m

By abstracting from “counting” the number of (unconditional) moments and parameters (of
interest) as in the GMM model, our definition of local overidentification is applicable to both
finite and infinite dimensional models. This will be very useful for nonparametric conditional
moment restriction models, where both the number of parameters (of interest) and the number of
(unconditional) moments are infinite. Moreover, for general regular models, we will show Definition
2.2 retains the fundamental link to the properties of regular estimators and specification tests
present in Hansen (1982). For instance, just as all regular estimators of v(P) in the GMM model
are asymptotically equivalent whenever d, = d., Theorem 2.1 in Newey (1994) has shown that the
asymptotic variance of root-n consistent plug-in estimators is invariant to the choice of first-stage

nonparametric estimators whenever L3(P) = T'(P).

5We thanks Lars Peter Hansen for sharing with us his notes on GMM.



3 General Results

In GMM, the requirement that the number of moments exceeds the number of parameters of in-
terest is intrinsically related to the existence of efficient (and inefficient) estimators and locally
nontrivial specification tests. In this Section we show that, in general regular models, local overi-
dentification is analogously intrinsically linked to the importance of efficiency considerations and

the potential refutability of a model.

3.1 The Setup
3.1.1 The Setup: Estimation

Since the data distribution P is always identified, many known measureable functions of P are
identified and consistently estimable even if some underlying (structural) parameters of a model
P are not identified. For general regular models, we therefore represent an identifiable parameter
as a known mapping 6 : P — B and the “true” parameter value as 6(P) € B, where B is a
Banach space with norm || - ||g. We further denote the dual space of B by B* = {b* : B —
R : b* is linear, ||b*||g+ < oo}, which is the space of continuous linear functionals with norm

16" || B+ = supypyz<1 [67(D)].

An estimator 8, : {X;}7_, — B for §(P) € B is a map from the data into the space B. To
address the question of whether #(P) admits asymptotically distinct estimators (i.e. efficiency
“matters”) we focus on asymptotically linear reqular estimators. For any path t — P, , € M we

Ln .
use the notation 3’ to represent convergence in law under PI"/ Vg = X, P, /g and L for

convergence in law under P" = Q)" | P.

Definition 3.1. 6, : {Xi} | = B is a regular estimator of O(P) if there is a tight random variable
D such that \/n{0, — O(P1) /mg)} Lo for any path t — P4 € P.

Definition 3.2. 6, : {Xi}1, — B is an asymptotically linear estimator of O(P) if
Vn{b, —0(P)} = =S i v(X;) +0p(1) under P" (10)
n - \/ﬁ = 7 D )

for some v : X +— B satisfying b*(v) € L(Q)(P) for any b* € B*. Here v is called the influence

function of the estimator 0,,.

By restricting to regular estimators, we focus on root-n consistent estimators whose asymptotic
distribution is invariant to local perturbations to P within the model P. While most commonly
employed estimators are regular and asymptotically linear, their existence does impose restrictions
on the map 6 : P — B. In fact, the existence of an asymptotically linear regular estimator of 0(P)
in regular models implies 6 : P — B must be “pathwise differentiable” (or “smooth”) relative to
T(P) (van der Vaart, 1991).

Remark 3.1. Regardless of the model P, there always exists a “smooth” map 6 : P — B and an
asymptotically linear regular estimator 6,, : {X;}, — B of (P) under i.i.d. data. For example,



for any bounded function f : X + R, the sample mean, n=! 3" | f(X;), is an asymptotically
linear regular estimator of (P) = [ fdP along any path t — P, ; € M. Thus, we emphasize that
6(P) should not be solely thought of as an intrinsic parameter of the model P, but rather as any
“smooth” map of P € P. m

3.1.2 The Setup: Testing

A specification test for a model P is a test of the null hypothesis that P belongs to P against the

alternative that it does not — i.e. it is a test of the hypotheses

Hy:PeP Vs H1PEM\P (11)

We denote an arbitrary (possibly randomized) test of (11) by ¢, : {X;} — [0,1], which is
a function specifying for each realization of the data a corresponding probability of rejecting the
null hypothesis. We restrict attention to specification tests ¢, that have local asymptotic level a

and possess an asymptotic local power function.

Definition 3.3. A specification test ¢y, : {X;}11 — [0,1] for a model P has local asymptotic level
a if for any path t — Py 4, € P it follows

limsup/¢>ndP1”/\/ﬁg < a. (12)

n—o0

Definition 3.4. A specification test ¢, : {X;}' ;1 — [0,1] for a model P has a local asymptotic
power function 7 : L3(P) + [0, 1] if for any path t — P4 € M, it follows

lim [ éndPy) o = 7(g). (13)

n—oo

Note that a local asymptotic power function only depends on the score g € L(Q)(P) and is
independent of any other characteristics of the path ¢ — P 4 € M." Intuitively, a test possesses
a local asymptotic power function if the limiting rejection probability of the test is well defined
along any local perturbation to P. The existence of a local asymptotic power function is a mild

requirement that is typically satisfied; see Remark 3.2.

Remark 3.2. Tests ¢,, are often constructed by comparing a test statistic T,, to an estimate of the
(1—«) quantile of its asymptotic distribution. By LeCam’s 3rd Lemma and Portmanteau Theorem,
such tests have a local asymptotic power function provided that: (i) (Tj,, ﬁ M 9(X;)) € R?
converges jointly in distribution under P" for any g € L3(P), and (ii) the limiting distribution of

T;, under P™ is continuous. See Theorem 6.6 in van der Vaart (1998). m

3.2 Equivalent Characterizations of Local Overidentification

In Hansen (1982)’s GMM framework, overidentifying restrictions are necessary for both the ex-

istence of efficiency gains in estimation and the testability of the model. We now extend this

"This follows from the fact that the product measures of any two local paths that share the same score must
converge in the Total Variation metric; see Lemma B.1 in the Online Appendix B.



conclusion to general regular models.
Theorem 3.1. Let Assumption 2.1 hold and P be locally just identified by P.

(i) Let 0, : (X}, = B and 6, : {X;}1, — B be any asymptotically linear regular estimators
of any parameter O(P) € B. Then: \/n{6, — 6,} = 0,(1) in B.

(ii) Let ¢p be any specification test with local asymptotic level o and a local asymptotic power
function w. Then: 7(g) < a for any path t — P, 4 € M.

Theorem 3.1 establishes that the local overidentification of P is a necessary condition for the
existence of efficiency gains and nontrivial specification tests. Specifically, Theorem 3.1(i) shows
that if P is locally just identified, then all asymptotically linear regular estimators of any “smooth”
parameter 6(P) must be first order equivalent. This conclusion is a generalization of Newey (1990)
who showed scalar (i.e. B = R) asymptotically linear and regular estimators are first order
equivalent when T'(P) = L3(P). Theorem 3.1(ii) establishes that if P is locally just identified by
P, then the local asymptotic power of any local asymptotic level « specification test cannot exceed
a along any path, including all paths approaching P from outside P. Heuristically, under local
just identification, the set of scores corresponding to paths ¢t — P; 4 € P is dense in the set of all

possible scores and hence every path is locally on the “boundary” of the null hypothesis.

In order to discern how the local overidentification of P can facilitate the existence of efficiency
gains and the testability of the model, we consider the asymptotic behavior of sample means. For
any 0% f € L%(P), if X; is distributed according to Py jm g for any path ¢ — P € M, then

Gu(f) = \/lﬁ ; Fix) o N( [ Foar. [ FdP) (14)

by LeCam’s 3rd Lemma. Recall that for regular models local overidentification is equivalent to
the existence of at least one score 0 # f € T(P)*. For any such 0 # f € T(P)* and all path
t — Py € P, we have [ fgdP = 0 and hence Gn( f) converges to a centered Gaussian random
variable — i.e. G, (f) behaves as “noise” that can alter the efficiency of estimators. On the other
hand, for any 0 # f € T(P)*, there is a path t — P, ;, € M \ P such that J fgdP # 0, and hence
Gn( f) can be employed to construct an asymptotically locally nontrivial specification test — i.e.

Gn(f) is a “signal” that enables the detection of violations of the model P. Our next Lemma builds

upon this intuition by employing the score statistics G, (f) to establish a converse to Theorem 3.1.
Lemma 3.1. Let Assumption 2.1 hold. Then the following statements are equivalent:
(i) P is locally overidentified by P.

(ii) If a parameter (P) € B admits an asymptotically linear regular estimator én, then: there
exists another asymptotically linear regular estimator 6, of O(P) such that \/ﬁ{én — 0~n} E
A #0 in B.

(iii) There ezists a local unbiased asymptotic level a test ¢y, with a local asymptotic power function

7 such that: m(g) > « for some path t — P, , € M\ P.

10



Theorem 3.1 and Lemma 3.1 establish that the local overidentification of P is equivalent to the
availability of efficiency gains and also to the existence of locally nontrivial specification tests. In
addition, Theorem 3.1(i) and Lemma 3.1(i)(ii) imply the following equivalent characterization of

local just identification.

Lemma 3.2. Let Assumption 2.1 hold and D be a dense subset of (L*(P),| - ||p2). For any
f €D let Q’} be the semiparametric efficient variance bound for estimating [ fdP. Then: Q% =
Var{f(X)} for all f € D if and only if P is locally just identified by P.

This lemma is very useful in assessing whether P is locally overidentified by a complicated model
P. For example, in Subsection 4.1.1 we exploit Lemma 3.2 and the semiparametric efficiency bound
analysis in Ai and Chen (2012) to characterize local overidentification in nonparametric models

defined by sequential moment restrictions.

3.3 Feasible Estimators and Tests

The intuition for Lemma 3.1 suggests that any statistics asymptotically equivalent to the score
statistics G, (f) with some 0 # f € T(P)* (in (14)) may be employed to obtain distinct regular
estimators for arbitrary “smooth” parameters 6(P) and specification tests with nontrivial local
power. Hence, for any set A we let (*(A) = {f : A = Rs.t. [[flleo < o0} where ||f|loo =

Supgea |f(a)|, and impose the following condition:

Assumption 3.1. For some set T there is a statistic Gy, : {Xi} = €2°(T) satisfying:
(i) Gn(7) = ﬁ_Z?zl s+(Xi) + 0p(1) uniformly in T € T, and where S(P) = {s, : 7 € T} satisfies
{0} # S(P) C T(P)*;

(7i) for some tight nondegenerate centered Gaussian measure Gy, Gn A Go in £°(T).

Assumption 3.1 requires the availability of a statistic Gn(T) that is first order equivalent to the
sample mean of some score s, € T(P)*. As we argue below, statistics Gn satisfying Assumption
3.1 are implicitly constructed by various specification tests, such as Hausman tests and criterion
based tests; see Remark 3.5. In order to establish a connection to Hausman tests in particular, we

introduce the following Assumption:
Assumption 3.2. For some parameter O(P) € B there are asymptotically linear reqular estimators
0,, and 0, with influence functions v and U such that \/ﬁ{én - 9~n} LA #0.

Assumption 3.2 simply requires the existence of two distinct estimators of some “smooth”
parameter, which needs not be structural; see Remark 3.1.

Lemma 3.3. Let Assumption 2.1 hold.

(i) Let Assumption 3.1 hold. Then: For any parameter 0(P) € B that admits an asymptotically
linear reqular estimator én, Assumption 3.2 is satisfied with 9~n = én +bx Gn(T*) for some
™ €T and some 0 # b € B.

(11) Let Assumption 3.2 hold. Then: Assumption 3.1 is satisfied with T = {b* € B* : ||b*||g~ <
1}, G, € £°(T) given by G, (b*) = b*(vn{0p — 0,}), and sy = b*(v — D).
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Lemma 3.3 establishes that Assumptions 3.1 and 3.2 are equivalent to each other. In particular,
Lemma 3.3(ii) shows that the difference of any two asymptotically distinct linear regular estimators
of any common parameter §(P) may be employed to construct Gy — Le. Assumption 3.2 implies
Assumption 3.1. As a result, given the specific structure of a regular model P, it is straightforward
to obtain lower level sufficient conditions for Assumption 3.1. Specifically, we need only ensure
the existence of two asymptotically distinct linear regular estimators of some “smooth” parameter,
which could be a simple identified reduce-form parameter if the structural parameters are not
identified. In a large class of semiparametric and nonparametric models, asymptotically distinct
estimators may be found as the optimizers of weighted criterion functions with alternative choices
of weights. See, e.g., Shen (1997) for efficient estimation based on sieve or penalized maximum
likelihood in semi/nonparametric likelihood models, and Ai and Chen (2003) for efficient estimation
based on optimally weighted sieve minimum distance of semi/nonparametric conditional moment
restrictions models. In Online Appendix F we apply Lemma 3.3(ii) to verify Assumption 3.1 in

nonparametric conditional moment restriction models.

We next exploit the fact that Gy, behaves as a “signal” from a testing perspective (i.e. Lemma
3.1(iii)) to construct nontrivial local specification tests. Let S(P) = lin{S(P)} be the closed
linear span of S(P) in L(P), and IIg(g) the metric projection of g € L3(P) onto S(P). We note
Assumption 3.1(i) (or (14)) implies that G,, exhibits a non-zero asymptotic drift along a path
t — P, € M if and only of Ig(g) # 0. Intuitively S(P) represents the alternatives for which
specification tests based on G,, have nontrival local asymptotic power. To construct such a test,

we employ a map ¥ : £°°(T) — R to reduce G, to a scalar test statistic T}, = ¥(G,,).

Assumption 3.3. (i) U : (*°(T) — R, is continuous, conver and nonconstant; (ii) ¥(0) = 0,
U(b) = W(=b) for all b € ¢>°(T); (iii) {b € £>°(T) : U(b) < ¢} is bounded for all ¢ > 0.

Let ¢1_ > 0 be the (1 — «) quantile of U(Gg). We define a specification test

n=1{U(G,) > c1_a}; (15)

i.e. we reject proper model specification for large values of ¥(G,,). Multiple specification tests in
the literature are in fact asymptotically equivalent to (15) with different choices of ¥; see Theorem
3.2 Part (ii) and Remark 3.5 below.

Theorem 3.2. Let Assumption 2.1 hold.

(i) Let Assumptions 3.1 and 3.3 hold. Then: ¢, defined in (15) with ci—q > 0 is a local unbiased
asymptotic level a specification test with a local asymptotic power function w. Moreover, for
any path t — P, g € M with IIg(g) # 0 it follows

m(g) = lim Py, Vg (T(Gr) > e1-q) > a. (16)
(ii) Let Assumption 3.2 hold. Then: Assumption 3.3 holds with ¥ = || - ||lec, and Part (i) holds

with U(G,) = /1|6, — 0,8, and S(P) = {b*(v — ) : b* € B*,[|b*||g- < 1}.

Theorems 3.1, 3.2, and Lemmas 3.1, 3.3 link local overidentification to the existence of asymp-

totically distinct estimators and locally nontrivial specification tests. The latter two concepts were
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also intrinsically linked by the seminal work of Hausman (1978), who proposed comparing estima-
tors of a common parameter to perform specification tests. Theorem 3.2(ii) shows Hausman tests

are a special case of (15) in general regular models.

Remark 3.3. Whenever S(P) = T(P)=, result (16) holds for any path ¢ — P; , with

2
/2 3pl/2 .
hggggférelf n/[dQ dP1/\F } > 05 (17)

i.e., the proposed test has nontrivial local power against any path that does not approach P “too

fast”. If condition (17) fails, then there is a sequence @,, € P for which

li (dQy —d <l w—P" =0 18
msup| [ 6(dQ} AP} 7| < limsup Q3 Pyjy, v (18)
where || - |7y denotes the total variation distance; see, e.g., Theorem 13.1.3 in Lehmann and

Romano (2005). Therefore, a violation of (17) implies Py, s , approaches P “too fast” in the
sense that it is not possible to discriminate the induced distribution on the data {X;}!' ; from a

distribution that is in accord with P. m

Remark 3.4. Theorem 3.2(ii) states a Hausman test has nontrivial local power against any path
t — P4, € M whose score g is correlated with 0*(v — ) for some b* € B*. When 0, is a
semiparametric efficient estimator, it follows S(P) = lin{Il. (b*(7)) : b* € B*} (see Proposition
3.3.1 in Bickel et al. (1993)). In particular, LZ(P) = lin{b*(#) : b* € B*} implies S(P) = T(P)*,

and hence the corresponding Hausman test has nontrivial power against all local alternatives. m

Remark 3.5. In addition to Hausman tests, multiple specification tests are also asymptotically
equivalent to test (15). For example, optimally weighed criterion based tests employ statistics T,

that have a chi-squared asymptotic distribution and satisfy

K

Z( ifk )+op<1> (19)

k=

where K corresponds to the degrees of freedom and { fk}le C L%(P) are orthonormal. A test
with this property can only have nominal and asymptotical local level « if f;, € T(P)* for all k.
Otherwise, there is a path t — P, , € P such that | g{Ily(f)}dP # 0 for at least one k, which by
(14) leads to a null rejection probability exceeding av. As a result, the structure in (15) is present in
the J-test of Hansen (1982), the semiparametric LR statistic of Murphy and van der Vaart (1997),
the sieve QLR statistic in Chen and Pouzo (2009), and the generalized emipirical likelihood test
in Parente and Smith (2011) among many others. m

3.4 Incremental Sargan Tests

In applications, specification tests are often informed by a concern with a particular violation
of the model. For instance, in GMM we may question the validity of a subset of the moment
conditions but have confidence in the remaining ones; see, e.g., Eichenbaum et al. (1988). In such

circumstances, a J-test, which entertains the possibility of any moment being violated, can be less
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revealing than the so-called incremental Sargan test, which focuses on the specific moments that

are of concern (Arellano, 2003).

The tests in Theorem 3.2 can similarly direct their power at specific violations of the model.
To this end, we introduce a set M satisfying P C M C M, which represents the characteristics of

the model we believe P satisfies even when P ¢ P, and consider
Hy:PeP vs H :PeM\P. (20)
The “maintained” model M generates its own tangent set, which we denote by
M(P) ={g € Li(P): (1) holds for some t — P, , € M}, (21)

with M (P) being the closure of M(P) in (LZ(P),| - |lp2). If M(P) is linear, then M(P) =
T(P) @ {T(P)* N M(P)} and the space L3(P) of all possible scores satisfies

LY(P)= M(P)& M(P): =T(P)® {T(P)- N M(P)} ® M(P)*; (22)

i.e. any score consists of a component that agrees with P (in T'(P)), a component that disagrees
with P but still agrees with M (in T'(P)* N M(P)), and a component that disagrees with M
(in M(P)*Y). Intuitively, when testing for the validity of P while remaining confident on the
correct specification of M we should employ tests that direct their power towards the subspace
T(P)* N M(P) rather than all of T(P)*.

In the following, II;. (-) is the orthogonal projection under || - ||p2 onto T'(P)*.
Lemma 3.4. Let Assumption 2.1 hold, P C M, and M (P) be linear.

(i) Let Assumptions 5.1 and 3.3 hold with S(P) C T(P)* N M(P). Then: Theorem 3.2(i)
remains valid for any path t — P, ; € M with I1g(g) # 0.

(ii) Let Assumption 3.2 hold with 0, and 0, being efficient estimators of 0(P) € B under P and
M respectively. Then: Theorem 3.2(ii) remains valid with b*(v — ) € T(P)* N M(P) for all
b* € B*.

(iii) Let Assumption 3.1 hold with T = {1,...,d}, d < oo, and {s,}¢_, be an orthonormal basis
for S(P) = T(P)t N M(P). Then: For any asymptotic level o specification test ¢, with an

asymptotic local power function,

inf i ndPl) o < inf lim P Gnll® > e1-a), 23
9612(/@) n;ngo ¢ 1/vng = gengl(n) ?’Ll~>nolo 1/vng (H I “ ) (23)
where G(k) = {g € M(P) : |[Ilp.(9)||p2 > &}, and c1—q is the (1—a) quantile of a chi-square

distribution with d degrees of freedom.

Lemma 3.4 provides ways to construct tests that direct their power towards violations of P that
satisfy M. In particular, Lemma 3.4(ii) implies Hausman tests that compare estimators that are
efficient under P to estimators that are efficient under M implicitly focus their power against local
alternatives in M \ P. Moreover, whenever S(P) = T(P)* N M(P) and S(P) is finite dimensional,
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Lemma 3.4(iii) implies the resulting test is optimal in that it maximizes local minimum power
against alternatives in M\ P that are a “local distance” of k away from P. We emphasize, however,
other (asymptotically equivalent) optimal tests exist. In fact, the sieve likelihood ratio test of Shen
and Shi (2015) for semi/nonparametric likelihood models, and the sieve optimally weighed quasi
likelihood ratio test of Chen and Pouzo (2009, 2015) for semi/nonparametric conditional moment

restriction models could be regarded as versions of incremental Sargan tests.

GMM Illustration (cont.) For P as defined in (6), we now suppose p(z,7) = (p1(z,7)’, p2(x,7)")
where p; : X x R% — R%i with d,, > d,, and we let

ME{P:/pl(-,y)szofor some'yeF}. (24)

Eichenbaum et al. (1988) propose testing P with M as a maintained hypothesis by employing

the statistic Jy,(p) — Jn(p1) for J,(p) and J,(p1) the J-statistics based on the moments p and

p1 respectively.® Arguing as in Remark 3.5, it can be shown that for {pk}(,f”: _1d”’ and {mlyg}i":ll_d7

orthonormal bases for T(P)* and M (P)* we have

dp—dy T 2 dpy—dy 1 & 2
Jn(p) = Jn(pr) = S (X)) - S m(X3)) +op(1)
dz( ! if<x>>2+ M (25)
= = k(A Op
k=1 \/ﬁizl

where the second equality holds for { fk}zpjl an orthonormal basis for T'(P)~NM (P) since M (P)* C
T (P)L. Therefore, an incremental Sargan test corresponds to a special case of the test discussed
in Theorem 3.2(i) for which S(P) = T(P)* N M(P). Moreover, by Lemma 3.4(iii), the resulting

test is locally maximin optimal. m

4 General Nonparametric Conditional Moment Models

In this section we apply our previous results to a rich class of models defined by nonparametric

conditional moment restrictions with possibly different conditioning sets and potential endogeneity.

4.1 Models and Characterizations

The data distribution P of X = (Z,W) € X is assumed to satisfy the following nonparametric

conditional moment restrictions

Elpij(Z,hp)|W;] =0forall1 <j<J for some hp e H, (26)

8A related approach employs the p; moments for estimation and the p; moments for testing; see, e.g., Chris-
tiano and Eichenbaum (1992), Hansen and Heckman (1996), and Hansen (2010). The test statistic implicitly
sets S(P) = T(P)- N M(P) provided it is based on the efficient estimator of [ p2(-,7(P))dP under M - i.e.
n~1 > dp2(Xe, An) — é'pl(Xi,’yn)} for 4, the efficient estimator of «(P) using only p1 moments, and B the OLS
coeflicients from regressing {p2(X:,9n)}tiz1 on {p1(Xi,4n)}iz1. This is a special case of Lemma 3.4(ii) since the
efficient estimator of [ pa(-,7(P))dP under P is zero.
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for some known measurable mappings p; : Z x H — R, where H is some Banach space (with
norm || - ||g) of measurable functions of X = (Z,W). Here Z € Z denotes potentially endogenous
random variables, and W € W denotes the union of distinct random elements of the conditioning
variables (or instruments) (W7y,...,W;). Note that there are no restrictions imposed on how the
conditioning variables relate — e.g. W; and Wj may have all, some, or no elements in common,

and some of the W; could be constants (indicating unconditional moment restrictions).

Model (26) encompasses a very wide array of semiparametric and nonparametric models. It
was first studied in Ai and Chen (2007) for root-n consistent estimation of a particular “smooth”
linear functional of hp when the generalized residual functions p; are pointwise differentiable (in
hp) for all j =1,...,J. Since Ai and Chen (2007) focused on possibly globally misspecified models
in that E[p;(Z, h)|W;] # 0 for some j and for all h € H, they did not characterize the tangent
space for model (26).

In this section we characterize the tangent space for model (26) without assuming the differ-
entiability of p;(Z,-) : H ~ L%(P) for all j. We assume instead that

m;(Wj, h) = Elp;(Z, h)|W;] (27)

is “smooth” (at hp) when viewed as a map from H into L*(W;), where L*(W;) is the subset of
functions f € L?(P) depending only on W;. Specifically, we require Fréchet differentiability of
each m;(W;,-) : H~ L*(W;) (at hp) and denote its derivative by Vm,;(W;, hp), which could be
computed as Vm;(W;, hp)[h] = %mj(Wj,hp + 7h)|;=0 for any h € H. Define the linear map
Vm(W, hp) : H — Q7_; L*(W;) by

Vm(W, hp)[h] = (Vma (Wi, hp) (R, ..., Vg (W, hp)[h]) . (28)

Note that ®3~]:1 L%(W;) is itself a Hilbert space when endowed with an inner product (and induced
norm) equal to (f, f) = Y7_, E[f;(W;) f3(W;)] for any f = (f1,.-.,f1) and f = (f1,..., [1).

Let R be the range space of the linear map Vm(W, hp) defined as
J
R = {f € ®L2(Wj) : f = Vm(W, hp)[h] for some h € H}, (29)
j=1

and R be its closure (in ®}]:1 L%(W;)), which is a vector space and plays an important role in this
section. Let R+ be the orthocomplement of R (in ®;-7:1 LA (W;)).

In order to be explicit about the local perturbations we consider, we next introduce a set of

conditions on the paths ¢t — P, , employed to construct the tangent set T'(P).

Condition A. (i) Under X ~ P, 4, E[p;j(Z, ht)|W;] =0 for some hy € H and all 1 < j < J; (ii)
|t=1(he — hp) — Allg = o(1) as t | 0 for some A € H; (iii) |pj(z,he)| < F(z) for all 1 < j < J
and F € L*(P) satisfying [ F?dP,, = O(1) as t | 0.

Thus, a path ¢t — P, , satisfies Condition A if whenever X is distributed according to F; 4, the

conditional moment restrictions in (26) hold for some h; € H and the map ¢ — hy is “smooth”
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in t. These requirements are satisfied, for instance, by the paths considered in semiparametric
efficiency calculations, in which distributions are parametrized by h; and a complementary infinite
dimensional parameter describing aspects of the distribution not characterized by h;; see, e.g.,
Begun et al. (1983), Hansen (1985), Chamberlain (1986, 1992), Newey (1990), and Ai and Chen
(2012). We also introduce a vector space V given by

J
v= {g—Zﬂ;ZhP%( ) ) € @ IOV, (30)
j=1

which is a subset of L3(P) provided P satisfies (26) and E[{p;(Z, hp)}*|W;] is bounded P-a.s. for
1 <j < J. Let V be the closure of V, and V* be the orthocomplement of V (in L(P)).

Finally, we impose the following regularity conditions on the distribution P.

Assumption 4.1. (i) P satisfies model (26); (ii) m;(W;,-) : H — L*(W;) is Fréchet differentiable
at hp for 1 < j <J; (iii) pj(Z,-) : H— L*(P) is continuous at hp for 1 < j < J; (iv) There is a
D C H such that lin{D} = H and for every h € D there is a t — P, 4 satisfying Condition A with
A = h; (v) V! has a dense subset of bounded functions.

Assumption 4.2. (i) Z}']ﬂ E[p?(Z, hp)|Wj] is bounded P-a.s.; (ii) There is Cy < oo such that
S lillpe < Coll S5 pi (s he)jllpa for all (41, 4y) € ®J L2(W;).

Assumptions 4.1(i)(ii)(iii) and 4.2(i) are standard. Assumptions 4.1(iv)(v) and 4.2(ii) are suf-
ficient conditions for the simple characterization of the tangent space obtained in Theorem 4.1
below. Assumptions 4.1(iv) assumes that H is the local parameter space for hp, while Assumption
4.1(v) assumes thats any function g € V1 can be approximated by sequences of bounded functions
in Y+ — low level sufficient conditions for this requirement are often readily available in specific

applications. Assumption 4.2(ii) imposes a linear independence restriction on {p;(Z, hp) 3]:1

Our next result provides a simple characterization for local overidentification.

Theorem 4.1. Let P satisfy Assumptions /.1 and 4.2. Then: T(P)* satisfies

T(P)*t = {g € Li(P

HM&

p;i(Z,hp);(W;) for some (¢17-~,1/1J)€7_3L}7

and moreover T(P)* = {0} if and only if R = ®J LA(W;).
In view of Lemma 2.1, Theorem 4.1 implies that P is locally just identified by regular model
(26) if and only if R = ®3]:1 L%(W;). Theorem 4.1 also has a useful dual representation.

Lemma 4.1. Let Assumption J.1(ii) hold. Let H* be the dual space of a Banach space H, and
Vm;(Wj, hp)* : L*(W;) — H* be the adjoint of Vm;j(Wj,hp) : H — L2W;) for j = 1,...,J.
Then: R = ®;-]:1 L%(W;) if and only if

{f (fi,--s f e®L2 vaJWJ,hp) fj_o} {0}.

7j=1
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Theorem 4.1 and Lemma 4.1 together imply that P is locally just identified by model (26)
if and only if the adjoint operator Vm(W, hp)* : ®3-]:1 L*(W;) — H* is injective. Interestingly,
this resembles a necessary condition, the injectivity of Vm(W,hp) : H — ®3]:1 L%(W;), for local
identification of the unknown function hp by model (26) in Chen et al. (2014) — when (26) is linear

in hp this condition is also sufficient (Newey and Powell, 2003).

4.1.1 Sequential moment restrictions

While the proof of Theorem 4.1 directly computes T(P)J-7 we note that in special cases of model
(26) for which semiparametric efficiency bounds are known, one could also exploit Lemma 3.2 to
characterize local just identification. We next follow such an approach by exploiting the efficiency
bound results in Ai and Chen (2012) to characterize the local just identification of P by models

defined by sequential moment restrictions.
The data distribution P of X = (Z,W) € X is now assumed to satisfy the following nonpara-
metric sequential moment restrictions
model (26) holds with o({W;}) C oc({Wj}) forall 1 < j < j < J, (31)
where o({W;}) denotes the o-field generated by W; for j = 1,...,J. Note now W = W, which is
assumed to be a non-degenerate random variable.

We will restrict attention to distributions P for which the conditional moments in (31) are

suitably linearly independent. We define

J
ssWy)= it E{pj(Zhp) = Y arpr(Z,hp)YPWy] for j=1,...0 =1,  (32)
{aktizj k=j+1

and s%(W;) = E[{ps(Z,hp)}?|W,]. Since W, is the most informative conditioning variable, we
may interpret S?(WJ) as the residual variance obtained by projecting p;(Z, hp) on {pj(Z, hp)}j>;

conditionally on all instruments.
The following assumption imposes the basic condition on the distribution P.

Assumption 4.3. (i) P satisfies (31); (ii) Assumption /.1(ii) holds; (iii) max; E[{p;(Z,h)}?] <
oo for any h € H (a Banach space); (iv) P(n < E[SJQ(WJ)]WJ]) =1 for some n > 0 and all
1<j<J; (v) P(|Elp(Z, hp)pij(Z, hp)|W;]| < M) =1 for some M < oo and all 1 <k <j < J;
(vi) L*(Wy) is infinite dimensional.

Assumptions 4.3(i)(ii)(iii) are standard. Assumption 4.3(iv) restricts the conditional depen-
dence across moments, while Assumption 4.3(v) imposes an almost sure upper bound in the condi-
tional covariance across residuals. When the same instrument is used in all conditioning equations,
so that W; = Wy for all j, Assumptions 4.3(iv)-(v) are equivalent to the covariance matrix of
the residuals conditional on Wj; being nonsingular and finite uniformly in the support of Wj.
Finally, Assumption 4.3(vi) ensures that model (31) implies an infinite number of unconditional
moment restrictions. If L2(W}) is finite dimensional, then model (31) becomes a finite number of

unconditional moment restrictions thus reducing to the well understood GMM setting.
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Theorem 4.2. Let Assumption 4.3 hold. Then: P is locally just identified by model (31) if and
only if R = ®‘]f:1 LA (W;).

It is interesting that the characterization of local just identification in nonparametric sequential
moment restrictions (31) coincides with that for the more general model (26) derived in Theorem
4.1. Nevertheless, the additional structure afforded by sequential moment restrictions does allow
for the semiparametric efficiency bound calculation in Ai and Chen (2012) and enables us to obtain

the local just identification characterization under lower level conditions.

4.1.2 Models with triangular structures

Numerous nonparametric structural models posses some triangular structures in which the (condi-
tional) moment restrictions depend on a non-decreasing subset of the parameters; see examples in
Subsection 4.2. Lemma 4.2 below focuses on such a setting by assuming the parameter space takes
the form H = ®;-]:1 H, and imposing that the moment conditions can be ordered in a manner such
that the k-th moment condition depends only on the subset ®?:1 H; of the parameter space. In the
Lemma we let Vm; ;(W;, hp)* : L2(W;) — H; be the adjoint of Vm; ;(W;, hp) : Hj — L2 (W),
and R; be the closure of R; (in L?(W;)), where

Rj={f€L*W;): f=Vm;(W;, hp)[h] for h; € H;}.
Lemma 4.2. Let Assumption /J.1(ii) hold, and H = ®;-]:1 H; with H; being Banach spaces for
all j. Suppose there are linear maps Vm; (W, hp) : Hy, — L*(W;) such that
J
Vi (Wy, hp)[h] =Y Vmp(Wj, hp)[hi] for any h = (hy,... hy) € Q) H;, (33)

k=1 j=1

where Vmj (W, hp)[hi] =0 for all k > j, and there is 0 < C' < oo such that
IVm e (W, hp) bl p2 < Cl\Vmg (Wi, hp) bl P2 for all k < j. (34)

Then: R = ®;-]:1 LA(W;) if and only if R; = L*(W;) for all j, which also holds if and only if
{f € L*(W;) : Vm; j(W;,hp)*[f] = 0} = {0} for all j.

Lemma 4.2 implies that, under the stated requirements on the partial derivative maps, one
may assess whether P is locally overidentified by examining each (conditional) moment restriction
separately. This lemma simplifies the verification of local just identification in many nonparametric

models. For example, it is directly applicable to the following class of models
Elpij(Z, hp;)|W;] =0 for some hpj e H; foralll<j<J (35)

where hp = (hp1,...,hpy) e H= ®}]:1 H;, and the unknown functions hp; € H; could depend
on the endogenous variables Z. Our final result applies Lemma 4.2 to special cases of model (35)

in which H; contains functions of conditioning variables W; only; i.e.,
Elp;(Z, hp;j(W;))|[W;] =0 for some hp; € H; C L*(W;) forall 1 <j < .J. (36)
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Corollary 4.1. Let P satisfy model (36) with hp = (hpi,...,hpy) € H = ®;-]:1 H; and As-
sumption J.1(ii) hold. Suppose for each 1 < j < J, there is d; € L*(W;) that is bounded P-a.s.
and Vmj(W;, hp)[h] = d;(W;)h;(W;) for any b = (ha,...,hy) € H. Then: R = @, L*(W;) if
and only if for all 1 < j < J, H; is dense in L*(W;) and P(dj(W;) #0) = 1.

Corollary 4.1 reduces assessing local just identification of P by model (36) to examining two
simple conditions for all j = 1,...,J: (i) H; must be sufficiently “rich” (H; is dense in L?(W})),
and (ii) The derivative of the moment restrictions must be injective (d;(W;) # 0 P-a.s.). It
immediately implies, for example, that nonparametric conditional mean and quantile regression
models are locally just identified,” and that restricting the parameter space to the space of bounded
or differentiable functions is not sufficient for yielding local overidentification as H; remains dense
in L?(W;). On the other hand, Corollary 4.1 does imply that P will be locally overidentified by

model (36) as soon as there is one j such that H; is not a dense subset of (L*(W;), |- |

Pyg), which
is satisfied by partially linear (Robinson, 1988) or additively separable (Stone, 1985) conditional

mean specifications.

Remark 4.1. Semiparametric two-step GMM models are widely used in applied work. Building
on the insights of Newey (1994) and Newey and Powell (1999), Ackerberg et al. (2014) show that
when the unknown function hp = (hpi,...,hpy) is “exactly identified” by model (36) in the
first stage, the second stage optimally weighed GMM estimator of fp identified by unconditional
moment restriction F[g(X,0p,hp)] = 0 is semiparametrically efficient. Our Corollary 4.1 shows
that their requirement of nonparametric “exact identification” of hp is equivalent to our P being
locally just identified by model (36) in the first stage. Our Theorem 4.1, Lemmas 4.1 and 4.2 fur-
ther imply, however, that the second stage optimally weighed GMM estimator may be inefficient
when P is locally overidentified by model (26) in the first stage, such as in the various semipara-
metric conditional moment restriction models of Ai and Chen (2003, 2012). See Subsection 4.2 for

examples of P being locally overidentified by nonparametric models. m

4.2 Illustrative Examples

This section presents three empirically relevant examples to illustrate the implications of our results;

see Online Appendix G for additional results and discussion.

Example 4.1. (Differentiated Products Markets) An extensive literature has studied identi-
fication of demand and cost functions in differentiated product markets, including the seminal work
of Berry et al. (1995). Here, we follow Berry and Haile (2014) who derive multiple identification

results by relying on moment restrictions of the form
E[Y; — hj,p(vz‘)|Wij] =0 for 1 < ] < J (37)

where 1 < ¢ < n denotes a market and 1 < j < J a good. For instance, in their analysis of demand,

h; p corresponds to the inverse demand function for good j, V; denotes market shares and prices in

°For Z = (Y,W) with Y € R note that a mean regression model corresponds to pi1(Z,h) = Y — h(W) so
that di(W) = —1. Instead, in a quantile regression model p1(Z,h) = 7 — 1{Y < h(W)}, in which case di1(W) =
—gy\w (hp(W)|W) for gy|w (y|w) the conditional density of Y given W.
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market 4, Yj; is a “demand shifter”, and W;; is a vector of price instruments and product/market
characteristics for good j.'Y Let h;p € H; C L*(V) for all j, and hp = (h1,p,...,hyp) € H =
®;-]:1 H;. Then this model is a special case of model (35), and hence Lemma 4.2 is directly
applicable. Note that for any h = (hy,...,hy) € H,

Vm;(W, hp)[h] = =E[h;(V)|W;]. (38)
Let H; be the closure of H; under || - || p2 and for any f € L?(W;) set

I, f = arg min [|(=f) = hjlp2. (39)
j€H,
The map g, : L*(W;) + H; is the adjoint of (38), and Lemma 4.2 implies that P is locally just
identified if and only if

{f € L*(Wj) : T, f = 0} = {0} for all 1 < j < J. (40)

For instance, if H; = L?(V), then (40) is equivalent to the distribution of (V,W;) being L*-
complete with respect to V for all j (Newey and Powell, 2003), which is an untestable condition
under endogeneity (Andrews, 2011; Canay et al., 2013).!" Hence, plug-in estimation of average
derivatives may not be efficient when L2-completeness fails (Ai and Chen, 2012). Finally, we note
that the structure in model (37) is also present in a large literature on consumer demand; see, for
example, Blundell et al. (1998, 2003, 2007). Semiparametric restrictions that are consistent with
agents’ optimization behaviors, however, can render P locally overidentified (Blundell et al., 2007;
Chen and Pouzo, 2009). m

Example 4.2. (Nonparametric Selection) This example concerns nonparametric versions of
the canonical selection model of Heckman (1979) as studied in, e.g., Heckman (1990). Suppose

that for each individual i, there are latent variables (Yo*,w Yy ;) satisfying
Yii = 94.p(Vi) + Ua, (41)

where d € {0,1}, V; is a set of regressors, and gq p are unknown functions. Instead of (Y7, Y7";),
we observe V; =Yg, + D; (Y, = Y';) where D; € {0, 1} indicates selection into “treatment”. As in
Heckman and Vytlacil (2005), we assume there exists a variable R; excluded from gq p and impose

the index sufficiency requirement
E[Uq,i|Vi, Ri, Di = d] = A p(P(D; = 1|V;, R;)) (42)

for unknown functions Ay p. Assuming E[Uy;|V;] = 0 for d € {0,1}, we can then exploit equations

(41) and (42) to obtain the system of conditional moment restrictions

ED; —sp(Vi,R)|Vi, Ri] =0 (43)
E[Y; = ga.p(Vi) = Ma,p(sp(Vi, R:i))|Vi, Ri, D; = d] = 0, (44)

Berry and Haile (2014) additionally employ moment restrictions as in (37) to identify cost functions.
1We note that since there are examples of distributions for which L2-completeness fails, the model may be locally
overidentified even when V and W; are of equal dimension (Santos, 2012).
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which can be used to identify the conditional average treatment effect g1 p(V;) — go,p(Vi); see
also Newey et al. (1999) and Das et al. (2003) for related models. Hence, in this context J = 2,
hp = (go,p: 91,P, Ao,p, M,py sp), Wi = (Vi, R;), and Wiz = (Vi, R;, D;).

We examine a general nonparametric version of this model by only requiring g4 p € L?(V) and
Ad,p be continuously differentiable for d € {0,1}. For any (go, g1, Ao, A1, ) € H, restrictions (43)
and (44) then possess a sequential moment structure which simplifies applying Theorems 4.1 or

4.2. In particular, Lemma 4.2 implies P is locally just identified if and only if
Sa={f € L*(V,R)) : f(V,R) = ga(V) + Aa(sp(V, R)) for some gq4, Aq} (45)
is dense in L?(V, R) for d € {0,1}. However, identification of the functions g4 p and A\ _p requires
P(Var{sp(V,R)|V} > 0) > 0, (46)

i.e. the instrument R must be relevant. When (46) holds, Sy is not dense in L?*(V, R). Thus,
the conditions for the identification of (g4 p, A p) imply that P is locally overidentified by the
model. Hence, the model is testable and efficiency considerations matter when estimating smooth

parameters such as the average treatment effects. m

Example 4.3. (Nonparametric Production) This example closely follows the firm’s produc-
tion structural models proposed by Olley and Pakes (1996), Ackerberg et al. (2015) and others.
Econometricians observe a random sample {X;}!" ; of a panel of firms ¢ = 1,...,n from the distri-
bution of X = {V;, Ky, Ly, It }1_, for a fixed finite T > 2, where Yy, Ky, Ly, I; respectively denotes a

firm’s log output, capital, labor, and investment levels at time ¢. Suppose that
Yie = gp(Kit, Lit) + wit + U E[Uq|Kit, Lit, i) = 0, (47)

where gp is an unknown function, and w;; is a productivity factor observed by the firm but not
the econometrician. Olley and Pakes (1996) provides conditions under which the firm’s dynamic

optimization problem implies, for some unknown function Ap, that
wit = Ap(Kit, Lit). (48)

Let W = (K, L1, 1), and for simplicity let 7' = 2 and wj; follow an AR(1) process. The literature

has exploited (47) and (48) to derive the semiparametric conditional moment restrictions

E[Yi _gP(Klel)_)\P(KLII)’W] =0 (49)
E[YQ—gP(K27L2)—ﬂ—P)\P(Kl,Il)’W] =0 (50)

where mp is the coefficient in the AR(1) process for w;;. This model contains multiple overiden-
tifying restrictions that are easily characterized through Theorem 4.1. Specifically, note hp =

(gp, Ap,7p) and for any h = (g, A\, 7) we have

Vi (W, hp)[h] = —g(K1, L1) — A(K1, I1) (51)
VmQ(VV, hp)[h] == —E[g(KQ,L2)|W] - Wp)\(Kl,Il) - W)\p(Kl,Il). (52)
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By Theorem 4.1 a necessary condition for local just identification is for the closure of the range of
(51) to equal L?(W). However, this requirement fails since (51) cannot approximate nonseparable
functions f € L?((L1, I1)) — a failure reflecting the assumption that labor is not a dynamic variable.
Consequently, sequential estimation of average output elasticities, as in Olley and Pakes (1996),

can be inefficient. Similarly, we note
Vmao(W, hp)lh] — mpVmi (W, hp)[h] = mpg(Ki1, L1) — Elg(K2, L2)|W] — mAp(K1, I1), (53)

and local just identification requires the closure of the range of (53) to equal L?(W). However,
such a condition can fail reflecting the empirical content of assuming constancy of gp through time
and additive separability of w;. As in Section 3.4, the power of specification tests can be directed

at violations of these assumptions. m

4.3 Numerical Illustration

We conclude with a brief numerical illustration based on Example 4.3. As a design, we let gp be

a Cobb-Douglas production function and for simplicity suppose
Kit+1 = 09K + It Iiy = exp{—0.1 x log(Ki) + wit}, (54)

where wj; follows an AR(1) process with coefficient 7p = 0.5 and normally distributed innovations
with variance (0.3)2. The variables Uy in (47) are drawn from a normal distribution with mean zero
and variance (0.1)2, and we assume the firm sets L;; to maximize expected (over Uy;) profits when
facing wages Vj; with log(Vi) ~ N (0, (0.3)?). Our sample is generated by selecting two observations
after a “burn in” period of a thousand time periods for each firm. The results reported below are

based on one thousand replications of samples of five thousand observations each.
Since we impose a Cobb-Douglas specification, the moment restrictions become

E[Y;1 — aplog(Ki1) — Bplog(Li1) — Ap(Ki1, Iin)|Wi] =0 (55)
E[Yia — aplog(K;2) — fplog(Li2) — mpAp(Ki1, 1i1)|W;] =0 (56)

and we let P denote the set of distributions for which (55) and (56) hold for some (ap, Bp, 7P, Ap).
Following Section 3.4, we conduct a specification test that aims its power at deviations from P for
which labor is a dynamic variable and thus affects investment decisions. While it is possible to
construct tests against any such deviations, for illustrative purposes it is convenient to focus on

deviations satisfying for some unknown vp € R and unknown function ®p : R? — R,
Lit = @ p(wit — yplog(Lit), Kit), (57)

and we let M denote such set of distributions. Importantly, we note the tangent spaces of P
relative to P and M differ by one dimension (i.e., T(P)* N M (P) has dimension one).

We estimate (ap, Bp, mp) efficiently under P and M employing the estimator in Ai and Chen
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Table 1: Performance of Estimators

Mean N x Variance
Parameter Value P-Efficient M-Efficient P-Efficient M-Efficient
T 0.5 0.500 0.499 0.854 0.887
« 0.7 0.698 0.698 0.094 0.177
o) 0.3 0.307 0.306 0.071 2.115

(2003).'2 Table 1 reports the performance of such estimators and we see, in accord with the theory,
that local overidentification of P makes efficiency considerations relevant. Since T'(P)*NM (P) has
dimension one, Lemma 3.4(ii) implies the influence function of the difference between estimators
that are efficient under P and estimators that are efficient under M does not depend (up to scale) on
the parameter being estimated. Indeed, letting (ap, Bp) and (G, BM) denote efficient estimators
under P and M, we find the correlation between {3p — fn} and {é@p — dng} to be —0.998.

Table 2: Power Functions of Specification Tests

Value of Deviation ~y

Test -0.12  -0.09 -0.06 -0.03 0.000 0.03 0.06 0.09 0.12
HT o 0.999 0994 0.830 0.256 0.042 0.270 0.734 0.955 0.999
HT 3 1.000 0.994 0.832 0.262 0.044 0.285 0.738 0.956 0.999
QLR 1.000 0.987 0.752 0.190 0.045 0.306 0.755 0.961 0.998

The fact that the dimension of T'(P)* N M (P) equals one, further implies that all specification
tests that direct power at this subspace possess the same local power function. In order to examine
this prediction, we consider alternatives for which (57) holds with ®p(a,b) = exp{a — 0.11log(b)}.
Table 2 reports the power curves for Hausman tests based on estimates of a and of 5 that direct
their power at T(P)+ N M(P). We also employ the sieve quasi likelihood ratio test in Chen and
Pouzo (2015) to test whether v = 0 in (57), which also directs its power at T'(P)~ N M(P). We

find similar power curves, with the different Hausman tests having virtually identical power.

5 Conclusion

This paper reinterprets the common practice of counting the numbers of restrictions and parame-
ters of interest in GMM to determine overidentification as an approach that examines whether the
tangent space is a strict subset of L%(P). This abstraction naturally leads to a notion of local overi-
dentification, which we show is responsible for an intrinsic link between efficiency considerations
in estimation and the local testability of a model. While we have relied on an i.i.d. assumption
for simplicity, there are ample works deriving efficiency bounds in time series settings (Hansen,
1985, 1993) and characterizing limit experiments under nonstationary, strongly dependent data
(Ploberger and Phillips, 2012). We conjecture the results in this paper could similarly be extended

to allow for dependence, but leave such extensions for future work.

12T the implementation, we employ a sieve for Ap consisting of five terms and built using BSplines of order two.
The conditional expectations are estimated via series using nine terms consisting of BSplines of order two and the
cross products log(L;1) log(K;1) and log(Li1) log(I11).
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APPENDIX A - Extension to T'(P) a Convex Cone

Our results in the main text rely on the requirement that the tangent set T'(P) be linear. In
this Appendix, we examine to what extent our conclusions apply to models in which T'(P) is a

convex cone instead. To this end, we replace Assumption 2.1 with the following weaker condition:
Assumption A.1. (i) Assumption 2.1(i) holds; (ii) The tangent set T(P) is a convexr cone — i.e.
if g, f € T(P), a,b € R witha >0 and b >0, then ag+ bf € T(P).

We let T'(P) still denote the closure of T'(P) under ||-|| p2, and maintain Definition 2.2. Crucially,
Assumption A.1(ii) implies T'(P) is a closed convex cone but not necessarily a closed linear subspace

of L3(P) as in regular models. Thus, the alternative characterization of local overidentification in
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terms of the orthogonal complement of T'(P) (see Lemma 2.1) is no longer valid. However, for any

closed convex cone T'(P) in L3(P), we may define its dual cone, denoted T'(P)~, which is given by

T(P)” = {g € Li(P): /gfdP <0 forall fe T(P)}. (A1)

Let Ir(g) and IIp-(g) denote the metric projections of a g € L3(P) onto T(P) and T(P)~
respectively. For any g € LZ(P), the so called “Moreau decomposition” (Moreau, 1962) implies:

g =Tlp(g) + Ty (g) Q/EHT@ﬂ}ﬂrr<g»dP——o; (A.2)

see, e.g., Proposition 46.5.4 in Zeidler (1984). Unlike the setting in which T'(P) is a linear subspace,
however, there may in fact exist f € T(P) and g € T(P)~ such that [ fgdP < 0. Nevertheless,

the decomposition in (A.2) immediately implies a direct generalization of Lemma 2.1.
Lemma A.1. Under Assumption A.1, the following are equivalent to Definition 2.2:

(i) P is locally just identified by P if and only if T(P)~ = {0}, or equivalently, Var (Il (g)) = 0
for all g € LE(P).

(i3) P is locally overidentified by P if and only if T(P)~ # {0}, or equivalently, Var (Ily—(g)) > 0
for some g € L3(P).

Given Lemma A.1, it should be possible to show that the main message of Section 3 remains:
If P is locally overidentified by P, then the model is locally testable and “efficiency” considerations
“matter” even when 7'(P) is a convex cone. To gain some intuition, we could again examine sample
means of some scores. Recall that, by LeCam’s 3rd Lemma, equation (14) remains valid for any
score 0 £ f € L%(P) and any path ¢t — P, ; € M, which is restated as below

Gu(f) = jﬁ iilﬂxi) o N( [ Foar. [ f2dP>. (A.3)

By Lemma A.1, there exists a 0 # f € T(P)~ whenever P is locally overidentified by P. For any
such f , it follows that [ f gdP <0 for all g € T(P). Thus, observing a large and positive value for
Gn( f) may be viewed as a “signal” that the distribution of X; ~ P, m . is approaching P from
outside the model P. On the other hand, from an estimation perspective, we should be able to

“exploit” knowledge that [ fgdP <0 for all g € T(P) to improve on “inefficient” estimators.

Unfortunately, the following Theorem shows that not all of our previous results generalize

exactly to the case when T'(P) is a convex cone but not a linear subspace of L3(P).

Theorem A.1. Let Assumption A.1 hold and there be linearly independent f1, fo € T(P)~ with
A1, M2 € T(P) for any A < 0. Let ¢y, be any test with a local asymptotic power function 7 such
that

rg)<aifgeT(P) w(g)>aifg¢T(P). (A4)

Then: ©(g) < a for any path t — P;,; € M with Nllp-(g) € T(P) for any A <0.
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Theorem A.1 shows that any locally asymptotically unbiased specification test with level «
(i.e. a test that satisfies (A.4)) must have power no larger than « against any alternative with
MIp-(g) € T(P) for any A < 0. In particular, if \f € T(P)~ for all f € T(P) and A < 0,
then Theorem A.1 implies any locally asymptotically unbiased test has power no larger than «
against any alternative. Such a conclusion contrasts with Lemma 3.1(iii) and Theorem 3.2(i),

which establish the existence of asymptotically nontrivial locally unbiased tests in regular models.

Luckily, Theorem A.1 does not preclude the existence of nontrivial locally asymptotically biased
specification tests when T'(P) is a convex cone but not a linear subspace of LZ(P). It does indicate
that, in order to establish results analogous to Lemma 3.1 for the convex cone case, we need to be

precise with the class of estimators we consider.

Instead of restricting our attention to regular estimators when T'(P) is a convex cone, we focus

on a broader class of estimators 6, : {X;}?_, — B of a parameter §(P) such that

Lng

V{0 = 0Py s g)} ' 2y (A.5)

for some tight random variable Z, € B along any path t — P, € P. Critically, note that in
contrast to regular estimators, the limit Z, may depend on g. Focusing on estimators satisfying
(A.5) enables us to easily characterize the local asymptotic risk along any path t — P, € P.
Concretely, for a loss function ¥ : B — R, the local asymptotic risk of 0, is given by

limsup Ep,, . [¥(vVn{0, — 0(Py; /03], (A.6)

n—oo

which represents the expected loss of employing 0, to estimate 6(P) when the data generating

process is locally perturbed within P. We require the loss function ¥ to satisfy:
Assumption A.2. ¥ : B — Ry satisfies: (i) {b € B : ¥(b) < t} is conver for all t € R; (ii)
U(0) =0 and W (b) = VU(=b); (iii) ¥ is bounded, continuous, and nonconstant.

A minimal requirement to demand of an estimator is that its local asymptotic risk not be domi-
nated by that of an alternative estimator —i.e. they should be “asymptotically locally admissible”.

Definition A.1. 6, : {Xi}, — B is “asymptotically locally admissible” under U if it satisfies
(A.5) and there is no estimator 6,, : {X;}1, — B satisfying (A.5) and

lim sup Epl/\/ﬁ’g [\P(\/ﬁ{én — H(Pl/\/ﬁ,g)})] < lim sup Epl/\/ﬁ)g [\P(\/ﬁ{én — Q(Pl/\/ﬁyg)})]

n—oo n—oo
for all paths t — P; , € P, and with the inequality holding strictly for some path.

Given the introduced concepts, we can document an equivalence result between the local overi-
dentification of P, the potential refutability of a model, and the importance of “efficiency”.
Lemma A.2. Let Assumptions A.1 and A.2 hold. Then the following statements are equivalent:

(i) P is locally overidentified by P.
(ii) There exists a bounded function f : X — R such that the sample mean n=1 Y " | f(X;) is

not an asymptotically locally admissible estimator for 6(P) = [ fdP under ¥.
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(iii) There ezists a local asymptotic level v test ¢, with a local asymptotic power function w

satisfying m(g) > o for some path t — Py € M\ P.

In analogy to Lemma 3.1, Lemma A.2 employs G, (f) with f € T(P)~ to establish that local
overidentification of P is equivalent to the potential refutability of the model. In addition, Lemma
A2 establishes an equivalence to the availability of “efficiency” gains, by showing that P is locally

overidentified if and only if a scalar sample means fails to be asymptotically locally admissible.

We next examine in more detail the construction of asymptotically nontrivial specification tests

and “better” estimators than the sample mean. To this end, we impose the following:

Assumption A.3. For some set T there is a statistic G, : {Xi} = £2°(T) satisfying:
(i) Gp(1) = % S 8:(X;) 4 0p(1) uniformly in T € T, where {0} # {s, : 7€ T} CT(P)~;

(ii) for some tight nondegenerate Gaussian measure Gg, G, L Gy in ().

Assumption A.3 is identical to Assumption 3.1 with the exception that s; is required to belong
to T(P)~ instead of T(P)~. As in Theorem 3.2(i), G, can be employed to construct a specification

test. Specifically, for z V y = max{z,y} we employ as a specification test statistic
IG5V Olloo (A.7)

where for 0 < w € £°(T), G¥ is given by G¥(7) = w(7) x G, (7). For G¥(7) = w(r) x Go(7), and
¢_,, be the 1 — o quantile of |G§ V 0|/, we then define the test

¢ = H{IGy Vv 0lloe > ¢, }- (A.8)

Intuitively, 0 < w € £°°(T) acts as a weight function that determines the local alternatives against
which ¢ has nontrivial power. As in Theorem 3.2(i), however, the power properties of the test ¢%
also depend on the set {s;},eT being sufficiently “rich”. Let C'(P) denote the closed convex cone
generated by {s;}reT (in LE(P)). For any g € L§(P) we let Ilo(g) denote the metric projection
of g onto C(P) —i.e. C(P) parallels S(P) in Theorem 3.2(i).

Theorem A.2. Let Assumptions A.1, A.3 hold, and 0 < w € £>°(T) satisfy ¢{_, > 0. Then: ¢¥
1 a local asymptotic level o specification test with a local asymptotic power function. Moreover,
for any t — P,y € M with T (g) # 0 there is 0 < w* € £°°(T) with ¢, >0 for a € (0,1), and

Tim Py g (1G5 V0l > ¢17,) > o (A.9)

Theorem A.2 shows that for any path t — P, , € M with IIg(g) # 0 it is possible to select
an w* € (*°(T) such that gb‘;{* has nontrivial local power against that particular alternative. By
Theorem A.1, however, the test %" may have local power lower than its level against some other
alternative. In this regard, we emphasize there exist important differences in the properties of

specification tests of models in which T'(P) is linear and of models in which T'(P) is a convex cone.

Turning to estimation, we note that when restricting attention to paths ¢ — P; , € P, knowledge
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that [ s;gdP < 0 should be useful. Specifically, for any function f: X — R, we define
X RS -
fin(f,7) = — 3 J(X3) = B(f,7) x max{0, Gn(7)} (A.10)
i=1

for B(f,7) = max{ [ fs-dP, 0}/“87—”%372. The function S(f,7)sr is the projection of f onto the cone
generated by s, € L3(P). Heuristically, ii,(f,) exploits (A.3) implies the projection of f onto
the cone generated by s, must have a (weakly) negative mean under any path t — P4, € P to

improve on the sample mean as an estimator. Our final Theorem establishes such a result.
Theorem A.3. Let Assumptions A.1 and A.2 hold. Then the following statements hold:
(i) If P is locally just identified, then the sample mean is an asymptotically locally admissible
estimator of [ fdP under U for all bounded functions f : X — R.

(ii) If P is locally overidentified, then Assumption A.3 holds with some T = {7*} such that
|se|lp2 > 0, and that fu,(f, ) satisfies (A.5) for any bounded f: X — R and

imsup B, (8 (V7. 7) = [ £8P )]

n—oo

n—o0

. 1 ¢
<limsup Ep,, [\I'(% Z{f(Xl) - /fdPl/\/Eg})] (A.11)
i=1
for any path t — P, 4 € P provided that f : X — R be such that B(f,7) # 0.

Together, Lemma A.2 and Theorems A.2 and A.3 thus document that local testability of a
model and efficiency considerations remain intrinsically linked to P being locally overidentified
when T'(P) is a convex cone. We emphasize that many important questions remain open, such as
a better understanding of optimality in estimation and specification testing when T'(P) is a convex

cone. Such analysis, however, is beyond the scope of this paper.
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ONLINE APPENDIX TO

Overidentification in Regular Models

Xiaohong Chen  Andres Santos
July 2017

This Online Supplementary Appendix contains all the proofs and additional results to support
our main text. APPENDIX B derives a limiting experiment that clarifies the connection between
regular estimation, specification testing, and our definition of local overidentification. APPENDIX
C contains the proofs of the results in Sections 2 and 3 of the main text as well as additional
Lemmas. APPENDIX D contains the proofs of the results in Appendix A on local overidentification
when the tangent set is a convex cone. APPENDIX E contains the proofs of the results in Section
4. AppENDIX F provides sufficient conditions for verifying Assumption 3.1 in the general nonpara-
metric conditional moment restriction models studied in Section 4. Finally, APPENDIX G provides

additional discussion of the Examples in Section 4 as well as a final example.

APPENDIX B - Limiting Experiment and Additional Lemmas

In this Appendix we first embed specification tests and regular estimators in a common statis-
tical experiment that highlights their connection to each other and to the local overidentification

of P. The proof of the main result and of additional lemmas are presented as well.

Heuristically, in an asymptotic framework that is local to P, our parameter uncertainty is over
what “direction” P is being approached from. We may intuitively interpret such a direction as the
score g of P, //n,g and represent our parameter uncertainty as possessing only a “noisy” measure
of g. Let dp = dim{T(P)} and dy. = dim{T(P)*} denote the (possibly infinite) dimensions of
the tangent space and its orthogonal complement. Both T'(P) and T'(P)~* are Hilbert spaces with
norm || - || p2 and hence there exist orthonormal bases {@ka}Zil and {T/)]ZJ_ Zfl for T(P) and T'(P)*
respectively. We then consider a random variable (YT,YTL) e R x R ' whose law is such
that the vectors Y7 = (Y7, ... ,YZ;T)’ and YT" = (Yripl, e ,YZ;TLL )’ have mutually independent

coordinates and satisfy for some (unknown) go € LZ(P) the relation

Y{~N</g0¢,”{dp, 1) for 1 <k<dr

Yt~ N(/goqp,?dp, 1) for 1<k<dp.. (B.1)

Here, if di = 0, then we interpret YT as being equal to zero with probability one. Finally, we
let Q, denote the distribution of (Y7 Y7") € R x R+ when (B.1) holds with gg = g € L3(P).
Thus, by definition, we know that the (unknown) distribution @y, of (YT,YTL) belongs to the
nonparametric family {Q, : g € LE(P)}.



The following theorem formalizes the connection between specification tests, regular estimators,
Ly,
and the tangent space through the introduced limiting experiment. Recall that %’ means conver-

gence in law under PI”/ g = Qi1 P/ ym g0 and L means convergence in law under P" = Q" , P.
Theorem B.1. Under Assumption 2.1, the following two propositions hold:

(i) Let ¢y, be any local asymptotic level a specification test for P with a local asymptotic power
function w. Then: there is a level o test ¢ : (YT,YTL) — [0,1] of

Hy :Il71(g0) =0 Hy : 1171 (g90) #0 (B.2)

based on one observation (YT,YTL) such that (go) = [ ¢dQy, for all go € L3(P).

(ii) (Convolution Theorem) Let 6, : {X;}"_, — B be any asymptotically linear reqular estimator
of any parameter O(P) € B. Then: for any b* € B* there exist linear maps FT : RYT — R
and FT~ : Rt s R such that under the law P it follows

V{b(6,) — b (0(P))} B FT(YT) + FT" (Y1), (B.3)

where (YT,YTL) ~ Qg with go =0, and the map FT : R — R depends on 0 : P — B and

b* € B* but not on the estimator én

Theorem B.1(i) relates the local properties of any specification test for P to a testing problem
concerning the unknown distribution @, of (YT,YTL) through the asymptotic representation
theorem (van der Vaart, 1991). Intuitively, any path ¢t — P, that approaches P from outside
the model P should be such that its score does not belong to the tangent set or, equivalently,
II71(g) # 0; see Figure 1(a). In contrast, the score g of any submodel t — P; , € P must belong
to the tangent set, implying I11(g) = 0. Thus, any specification test for P should behave locally
as a test of the null hypothesis in (B.2). Theorem B.1(i) formalizes these heuristics by showing
that if 7 is the local asymptotic power function of a specification test for P (as in (11)), then 7
must also be the power function of a test of (B.2) based on a single observation (Y7, YTL) whose

(unknown) law @, is known to belong to the nonparametric family {Q, : g € L3(P)}.

Theorem B.1(ii) is essentially the convolution theorem of Hajek (1970), stated here in a manner
that facilitates a connection to Theorem B.1(i). To gain intuition on this result, we focus on the
scalar case (B = R) and suppose there are two asymptotically linear regular estimators 6,, and
0,, of a common parameter with influence functions v and 7 respectively. Regularity constrains
the projection of v and 7 onto the tangent space to be equal, which originates a term in the
asymptotic distribution that is independent of the choice of estimator (F7(YT)); see Figure 1(b).
The estimators, however, may differ on a component that is extraneous to the model (Il;. (v) #
I1;. (7)), contributing a “noise” term to the asymptotic distribution that depends on the choice of

estimator (FTl (YT™)). An efficient estimator is the one for which the “noise” component is zero.

Crucial for our purposes, is the observation that yI* plays fundamental yet distinct roles in
the asymptotic behavior of both specification tests and regular estimators. From a specification

testing perspective, Y7 is a partially sufficient statistic for II;-. (¢g) and is needed to construct any



Figure 1: The Tangent Space, Specification Tests, and Regular Estimators

(a) Intuition Theorem B.1(i) (b) Intuition Theorem B.1(ii)

nontrivial test of (B.2). In contrast, from a regular estimation perspective, Y7 is an ancillary
statistic that can only contribute “noise” to estimators.!
P to be locally overidentified (T(P)* # {0}) in order to allow for both nontrivial tests and

asymptotically distinct estimators.

Thus, the limit experiment requires

Proof of Theorem B.1: To establish part (i), we first note that for any g € L2(P) it is possible to
construct a path ¢ — P, ; whose score is g; see Example 3.2.1 in Bickel et al. (1993) for a concrete

construction. Further, any two paths ¢ — ]5,579 and t — P; , with the same score g € L%(P) satisfy

Jn | [ ontPly gy [ onab | < Y, [Py Py =0 B

for any 0 < ¢, < 1 (by Lemma B.1 below). Thus, for each g € L2(P) we may select an arbitrary
path ¢t — P; , whose score is indeed g, and for B the o-algebra on X we consider the sequence of
experiments

En= (X" B P 5o g € L3(P)). (B.5)

. d . .
Next, since {1/1,{}%21 U {1/1,:5L 1 forms an orthonormal basis for L2(P), we obtain from Lemma

B.3 (below) that &, converges weakly to the experiment £ given by
&= RY7 x R+, A% x A%+ Q- g € L3(P)), (B.6)

where A denotes the Borel o-algebra on R and we exploited that for dp = dim{LZ(P)} we have
RIT x R+ = R and A% x A%rl = A, The existence of a test function ¢ : (Y7, YTL) — [0, 1]
satisfying m(g0) = [ ¢dQg, for all go € L3(P) then follows from Theorem 7.1 in van der Vaart
(1991). To establish part (i) of the Theorem, it thus only remains to show that ¢ must controls
size in (B.2). To this end, note that II;.(go) = 0 if and only if go € T(P). Fixing 6 > 0 then
observe that for any gy € T(P) there exists a § € T'(P) such that ||go — g||p2 < 6. Moreover, since

In regular estimation, only paths within the model are considered; see Definition 3.1. The resulting limiting
— €
experiment is then indexed by {Q, : g € T(P)}, in which Y* is ancillary.



g € T(P), there exists a path t — P, 5 € P with score § and hence we can conclude that

/¢dQ907r(90) = nli_{go/(b”dpf/\/ﬁvgo

< tim [ 0udPy g+ tmsup [Py 5, — B

52
<a+2{1 fexp{—z}}lﬂ, (B.7)

where the first inequality employed 0 < ¢, < 1, and the second inequality exploited Lemma B.1
and that ¢, is a local asymptotic level « test. Since § > 0 is arbitrary, we conclude from (B.7)
that [ ¢dQg, < o whenever gy € T'(P), and hence part (i) of the Theorem follows.

For part (ii) of the Theorem, we first note that since T'(P) is linear by Assumption 2.1(ii), and

0,, is regular by hypothesis, Lemma B.4 (below) and Theorem 5.2.3 in Bickel et al. (1993) imply
0 is pathwise differentiable at P — i.e. there exists a bounded linear operator 6 : T(P) — B such
that for any submodel ¢t — P , € P it follows

l [~0(Pr) — O(P)} — 0(9) 1 = 0. (B.3)
Then note that for any b* € B*, b* 0 : T(P) — R is a continuous linear functional. Hence,

since T(P) is a Hilbert space under || - || p2, the Riesz representation theorem implies there exists
a 6~ € T(P) such that for all g € T(P) we have

b (0(g)) = / Oy gd P (B.9)
Moreover, since 0, is an asymptotically linear regular estimator of O(P), it follows that b*(f,,) is

an asymptotically linear regular estimator of b*(6(P)) with influence function b* o v. Proposition
3.3.1 in Bickel et al. (1993) then implies that for all g € T'(P)

/(éb* —b*ov)gdP = 0. (B.10)

In particular, (B.10) implies that Oy = II7(b* o v), and therefore by asymptotic linearity

VAfb*(0.) = b (O(P))} 5 N (0, (1011 + ITLro (0" 0 ) [32) (B.11)

where we have exploited the central limit theorem and b* o v = IIp(b* o v) + . (b* o v). To
conclude, we next define the maps F7(Y?) and FT* (Y?") to be given by

dr
TN =Y v [t yofap
k=1
dTJ_
IO EDY / (T (b* 0 v) 3T dP. (B.12)
k=1

We aim to show that if (YT,YTL) ~ Qg With go = 0, then FT(YT) ~ N(0, Héb*ﬁag) which is



immediate if dr < oo, and thus we assume dr = co. Defining the partial sums
K
Vi =) Y /{ab*}@z){dp (B.13)
k=1

we then observe Vi ~ N(0,0%) where 02 = S0 [{[ Op-pF Y2dP and 0%, 1 |0
identity. By the martingale convergence theorem, see, e.g., Theorem 12.1.1 in Williams (1991),

%;72 by Parseval’s

it follows Vg converges almost surely and thus that F7(YT) is well defined. Moreover, for any

continuous bounded function f : R +— R it follows

ELS(F ()] = fim BV = Jim i [ () exp(— s

/f exp{— G }dz (B.14)
P2

mw% 204 |12

due to o2 1 |6y %3’2. We conclude from (B.14) that F7(Y?) ~ N(0, ||6'?b*\|%372) when (Y2, ¥7") ~
Qg, With go = 0. Identical arguments imply FT- (YTL) ~ N(O, |[IIp. (b* o 1/)”%;72). Thus part (ii
of the Theorem follows from (B.11) and independence of Y7 and Y7

Lemma B.1. Ift — B 4 and t+— P, g4, are arbitrary paths, then it follows that:

. n 1/2.
lim su dpP —dP <241 —exp{—~ B.15
msup [[dP . = AP r,] <21 - =l (B.15)
Proof of Lemma B.1: Since t — P, 4 and t — P, g, satisfy (1), we must have
. 1/2 1/2 2_1 1/2 122_1 2
nh_)ngon/[dPl/fg dPl/fgg] = 4/[g1dP/ — godPY/ "= Z”gl — 22l pa- (B.16)

Moreover, by Theorem 13.1.2 in Lehmann and Romano (2005) we can also conclude

2v1/2
/’d 1/v/mg1 dP1/\[92‘ < {1 /{d 1/fgl}1/2{d 1/\f92}1/2] }/

1/2 2 My 1/2 2 2 2n1/2
== [/dpl//fgldpll//ﬁ,gg] pr=0- /[dpll//fgl =Py 5 I @an)

where in the first equality we exploited P / N and P} N product measures, while the
second equality follows from direct calculation. Thus, by (B.16) and (B.17)

limsup 5 /\d o~ P gl

n—oo
. 1 1/2 1/2 2712ny1/2
< limsup{l —[1 - o~ / 9P g~ P gl 1)
1
={1- exp{—zHgl - 92”%3,2}}1/2 (B.18)

which establishes the claim of the Lemma. m

Lemma B.2. Let {P,}, {Qn}, {Vn} be probability measures defined on a common space. If



{dQ,/dP,} is asymptotically tight under P, and [|dP, — dV,| = o(1), then

| dQn  dQn

Py
. v, | =3 0. (B.19)

Proof of Lemma B.2: Throughout let p, = P, + Qn + Vj,, note u, dominates P,, Q,, and V,,
and set p, = dP, /dy, ¢, = dQn/dpy,, and v, = dV,,/du,. We then obtain

dP, Pn Pn Un,
— —1|dV,, = = 1opduy, = = Zopdu,
/‘an | /!Un |[undp /Wo‘vn |ondp

Un,
< / ‘pn - Un’d,un = / |dPn — an‘ = 0(1)7 (BQO)

where the second to last equality follows by definition, and the final equality by assumption. Hence,
by (B.20) and Markov’s inequality we obtain dP, /dV,, Y. Moreover, since [ |dV,, — dP,| = o(1)

implies {P,} and {V,,} are mutually contiguous, we conclude

dP, p
Gfn Py g B.21
av, (B.21)

Next observe that for any continuous and bounded function f : R — R we have that

dQn  dQn _ G Gn
R L T T

P,  dv,
— n .  Pn B Q. B %
= /pn>0f(n(1 o ))Pndiin /f(dpn (1= G2 ) = f(0), (B.22)

where the final result follows from (B.21), d@,/dP, being asymptotically tight under P, and
continuity and boundedness of f. Since (B.22) holds for any continuous and bounded f, we conclude
dQy,/dP, — dQ,/dV, converges in law (under P,) to zero, and hence also in P,, probability, which
establishes (B.19). m

Lemma B.3. Let H C L(Q)(P), assume for each g € H there is a path t — P; , with score g, recall
B is the o-algebra on X, let A be the Borel o-algebra on R, and set

En = (X”,B",Pln/\/ﬁ’g :g€H). (B.23)

If0e H, {wk}Zil is an orthonormal basis for L3(P), and ® denotes the standard normal measure

on R, then &, converges weakly to the dominated experiment £
= (R¥P, A%, Q,: g€ H), (B.24)
where for each g € H, Q4(-) = Qo(- — T(g)) for T(g) ={/J gwde}iil and Qo = ®Z’;1 D,

Proof of Lemma B.3: The conclusion of the Lemma is well known (see e.g. Subsection 8.2 in
van der Vaart (1991)), but we were unable to find a concrete reference and hence we include its

proof for completeness. Since the Lemma is straightforward when the dimension of L3(P) is finite



(dp < o0) we focus on the case dp = co. To analyze &, let
= {{a}pz ER®: )} < oo, (B.25)
k=1

and note that by Example 2.3.5 in Bogachev (1998), 2 is the Cameron-Martin space of Qg.> Hence,
since for any g € LZ(P) we have { [ g¢dP}2, € ¢% due to {¢}?°, being an orthonormal basis
for LZ(P), Theorem 2.4.5 in Bogachev (1998) implies

Qg =Qo(- —T(g)) < Qo (B.26)

for all g € LE(P), and thus & is dominated by (. Denoting an element of R® by w = {wi}2 4,
we then obtain from { [ gyxdP}?2, € £? and the Martingale convergence theorem, see for example
Theorem 12.1.1 in Williams (1991), that

(w: hm Zwk/djkgdP exists) = 1 (B.27)
Jim [ ( Z wk/gwde )7dQo(w) = (B.28)
k=n+1

Therefore, Example 2.3.5 and Corollary 2.4.3 in Bogachev (1998) yield for any g € L3(P)

o872 ) Zwk [ouar—3 [« Zwk [ oinapyaque)
= w / gpdP — % / g*dP, (B.29)
k=1

where the right hand side of the first equality is well defined Qo almost surely by (B.27), while
the second equality follows from (B.28) and Y72 ([ g9xdP)* = [ ¢g*dP due to {11}, being an

orthonormal basis for L3(P).

Next, select an arbitrary finite subset {g]} =1 C H and vector (A\1,...,\;) =\ € R/,
From result (B.29) we then obtain @y almost surely that

00 J J )
ZA log( th (w)) :Zwk/(z )\jgj)qbkdp—z);/g?dp. (B.30)
k=1 Jj=1 Jj=1

In particular, we can conclude from Example 2.10.2 and Proposition 2.10.3 in Bogachev (1998)
together with (B.28) and Z}le \;jg; € L3(P) that, under Qo, we have

ZA log on < Z /deP /(éAjgj)de) (B.31)

2See page 44 in Bogachev (1998) for a definition of a Cameron Martin space.




Thus, for py = 3([ g3dP, ..., [ g3dP) and S; = [(g1,...,9)'(91,- - ., 9s)dP, we have

d d '
(108G 0B o) )~ N a5, (B.32)

under Qg due to (B.31) holding for arbitrary A € R”.

To obtain an analogous result for the sequence of experiments &,, let {X;} ; ~ P". From
Lemma 25.14 in van der Vaart (1998) we obtain under P"

n

" AP,
Zlog<1é}fvgf(xi)> _ \/15 Z;gj(xi) _ % /g?dP +0,(1) (B.33)

for any 1 < j < J. Thus, defining Pln/\/'ﬁg- =Q, Py m g;» We can conclude that
'93 )

dP? dP! !
(108200 om0 ) N (-, 20, (B.31)

under P™ by (B.33), the central limit theorem, and the definitions of yu; and ;. Furthermore,
also note Lemma B.1 implies [ |dP™ — dPI”/ Vo ol = o(1) and hence

(dP vae  Piyvmgs )' _ (dP vae  Plyvmgs

apr 77 dpPn dP T dpn

/
) + 0p(1) (B.35)
1/v/n.0 1/v/n.0

under P" by Lemma B.2 and result (B.34). Thus, by (B.34) and (B.35) we obtain

dP" dP? !
(108 G o Gl 02) ) 5 N (-, 20, (B.36)
dPyy o dPyy o

under P", and since [ |dP™ — Py, \/ﬁ,o‘ = o(1) also under P! Hence, the Lemma follows

1 1/\/5)0.
from (i) (B.32), (ii) (B.36), and (iii) {Pln/\/ﬁ’g} and {Pln/\/ﬁ,o} being mutually contiguous for any
g € H by (B.33) and Corollary 12.3.1 in Lehmann and Romano (2005), which together verify the

conditions of Lemma 10.2.1 in LeCam (1986). m

Lemma B.4. Let Assumption 2.1(i) hold, B be a Banach space, and 0, be an asymptotically
linear estimator for 0(P) € B such that \/n{0, — 0(P)} L D under P* on B for some tight Borel
D. Then: for any function h € L3(P), (\/ﬁ{én —0(P)}, ﬁ S h(X3)) converges in distribution
under P™ on B x R.

Proof of Lemma B.4: For notational simplicity, let n(P) = (0(P),0) € B x R and define
fin = (On, L3 h(X;)) € B x R. Further let (B x R)* denote the dual space of B x R and note
that for any d* € (B x R)* there are b%. € B* and . € R such that d*((b,r)) = b%.(b) + 7. (r) for
all (b,r) € BxR. For v the influence function of 6, then define (g (X;) = {b*. (v(Xi))+r5.(h(X5))}
to obtain that under )., P we have

4 (Vitfi — n(P)}) = jﬁ S o (X) + 0p(1) (B.37)
=1



by asymptotic linearity of 6,,. Thus, for any finite set {d;}E | C (B x R)*, we have

(d; (Vi = 0(P)}), - dic (Vali — n(P)1) B (War, ..., Wy ) (B.38)

for (Wgs, ..., Wgx ) a multivariate normal random variable satisfying £[Wg:] = 0 forall 1 <k < K
and E[dewdz] = E[Cd; (Xl)Cd;; (Xl)] for all 1 < j < k < K.

Next note that since \/ﬁ{én — 0(P)} is asymptotically measurable and asymptotically tight by
Lemma 1.3.8 in van der Vaart and Wellner (1996), it follows that v/n{n, —n(P)} is asymptotically
measurable and asymptotically tight on B x R by Lemmas 1.4.3 and 1.4.4 in van der Vaart and
Wellner (1996). Hence, we conclude by Theorem 1.3.9 in van der Vaart and Wellner (1996) that

any sequence {n;} has a subsequence {ny,} with
. I
Vi {ing, —n(P)} 5 W (8.39)

under ®?:kjl P for W some tight Borel Law on B x R. However, letting C,(R¥) denote the set
of continuous and bounded functions on R¥, we obtain from (B.38), (B.39), and the continuous
mapping theorem that for any {d;}5 , € (B x R)* and f € C,(R¥)

E[f((di(W), ..., dx(W)] = E[f(Wag, ..., War )] (B.40)

Since G = {f o (d}f,...,d}) : f € Co(RF), {d;}£, c (BxR)*,1 < K < oo} is a vector lattice
that separates points in B x R, Lemma 1.3.12 in van der Vaart and Wellner (1996) implies there
is a unique tight Borel measure W on B x R satisfying (B.40). Thus, since the original sequence
{nr} was arbitrary, we conclude all limit points of the law of \/n{#, — n(P)} coincide, and the

Lemma follows. m

APPENDIX C - Proofs for Sections 2 and 3, and Additional Lemmas

Proof of Lemma 2.1: Since T(P) is linear by Assumption 2.1(ii), T'(P) is a vector subspace of
L%(P), and therefore L(P) = T(P) ® T(P)*; see, e.g., Theorem 3.4.1 in Luenberger (1969). The
claims of the Lemma then immediately follow from T'(P) = L3(P) if and only if T(P)* = {0}. m

Proof of Theorem 3.1: To establish part (i) of the Theorem we let v and 7 denote the influence
functions of 6, and 6, respectively. Then note for any b* € B* and A € R

Vb (A + (1= X)) — b* (0 ( )}
Z{)\b* (1= NP (X))} + 0p(1) B N(0,02) (C.1)

3\

for o3 = [|b*(\w + (1 — )\)Ij)H%Q by asymptotic linearity and the central limit theorem. Further
note that if P is locally just identified, then Theorem B.1(ii) implies 0/2\ does not depend on .
However, since ||b*(A\v + (1 — )\)17)]\%;72 being constant in A implies that ||b*(v — )||p2 = 0, and



b* € B* was arbitrary, we can conclude that
b* (vn{b, — Zb* X)) + 0p(1) = 0p(1) (C.2)

for any b* € B*. Since \/ﬁ{én — én} is asymptotically tight and measurable by Lemmas 1.4.3 and
1.4.4 in van der Vaart and Wellner (1996), result (C.2) and Lemma C.1 (below) imply /n{0,—0,} =
op(1) in B, which establishes part (i) of the Theorem.

To establish part (ii) of the Theorem, we note that by Theorem B.1(i), there exists a level «
test ¢ of (B.2) such that for any g € L3(P) and path ¢t — P,

Jm [ o,y gz, = [ 40, (©3)

However, if P is locally just identified by P, then T(P) = L%(P), or equivalently T(P)* = {0}.
Therefore, the null hypothesis in (B.2) holds for all g € L(P), which implies [ ¢dQ, < « for all
g € L(P), and part (ii) of the Theorem holds by (C.3). m

Proof of Lemma 3.1: First note that by Theorem 3.1, it follows that (ii) implies (i) and similarly
that (iii) implies (i). Therefore, for establishing the Lemma it suffices to show that P being locally
overidentified by P implies both (ii) and (iii) hold. To this end, we observe that if P is locally
overidentified by P, then Lemma 2.1 implies there exists a 0 # f € T(P)*, which without loss of
generality we assume satisfies || f |p2 = 1. We next aim to employ such a f to verify that (ii) and
(iii) indeed hold.

To establish that (i) implies (ii), we note that G,(f) = .1, f(Xi)/v/n trivially satisfies

Assumption 3.1(i) and Assumption 3.1(ii) with Gy ~ N(0,1) since || f||p2 = 1 and f € L3(P).
Thus, part (i) implying part (ii) is a special case of Lemma 3.3(i).

To establish that (i) implies (iii), we let Z ~ N(0,1) and then note that Theorem 3.10.12 in
van der Vaart and Wellner (1996) implies that for any path ¢ — P, ;, € M

Go(f) 5 7+ / FgdP (C.4)

since ||f]lpa = 1. For z1_4 /2 the (1 — a/2) quantile of a standard normal distribution, we define
the test ¢, = 1{|G,.(f)| > Zi—a/2}- We note that result (C.4) and the Portmanteau Theorem then
imply that

i [ oniry sy = (24 [ FoaP)> 21-0n) =500 (©3)

for any path ¢t — P,, € M and where the final equality in (C.5) is definitional. Hence, (C.5)
implies ¢,, indeed has a local asymptotic power function. Moreover, since f € T(P)*, result (C.5)
implies (g) = a whenever g € T(P) which establishes ¢, is a local asymptotic level « specification
test. Finally, note that by Example 3.2.1 in Bickel et al. (1993), there exists a path ¢ — Pt,f e M
with score f, in which case (C.5) implies 7(f) > a and hence (i) implies (iii). m

Proof of Lemma 3.2: First note §;(P) = [ fdP is pathwise differentiable at P relative to
T(P) with derivative 07(g) = [Ir(f)gdP. Therefore, by Theorem 5.2.1 in Bickel et al. (1993)
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its efficiency bound is given by (2} = ||HT(f)H%372. For any f € L%(P) let HLg(P)(f) denote
its projection onto L3(P) and note that Up2py(f) = {f - J fdP}, and hence Var{f(X)} =
HHL(%(P)(f)H%;’Q. By orthogonality of T'(P) and T(P)*, then

Var{f(X)} = [z (N B2 = ITr(pzp)(f) + Lpe Wz p) ()2
= | (T2 p) (I Wz ()2 = Qf + g (H)lB2, (C-6)

where in the final equality we exploited that II7 (112 (P)(f)) = II7(f) and that Il (HLg(P)(f)) =
o (f) for any f € L2(P) due to T(P) and T(P)* being subspaces of LZ(P). Thus, by (C.6)
Var{f(X)} =} for all f € D if and only if Il (f) = 0 for all f € D, which by denseness of D is
equivalent to T(P)* = {0}. m

Proof of Lemma 3.3: For part (i) of the Lemma, note that since G is nondegenerate, Assumption
3.1(i) implies s+ # 0 for some 7* € T, and for a 0 # b € B we set

A~

0, = 0, + b x G (7). (C.7)

Notice 6, is asymptotically linear by hypothesis and denote its influence function by v. Assumption

3.1(i), definition (C.7), and the continuous mapping theorem then yield

V{6, — (P f Z{u )+ b X 50(X)} + 0p(1). (C.8)

Setting 7(X;) = v(X;) +b x s+ (X;), we obtain for any b* € B* that b*(7) = {b*(v) +b*(b) X 55} €
L3(P) since b*(v) € L3(P) due to 0, being asymptotically lincar and s, € T(P): C Li(P)
by Assumption 3.1(i). Hence, (C.8) implies 6,, is indeed asymptotically linear and its influence
function equals 7. Moreover, by Lemma B.4, (v/n{0, — 0(P)}, ﬁ Yoy s+ (X)) converge jointly

in distribution in B x R under P", and hence the continuous mapping theorem implies
Vil ~ 0P = Vil ~ 0P} 5% (= > 5050} 5 2 (©9)
i=1
on B under P™ for some tight Borel random variable Z. In addition, we have that
il — G} = b % {\}ﬁzn:sﬁ(xi)} LN (C.10)
i=1

by the central limit and continuous mapping theorems. Further note that since b = 0, we trivially
have A # 0 in B because b*(A) ~ N (0, 6% () 5+ HQP,Q). Thus, to conclude the proof of part (i) it
only remains to show that 0, is regular. To this end let t — P, € P, and note Lemma 25.14 in
van der Vaart (1998) yields

im(dpl/fg ) \FZg /QdPJrop() (C.11)

under P", and thus Example 3.10.6 in van der Vaart and Wellner (1996) implies P™ and P. / g A€
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mutually contiguous. Since 6, is asymptotically linear, (\/ﬁ{én —0(P)}, ﬁ Sy g(Xi)) converge
jointly in B x R by Lemma B.4. Hence, by (C.11) and Lemma A.8.6 in Bickel et al. (1993) we
obtain that

Valb, —6(P)y s 7, (C.12)

for some tight Borel Z, on B. Furthermore, since T(P) is linear by Assumption 2.1(ii), and 6,
is regular by hypothesis, Lemma B.4 and Theorem 5.2.3 in Bickel et al. (1993) imply there is a
bounded linear map 6 : T(P) + B such that for any t +— P, € P

i [ {0(Pug) — 0(P)} — 0(g)]m = 0. (c13)
Therefore, combining (C.12) and (C.13) and the continuous mapping theorem yields

V{0, — 0(Py) )} 8 Ty + 6(g). (C.14)

Next we note that for any b* € B*, (C.9), (C.11), and the central limit theorem imply

V{b*(0,) — b*(0(P))} 0
( S log(Tm (X)) ) N([ —%fg2dP} >E) (C.15)

under P", where since [ gs,+dP =0 due to g € T(P) and s~ € T(P)*, we have
5o [ JO0I U@ )iP [V (0P (©.16)

[ b*(v)gdP [ g%dP

In addition, since b*(f,,) is an asymptotically linear regular estimator of b*(6(P)), Proposition
3.3.1 in Bickel et al. (1993) and g € T(P) imply [ b*(v)gdP = b*(6(g)). Hence, results (C.15) and
(C.16), and Lemma A.9.3 in Bickel et al. (1993) establish

Vb (0n) = b°(0(Pyy o))} Lo N(O, /(b*(u) + b*(i))sT*)QdP). (C.17)

Define ¢ (X;) = {b*(v(X;)) + b*(b)s~(Xi)}, and for any finite collection {b:}K | C B* let
(Wpz, ..., Wi ) denote a multivariate normal vector with E[Wy:] = 0 for all 1 < k& < K and
E[szwb]*.] = E[G (Xi)Cb; (X;)] for any 1 < j < k < K. Let Cy(R¥) denote the set of continuous
and bounded functions on R*, we then obtain from (C.14), (C.17), the Cramer-Wold device, and

the continuous mapping theorem that

B (65(Zy + 0(9)). . bic(Zy + 6(9)))] = E[f(B1(Wap), .., b5c(Wy))],  (C.18)

for any f € Cp(RE). Since G = {fo (b7,...,b%) : f € C,RE), {;}E, c B*,1 < K < oo} is
a vector lattice that separates points in B, it follows from Lemma 1.3.12 in van der Vaart and
Wellner (1996) that there is a unique tight Borel measure W on B satisfying (C.18). In particular,
since the right hand side of (C.18) does not depend on g, we conclude the law of Z, + (g) is
constant in g, establishing the regularity of 6,

For part (ii) of the Lemma, we let v and  denote the influence functions of 6,, and 6,, respec-
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tively, and note that since ||b*||+ < 1 for all b* € T it follows that

sup |G (%) - \}ﬁ SO0 ((X:) — 5(X0))]
=1

b*eT
. - 1 & ~
< s 7l < [Vt = B = 72 DA = (Xl = (1) (€.19)

Moreover, note that since b*(6,,) and b*(6,,) are both asymptotically linear regular estimators of
the parameter b*(0(P)) € R, Proposition 3.3.1 in Bickel et al. (1993) implies

Iz (b*(v)) = Hp(b*(7)). (C.20)

In particular, since b*(v) € L3(P), we may decompose b*(v) = I (b*(v)) + Hpu (b*(v)), and

therefore applying an identical argument to b*(7) we can conclude that
b* (v — 1) =HpL (b*(v)) — Hpo (b%(D)) (C.21)

by result (C.20). It follows b*(v — ©) € T(P)* for any b* € T, which together with (C.19) verifies
Assumption 3.1(i) holds. Next, define F' : B — ¢*°(T) to be given by F(b)(b*) = b(b*) for any

b € B, and note F' is linear and in addition

[F(@)lc = sup [b(b%)] = [|b][B, (C.22)

[6*[lB* <1

due to the definition of T and Lemma 6.10 in Aliprantis and Border (2006). In particular, (C.22)

implies F' is continuous, and by the continuous mapping theorem we obtain
Gn = F(va{bn — 0,}) 5 F(A) in °(T). (C.23)

Let Go = F(A), we note Gaussianity of G¢ follows by (C.19). Moreover, we note there must exist
a b* € B* such that ||b*(v —7)||p2 > 0, for otherwise Lemma C.1 would imply A = 0 contradicting

Assumption 3.2. Hence, Gy is in addition non-degenerate, which verifies Assumption 3.1(ii). m

Proof of Theorem 3.2: For part (i) of the Theorem, we note that Lemma C.2 (below), Assump-

tion 3.3(i) and the continuous mapping theorem imply that

Lng

U(Gy,) ™ W(Go + 4A,) in £2°(T), (C.24)

where Ay : T — R satisfies Ay(7) = [ s;gdP for any 7 € T. Further note that by direct calculation
A_y = —Ay, and hence Lemma C.3 (below) implies —A, belongs to the support of G¢ for any
g € L3(P). In particular, since ¥(0) = 0 and ¥(b) > 0 for all b € £>°(T), it follows that for any
¢ > 0 there exists an open neighborhood N, of —A, € £°°(T) such that 0 < ¥(b+ Ay) < ¢ for all
b € N.. Thus, we can conclude for any ¢ > 0 that

P(W(Go+ Ay) < ¢) > P(Gy € N,) >0, (C.25)

where the final inequality follows from —A, belonging to the support of Gg. Next, note that
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Theorem 7.1.7 in Bogachev (2007b) implies Gy is a regular measure, and hence since it is tight by
Assumption 3.1(ii) it follows that it is also a Radon measure. Together with the convexity of the
map V(- + A,) : £°(T) — R, G being Radon allows us to apply Theorem 11.1 in Davydov et al.
(1998) to conclude that the point

co = inf{c: P(V(Go + Ay) < ¢) > 0} (C.26)

is the only possible discontinuity point of the c.d.f. of ¥(Go + A,). However, since ¥(b) > 0 for
all b € £>°('T), result (C.25) holding for any ¢ > 0 implies that ¢y = 0. In particular, ¢;_o > 0 by
hypothesis implies that ¢;_, is a continuity point of the c.d.f. of ¥(Ggy + A,) for any g € L3(P).
Therefore, result (C.24) allows us to conclude

lim Py m (U(Gp) > c1-a) = P(¥(Go + Ag) > c1-q), (C.27)

n—oo

which establishes that the test ¢, indeed has an asymptotic local power function. Moreover, if
t — P, 4 € P, then Lemma C.2 implies A, = 0 and hence result (C.27) yields

lim Py o (U(Gr) > c1-a) = P(¥(Go) > c1-a) = 0, (C.28)

n—oo

where we exploited that ¢;_, is the 1—a quantile of ¥(Gg) and that the c.d.f. of ¥(Gy) is continuous
at ¢1_q. Thus, we conclude from (C.28) that ¢, is also an asymptotic level « speciﬁcation test.
On the other hand, we note that A, # 0 whenever IIg(g) # 0 since Ay(r) = [ s;gdP and
S(P) =1lin{s, : 7 € T}. In addition, Theorem 3.6.1 in Bogachev (1998) 1mphes the support of Gg
is a separable vector subspace of £*°(T), and hence A, # 0 belonging to the support of Gg and
Lemma C.5 (below) establish

P(U(Go + Ay) < c1—a) < P(¥(Gy) < c1—a) =1 — a. (C.29)

Finally, we can exploit that ¢;—o > 0 is a continuity point of the c.d.f. of ¥(Go + A,) together
with results (C.27) and (C.29) to conclude that for any path t — P; , satisfying (16)

lim P, 5o (U(Gp) > c1a) = 1 — P(¥(Go + Ag) < c1-0) > a, (C.30)

n—oo
which concludes establishing part (i) of the Theorem.

For part (ii) of the Theorem, we proceed as in Lemma 3.3(ii) and set T = {b* € B* : ||b*||g < 1}
and G,,(b*) = /nb*(6,, — 0,,) for any b* € B*. Since sy = b*(v — ) by Lemma 3.3(ii), we obtain by
—-v

definition that S(P) = lin{b*(v — ) : b* € T} = lin{b*(v — ¥) : b* € B*}. Moreover, if ¥ = || - |0,
then
U(Gn) = sup [b*(Va{by —6,1)| = Vallfn — balls, (C.31)
l* g~ <1
where the final equality follows by Lemma 6.10 in Aliprantis and Border (2006). Since ¥ = || - ||

satisfies Assumption 3.3, the second claim of the Theorem follows. m

Proof of Lemma 3.4: Part (i) of the Lemma is immediate since T(P)*+ N M (P) C T(P)*. For
part (ii) of the Lemma, it suffices to verify that bv*(v — ) € T(P)*+ N M(P) for all b* € B*. To
this end, we note that b*(6,,) and b*(6,,) are both asymptotically linear regular (with respect to P)
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estimators of b*(#(P)) with influence functions b*(v) and b*(7) respectively. We also have that
b* (D) — b*(v) = po (b¥(D)) (C.32)

since by Proposition 3.3.1 in Bickel et al. (1993), b*(v) € T(P) due to b*(6,) being efficient (with
respect to P), and II7(b*(7)) = b*(v) due to b*(f,) being regular (with respect to M and P).
However, b*(7) being efficient with respect to M and Proposition 3.3.1 in Bickel et al. (1993)
imply b*(#) € M(P). Since M(P) is a vector subspace and b*(v) € T(P) C M(P), result (C.32)
additionally implies I (b*(7)) € M(P), and thus b*(v — 7) € T(P) N M(P) as claimed.

For part (iii) of the Lemma, we will exploit Theorem B.1(i) and its notation. Note that Theorem
B.1(i) implies there exists a level o test ¢ : (Y2, Y7") - [0, 1] of the hypothesis in (B.2), and such
that for any path t — P, , € M

lm [ 6.dPy sz, = [ 0dQy, (C.33)

where @, denotes the (unknown) distribution of (Y?,YT") as defined in (B.1). Recall {s,}4_,
with d < oo is an orthonormal basis for T(P)*+ N M(P), we let d, denote the (possibly infinite)
dimension of M (P)* and {rk}zrzl be an orthonormal basis for M (P)*. By (22), {s,}¢_,U {rk}z’"zl
is then an orthonormal basis for T(P)Y. Thus, in Theorem B.1(i) we may set {”L/JZ;u Ziﬁ =
{s,}4_, U {rk}zrzl, which implies we may write Y7~ = (M,R) € R? x R%, where the vectors
M= (My,...,My) and R = (Ry,...,R4.)" have mutually independent coordinates, and whenever
(YT, YTL) are distributed according to @y, the induced distribution on (M, R) is

I\\/JITNN(/gsTdP, 1) for 1<7<d

Ry ~ N(/ grrdP, 1) for 1<k <d,. (C.34)

Let @ denote the standard normal measure on R. Note that Qp = ®i21 D x ®Z:1 o x ®zrz1 o
we can define a test ¢ : M+ [0, 1] to be given by

O(M) = Eg,[o(Y", M, R)|M], (C.35)

where the expectation is taken over (Y2, Y7") ~ Qo. Since {g € T(P)* N M(P) : llgllp2 > K} C
G(k), we can conclude from result (C.33) that

inf lim ndP" < inf d
9€G () n—00 ondbr) g geT<P>LmM(P>~||g|p2>n/ ¢y

— O(- LdP)), C.36
geT(P>LmMP>||g|p2>n/ {® /gs } (0:36)

where in the equality we exploited (C.35), the independence of (Y7, R) and M, and that for any
g € T(P)* N M(P) it follows that (YT, R) ~ ®Z£1 o x ®Z;1 ® under @, as a result of g being
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orthogonal to {w,{}zil U {rk}zrzl. Finally, note that

d
= inf 5 - .
ST (PP |g||p2>n/ {®¢ / 9s-4P)} heR}lﬂmum/ ¢d{@®( R

by Parseval’s equality and where h = (h1, ..., hq). Let x%(x) denote a chi-squared random variable
with d degrees of freedom and noncentrality parameter . It then follows from [ di{@iﬂ o} <«
due to (C.35) and ¢ being a level « test of (B.2), results (C.36) and (C.37) and Problem 8.29 in
Lehmann and Romano (2005) that

gégiﬁﬁhg;h/n¢ndfﬁ}v~g P(xq(k) > qa1-a) (C.38)
where ¢q1_o denotes the (1 — ) quantile of a chi-squared random variable with d degrees of
freedom. However, note that since {s, }%_, is orthonormal by hypothesis, Assumption 3.1(i) implies
[enk = x24(0) under P" and therefore ¢1_q = ¢q,1—o. Furthermore, Lemma C.2 implies that for
Go ~ N(0,I;) with I the dx d identity matrix and A, € R¢ given by A, = ([ gs1dP, ..., [ gsqdP)’
we must have for any path ¢t — P, ;, € M

Gn ' Go + A, (C.39)

In particular, since ||Ay|l = ||IIp1(g)||p2 for any g € M(P), we obtain from (C.39) that

inf lim P, G2 >
gelrgl( )nl—>rgo 1y 12> c1-a)

= inf P(IGo+ Al* > qui-a) = POGKR) > aui-a). (C40)

Therefore, part (iii) of the Lemma follows from (C.38) and (C.40). m

Lemma C.1. If Z, € B is asymptotically tight and asymptotically measurable and satisfies
b (Zn) 5 0 for any b* € B*, then it follows Z,, = o,(1) in B.

Proof of Lemma C.1: For an arbitrary subsequence {n;}32,,

Theorem 1.3.9(ii) in van der Vaart
and Wellner (1996) implies there exists a further subsequence {n;, }3Z, along which Z,, converges
in distribution to a tight limit Z. Moreover, note that by the continuous mapping theorem bv*(Z) = 0
for all b* € B*. Therefore, letting C’b(RK ) denote the set of bounded and continuous functions on
RE and defining G = {f o (b7,...,b%) : f € Co(RE), {1}, C B*,1 < K < oo} we then obtain
for any g € G

Elg(Z)] = 9(0). (C.41)

In particular, since G is a vector lattice that contains the constant functions and separates points
in B, Lemma 1.3.12 in van der Vaart and Wellner (1996) implies Z = 0 almost surely. We conclude
that ank converges in probability to zero along {nj, }3°,. Thus, since the original subsequence

{n;}32, was arbitrary, it follows that Z, = op(1). B

Lemma C.2. Let Assumptions 2.1(i) and 3.1 hold, and for any g € L3(P) define Ay : T — R to
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be given by Ag(7) = [ sygdP. It then follows that for any path t — P4 € M,

A~

Gn ™ Go+ A, in (°(T). (C.42)
Further under Assumption 2.1(ii), Ay = 0 whenever t — P; 4 € P.

Proof of Lemma C.2: We first note Lemma 25.14 in van der Vaart (1998) implies

znjlog<dp”fg > \FZQ /2dP+op(1) (C.43)

under P" for any path ¢ — P; 4. Thus, by Example 3.10.6 in van der Vaart and Wellner (1996), P"
and P ) g ATe mutually contiguous, and hence applying Lemma B.4 and Lemma A.8.6 in Bickel
et al. (1993) yields that

Gn ™ Go+ A, in £(T), (C.44)

which establishes (C.42). Moreover, if ¢t — P, , € P, then by definition g € T(P) and hence
[ gs;dP =0 for all 7 € T due to s, € T(P)* by Assumption 3.1(i). m

Lemma C.3. Let Assumptions 2.1(i) and 3.1 hold, and for any g € L3(P) define A, : T — R by
Ay(1) = [ s;9dP. It then follows that Ay is in the support of Go.

Proof of Lemma C.3: Define S = S(P) = {s; : 7 € T} and let the map B : T — S be given by
B(71) = s; for any 7 € T. In addition, for any s € S we define a selection E : S — T that assigns
to each s € S a unique element E(s) € B~!(s). Our first goal is to show

P(sup sup |Go(1) — Go(E(s))| = O> =1, (C.45)
S€S TeB~1(s)

and to this end we fix €, > 0, and note that since Gq is tight by Assumption 3.1(ii) we obtain
by Lemma 1.3.8 in van der Vaart and Wellner (1996) that Gy, is asymptotically tight. Thus, since
Gy is Gaussian, Theorem 1.5.7 in van der Vaart and Wellner (1996) implies that for any €,7 > 0
there exists a d(e,n) > 0 such that

lim supP( sup Gn(11) — Gp(12)] > e) <. (C.46)

n—00 T1,72:||87) —8ro || P,2>0(€,m)

Moreover, since ||sg(s) — s7]|p2 = 0 for any 7 € B!(s), by the Portmanteau Theorem, see e.g.
Theorem 1.3.4(ii) in van der Vaart and Wellner (1996), we obtain

P(sup_sup [Galr) - GolE()| > )

s€S reB~1(s)

< P( sup ‘Go(’i‘l) — G()(TQ)‘ > 6) <n. (C.47)

T1,72:||87) =8y || P,2>0(€,m)

In particular, since €, > 0 were arbitrary, we conclude that (C.45) holds by result (C.47) and the

monotone convergence theorem.
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Next, define a map T : £>°(T) — £>°(S) to be given by Y(f)(s) = f(E(s)) for any f € ¢>°(T),
and note that Y is linear and continuous. Thus, setting Sg = Y(Gy), we note Sy is a tight Gaussian

process on ¢>°(S), which by Assumption 3.1(i) satisfies
E[So(s1)So(s2)] = / s159dP (C.48)

for any s1,s2 € S. Similarly, let S, € £>°(S) be given by Sy = T(A,) and note that

Sg(s) = Ag(E(s)) = /gsE(s)dP = /gsdP (C.49)

for any s € S. Further note that by Lemma 1.5.9 in van der Vaart and Wellner (1996) and
Gaussianity of Go, T is totally bounded under the semimetric d(71,72) = ||sr, — Sr,||p2 and the
sample paths of G are almost surely uniformly continuous with respect to d(-,-). It follows that
So is almost surely uniformly continuous on S with respect to || - || p2, which implies its sample
paths almost surely admit a unique extension to S for S the closure of S under || - || p2, and thus

we may view Sy as an element of the space

C(S) = {S : S — R that are continuous under || - |

P2} (C.50)

Moreover, since T being totally bounded under d(-,-) implies S is totally bounded under || - || p2, it
follows that S is compact under || - || p2. Since Sy is Radon by Theorem A.3.11 in Bogachev (1998),
we can conclude from (C.48) and (C.49), and Lemma C.4 (below) that S, belongs to the support

of Sg. In particular, we conclude for any ¢ > 0 that
0 < P([[Sg = Sollec > €) = P(|T(Ag) = T(Go)llec > €) = P([|Ag = Golloo > €) (C.51)

where the first equality follows by definition of Y : ¢°°(T) — ¢°°(S), and the second equality is
implied by (C.47) and Ay (1) = Y(A,)(s) for any 7 € B~!(s). Thus, since € > 0 was arbitrary, we
conclude from (C.51) that Ay is in the support of Go. m

Lemma C.4. Let Assumption 2.1(i) hold, S C L3(P) be compact under ||| p2, for any g € LE(P)
let Sy : S — R be given by Sy(s) = [ sgdP, and define

C(S) ={S: S+~ R is continuous under || - | p2}, (C.52)

which is endowed with the norm ||S||cc = supses |S(s)|. If So is a centered Radon Gaussian measure
on C(8) satisfying E[So(s1)So(s2)] = [ s1s2dP for any s1,s2 € S, then it follows that Sy belongs
to the support of S for any g € L3(P).

Proof of Lemma C.4: Fix g € L3(P) and note the Cauchy-Schwarz inequality yields

[1Sg(s1) = Sy(s2)] < / l9lls1 — s2ldP < lgllpalls1 — s2ll P2 (C.53)

for any sj,s2 € S, and therefore S; € C(S). Let V denote the closure of the linear span of S
in L3(P) and set Iy (g) to equal the metric projection of g onto V. For any s € S, then define
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Sty (g) : S = R by Si(g)(s) = [{ITy(g)}sdP and note that

Sy(s) = /gsdP = /{Hv(g)}sdP = Sty (g) (8)- (C.54)
Moreover, since Iy (g) € V, it follows there is a sequence sequence {gy}3°, such that
lim [|gr — Iy (g)llp2 = 0, (C.55)
k—o0

where each g, satisfies for some {o; 1, Sj,k}?:l with (a;k, sjx) € R x S the relation

gk = Zaj,ksj,k' (C.56)
=1

Defining Sy, : S — R by Sy, (s) = [ grsdP, we then conclude from results (C.54) and (C.55)
together with the Cauchy-Schwarz inequality that

Jim 1155, = Syl = Jim 1S5, = Sy oo < Jim sup [ [sllgn — Ty (9)1dP

<sup|sl|p2 x lim |gr — Iy (g)llp2 =0, (C.57)
seS k—o0

where in the final equality we exploited that sup,cs ||s||p2 < 0o since S is compact under || - || p2
by hypothesis. In particular, since the topological support of Sy is a closed subset of C(S), result
(C.57) implies that to establish the Lemma it suffices to show Sy, belongs to the support of Sy for
all k. To this end, we let ca(S) denote the set of finite signed Borel (w.r.t. |||/ p2) measures on S,
and note that by Theorem 14.15 in Aliprantis and Border (2006), it follows ca(S) is the dual space
of C(S). Next, for any k we define a measure vy € ca(S) by setting for each Borel set A C C(S)

k
A) =" a;el{s;x € A}. (C.58)

Jj=1

Following the notation in Bogachev (1998), for any k we additionally introduce the linear map
R(vg) : ca(S) — R which for any p € ca(S) is given by

—EH/Sd$wM$H/§M$M®HL (C.59)

By results (C.58) and (C.59), Fubini’s theorem, see e.g. Corollary 3.4.2 in Bogachev (2007a), and
E[So(s1)So(s2)] = | s1s2dP for any s1, s € S we then obtain

k
=E[) 0‘j7kSO(5j,k:)}{/ So(s)p(ds
j=1
/E {Z aj £So0(5;1) So(s)]pe(ds) /Sgk pu(ds), (C.60)

where the last equality follows from (C.56). Result (C.60) implies we may identify the linear map
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R(vg) : ca(S) — R with Sy, , and therefore Theorem 3.2.3 in Bogachev (1998) implies Sy, is in the
Cameron-Martin space of Sy. However, by Theorem 3.6.1 in Bogachev (1998) the Cameron-Martin
space of Sy is a subset of its support, and hence we conclude Sy, is in the support of So. The

Lemma then follows from (C.57). m

Lemma C.5. Let Gg be a centered Gaussian measure on a separable Banach space B and 0 #
A € B belong to the support of Gg. Further suppose ¥ : B — R is continuous, convex and
nonconstant, and satisfies ¥(0) = 0, U(b) = ¥(=b) for allb € B, and {b € B : U(b) < t} is
bounded for any 0 <t < co. For any t > 0 it then follows that

P(\I/(Go + A) < t) < P(\I/(Go) < t).

Proof of Lemma C.5: Let || - ||g denote the norm of B, fix ¢ > 0, and define
C={beB:V() <t} (C.61)
For B* the dual space of B let || - ||+ denote its norm, and v¢ : B* — R be given by

vo(b*) = sup b*(b), (C.62)
beC

which constitutes the support functional of C'. Then note for any b* € B* we have

vo(=b*) = sup —b*(b) = sup b*(—b) = sup b*(b) = vc(b¥), (C.63)

beC beC be-C
due to C' = —C since ¥(b) = ¥(—b) for all b € B. Moreover, note that 0 € C since ¥(0) =0 < ¢,
and hence there exists a My > 0 such that {b € B : ||b|| < My} C C by continuity of ¥. Thus,
by definition of || - |

B~ we obtain for any b* € B* that

vo(b*) =supb*(b) > sup b*(b) = Mo x sup |b*(b)| = Mo||b*||B*- (C.64)
beC llolls<Mo lolls<1

Analogously, note that by assumption M; = supycc ||b]|B < 00, and thus for any b* € B*

ve(b") = supb™(b) < [|b%||g+ x sup [|bllg = M:[[b*||B-. (C.65)
beC beC

We next aim to define a norm on B under which C is the open unit sphere. To this end, recall

that the original norm || - [|g on B may be written as
Ibls = sup  b*(b), (C.66)
[[6%[| g+ =1

see for instance Lemma 6.10 in Aliprantis and Border (2006). Similarly, instead define

b*(b)
[bllB,c = sup =,
b+ 1= =1 vC (0%)

(C.67)

and note that: (i) ||b1 + b2|lB,c < ||b1llB,c + ||b2]|B,c for any bi,bs € B by direct calculation, (ii)
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|lablB,c = |c|]|b]|B,c for any & € R and b € B by (C.63) and (C.67), and (iii) results (C.64),
(C.65), (C.66), and (C.67) imply that for any b € B

Mol|blls.c < [[bllB < Ml[b]

B,C (C.68)

which establishes ||b||g,c = 0 if an only if b = 0, and hence we conclude || - ||B,¢ is indeed a norm on
B. In fact, (C.68) implies that the norms || - ||g and || - |

a separable Banach space and its Borel o-algebra unchanged when endowed with | - [|B,c¢ in place

of |- |Is-

B,c are equivalent, and hence B remains

Next, note that the continuity of ¥ implies C' is open, and thus for any by € C' there is an € > 0
such that and {b € B : ||b — by||B < ¢} C C. We then obtain

vo(B) = sup B(B) = sup {5 (bo) +eb* ()} = b"(bo) + €[]

lb—bo||B<e o]l <1

B-, (C.69)

where the final equality follows as in (C.64). Thus, from (C.65) and (C.69) we conclude 1 —¢/M; >
b*(bo)/vc(b*) for all b* with ||b*||g+ = 1, and hence we conclude

CC{beB:|b|pc <1} (C.70)
Suppose on the other hand that ||by||B,c < 1, and note (C.67) implies for some § > 0
b*(by) < ve(b*)(1 —9) (C.71)

for all b* € B* with ||b*||g= = 1. Setting n = M, and arguing as in (C.69) then yields

sup sup  {b"(b) —ve(b*)} = sup {b%(bo) +nl|b*[|B+ — v (b))}
[6*[lg==1[lb—bo|lB<n b |g+=1
< sup {n—vc(d*)d}= sup O(My—rvc(b*)) <0, (C.72)
[l6*|g+=1 [I6*|p+=1

where the first inequality follows from (C.71), the second equality by definition of 7, and the final
inequality follows from (C.64). Since C is convex by hypothesis, (C.72) and Theorem 5.12.5 in
Luenberger (1969) imply {b € B : ||b — bo|ls < n} € C. We conclude by is in the interior of C,
and since C is convex and open, Lemma 5.28 in Aliprantis and Border (2006) yields that by € C.
Thus, we can conclude that

{beB:|blBc <1} CC, (C.73)

which together with (C.70) yields C' = {b € B : ||b||,c < 1}. Therefore, B being separable under
| - IIB,cs 0 # A being in the support of G by hypothesis, and Corollary 2 in Lewandowski et al.
(1995) finally enable us to derive

P(U(Go+A)<t)=P(Gy+AeC)<P(GyeC)=P(¥(Gy) <), (C.74)

which establishes the claim of the Lemma. m

APPENDIX D - Proofs for T'(P) a Convex Cone
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Proof of Lemma A.1: Since T(P) is a convex cone by Assumption A.1, Proposition 46.5.4 in
Zeidler (1984) implies LE(P) = T(P)®T(P)~. The Lemma then follows since T'(P)~ = {0} if and
only if T(P) = L3(P). m

Proof of Lemma A.2: We note that if P is locally just identified, then by Theorem A.3(i) it
follows that (ii) implies (i). Similarly, we also note that by Theorem 3.1(ii) it follows that (iii)
implies (i). Thus, to conclude the proof we need only show that (i) implies (ii) and (iii). To
this end, note that if P is locally overidentified by P, then Lemma A.l implies there exists a
0# f € T(P)~, which without loss of generality we assume satisfies || f||p2 = 1. The fact that (i)
implies (ii) then follows by applying Theorem A.3(ii) with s;« = fand f = f. Finally, to establish
(i) implies (iii) we note that by Theorem 3.10.12 van der Vaart and Wellner (1996)

Gn(f) l>gz+/fgdp (D.1)

for any path t — P, € M and where Z ~ N(0,1). In particular, if we define the test ¢, =
H{Gn(f) > z1_a} for z1_q the 1 — o quantile of Z, we obtain from (D.1) that

m(g) = nh_}rrolo PndPy) g = P(Z+ / fgdP > z1_4) (D.2)

for any path ¢ — P, , € M. Thus, whenever the path ¢ — P, € P, it follows from g € T(P) and
fe T(P)~ that fgfdP < 0 and hence by (D.2) that 7(g) < o —i.e. ¢,, has asymptotic local level
a. On the other hand, by Example 3.2.1 in Bickel et al. (1993), there exists a path t — P ye M
with score f. Since (D.2) implies 7(f) > « we finally conclude (i) implies (iii). m

Proof of Theorem A.1: Fix a path t — P, such that its score g € L3(P) satisfies AIp-(g) €
T(P) for any A < 0, and note that by Proposition 46.5.4 in Zeidler (1984)

g =Uz(g) + Uzr-(g). (D.3)

Moreover, we note that if Il (g) = 0 then g € T(P) and 7(g) < « follows trivially by (A.4). We
therefore assume without loss of generality that II;-(g) # 0 and observe that by the hypotheses
of the Theorem there exist a f* € {f1, fo} such that f* € T(P)~, f* is linearly independent of
Iy (g), and f* satisfies A\f* € T(P) for all A < 0. Defining

H={he L§P):h=1r(g) + nllp-(g) +~2f* for some (y1,72) € R?}, (D.4)

we may then construct for any h € H a path t — Pt,h whose score is h and such that Pt,h <P K
Py p; see, e.g., Example 3.2.1 in Bickel et al. (1993). Recall B is the o-algebra on X, and consider

the sequence of experiments &, given by

En=(X"B" QP ymn:heH). (D.5)
=1
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Setting ho = II7(g), then observe that Lemma 25.14 in van der Vaart (1998) implies

Zlog<dpl/fh0 i ) NP Z Xi) =3 /(h2 — h3)dP + o0p(1) (D.6)

under P" = ®?:1 P, and where we exploited that ]5,57h < Pk PMO. Since similarly

im(dpl/f"“ > IZ /thPJrop() (D.7)

under P" by Lemma 25.14 in van der Vaart (1998), it follows by LeCam’s 3rd Lemma (see, e.g.,
Lemma A.8.6 in Bickel et al. (1993)) that for an arbitrary finite subset {h; } . =1C Hand Ly,
denoting the law under ®;_; Py /n 5, We have

(z”: log<dPl/\f o > ilog(dpl/f nhy (Xz)>>/ Lo N(—pr.51) D5)

where ¥ = [(h1 — ho,...,hg — ho)(h1 — ho,...,hy — ho)'dP and the mean is given by pu; =
%(f(hl — ho)2dP, ..., [(hy — h0)2dP)/. Next, define v, € R? and Q2 € R?*2 by

(f{HT }th> Qz( J{lip-(9)}?dP  [{llp-(g )}f*dP>

[ f*hdP J{Tr-(g)}frarP  [{f*}?dP 09

and note that the linear independence of f* and Iy (g) in LZ(P) imply © is invertible. For any
h € H, then let @, be the bivariate normal law on R? satisfying

Qn £ N Huy — 20, 1,270 (D.10)

Further observe that for any h € H and U € R? we can obtain by direct calculation

log( (U)) =U' (v, — vpy) + %{v%oﬁ_lvho — (vn — 2up ) QU (o, — 2up,)} (D.11)

dQp,

and therefore exploiting (D.11) and (vh, — vy )’ (vn, — vne) = [(hi — ho)(hg — ho)dP for any
h;i, hi € H implies that for any finite subset {hj}}]:l =1 C H we have

(1og<jg:1 ) oG )) ~ N(— i1, 51) (D.12)

under Qp,. Since (D.8) and Corollary 12.3.1 in Lehmann and Romano (2005) imply {P;, z ,} and
{P1/ /s ot are mutually contiguous for any h € H, results (D.8) and (D.12) together with Lemma
10.2.1 in LeCam (1986) establish &, converges weakly to

E=(R*A%Qy:heH), (D.13)

where 4 denotes the Borel o-algebra on R.

By the asymptotic representation theorem, see for example Theorem 7.1 in van der Vaart

(1991), it then follows from ¢, having a local asymptotic power function 7 that there exists a test
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¢ based on a single observation of U ~ @, such that for all h € H

7w(h) = lim qbndpi”/\/ﬁh = /(;Sth. (D.14)

Further note that any h € H can be written as h = II7(g) + v (h)pr-(g) + v2(h) f* for some
v(h) = (y1(h),y2(h))" € R? and that moreover v(h) = Q™1 {v;, — vp,}. In addition we observe that
A M- (g) € T(P)~ whenever A > 0 and Af*, \lIp—(g) € T(P) whenever A < 0 together with
the linear independence of ITp-(g) imply that h € T(P) if and only if v1(h) < 0 and v2(h) < 0.
Thus, condition (A.4) and result (D.14) yield

J#dQn <o if y1(h) <0 and yo(h) <0

[¢dQn > a if y1(h) >0 or 7a(h) > 0 (D.15)

However, (D.15), h + v(h) being bijective between H and R?, and Lehmann (1952) p. 542 imply
that [ ¢dQp = « for all h € H. In particular, since g € H, the claim of the Theorem finally follows
from [ ¢dQg = a, result (D.14), and Lemma B.1. m

Proof of Theorem A.2: For any path ¢t — P, € M we first note that applying Lemma C.2

with Assumption A.3 in place of Assumption 3.1 implies
A Lng
Gn = Go+ Ay, (D.16)

for Ay € £°(T) given by Ay(7) = [ s,9dP. Defining Ay € £°(T) to be AY(7) = w(7) x Ay(7),

we then obtain from (D.16) and the continuous mapping theorem
~ Lo,
IG5 v Ollse =" (GG + AF) V Olloo- (D.17)

Moreover, note that G is a regular measure by Theorem 7.1.7 in Bogachev (2007b), and hence
since G is also tight due to w € £°°(T) and G being tight by Assumption A.3(ii), we conclude
G§ is Radon. Together with the convexity of the map || - V0| : £°°(T) — R, G§ being Radon
allows us to apply Theorem 11.1 in Davydov et al. (1998) to obtain

co = inf{c: P(|[(Gy + Ay) V 0l[oc < ¢) > 0} (D.18)

is the only possible discontinuity point of the c.d.f. of [[(G§ + Ay') V0l|. However, note that since
¢_,, > 0 by hypothesis, we must have ||w|lc > 0, and therefore for any ¢ > 0

c
P(I(Gg + Ag) VOllec < ¢) = P([[Go + Aglleo < W) >0 (D.19)

o0
where we exploited that w > 0, and the final inequality follows from Proposition 12.1 in Davydov
et al. (1998) and —A, = A_, belonging to the support of Gy by Lemma C.3.% Since ¢f_, > 0

by hypothesis, it follows from (D.18) and (D.19) that ¢{_, is a continuity point of the c.d.f. of

3Lemma C.3 requires Assumption 3.1 in place of Assumption A.3, but the proof of Lemma C.3 also holds under
the latter assumption with no modifications.
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[(G§ + A¥) V 0l|oc. Therefore, we obtain from (D.16) that
Tim Py, (162 V Olloe > ¢0) = PGS +A2) VOl > ¢, (D.20)

which verifies that ¢¢ indeed has an asymptotic local power function. Moreover, note that if
t+ P, 4 € P, then g € T(P) by definition and hence [ s,gdP <0 for all 7 € T since s, € T(P)".
Thus, w > 0 implies Ay’ < 0, and therefore (D.20) yields

T Py (1G5 V Ol > ¢5) < P(IGE V Oloe > ¢5,) = a1 (D.21)

where we exploited that ¢{_,, is the 1 — a quantile of ||G§ V 0| and the c.d.f. of |G§ V 0| is
continuous at ¢f_,. Since (D.21) holds for any path ¢t — P, , € P, we conclude ¢% is indeed an

asymptotic level a specification test.

To establish (A.9), note C(P) C L(P) is a closed convex cone by definition, and let C(P)~ =
{ge€ Li(P): [gfdP <0 for all f € C(P)}. For any g € L§(P), Theorem 46.5.4 in Zeidler (1984)
implies g = He(9) + - (g) and [{IIc(g) H{IIo-(¢9) }dP = 0. In particular, if a path ¢ — P, g € M
is such that IIx(g) # 0, then

/ o{I1c(g)}dP = / {Te(g) + Ho- (g)H{Ie(g)}dP = / {Tic(g)}2dP > 0. (D.22)

Since II¢(g) € C(P) and C(P) is the closed convex cone generated by {s;},cr, there exists an
integer K < oo, positive scalars {ay }H< |, and {7 }£ | C T such that

1Te(9)l1,

— (D.23)
P2 2 gl P2

K
an@ S g,
k=1

Therefore, results (D.22) and (D.23) together with the Cauchy-Schwarz inequality yield

K 1
[ot>-awsayar= [ g{ﬂc(g)}dP—‘ [ stiicto) Zaksm}dP 2 I1e(9)3 > 0. (D.24)
k=1

Since ay, > 0 for all 1 < k < K, result (D.24) implies that [ gs.«dP > 0 for some 7* € T. To
conclude, we then let w*(7) = 1{r = 7*} and note G&" (7*) ~ N(0, [ s2.dP). Furthermore, since
[ 52.dP > 0 because [ gs;+dP > 0, and |G&" V 0||c = max{Go(7*),0} almost surely, it follows
that c‘fia > ( provided « € (0, %) We may then exploit result (D.20) since c‘fia > 0, and employ
fgsT*dP > 0 to obtain

lim Pl/fg(HG V0o > €ig) = P(Go(%) + /gsT*dP >c,) > a, (D.25)

n—0o0

which establishes the second claim of the Theorem. m

Proof of Theorem A.3: For Result (i), we need to show that if P is locally just identified by
P, then %Z;;l f(X;) is an asymptotically locally admissible estimator of [ fdP. To this end, for
any path ¢t — P; , observe that f : X — R being bounded and Theorem 3.10.12 in van der Vaart
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and Wellner (1996) imply that

1 — Ln,

NG > {f(x) - /fdpl/\/ﬁ,g} =’ Go (D.26)
i=1

where Go ~ N(0, Var{f(X;)}). Therefore, since ¥ is bounded and continuous by Assumption

A.2(iii) we obtain from (D.26) that for any path ¢t — P, , € P

imsup 2, ., [0 (- I [ fa7,5.3) | = Ere@L (D.27)

n—oo
By way of contradiction, next suppose that % Yoy f(X;) is not an asymptotically locally admissible

estimator of [ fdP. It then follows that there must exist another estimator 0n - {X;}", — R of
[ fdP satistying for any path ¢t — P, , € P and some tight law Z,

L

N / FAPy )y gb 2 24, (D.28)

and moreover, by result (D.27), for any t — P, , € P, 6,, must additionally be such that

limsup Ep,, [\1/ (ﬁ{én - / fdpy, ﬁvg}ﬂ < E[¥(Gy)] (D.29)

n—o0

with strict inequality holding for some ¢ — P, € P. In particular, since ¥ is bounded and
continuous by Assumption A.2(iii), results (D.28) and (D.29) imply that

E[9(Go)] = sup E[¥(Z,)] = suwp E[W(Z,)] (D.30)
9eT(P) 9eT'(P)
where the equality follows from Lemma D.1 (below), which establishes both that Z, is well defined
for g € T(P) and that the supremums over 7'(P) and T(P) must be equal. Since P is just identified
by P, however, we have T'(P) = L%(P), which implies f — [ fdP € T(P). Therefore, result (D.30),
Theorem 2.6 in van der Vaart (1989), and Proposition 8.6 in van der Vaart (1998) together establish
that under @);" ; P we must have

Virld, [ 1aP) = N i(f(X» -/ fdP) +0,(1). (D.31)
=1

Equivalently, /n{f, — LS f(Xi)} = op(1) under @}, P and, by contiguity, also under
Qi1 Pi/m g for any path t — P, 5. However, by results (D.26) and (D.28) we can then con-
clude that Z, must equal Gg in distribution, thus establishing the desired contradiction since as a
result (D.29) cannot hold strictly for any path ¢t — P, € P.

For Result (ii) of the Theorem, we let R(7*) = {As;+ : A > 0} which is a closed convex cone in
L%(P) under Assumptions A.1 and A.3 with ||s;«[|p2 > 0. Let R(7*)~ be the dual cone of R(T*),

which satisfies
R(T*)” = {g € LA(P): /gsT*dP < o}. (D.32)

In addition, for any g € L3(P) we let TIg(g) and IIz-(g) denote the metric projections of g onto
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R(7*) and R(7*)~ respectively, and we note by direct calculation that

I (f -/ fdP> — B(f,7%) X 510 (D.33)

for any f € L?(P). Moreover, by Proposition 46.5.5 in Zeidler (1984) it also follows that
NG izn;{f(X - [ 1ary = = Z{{HR (7~ [ 1405+ 85,7 »}, (D.34)
where [T (f— [ fdP)B(f,7*)sm+dP = 0. Let A, = [TIg(f — [ fdP)gdP. Then we obtain from

results (D.33) and (D.34), Assumption A.3(i) and Theorem 3.10.12 in van der Vaart and Wellner
(1996) that for any path ¢t — P, , we have

(\/15 é:{f(X,»)—/fdP}, 5(f,7*)<f;n(r*)> B <GR+GR +/fgdP GR+A> (D.35)

where (Gg,Gp-) are independent normals with Var{Ggr + G-} = Var{f(X;)} and Var{Gr} =
B(f, T*) s H%’,? In addition, for any bounded f : X — R we obtain

i [ Py, - ap) - [ foar| <l [|§aPRary, - )

1l ‘f{dP”Q — P12y - Lapre

(dP]%, , +dP'?) (D.36)

for any path ¢ — P; ;. Thus, (D.36) and the Cauchy Schwarz inequality imply that v/n [ f(dP, N
= [ fgdP+o(1). Therefore, result (D.35), the definition of /i, (f,7*), and the continuous map-

ping theorem allow us to conclude

Lng .
f{un £, /fdPl/fg} " Gp- +min{Gpr, —A,} = Z,, (D.37)

which implies fi,,(f,7*) indeed satisfies (A.5). We next aim to show that (A.11) holds for any
path t — P, 4 € P provided B(f,7) # 0. We thus assume §(f,7*) # 0, and note this implies
Var{Ggr} > 0. Hence, since Gy = Gr + Gp- by results (D.26) and (D.35), we can exploit the
definition of Z, in (D.37) to obtain for any ¢ > 0 that

P(|Zg| <t) = P(|Go| < t,Gr < —Ag) + P(|Ggr- — Ay| < t, Gr > —Ay)
= P(|Go| < t) + P(IGr- — Ayl <t, Gr > —A,) — P(|Go| <t, Gg > —A,). (D.38)

Let 0% = Var{Gg-}. Note that if o%_ = 0, then (D.38) implies P(|Z,| < t) < P(|Go| < 1)
whenever ¢ > |Ag4] due to Var{Gg} > 0. If o%_ > 0, then for ® the c.d.f. of a standard normal
random variable we can conclude from Gyg = G+ Gg- and the independence of Gr and G- that

t+ A —t+ A
P(\GRf—Aglgt\GR+Ag>0):q>( O-Rig)_(I)(Tig)
t—G —t—G

P(IGol <t | Gr+ Ay >0) = E|®(— Lt - By | Gr>—-A,|.  (D.39)
R~ R~
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We note that the function Fy(a) = ®((t — a)/or-) — ®((—t — a)/or-) is decreasing in a € [0, 00)
whenever ¢ > 0. Since s+ € T(P)~, we have Ay = [{lIg(f— [ fdP)}gdP < 0 whenever g € T(P).
It follows from (D.39) that for any g € T(P) we have

P(|Zg| < t) > P(|Go| < t) (D.40)

with strict inequality holding if ¢ > 0. Thus, since W(b) = ¥(|b]), ¥(b) > ¥(b') whenever |b| > |b/|,
and U is nonconstant by Assumption A.2(iii), result (D.40) 1mphes

E[¥(Z,)] < E[¥(Gy)) (D.A1)

Since (D.41) holds for any g € T'(P), we then obtain from (D.37) and Assumption A.2(iii)

s Br, o, |8 (VA7) < [ 1450} )| = Bl0E) < BlG] (a2

n—00

for any path ¢t — P, ; € P, which together with (D.27) establishes (A.11). m

Lemma D.1. Suppose Assumption A.1 holds, f : X — R is bounded, and let 0, : AXit ., —~ R
be an estimator of [ fdP. If 0, is such that for any patht — Py, € P

s 7. (D.43)

Vo, — /fdpl/\/ﬁ,g}
for some tight law Zg, then (D.43) holds for any path t — P, € M with g € T(P). Moreover, if
a sequence {g;}52; C T(P) satisfies |lgj — gollp2 = o(1) for some go € T(P), then it follows that
Lg; = Lg, in the weak topology.

Proof of Lemma D.1: Fix a score gy € T(P), select a sequence {g;}52, € T(P) with [lg; —
(1), and set A; to equal

1
i =2{1 —exp{=7llg0 — 9 (D.44)

and note A; = o(1). We further observe that since f : X — R is bounded, we obtain

Vil [ 4Py = [ 1aPy = [ f9dP) < fle [15aPV2 P2, aPV)

+||f|oo/|\/ﬁ{dpll//2fg—dpl/2} gdpl/Q\(de//Qf +dP'Y?) (D.45)

for any path ¢t — P, 4. In particular, result (D.45) and the Cauchy-Schwarz inequality implies
t — [ fdP; 4 has pathwise derivative | fgdP at t = 0. Hence, since g; € T(P) implies there exists
a path t = Py 4, € P such that (D.43) holds, we obtain

~ Ln,gj
NI / AP o} S 2, + / f(g; — g0)dP (D.46)

for any j by the pathwise differentiability of ¢ — [ fdP, , and the continuous mapping theorem.
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For any continuous and bounded map F' : R — R, we then note

limsup/F(\/ﬁ{én —/fdpl/\/ﬁ,go})dpl/ﬁ,go

n—o0

< limsup/F(\/ﬁ{én — /fdPl/\/ﬁgO})dPl/\/ﬁyj + | F |00l

n—o0

:1173@/1?(\/5{@”_/fdpl/@go})dpl/ﬁ,gj + | Fllood;

< liminf/F(\/ﬁ{én - /fdpl/ﬁ,go})dpl/ﬁ,go +2||F|| sl (D.47)

n—o0

where the inequalities follow from (D.44) and Lemma B.1, and the equality from the limit existing
by (D.46) and F' : R — R being continuous and bounded. Since A; = o(1), (D.47) implies the

following limit exists for any continuous and bounded F : R — R

L(F)= lim [ F(v/n{0, — / FAPy) s 0o AP i g0 (D.48)

In addition, for any € > 0 there exists a j(e) such that Aj,) < €/2 and, since Lg, (e is tight,
a compact set K¢ such that P(Zg, + J f(gj) — 90)dP € Kc) > 1 —¢/2. For any § > 0 let
K’ = {a € R : infyeg, ||a — b|| < 6}, and note Portmanteu’s Theorem, see Theorem 1.3.4(ii) in
van der Vaart and Wellner (1996), (D.46), and Lemma B.1 yield

n—o0

i int Py g, (Vil0o — [ 4Py 7y} € K2)
> liminf Py o (V{0 — / FaPy gy} € KO) = Dy
> P(Zg,, + /(gj(e) — 90)dP € Ke) — A
>1-e (D.49)

Since € was arbitrary, result (D.49) implies that the law of \/n{f, — [ fdP, /\/go) under Pf/ Jrigo
is asymptotically tight. Prohorov’s theorem, see e.g. Theorem 1.3.9 in van der Vaart and Wellner
(1996), then yields that every subsequence of \/n{f, — [ fdP, /gt has a further subsequence

that converges in distribution under Pln/ NS However, in combination with result (D.48), these

observations imply that \/ﬁ{én — [ fap, /g0t must itself converge in distribution under Pln/ o’

and we denote the limit law by Zg,:
N / APy g} 5 Ty (D.50)
Moreover, for any continuous and bounded F : R — R, (D.46), (D.47), (D.50) imply
E[F(Zgy)] = | Fllocj < E[F(Zg; + /f(gj = 90)dP)] < E[F(Zgy)] + [ FllocA;- (D.51)

Since Aj = o(1), it therefore follows from (D.51) that Zg, + [ f(g; — go)dP — Zg, in the weak
topology. However, by the Cauchy-Schwarz inequality and |g; — gol/p2 = o(1) we can further
conclude that [ f(g; — go)dP = o(1), and thus by the continuous mapping theorem we obtain that
Lg; — Lg, in the weak topology. m
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APPENDIX E - Proofs of Main Results in Section 4

In this Appendix we first provide the proofs for Theorem 4.1, Lemma 4.1, Lemma 4.2, and
Corollary 4.1. We then establish a theorem (Theorem E.1) that includes Theorem 4.2 as a special

case for models defined by sequential moment restrictions.

Lemma E.1. Let F C L3(P) be such that |f| < F for all f € F and some F € L?(P). Then, for
any path t — P4 € M satisfying [ F2dP, , = O(1) it follows that

hmsup]/{{dPtg—dP}—/fgdP] =0.

t0 fer
Proof of Lemma E.1: Since t — P, 4 is a path, the Cauchy-Schwarz inequality implies

lim sup | / f({dptlf —dpP'?y — 2qp'/2)apl? + apP?)| = o, (E.1)
t0 reF t ’ 2 ’

where we exploited that F' € L*(P) and [ F?dP,, = O(1) by hypothesis. Next, we observe that
for any M < oo we further obtain by the Cauchy-Schwarz inequality that

?“2! fgdPY2(dPM? — dPY?)| < M{ / deP}W{/ (dP}]? — dp)Y/?)2}1/2
S

+{ g?dP}3{ / FX(dpP)[? — dPY/?)%}1 2. (E.2)
|F|>M

Therefore, result (E.2), t — P, , being a path, [ F2dP,, = O(1) by hypothesis, g € L3(P), and
P(|F(X)| > M) converging to zero as M diverges to infinity, yields

lim sup | / fgdP'Y2(dPl* — ap'/?)|
to feF ’

< lim 24PYY2 % lim /F2 dPM? — gp/2\1/2 — . (E.3
_MTOO{ ‘Fng } tw{ (dP,,, )%} (E.3)

Hence, results (E.1) and (E.3) and the triangle inequality together establish

lgjgsup|/f dP; 4 —dP) — /fgdP| <hmsup|/fgdpl/2(dpl/2 dP1/2)|
fe]—‘

+ lim sup | / s (dpl? — ap'/?) - gdpl/z}(dpt1§2+dpl/2)| =0, (EA4)
tl0 fer )

and therefore the claim of the Lemma follows. m

Proof of Theorem 4.1: Consider any path t — P, satisfying Condition A, and an arbitrary
bounded function v; € L*(W;) for any 1 < j < J. Then from P satisfying (26) by Assumption

30



4.1(i) and t — P, 4 satisfying Condition A(i) we obtain

0= 34 [ stz — [ piCohe)isdr)
= S i hs(aPy — dP)+ [ (00 = o3t ) wsdP). (E5)

Furthermore, since the path ¢ — P, , satisfies Condition A(iii) we obtain by Lemma E.1

1
tim [ (B0, (Py — dP) =lim [ i hvigdP = [ oy he)usgdP ()

where the final equality follows by Assumption 4.1(iii), the Cauchy-Schwarz inequality, 1; being
bounded, and ||hy — hp|lu = o(1) by Condition A(ii). On the other hand, since m;(Wj,-) : H —
L*(W;) is Fréchet differentiable and |[¢t71(ht — h) — Allg = o(1) as t | 0 by Condition A(ii) for

some A € H, we can in addition conclude that
1
lin = B[ (W) {m;(Wj, he) — m; (W, hp) }| = Bl (Wy)Vim; (Wj, hp) Al (E.7)

Therefore, combining results (E.5), (E.6), and (E.7) we can obtain that any path ¢ — P, 4 satisfying

Condition A must have a score g € L3(P) satisfying the restriction
{Z@Z’J 3)pj(Z,hp)tg(X {Z@Z’J 5)Vm;(Wj, hp)[A]}], (E.8)

for any collection (¢1,...,%y) € ®J L*(W;) of bounded functions. However, since the set of
bounded functions of W; is dense in L?(W;) for any 1 < j < .J, the Cauchy Schwarz inequality and
E [p?(Z , hp)|W;] being bounded almost surely by Assumption 4.2(i) imply that (E.8) actually holds
for all (¢1,...,%y) € ®J L*(W;). In particular, we note that if we select (¥1,...,9%;) € RE,
then the right hand side of (E.8) is equal to zero, and therefore, result (E.8) implies the set inclusion

{feL?P):f= ij Z, hp)pj(W;) for some (¢1,...,97) € RY} € T(P)*. (E.9)

7=1

In order to establish the Theorem we therefore only need to show the reverse inclusion in (E.9).

As a preliminary result towards this goal, we first aim to establish that

{feL3P): f= ij (Z, hp);(W;) for some (¢1,...,10;) € RE} = VN T(P)*.. (E.10)
7=1

To this end, note that by result (E.9) and the definition of VV we obtain the set inclusion
J
{f € L§(P): f = _ pi(Z,hp)ip;(W;) for some (¢1,...,¢;) € R*} CVNT(P)E.  (E11)
j=1

Next, we note that since R is a closed linear subspace of ®;-]:1 L?*(W;), Theorem 3.4.1 in Luenberger
(1969) implies we may decompose ®37:1 LA (W;) = R @ R*. For any (f1,...,fs) € ®3-]:1 LA(W;)
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we in turn denote its projection onto R and Rt as (Ilgfi,...,lIzxfs) and (Ips f1,..., e fr)
respectively. Selecting an arbitrary f € V N T(P)+, which by definition of ¥ must be of the form
f= ijl pj(-,hp)l/;]f for some (w{,...,wj) € ®J L%(W;), we then observe that result (E.8)
implies that for any path ¢ — P, 4 satisfying Condition A we must have the equality

J

J
B[ ¢ (Wi)pi(Z,hp)}g(X)] = —E[Y_{Tlr! (W)} Vm;(W;, he)[A]). (E.12)

J=1 J=1

However, by Assumption 4.1(iv), if (HR¢{, e Hwa;) #0 (in ®j:1 L?*(Wj)), then there is a path
t — P, , satisfying Condition A with |[t~!(h; — hp) — Aljg = 0 and

J
B> {Tgyp] (W;)}Vm; (W, hp)[A]] # 0. (E.13)

Jj=1

Therefore, if f € V is such that (HR@Z){, . .,HRTZJ;) # 0, then results (E.12) and (E.13) establish
that there exists a path t — P, satisfying Condition A and for which

{Z V] (W))pi(Z hp)}g(X Z{HRW (W;)}Vm; (W, hp)[A]] # 0, (E.14)

7=1

thus violating that f € V N T(P)*. In particular it follows that any f € V N T(P)* satisfies
(Hnw{, . ,HRW;) = 0, and hence from ®;]:1 L*(W;) = R @ R+ we obtain

VNT(P): C{fecLiP): f= Zp]th¢]( ;) for some (¢1,...,¢7) € RY}. (E.15)
7j=1

Next, let f € V be arbitrary, and note that ||f — ijl pi(-s hp)i;
Z}]:1 |¥jllp2 diverges to infinity due to Assumption 4.2(ii). Thus, we obtain

0= inf

hP 7/)J||P2
(1,10 ER]_y L2(W5)

”M“

min

(-, hp)Yjllp2, (E.16)
(¢1,---77/)I)E®J 1

”M“

where the first equality holds because f € V, and attainment in the second equality is implied by
Proposition 38.14 in Zeidler (1984). However, attainment in (E.16) implies that f € V, and hence
since f € V was arbitrary we can conclude V = V. The claim in (E.10) then holds by result (E.11)
and result (E.15).

In order to establish the Theorem we next aim to show Assumption 4.1 implies

vt cT(P). (E.17)
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Selecting an arbitrary g € VN L®(P), we define a path with density (w.r.t. P) equal

AP g

=1 E.1l
7P + tg, (E.18)

which we note implies P 4 is indeed a probability measure for ¢ small enough since g € L*°(P).
The score of such a path is equal to g by direct calculation. Moreover, for any 1; € LQ(Wj) and
1 < j < J we have that p;(-,hp)t; € V implies

/ pi (o hp)idPry = Elpj (Z, hp)(1 + tg(X)); (W;)] = 0 (E.19)

where we exploited that g € V& and E[p;(Z, hp)|W;] = 0. Since ¢; € L*(W;) was arbitrary,
(E.19) in fact implies the path t — P; ; satisfies Condition A(i) with hy = hp for all ¢, and hence
also Conditions A(ii)-(iii). We conclude that ¢ — P, ; satisfies Condition A, and as a result that
g € T(P). Since g € L¥(P) N V+ was arbitrary, it follows that L>°(P) N V+ C T(P) and by
Assumption 4.1(v) that (E.17) indeed holds. Thus, we further obtain from result (E.17) that
T(P)* € (VH)* and since (V1)+ =V by Theorem 3.4.1 in Luenberger (1969), we can conclude
that T(P)* C V. The theorem therefore follows from result (E.10). m

Proof of Lemma 4.1: Recall that the map Vm(W, hp) : H — ®J L*(W;) equals
Vm(W, hp)[h] = (le(Wl, hp)[h], ooy VmJ(WJ, hp)[h])/ (E.QO)

which is linear and continuous by the stated assumption that m;(W;,-) : H — L*(W;) is Fréchet
differentiable at hp for 1 < j < J. Since ®j:1 2(W;) is its own dual, the adjoint Vm (W, hp)* of
the map Vm(W, hp) has domain ®}']=1 L*(Wj;). Moreover, because Vm,j(W;,hp)* is the adjoint
of Vm;(Wj, hp), it follows that

J
Vm(W, hp)*[f] =Y Vm;(W;, hp)*[f;] (E.21)
J=1

for any f = (f1,...,f)) € ®J L*(W;). Letting N(Vm(W,hp)*) denote the null space of
Vm(W,hp)* : ®J L*(W;) — H*, and noting that R (as defined in (29)) equals the range
of Vm(W,hp) : H — ®J L*(Wj;), we obtain by Theorem 6.6.1 in Luenberger (1969) that for
[R]* the orthocomplement of R in ®J,1 L*(W;) we have

Rt = N(Vm(W, hp)*). (E.22)

Furthermore, since [R]* = R+ by continuity, and R = ®3]:1 L%(W;) if and only if R+ = {0},
Equation (E.22) yields R = ®3]:1 L2(W;) if and only if N (Vm(W,hp)*) = {0}, which together
with (E.21) establishes the Lemma. m

Proof of Lemma 4.2: Since each Vm;(Wj, hp) : H — L*(W;) is linear and H = ®;]:1 H;, for
each j there are linear maps Vm; x(W;, hp) : Hy — L*(W;) such that

J

Vm;(Wj, hp)[h] =Y Vi (Wj, he)[hi] (E.23)
k=1
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for all (hi,...,hs) = h € H. Moreover, since Vm;,(Wj, hp)hi] = 0 for any hj, € Hj, whenever
k > j by hypothesis, the decomposition in (E.23) implies that

Vm(Wy, hp)[h] = - Vm;x(Wy, hp)[hi). (E.24)
k=1

We first suppose that R; = L*(W;) for all j and aim to show R = ®J L*(W;). To this end,
let (f1,...,f7) € ®;«]:1 LQ(VVj) and € > 0 be arbitrary. Then observe that

[Vma (Wi, hp)[hi] — fillp2 <€ (E.25)

for some h} € Hj since Ry = L*(W3). For 2 < j < J we may then exploit that R; = L?(W;) to
inductively select h; € H; to satisfy the inequality

j—1
1V (Wy, hp) (R3] = (f; = > V(Wi hp)[Bi]) P2 < €. (E.26)
k=1

Therefore, setting (h},...,h%) = h* € H and employing (E.24) and (E.26) we obtain

J
> IVm (W, hp) ] = fillpa < Je (E.27)
j=1

which, since (f1,..., f) € ®J L L*(W;) and € > 0 were arbitrary, implies that R = ®‘] LA (W;).

We next suppose R = ®‘] L%*(W;) and aim to show R; = L?(W;) for all j. First note that by
(E.24), it is immediate that R = ®J L*(W;) implies Ry = L?(W;). Thus, we focus on showing
R; = L*(W;) for all j > 1. To this end, we select an arbitrary 1 < k* < J and g* € L*(Wj»),
and define (ff,..., f}) to satisfy f; = ¢* if j = k* and f; = 0 if j # k™. Next, note that since
R = ®}']:1 L%*(W;) by hypothesis, there is a sequence (h1y, ..., hjn) = hy, € H such that

i [, 0 k] - 2 =0 (E.28)
7j=1

In particular, since k* > 1, result (E.24) and h,, satisfying (E.28) together yield that
nhﬁ\nolo ”Vle(Wl, hp)[hln]”pg = 0. (E29)

Moreover, employing (E.24) and requirement (34) we obtain for any 2 < j < J that

[V ; (W, hp)[hjn] — f] P2
j—1
< IVm;(Wy, hp)[hn] = £ P2+ C D VMo (Wi, hp) ] | p2- (E-30)
k=1
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Evaluating (E.30) at any j < k* and proceeding inductively from (E.29) then implies

nlingo |V ;(W;, hp)[hjn]|

Pa=0 (E.31)

since f; = 0 for all j < k*. Finally evaluating (E.30) at j = k" and employing (E.31) implies
fi = g* € Ry~ Since 1 < k* < J and g* € L*(Wj+) were arbitrary, it follows that R; = L?(W;)
for all j. Thus, we conclude R = ®3.7:1 L*(W;) if and only if R; = L*(W;) for all 1 < j < J.
Finally, let Vi ;(Wj, hp)* : L*(W;) — HJ denote the adjoint of Vi ;(Wj,hp) : Hj — L*(Wj).
Theorem 6.6.1 in Luenberger (1969) then implies that 7%‘ = {h € L*(W;) : Vm; j(W;, hp)[h] = 0}.
Therefore, we further obtain that R; = L?(W;) for all 1 < j < J if and only if {h € L?(W;) :
Vm; (Wi, hp)[h] =0} ={0} forall 1 <j < J. m

Proof of Corollary 4.1: Notice that the conditions of Lemma 4.2 are trivially satisfied. Therefore,
Lemma 4.2 implies that R = ®;-]:1 L%(W;) if and only if R; = L*(W;) for all 1 < j < J, where
R, denotes the closure of R; in L?(W;), and R; is given by

R; = {f € L*(W;) : f = dj(W;)h;(W;) for some h; € H;}. (E.32)

Hence, the claim of the Corollary follows if for all 1 < j < J, R; = L*(W;) if and only Hj is
dense in L?(W;) and P(d;j(W;) # 0) = 1. The conditions of the Corollary are equivalent for all
1 < j < J, and therefore without loss of generality we focus on the case j = 1. To this end, we
first suppose R1 = L?(W7) and define f; € L?(W;) by

f1 (Wl) = 1{d1(W1) = 0}. (E.33)
Next observe that since Ry = L?(W;) by hypothesis, it follows f; € Ry and therefore

0= inf El{di(W1)hi(W1)— W)Y = E[{f1(W1)}?] = P(diy(W1) = 0), (E.34)
1 1
where in the first equality we exploited (E.32), the inequality follows from definition (E.33) implying
di(W1) fi(W7) = 0 almost surely, and the final equality results from (E.33). Hence, we conclude
that if Ry = L?(W3), then P(d1(W;) # 0) = 1. Moreover, for any h; € Hy C L?(W;) we have
dihy € L?(W7) since dg is bounded, and thus

0=, inf B[{di(W1)ha (W) - dy(Wh) f(W1)}?]

= hflréiglll E{di(W1) Y {ha(Wh) — fF(W1)}?], (E.35)
for any f € L?(W1), and where the first equality follows from Ry = L?(W7), while the final equality
holds for H; the closure of Hy in L?(W}), and attainment of the infimum is guaranteed by the
criterion being convex and diverging to infinity as ||h1||p2 1 oo and Proposition 38.15 in Zeidler
(1984). Thus we conclude from (I.34) and (E.35) that for any f € L?(Wy) there exists a hy € Hy
such that P(f(W1) = h1(W1)) = 1. Since H; C L?(W;) by hypothesis, we conclude that in fact
H, = L*(W1).

We next suppose instead that Hy = L?(W;) and P(d;(W;) # 0) = 1 and aim to establish
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that Ry = L?(W;). First note that since Vim(Wy,hp)[h] = dihy for any (hy,...,hy) = h € H
and d; is bounded, we may view Vmi (W1, hp) as map from H; into L?(W7) by, with some abuse
of notation, setting Vmy (W1, hp)[hi] = dihy for any hy € H; \ H; as well. Furthermore, since
H, = L?(W}) by hypothesis, direct calculation reveals that Vmy (Wi, hp) : L>(W1) — L2(W))
is self adjoint. Thus, Theorem 6.6.3 in Luenberger (1969) implies R; = L?(W;) if and only if
Vmi(Wy, hp) : L*(Wy) — L?(Wy) is injective. However, injectivity of Vmy (Wi, hp) : L2(W1)
L?(W) is equivalent to P(dy(W1) # 0) = 1, and therefore Ry = L?(W;). m

Previously, Ai and Chen (2012) derived the semiparametric efficiency bound for a general class
of “smooth” functionals of P defined by nonparametric sequential moment restriction model (31).
The next Theorem, which is a restatement of Theorem 4.2, exploits their results and our Lemma
3.2 to obtain an alternative characterization of local just identification of P by model (31). In the
following we let Q} denote the semiparametric efficient variance bound for estimating population
mean 0¢(P) = [ fdP for f in any dense subset D of L?(P).

Theorem E.1. Let Assumption /.5 hold. Then: There is a dense subset D of L*(P) such that
Q3 = Var{f(X)} for all f € D if and only if R = ®;-]:1 L*(W;). Hence: P is locally just identified
by model (31) if and only if R = ®37:1 LA (W;).
Proof of Theorem E.1: We let L*°(P) = {f : |f| is bounded P —a.s.}, L*(W;) and L>(Z) be
the subsets of L>°(P) depending only on W; and Z respectively. We recall that L?(W;) and L?(Z)
are analogously defined. In addition, we note that Assumption 4.3(i) implies that if j < j’ then it
follows that

W; =FWj) (E.36)

for some measurable function F : R™7 R see, e.g., Theorem 20.1 in Billingsley (2008). We
define a subset Q C L?(P) as

J
o={r:f(X)= {ij(Z, hp)qj(W;) + C} as. for some g; € L*(W;),C € R}, (E.37)

j=1
and Q as the closure of Q under || - ||p2. We set the desired subset D to equal D = L>®(P)\ Q
where It is then immediate that D is a subset of L?(P) since D C L>®(P) C L?(P). To establish
that D is dense in L?(P) we let j* be the smallest j satisfying 1 < j < J and such that L?(W;«)
is infinite dimensional — note existence of j* is guaranteed by Assumption 4.3(vi). We next aim to

show that

L*(Wj )N Q # L*(W;+) (E.38)

and to this end, we note that since L?(W;+) is infinite dimensional and L?*(W;) is finite dimensional
for all j < j* it follows that there exists a g € L?(W;+) with ||g|p2 > 0 and

i1
ElgW){)_ pj(Z.hp)gi(W) +C}] =0 (E.39)
j=1

for all C € R and g; € L*(W;) — here if j* = 1 then (E.39) should be understood as just requiring
Elg(W;=)] = 0. On the other hand, Assumption 4.3(i) and the law of iterated expectations together

36



imply that for any ¢; € L*(W;) we have

J
Wi pi(Z,hp)g;(W;)}] = 0. (E.40)
=5
Thus, (E.39) and (E.40) imply [|f — g|lp2 =
conclude (E.38) holds. Since L>(Wj) is dense in L2(W ) (E.38) further ylelds that there is a
g e L®(W;-)\ Q and for any f € L>®(P) and €, | 0 we set

B f if f¢Q
f”_{f+eng iffe0 (E41)

and note f,, € D= L°(P)\ Q and || f, — f|lp2 = o(1). We conclude that D is dense in L>°(P) with
respect to || - ||p2 and hence also in L?(P) since L>(P) is a dense subset of L?(P) under || - || pa.

While we have so far avoided stating an explicit formulation for Q’} for ease of exposition, it
is now necessary to characterize it for all f € D. To this end, we follow Ai and Chen (2012) by
setting €7(Z, h) = ps(Z,h) and recursively defining

J
es(Z,h) = ps(Z,h) — > Ts;j(W))ei(Z,h) (E.42)
J=s+1

for 1 <j <J —1, and where for any 1 < s < j < J, the function I'; ;(W;) is given by

U j(W;) = Elps(Z, hp)ej(Z, hp)W{Z;(W;)} ! (E.43)
25(W;) = El{e;(Z, hp) Y |Wj) (E.44)

and we note Assumptions 4.3(i)(iv)(v) and simple calculations together imply
P(n <3;(W;) < M) =1 (E.45)

for all 1 < j < J and some 7, M € (0,4+00). We further set ¥y = Var{f(X)} and define

J
So = Var{f(X) = > A;(W;)e;(Z, hp)} (E.46)
j=1
Aj(W)) = ELf(X)ej(Z, hp)[Wi{Z;(Wy)} (E.47)

and note: (i) A;(W;) € L3(W;) by (E.44), (E.45), f € D C L*®(P), and Jensen’s inequality; (ii)
Yo > 0 since f ¢ Q and Q is closed; and (iii) by direct calculation

J
So=3r — ) BHA; (W) PE;(W;)]. (E.48)

=1

Next, we define the maps a;(W;,-) : H— L?(W;) for any 1 < j < J to be given by

a; (W) h) = Ele;(Z.1)|W;). (.49)
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We further note that result (E.45) and Assumption Assumption 4.3(v) imply by arguing induc-
tively that I'y j(W;) € L>(W;). Hence, it can be shown from definition (E.42) and Assumption
4.3(ii) that the maps a;(Wj,-) are Fréchet differentiable at hp and we denote their derivatives by
Va;(W;,hp) : H— L*(W;). Therefore, the Fisher norm of a s € H is

J J
IsllZ =D EHZ; (W)} {Va;(Wy, hp)[s]?] + {20} {ED | A (Wj)Va;(Wy, he)[s]]}*  (E.50)
— =

(see eq. (4) in Ai and Chen (2012)), and we note |5/, < oo for any s € H since Va,;(W;, hp)[s] €
LEX(W;), {Z;(W;)}~1 € L>°(W;) by (E.45), and as argued A;(W;) € L®(W;). Letting W denote

the closure of H under || - ||, we then obtain

{7 = inf {{Z0}” 13 B (V) Ve (W 1

7=1
J

+ > B (W)Y Ve (W )51} (E51)
j=1

by Theorem 2.1 in Ai and Chen (2012).

It is convenient for our purposes, however, to exploit the structure of our problem to further
simplify the characterization in (E.51). To this end, note that (E.50) and the Cauchy-Schwarz
inequality imply that the objective in (E.51) is continuous under || - ||,,. Hence, since W is the

completion of H under || - ||y, it follows from (E.51) that

{7 = int {{Z0}” 13 B (09 Ve (0 )

J=1

J
+ > B (W)} {Va;(Wj, hp)[s} ]}- (E.52)
j=1

Next, note that we may be view (Vai(Wi,hp),...,Vas(Wy,hp)) as a map from H onto the
product space ®J L*(W;), and we denote the range of this map by

J
A= {{rj}jzl € ®L2(Wj) : for some s € H,r; = Va;j(W;, hp)[s] forall 1 <j<J} (E.53)

and let A denote the closure of A in the product topology. Result (E.52) then implies

J

J
{7 = i‘I}lgj{{Eo}’l{lﬂLZE[Aj( W)Y +ZE {5 (W)}~ o (Wi)1)
75 j=1

J

J
= {gigj{{zo}_l{l + ) BN (Wr (W)Y + > BHE; (W)} Hry (W)Y} (E.54)
J j=1 7j=1

where attainment follows from A being a vector space since (Vai(W1,hp),...,Va;(Wy, hp)) is

linear and H is a vector space, the criterion in (E.54) being convex and diverges to infinity as
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>_jlIrjllp2 1T oo, and Proposition 38.15 in Zeidler (1984). In particular, note that if {r}} € A is
the minimizer of (E.54), then for any {§;} € A

J
D BB (WS (W)} (W) + S A (W, {1+ZE Ws)l}H1 =0 (E.59)

Jj=1

Next, we aim to solve the optimization in (E.55) under the hypothesis that A = ®J LAX(Wj).
In that case, (E.55) must hold for all {§;} € ®‘] L*(W;) which implies

J
ri(W;) = =Sg {1+ > BIAW)ri(We) A, (W) 55(W;). (E.56)

It is evident from (E.56) that r;(W;) = —A;(W;)Z;(W;)Cy for some Cp € R independent of j,
and plugging into (E.56) we solve for Cy and exploit (E.48) to find
r(Wy) = {3} A (W5)55(W)). (E.57)

J

Thus combining (E.54) and (E.57), and repeatedly exploiting (E.48) we conclude

J J
{0} =S 1= {1 BN WS (W)Y + {55} 2 ) BIAT(W)S,(W;)]
=1 i=1
=30 {1 = {Sp)7HEy = 2o} + {2 7By — B0} = {2737, (B.58)

or equivalently 2} = ¥y. While (E.58) was derived while supposing A= ®J L*(Wj;), we note
that since A C ®J L*(W;), the minimum in (E.54) is attained, and ri(Wj) = —{Z¢}~ A (W) S5 (W)

is the unique minimizer on ®J L*(W;), we must have

O} = Xy if and only if {—X7A;(W;)S;(W;)}_, € A. (E.59)

Since result (E£.59) holds for all f € D and A is a vector space, (E.47) implies
5 = Xy Vf € D if and only if {E[f(X)e;(Z, hp)|W;|}]_, € AVf € D. (E.60)
Also note that if || f, — f||p2 = o(1), then by the Cauchy-Schwarz inequality we obtain

im_ B{E(fu(X)e(Z, hp) W] — B[f(X)e(Z, hp) W]}
< Tim B[{fa(X) ~ FCO)PS;(0)] =0 (E61)

n—o0

where the final equality follows from 3;(W;) € L (W}) by result (E.45). Therefore, since as argued
D is a dense subset of L?(P), in addition A is closed under the product topology in ®;-]:1 L2 (W),
and result (E.63) holds for all 1 < j < J, we conclude

=X Vf € D if and only if {E[f(X)¢;(Z, hp)|W;]}_, € AVf € L*(P). (E.62)
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Next, fix an arbitrary {g] -1 € ®J L>(W;) and note that result (E.45) then yields

Zgg D)ei(Z,hp){; (W)} (E.63)

belongs to L?(P) since g; € L>(Wj). Since E[{¢;(Z, hp)}2|W;] = X;(W;), Ele;(Z, hp)es(Z, hp)|W;] =
0 whenever s < j, we obtain from result (E.36) that

Elfo(X)ej(Z, hp) W] = ng $es(Z, hp){Ss(W)} eji(Z, hp) | W]
=D Elgs(Wo{Ss (W)} ' Eles(Z, hp)ej(Z, hp) Wi |Wy] = g;(W5).  (E-64)

In particular, (F.64) holds for any 1 < j < J, and since {g; }] 1 € ®J | L*°(W;) was arbitrary, it
follows that if {E[f(X)e;(Z, hp)]W] _, € Afor all f € L*(P), then ®J L>(W;) C A. How-
ever, since A is closed in the product topology of ®j:1 2(W;}), we have that if ®J L®(W;) C A,
then ®] L L*(W;) = A, and hence (E.62) yields

J
=% Vf € D if and only if (X) L*(W;) = A. (E.65)
j=1

To conclude, we note that since, as previously argued, I'y ;(W;) € L>(W;) for all 1 <s < j < J,
definitions (E.43) and (E.49) and an inductive calculation imply that

J
Vm;(Z, hp)ls| = Va;(Z, hp)ls] + Y ELj (W) Var(Z, hp)[s)|W;] (E.66)
k=j+1

with Vmy(Z, hp)[s] = Vaj(Z,hp)[s]. Thus, from (E.66) we conclude A = ®‘] L*(W;) if and
only if R = ®J L*(W;) and therefore the Theorem follows from (E.65). m

APPENDIX F - Sufficient Conditions for Assumption 3.1

In this Appendix we illustrate how to construct a statistic Gn satisfying Assumption 3.1 in the
context of models defined by nonparametric conditional moment restrictions as studied in Section
4. Concretely, we let {X; = (Z;, W;)}_; be a random sample from the distribution P satisfying

model (26), which is restated below for the purpose of easy reference.

Elpi(Z;i,hp)|Wi;] =0 for all 1 < j < J for some hp € H. (F.1)

The parameter hp can be estimated via the method of sieves by regularizing through either the
choice of sieve, employing a penalization, or a combination of both approaches (Chen and Pouzo,
2012). Here, we assume hp € H C H, and consider a sequence of sieve spaces Hy C Hy1 C H, with

Hj. growing suitably dense in H as k diverges to infinity. In turn, we estimate the unknown condi-
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tional expectation by series regression. Specifically, for {p;;}7°, a sequence of approximating func-
. . ! in _ _ l jn l jn

tions in L?(W;), we let p;"(w;) = (pjr(w)), - pji, (wy))s set Py = (0" (Wiy), ..., 0" (Waj))',

and define

i (ws, h) = {3 pi(Ziy D3 (W) H (P Pin) 0" (w5) (F.2)
=1

where (P]{nPjn)_ denotes the Moore-Penrose pseudoinverse of Pj’nPjn For a sequence k,, diverging

to infinity with the sample size, the estimator hy, is then defined as
. ] 5
hy € arg ,min Z Z 5 (Wij, h). (F.3)

See Chen and Pouzo (2012) and references therein for sufficient conditions for the convergence

rates of izn to hp.

For a set T and known function ¢; : W; x T — R, we let ¢(w, 7) = (¢1(w1,7), ..., ¢ 5(ws, 7))
similarly define p(z,h) = (p1(2z,h),...,ps(z,h)) and set

Gn(7) = \/15 S (W)Y p(Zi, o). (F.4)

Note that the resulting process G, may be viewed as an element of ¢>(T) provided that the
functions 1;(Wj;, ) are bounded almost surely. To see why Gy, might satisfy Assumption 3.1, we

observe that for any 7 € T, Gn(’i') is an estimator of the parameter

0p(r) = E{v(W.7)} p(Z, hp)]. (F.5)

However, since hp satisfies (F.1) by hypothesis, the model in fact dictates that Op(7) = 0, and
thus the efficient estimator for Op(7) is simply zero. As a result, G, (7) is an inefficient estimator
of Op(7), and by Lemma 3.3 it should satisfy Assumption 3.1 provided that it is regular and
asymptotically linear. Similarly, Gy, could be constructed so that specification tests built on it aim
their power at particular violations of the model by setting @n(T) to be the efficient estimator of

0p(7) under the maintained alternative model; see Lemma 3.4(ii) and related discussion.

Denote m(W,h) = (mi(Wi,h),...,m;(Wy,h)). We assume that the maps m;(W;,h) =
Elpij(Z,h)|Wj], j = 1,...,J, are Fréchet differentiable at hp with derivative Vim;(W;, hp) : H —
L*(W;) (i.e., we impose Assumption 4.1(ii) as in Section 4). Recall that the linear map Vm(W, hp) :
H — ®7_, L*(W;) is given by

Vm(W, hp)h] = (Vma (Wi, hp)[h], ..., Vimy(Ws, hp)[h]), (F.6)

and its range space equals
J
R = {f € R L*(W;) : f = Vm(W, hp)[h] for some h € H} (F.7)
j=1
which is closed under addition, and its norm closure (in ®37:1 L*(Wj;)), denoted R, is a vector
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subspace of ®3]:1 L*(W;). With some abuse of notation, for any (fi,...,fs) = f € ®J LA (W)
we let ||f||%372 = Z}-le i ijdP and we observe ®3]:1 L%*(W;) is a Hilbert space under ||- || p2 and its
corresponding inner product. Therefore, since R is a closed subspace of ®3]:1 L2(Wj) we obtain
from Theorem 3.4.1 in Luenberger (1969) that

J
QR L*(W;) =ReR". (F.8)
=1

For any f € ®J L3(W;) we let TIg f and Iz f denote the projection of f under || - || p2 onto R
and R+ respectively. We emphasize that the projection of (fi,...,fs) = f € ®‘] L*(W;) onto
R need not equal a coordinate by coordinate projection of f. Finally, recall that by Theorem 4.1,
P is locally just identified if and only if R = ®‘] L%(W;), or if and only if R+ = {0}.

We in addition impose the following assumptions to study the process Gn.

Assumption F.1. (i) F = {f = {{Lg (-, 7)}Yp(-,h) : (1,h) € T x H} is P — Donsker; (ii)
Iz 9p(w, 7)| is bounded on ®3]:1 W; x T; (iii) Hp € H for all k.

Assumption F.2. (i) 37 llp;(-m) — pj (- hp) | p2 = 0p(1); (i) E[[m(Wi, hn) — m(Wi, hp) —
Vm(Wi, hp)lhn — hplll] = op(n=?), (iii) £ 377 {Trp) (Wi, 7)Y p(Zi, hn) = 0p(n=12) uniformly
mTeT.

Assumption F.1(i) ensures that the empirical process indexed by f € F converges in distribution
in £*°(T), Assumption F.1(ii) demands that the weights in the linear combinations of moments
be bounded, and Assumption F.1(iii) implies that hy, € H with probability one. Assumption F.2
imposes high level conditions on h,, that are transparent in their role played in the proof, though
they can be verified under lower level requirements on the sieve bases, the sieve approximation
errors, and the smoothness of the map m(W,-) near hp. In particular, Assumption F.2(i) imposes
that p(-, hn) be consistent for p(-,hp) in ®3]:1 L?(P). Assumption F.2(ii) demands the rate of
convergence of hy, to be sufficiently fast to enable us to obtain a suitable expansion of m(Wj, h,,)
around hp. Both Assumption F.2(i) and F.2(ii) can be verified under lower level conditions by
employing the results in Chen and Pouzo (2012). Finally, Assumption F.2(iii) intuitively follows
from h,, satisfying (F.3) and Vi(W;, hy,) approximating Vm(W;, hp);* see Ai and Chen (2003)
and Chen and Pouzo (2009) for related arguments.

We next establish the asymptotic behavior of Gn.

Lemma F.1. Let Assumptions /.1(i)(ii), and F.1 and F.2 hold. Then:

Z{HRM!) Y p(Zi, hp) + 0p(1) (F.9)

uniformly in T € T, and Gn A Go in £°(T) for some tight Gaussian measure Gyg.

Lemma F.1 establishes the asymptotic linearity of G,, as a process in ¢°('T). Since the influence

function of G, obeys a functional central limit theorem by Assumption F.1(i), the conclusion that

4Recall Hnw(Wz, 7) = Vm(Wi, hp)[vn] + o(1) for some sequence {vn}nZ; € H, while h,, solving (F.3) can be
exploited to show = 3% { Vi (Wi, ho)[on]¥ p(Ziy ha) = 0p(n~1/?).
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Gy, converges to a tight Gaussian process is immediate from result (F.9). Therefore, given Lemma
F.1, the main requirement remaining in verifying G, satisfies Assumption 3.1 is showing that the
influence function of G, (1) is orthogonal to the scores of the model for any 7 € T. However, the

latter claim is immediate from the characterization of T(P)* derived in Theorem 4.1.

Proof of Lemma F.1: We first note that Assumption F.2(iii) allows us to conclude

~

6u(r) = == S TR b(We Y ol ) + 0,1 (F.10)

uniformly in 7 € T since Y»(W;,7) = Hryp(W;,7) + lgip(W;, 7). Moreover, by the Cauchy
Schwarz inequality, and Assumptions F.1(ii) and F.2(i) we obtain that

E[(Ugu (Wi, 7){p(Zi, hu) = p(Zis hp)})?]
< sup [[(w, 7)|* x [|p(-, hn) = p( hp) [ B2 = 0p(1).  (F.11)

(w,T)

Thus, since F = {f(x) = {Ilzr(w,7)}p(2,h) : (1,h) € T x H} is P-Donsker by Assumption
F.1(i) and h, € H by Assumption F.1(iii), result (F.11) yields

1 < A 1 <
—= ) A bWi, ) p(Zis hn) — —= Y _{Tgpb(Wi, 7)Y p(Zi, hop)
\/ﬁ; R p \/ﬁ; R p p

= VB[ p (Wi, )Y {p(Zis h) = p(Zis hp)}] + 0p(1) - (F.12)

uniformly in 7 € T. Furthermore, the law of iterated expectations, the Cauchy-Schwarz inequality,

and Assumptions F.1(ii) and F.2(ii) together yield uniformly in 7 € T that

VRE{Tg o) (Wi, 1)Y{p(Zi, hn) = p(Zi, hp)}]
= VnE[{Tlg (Wi, 7)Y Nm(Wi, hp)[hn — hp]] + 0p(1) = 0,(1)  (F.13)

where in the final equality we exploited that by definition of R and R* it follows that for any
h € H we have E[{Ilz1¢(W;,7)}Vm(W;, hp)[h]] = 0. Hence, the Lemma follows from results
(F.10), (F.12), and (F.13), and the class F = {f(z) = {Ilg ¢(w,7)}p(z,h) : (1,h) € T x H}
being P-Donsker by Assumption F.1(i). m

APPENDIX G - Examples for Section 4

In this appendix we provide additional discussions on Examples 4.1, 4.2 and 4.3 to illustrate
how to employ Theorem 4.1, Lemmas 4.1 and 4.2, and Corollary 4.1 to determine whether P is
locally overidentifed by the model P in specific applications. We also introduce a final example
based on DiNardo et al. (1996).

Example 4.1. In this application Z represents the distinct elements of (V,Y7,...,Y;) and there
are J moment restrictions. For any h = (hy,...,hy) € H = ®3]:1 H;, each p; : Z x H— R then
equals

pi(Z,h) =Y; = hi(V). (G.1)
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Therefore, for any h = (hi,...,hy) € H, m;(W;,h) = E[Y; — h;(V)|W;] which is affine and
continuous by Jensen’s inequality and H; C L*(V). Hence, m;(Wj, h) : H — L*(W;) is Fréchet
differentiable with

Vm;(Wj, hp)[h] = —E[h;(V)|W;] (G.2)

for any h = (hi1,...,hy) € H. In particular, note that the conditions of Lemma 4.2 are trivially
satisfied since Vim; i (Wj, hp)lhi] =0 for all k # j and 1 < j < J. Hence, defining

R; = {f € L*(W;) : f = E[h;(V)|W,] for some h; € H;}, (G.3)

we conclude from Lemma 4.2 that P is locally just identified if and only if R; = L?(W;) for all
1 <5 < J —ie we may study local overidentification by examining each moment condition

separately. We gain insight into the condition 7_2j = LQ(W]-) by considering two separate cases.

Case I: We first suppose W; =V (i.e. V is exogenous in the j-th moment restriction). In this case,
we may view E[-|W;]: H; — L?(W;) as the identity mapping, and hence R; = L?*(W;) whenever
H; = L*(V). Notice in fact that by Corollary 4.1, R; continues to satisfy R; = L*(W;) if we set H;
to be any Banach space that is dense in L?(W;), such as the set of bounded functions, continuous
functions, or differentiable functions. On the other hand, Corollary 4.1 implies R; # L%*(W;)
whenever H; is a strict closed subspace of L?(V), which occurs, for example, when we impose a

partially linear or an additively separable specification for h; (Robinson, 1988; Stone, 1985).

Case I1: We next consider the case where Wj is an instrument, so that W; # V. Welet H; = L*(V),
the condition that the closure of the range of E[|W;] : L?(V) — L*(W;) be equal to L*(Wj;) is
most easily interpreted through Lemma 4.2. Note that the adjoint of E[-|W;] is E[-|V] : L2(W;)
L*(V). Thus, Lemma 4.2 implies that R; = L*(W;) if and only if

{0} = {f € L* (W) : E[f(W))|V] = 0} (G4)

The requirement in (G.4) is known as the distribution of (V, W;) being L?-complete with respect to
W;, which is an untestable property of the distribution of the data (Andrews, 2011; Canay et al.,
2013). As in Case I, however, we may obtain R; # L*(W;) by restricting the parameter space for
h;j. Suppose, for example, that H; is a closed subspace of L?(V), such as in a partially linear or

an additive separable specification. For any f € L?(W;), then let
M, = ang i |/ — Al (@)

and note Iy, : L*(W;) — Hj is the adjoint of E[-|W;] : Hj — L*(W;). Thus, applying Lemma
4.2 we obtain that R; = L*(W;) if and only if

{0}y ={f € L*(Wj) : Iy, f = O} (G.6)

Condition (G.6) may be viewed as a generalization of (G.4), and can be violated even when Hj is

infinite dimensional yet a strict subspace of L?(V). m

Example 4.2. We will study a general nonparametric specification for the parameter space and
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aim to show P is nonetheless locally overidentified. To this end, let
CY([0,1]) = {f : [0,1] = R.: f is continuously differentiable on [0,1]}, (G.7)

which is a Banach space when endowed with the norm || f||c1 = || f]lco + |/ for f’ the derivative

of f. We then set the parameter space H to be given by
H = L¥((V,R)) x L}(V) x L*(V) x C*([0,1]) x C*([0, 1)), (G.8)

and assume (sp, go.p, 91,P, Ao,p; A\1,p) = hp € H — i.e. we require the Ag p functions in (42) to be
continuously differentiable. For X = (Y, D, V, R) and W} = (V, R), the moment restriction in (43)
corresponds to for any (s, go, g1, Ao, A1) = h € H setting

p1(Z,h) =D — s(V,R). (G.9)
In turn, for the moment restriction in (44) we let Wy = (V, R, D) and define
p2(Z,h) = DY — g1(V) = Mi(s(V, R))} + (1 = DY = go(V)) — Ao(s(V, R))} (G.10)

for any (s, go, g1, Ao, A1) = h € H.> We note that by (G.9), my(W1,-) : H — L?(W)) is affine and

continuous and therefore Fréchet differentiable with derivative
le(Wl, hp)[h] = —S(V, R) (G.ll)

for any (s, go, g1, Ao, A1) = h € H. The second restriction is Fréchet differentiable as well, and for
any (s, 90,91, o, M) € H, Vma(Wa, hp) : H > L?(W5) is given by

Vmny(Wa, hp)[h] = D{=g1(V) = M(sp(V, R)) = A p(sp(V, R))s(V, R)}
+ (1= D){=g0(V) = Xo(sp(V, R)) = Xo p(sp(V. R))s(V, R)}. (G.12)

To verify this claim, first note Vmg(Wa,, hp) : H — L?(W3) is continuous when H is endowed with

the product topology. Moreover, by the mean value theorem we have

{Aa.p + X} (sp(V,R) + 5(V, R)) — {Aa.p + Aa}(sp(V, R)) — Ay p(sp(V, R))s(V, R)
= (Mg p(3(V,R)) = Mg p(sp(V, R)))s(V, R) + A\y(5(V, R))s(V, R) (G.13)

for some 5(V, R) a convex combination of sp(V,R) and sp(V,R) + s(V, R). Exploiting (G.10),
(G.12), and (G.13) we can then obtain that

2
Ima(Wa, hp + h) — ma(Wa, hp) = Vma(Wa, hp) B2 = o([Isllof1+ Y [Nillec})  (G.14)
d=1

since \}; p is uniformly continuous on [0, 1] and [|sp — 5o < ||8[lcc. Thus, from (G.14) we conclude

Vma(Wa, hp) is indeed the Fréchet derivative of mg(Wa,-) : H + L?(W3). In order to show

Technically, \;(s(V, R)) may not be well defined if s(V, R) ¢ [0, 1] since \; € C*([0,1]). However, note sp(V, R) €
[0, 1] almost surely by (43) so for notational simplicity we ignore this issue.
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that P is locally overidentified, we note that the moment restrictions (G.9) and (G.10) posses
a triangular structure. Hence we aim to apply Lemma 4.2 with sp € H; = L>*((V,R)) and
(g0.p, g1.P» Mo.py A1.p) = hpa € Hy = L2(V) x L3(V) x C1([0,1]) x C([0,1]), for which (34) then
holds since [|Aj pllc < oo for d € {0,1}. Moreover, Corollary 4.1 implies Ri1 = L?>(Wy) since
L>®(W) is dense in L2(W1) under || - || p2. Therefore, letting S = sp(V, R) and ha = (go, g1, Ao, A1)
for notational simplicity, we note (G.12) and Lemma 4.2 together imply that P is locally just
identified by P if and only if

Ry = {f € L*(W2) : f(W2) = D{g1(V) + \i(5)} + (1 = D){go(V') + Ao(S5)} for h € Ha} (G.15)

is dense in L?(W5). However, if S = sp(V, R) is not a measurable function of V (i.e. the instrument
R is relevant), then {f € L2((V,9)) : f(V,S) = g(V) + A(S)} is not dense in L?((V,S)). Hence,
from (G.15) we conclude that Ry is not dense in L?(Ws) and thus by Lemma 4.2 and Theorem 4.1
that P is locally overidentified. m

Example 4.3. We study a more general version of the model introduced in the main text. In

particular, we still maintain that for some U;; mean independent of (K, Ly, Ijt)
Yit = gp(Kit, Lit) + wit + Ui (G.16)
However, we now let L;; be a possibly dynamic variable, in which case (48) becomes
wir = Ap(Kit, Lig, Iin). (G.17)

Maintaining that w;; follows an AR(1) process with coefficient 7p, and recalling that W; =

(K1, L1, I;1) we then obtain the following two conditional moment restrictions

B[V — vp(W)|W] = 0 (C.18)
E[Ys — gp(K2, Ly) — mp(vp(W) — gp(K1, L1))[W] =0 (G.19)

where VP(W) = gp(Kl,Ll) + )\p(Kl,Ll,Il). Let LQ((Kl,Ll)) = L2((K2,L2)), hp = (Vp,gp,ﬂ'p)
and the parameter space be H = L?(W) x L?((K1,L1)) x R. It is straightforward to verify that
in this model we have for any h = (v, g,7) € H,

Vi (W, hp)[h] = —v(W), (G.20)
Vmg(W, hp)[h] = —E[g(Kg,Lg”W] — ﬂ'Ap(Kl,Ll,Il) — FP(V(W) — g(Kl,Ll)). <G21)

Since the model defined by (G.18) and (G.19) has a triangular structure, we next apply Lemma
4.2 to establish that it is locally overidentified. Let vp € Hy = L?*(W) and (gp,mp) € Hy =
L?((K1,L1)) x R. Since 7p < oo, condition (34) of Lemma 4.2 is satisfied by (G.20), (G.21), and
direct calculation. Applying Corollary 4.1 to (G.20) and since H; = L?(W) we trivially obtain
that Ry = L?(W). Therefore, by Theorem 4.1 and Lemma 4.2 we can conclude that P is locally
overidentified if and only if Ry # L?(W), where

Ry = {—FE[g(Ks, Ls)|W] + 7pg(K1, L1) — Ap(K1, L1, I1) : (9,7) € L*((K1,L1)) x R}. (G.22)

46



Inspecting (G.22), a sufficient condition for P to be locally overidentified is therefore for the map
g — E[g(Ka2, L2)|W] to not be able to generate arbitrary functions of W = (K1, L1, I1). Formally,
defining the spaces

F = c{E[g(Ks, Ls)|W] — Elg(Ka, Lo)| K1, L1] : g € L*((K1, L1))}

L*(K1, Ly)): = {f e L*(W): /fgdP =0 for all g € L*((K1, L1))} (G.23)

we note F' C L?((K1, L))" by the law of iterated expectations, and therefore we may decompose
L?*((K1,L1))*t = F @ F+. A sufficient condition for P to be locally overidentified is then that the

dimension of Ft is at least two. m

We conclude by discussing an additional example based on the nonparametric analysis of
changes in the wage distribution by DiNardo et al. (1996).

Example 5.1. Suppose we observe {H;, D;, V;, T;}? | where for each individual i, H; denotes
hourly wages, D; is a dummy variable for union membership, V; is a vector of covariates, and
T; € {1,2} indicates the time period individual i was measured in. The parameter of interest 6p is
the counterfactual 7" quantile of wages that would have held in period two if unionization rates

had been constant between periods, which solves

A,p(V)
Ao, p(V)

1-— )\LP(V)
1— X p(V)

E|r—1{H <6p,D=1} —1{H < 6p,D =0} ’T:Q}:o (G.24)

for At p(V) the unionization rate conditional on V' at time ¢.% Since A p satisfies
E[D— M\ p(V)|V,T =t] =0 for t € {1,2}, (G.25)

this setting fits model (26) with parameters (A p, A2 p,0p). Specifically, we suppose that A\ p €
L: C L°(V), let H=L; x Ly x R, set X = (2, W) = (H,D,V,T) and define

pr(Z,h) = 1T = 1}(D ~ M(V)) + 1{T = 2}(D — Mo(V)
A(V)
X2(V)

P2(th)=1{T=2}<T—1{H§6,D:1} —1{H§6,D:0}1_)‘1(V)>

1 (V)

for any h = (A1, \2,0) € H, and where W; = (V,T) and since the second moment restriction is

unconditional we set Wo = {1}. It is straightforward to verify that in this model
le(Wl, hp)[h] = —l{T = 1})\1(V) — 1{T = 2})\2(‘/) <G26)

for any h = (A1, A2,0) € H. For notational simplicity we let R = (V,T, D) and Ggg(h|r) and
gr|r(h|r) respectively denote the cdf and density of H conditional on R. Then, by direct calculation
it follows that for any h = (A1, A2, 6) € H we have

A (V)
A2 (V)

“Le., as in DiNardo et al. (1996), we desire the 7" quantile of G(H|D,V,T = 2)G(D|V,T = 1)G(V|T = 2), where
for any (A, B), G(A|B) denotes the distribution of A conditional on B.

ma(Wa, h) = B {HT = 2} (T—GH|R(9\R>1{D — 1328 G (Ol R){D = O}HW)H,

1= A (V)
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and that sufficient conditions for mg(Ws,-) : H +— R to be Fréchet differentiable are that: (i)
gu|r(H|R) be continuously differentiable in H with almost surely bounded level and derivative in
(H,R), and (ii) P(1 —e€ > Ay p(V) > €) = 1 for some € > 0. In addition, notice that this model
possess the triangular structure required in Lemma 4.2 with H; = L; X Ls and Hy = R, while
requirement (34) holds under the additional assumption that P(P(T =t|V) >¢€) =1 for t € {1,2}

and some € > 0. Employing the notation of Lemma 4.2, we obtain by direct calculation that

2

R = {f S LQ(Wl) : f(T, V) = Zl{T = t})\t(V) for ()\1,)\2) €L x LQ}
t=1

. B (V) =M
Ry = {9 E[l{T — 2} 11 (0p| R) (1{1) =g HHD = 0 Az,P(V)ﬂ 0e R}.

)

Notice, however, that the expectation defining Ro is necessarily positive, and thus Ro = R — an
equality that simply reflects that assuming existence of #p offers no additional information. Thus,
Lemma 4.2 implies that P is locally just identified if and only if Ry = L?(Wy). Equivalently, P is
locally just identified iff L; is dense in L?(V) for ¢t € {1,2}. For example, P is locally overidentified
if we restrict A, p through an additive separable specification. In that case, the choice of estimator

for A p can affect the asymptotic distribution of a plug-in estimator for fp. m
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