Chapter 1
C*-algebras

Christian Biir and Christian Becker

In this chapter we will collect those basic concepts and facts related to C*-algebras
that will be needed later on. We give complete proofs. In Sects. 1.1, 1.2, 1.3, and
1.6 we follow closely the presentation in [1]. For more information on C*-algebras,
see, e.g. [2-6].

1.1 Basic Definitions
Definition 1. Let A be an associative C-algebra, let || - | be a norm on the C-vector

space A, and let x : A — A, a — a* be a C-antilinear map. Then (A, | - ||, %) is
called a C*-algebra, if (A, || - ||) is complete and we have for all a, b € A:

1. a%=a (x is an involution)

2. (ab)* = b*a*

3. llabll < llall 116l (submultiplicativity)
4. la*|| = llall (% is an isometry)

5. lla*all = ||al? (C*-property)

A (not necessarily complete) norm on A satisfying conditions (1) — (5) is called a
C*-norm.

Remark 1. Note that Axioms 1-5 are not independent. For instance, Axiom 4 can
easily be deduced from Axioms 1,3, and 5.

Example 1. Let (H, (-, -)) be a complex Hilbert space, let A = L(H) be the algebra
of bounded linear operators on H. Let || - || be the operator norm, i.e.,

lall := sup [lax|l.
xeH
lxi=1
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Let a* be the operator adjoint to a, L.e.,
(ax,y) = (x,a*y) forallx, y e H.

Axioms 1-4 are easily checked. Using Axioms 3 and 4 and the Cauchy-Schwarz
inequality we see

llal?® = sup llax|)? = sup (ax, ax) = sup (x,a*ax)

flxll=1 IIxfi=1 fix=1
" * Axiom 3 « Axiom 4 9
< sup x|l - lla*ax| = lla*all = fa*|-llall "= llal”.

fixli=1

This shows Axiom 5.

Example 2. Let X be a locally compact Hausdorff space. Put

A= Co(X):={f : X - C continuous | Ve > 03K C X compact, so that
Vx e X\ K :|f(x)| <e&}.

We call Cy(X) the algebra of continuous functions vanishing at infinity. If X is
compact, then A = Co(X) = C(X). All f € Co(X) are bounded and we may define

AN = sap [ f(x)].
xeX
Moreover let

F*x) = fx).

Then (Co(X), || - ||, *) is a commutative C*-algebra.

Example 3. Let X be a differentiable manifold. Put
A= CP(X) = C™(X) N Co(X).

We call Cj°(X) the algebra of smooth functions vanishing at infinity. Norm and =
are defined as in the previous example. Then (C§°(X), || - ||, *) satisfies all axioms
of a commutative C*-algebra except that (A, || - ||) is not complete. If we complete
this normed vector space, then we are back to the previous example of continuous
functions.

Definition 2. A subalgebra Ay of a C*-algebra A is called a C*-subalgebra if it is
a closed subspace and a* € Ay for all a € Ag.

Any C*-subalgebra is a C*-algebra in its own right.

Definition 3. Let S be a subset of a C*-algebra A. Then the intersection of all
C*-subalgebras of A containing S is called the C*-subalgebra generated by S.
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Definition 4. An element a of a C*-algebra is called self-adjoint if ¢ = a*.

Remark 2. Like any algebra a C*-algebra A has at most one unit 1. Now we have
foralla € A

l*a — (l*a)** — (a*l**)* — (a*l)* — a** =aqa

and similarly one sees a1* = a. Thus 1* is also a unit. By uniqueness 1 = 1*, i.e.,
the unit is self-adjoint. Moreover,

I = reay = (e,

hence ||1|| = 1 or ||1|] = 0. In the second case 1 = 0 and therefore A = 0. Hence
we may (and will) from now on assume that ||1]| = 1.

Example 4. 1. In Example | the algebra A = L(H) has a unit | = idy.
2. The algebra A = Cyp(X) has aunit f = 1 if and only if Co(X) = C(X), i.e., if
and only if X is compact.

Let A be a C*-algebra with unit 1. We write A for the set of invertible elements
in A.Ifa € A, then also a* € A* because

a* '(a—l)* — (a—la)* = 1* = 1,

and similarly (¢=1)* - a* = 1. Hence (a*)~' = (@~ ")*.

Lemma 1. Let A be a C*-algebra. Then the maps

AXA—> A, (a,by—a+b,
CxA—> A, (a,a)— aa,
AxA— A, (ab)r—>a-b,
A > A*, amal,

A= A, ar—ada*

are COntinuous.

Proof. (a) The first two maps are continuous for all normed vector spaces. This
easily follows from the triangle inequality and from homogeneity of the norm.
(b) Continuity of multiplication. Let ag, by € A. Then we have for all a, b € A with

la —apll < € and ||b — by < &:

lab — apboll = llab — apb + agb — aobol|
< lla = aoll - 161l + llaoll - 116 — boll
< &(llb — boll + llboll) + llaoll - &
< e(e + Iboll) + llaol - &

(¢) Continuity of inversion. Let ay € A*. Then we have for all ¢ € A* with
lla —aoll < & < llag "™
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la=™ —ag Il = lla™ (a0 — @)y '
< lla™"ll - llao — all - llay |
< (la™" = ag 'l + llag 1) - & - llag 1.
Thus
(1—elag'l) lla™ —ag'l <& llag'II?
—
>0, since e<(la; |-
and therefore
la™! —ag'll < ———— - llag ' II*.
1| i
(d) Continuity of * is clear because * is an isometry. O
Remark 3. If (A, || - ||, %) satisfies the axioms of a C*-algebra except that (A, || - ||)

is not complete, then the above lemma still holds because completeness has not been
used in the proof. Let A be the completion of A with respect to tl_le norm || - ||. By the
above lemma +, -, and * extend continuously to A thus turning A into a C*-algebra.

1.2 The Spectrum
Definition 5. Let A be a C*-algebra with unit 1. For a € A we call
ra@) :={AeC|r-1—ae A™}

the resolvent set of a and

oala) == C\ rala)
the spectrum of a. For A € ra(a)

(A l-a)y'leA
is called the resolvent of a at A. Moreover, the number

pala) = sup{|A] | & € o4(a)}

is called the spectral radius of a.
Example 5. Let X be a compact Hausdorff space and let A = C(X). Then

={f e CX)| f(x)+0forallx € X},
ocuo(f) = f(X) CC,
rean(f) =C\ f(X),

ey (f) = [ fllo = maxyex [ f (X))
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Proposition 1. Let A be a C*-algebra with unit 1 and let a € A. Then o4(a) C C
is a nonempty compact subset and the resolvent

ral@) = A, A (A -1—a)!
is continuous. Moreover,
. anl . anl
pala) = lim |a"||* = inf |[&"||" < ||al|.
n—00 neN

Proof. (a) Let Ay € ra(a). For A € C with

A — 2ol < (ol —a) 17! (1.1)
the Neumann series
[o0)
> (o= A"(ol —a)™!
m=0

converges absolutely because

(o =A™ (Aol — @)™ I < Ao =A™ - (ko1 — @)~ H (™ *!

Aol — -1 m
= IRol —a)7"]1 - (—”(MOO _f')_] S
<1 by (1.1)

Since A is complete the Neumann series converges in A. It converges to the resol-
vent (A1 — a)~! because

(1 —a) )y (o —A1)"(hol —a)™"""!

m=0

= [t = 20)1 + (ol —a)] ) _(ho = A)" (ol — @)™

m=0

== Go— A" 0ol =)™ + > (ko — A" (hel —a)™"
m=0 m=0

= 1.

Thus we have shown A € ry(a) for all A satisfying (1.1). Hence r4(a) is open and
ola) is closed.

(b) Continuity of the resolvent. We estimate the difference of the resolvent of a
at Ap and at A using the Neumann series. If A satisfies (1.1), then
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[e.e]
[01 -0 = ol @) = | 200 - 1Gol =@ = (ol —a)”'|
m=0

[o,¢]
< D I = A" (ol —ay~Hm !

m=1
_ Iho — Al - l(hol —a)7!
= (ol =)'l -

0 1—[ho — A~ 1ol —a)~T]|
(hol —a)~"|?
1— 2o — Al (Aol — @)1
— 0 for A — Agp.

= [Ao —Al-

Hence the resolvent is continuous.

(c) We show ps(a) < inf, |@” ||' < liminf,_, ||a"||n Let n € N be fixed and
let |A|" > |la®||. Each m € Ny can be written uniquely in the form m = pn +q, p,
g € Ny, 0 < g <n— 1. The series

SO
A A A A A
m=0 0
converges absolutely. Its limit is (Al — a)~! because

I—a (Z)L—m 1 m):i)\—mam_i)»ﬁm—lam-ﬁ-l:l
m=0 m=0

and similarly
o0
(amtam) - (b1 —a) = 1.
m=0

Hence for [A|* > |la*|| the element (A1 — &) is invertible and thus A € ra(a).
Therefore

pala) < inf lla" ||+ < liminf la"||".
neN n—o00
(d) We show p4(a) > limsu la”||+. We abbreviate 5(a) := limsup,_, ., lla"||7.
) pn-—)oo n (o8
Case 1: p(a) = 0. If a were invertible, then
L=(1] =lla"a™"| < lla"] - la™"|

would imply 1 < p(a) - p(a~!) = 0, which would yield a contradiction. Therefore
a ¢ A*. Thus 0 € o4(a). In particular, the spectrum of ¢ is nonempty. Hence the
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spectral radius p,; (a) is bounded from below by 0 and thus
p(a) =0 < pa(a).
Case 2: p(a) > 0. If a, € A are elements for which R, := (1 —a,)~! exist, then

a—>0 & R,— 1

1

This follows from the fact that the map A* — A*, a — a~ is continuous by

Lemma 1. Put
={reC|Al = @)}

We want to show that S ¢ r4(a) since then there exists A € o4(a) such that [A| >
0(a) and hence

pa(@) = |A| = p(a).

Assume in the contrary that § C ra(a). Let @ € C be an nth root of unity, i.e.,
" = 1. For A € § we also have A/ w* € § C rs(a). Hence there exists

A —1 " wkay—1
(-o) =505
wk A A

and we may define

We compute
" LI AR VY B BN O ka1
)= LS (L
( o ) Rul: 2) nglzl: AT 2 a
ZXH: k=D g1
= YT
Crarineri
Led ™ i
==> = 2@
I=1
[ —
Joitr=2
nifl=1
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Similarly one sees R,(a, A)(1 — %) = 1. Hence

a\-1
Ry(a,\) = (1 - F)

for any A € § C ra(a). Moreover for A € S we have

(-2 (- N
sl0-55)" - 0-5
(

k k k -
N iy (SN

N (CEED NGO CIEN

P(a) — Al flall - sup lIz1 — @) "|1%.
ze§

IA

The supremum is finite since z + (z1 — a)~! is continuous on r4(a) D S by part
(b) of the proof and since for |z] > 2 - ||a|| we have

n 1
Izl —a) ||_||Z”“” S

|z|" el

S( y

Outside the annulus E2I|a||(0) — Bp(e)(0) the expression ||[(z1 — @)~ is bounded by
1/ |la|| and on the compact annulus it is bounded by continuity. Put

= |lal| - sup [I(z1 — &)~ "|I%.
€S

‘We have shown
| Ra(a, p(a)) — Ru(a, V|| < C - [pla) — Al

foralln € Nandall A € S. Putting A = p(a) + % we obtain

n

- C
|- p(aw) 1‘(1‘(“;(;—+;)7) 1”57’

———
—0 for n»oo

—1 for n—oo
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thus

n
limsu ” 1 — ——
n—>oop ( ,o(a)"

—1 C
) -1l=3
J

for all j € N and hence

lim sup ”(1 - b%)_l - 1” —0.

n—>00

Forn — oo we get
n —1
(-2 o
p(a)!
and thus

lla® I

ola)”

— 0. (1.2)

On the other hand we have

la™ = < Jlal| = - a7

= llall - lla" |7 - a7

< llall= - fjal| =m0 - |a" |
1

= lla"| .

1 . . . .
Hence the sequence (]|a" I F) is monotonically nonincreasing and therefore
neN

P(a) = limsup [laf||* < |a"|*  foralln € N.
k—00
Thus 1 < |a"||/ p(a)" for all n € N, in contradiction to (1.2).
(e) The spectrum is nonempty. If o(a) = @, then ps{a) = —oo contradicting
pal@) = lim, . la" ||+ > 0. O

Definition 6. Let A be a C*-algebra with unit. Then a € A is called

® normal, ifaa* = a*q,

® anisometry, ifa*a = 1, and

® unitary, ifa*a = aa* = 1.

Remark 4. 1In particular, self-adjoint elements are normal. In a commutative algebra
all elements are normal.

Proposition 2. Let A be a C*-algebra with unit and let a, b € A. Then the following
holds:
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oa(a*) = oa(a) = {A € C|A € ox(@)}

Ifa € A, then o4(a™') = o4(a) L.

If a is normal, then pa(a) = ||all.

If a is an isometry, then pa(a) = 1.

If a is unitary, then o4(a) C S' c C.

If a is self-adjoint, then o 4(a) C [—||al, llal|]] and moreover oa(a®) C 10, lal*l
If P(2) is a polynomial with complex coefficients and a € A is arbitrary, then

NS A N~

oa(P(@) = P(oa(@) = (PMW) |2 € oa(a)}.

8. oalab) — {0} = o4(ba) — {0}.

Proof. We start by showing Assertion 1. A number A does not lie in the spectrum
of a if and only if (A1 — @) is invertible, i.e., if and only if (A1 — a)* = Al —a*is
invertible, i.e., if and only if A does not lie in the spectrum of a*.

To see Assertion 2 let a be invertible. Then 0 lies neither in the spectrum o4(a)
of a nor in the spectrum o4(a~") of a~!. Moreover, we have for A # 0

A —a=nra@ =171
and
YU —at=2""a"Ya - AD).

Hence A1 — a is invertible if and only if A~'1 — a~! is invertible.
To show Assertion 3 let a be normal. Then a*a is self-adjoint, in particular nor-

mal. Using the C*-property we obtain inductively

b n b Qn on on
la® I = @™ )'a” Il = @) a” || = a"a)" |l
on—l =l on=1 9
=@’ (@ a)” | =@ a) |
il gntl
== |a*a|l” = llal” .
Thus
. on L .
pal@) = lim [la |77 = lim [la| = [la].
n—0o0 n—0o0

To prove Assertion 4 let a be an isometry. Then
a1 = l@®*a"ll = ll@*)"a" | = 1] = 1,
Hence

pala) = lim Jla"||* = 1,
n—>00
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For Assertion 5 let a be unitary. On the one hand we have by Assertion 4
oa@C{reClAl =1}

On the other hand we have

oa@) Loa@) = oa@ V) Lot .

Both combined yield o4(a) C S'.

To show Assertion 6 let a be self-adjoint. We need to show o4(a) C R.LetA € R
with A=1 > ||a||. Then | —iA~!| = A~! > p(a) and hence 1 +ira = iA(—ir "t +a)
is invertible. Put

U:=(1—irxa)1l+ira) L.

Then U* = (1 +ira)")*(1 —ira)* = (1 —ida®) ' - (1 +ira*) = (1 —ira)~" -
(1 4 iAa) and therefore

U*U = (1 —ira)™ - (1 +ira)(1 —ira)(1 +ira)™!
=1 —ira) "1 —ira)(1 +iraXl + ira)~!
=1.

Similarly UU* = 1, i.e.,, U is unitary. By Assertion 5 o4(U) C S'. A simple
computation with complex numbers shows that

A —iaw)(+iaw) =1 & pek
Thus (1 — iAp)(1 +irp)~! - 1 — U is invertible if 1 € C \ R. From

(I—ix)QA+iap)y - 1-U
= (1 +ia) ™ (1 — ia)(1 +ira)l — (1 4 iap)(1 — ira))(1 + ira)™"
=201 4+ irpn) Wa — u)(A +ira)~!
we see that ¢ — w1 is invertible for all 4 € C\ R. Thus u € ra(a) forall p € C\ R

and hence 04(a) C R. The statement about o 4(a?) now follows from part 7.
To prove Assertion 7 decompose the polynomial P(z) — A into linear factors

P(Z)—)»Ia-l_[(ozj—z), a,a; € C.
j=1
We insert an algebra element a € A:

P@—r=c-[]@1-a.

j=1
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Since the factors in this product commute the product is invertible if and only if all
factors are invertible.! In our case this means

A € o4(P(a)) < at least one factor is noninvertible
& o) € ou(a) for some j
&S A= Plaj e P(aA(a)).
If ¢ is inverse to 1 — ab, then (1 + bca) - (1 —ba) =1 —ba + bc(l —ab)a =1

and (1 — ba) - (1 + bca) = L — ba + b(1 — ab)ca = 1. Hence 1 + bca is inverse to
1 — ba, which finally yields Assertion 8. 1

Corollary 1. Let (A, || - ||, *) be a C*-algebra with unit. Then the norm | - || is
uniquely determined by A and *.

Proof. For a € A the element a*a is self-adjoint and hence

2 203)
lall® = lla*all =" pala*a)

depends only on A and . O

1.3 Morphisms
Definition 7. Let A and B be C*-algebras. An algebra homomorphism
n:A—> B
is called x-morphism if for all a € A we have
w(a™) = m(a)*.

Amap w : A — A is called x-automorphism if it is an invertible x-morphism.

Coreollary 2. Let A and B be C*-algebras with unit. Each unit-preserving x-morphism
. A — B satisfies

@l < llal

forall a € A. In particular, 7 is continuous.

Proof. Fora € A*

n(a)n(a_l) =n(aa H=n)=1

! This is generally true in algebras with unit. Let b = q; - - -a, with commuting factors, Then

b is invertible if all factors are invertible: b~! = a, L. ~a1_]. Conversely, if b is invertible, then

a; t=pt. 11 i ) where we have used that the factors commute.
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holds and similarly w(a )7 (a) = 1. Hence n(a) € B> with n(a)~! = n(a™").
Now if A € ra(a), then

M —m(a)=n(Al —a) € 1(A*) C B*,

i.e.,, A € rp(m(a)). Hence ra(a) C rp(m(a)) and op(mw(a)) C oa(a). This implies
the inequality

pe(m(a)) < pala).

Since 7 is a *-morphism and a*a and 7 (a)* 7 (a) are self-adjoint we can estimate
the norm as follows:

Im@I® = |m @@l = ps(r(@)*7 (@) = ps(m(a*a))

< pala*a) = [a|*.

O

Corollary 3. Ler A be a C*-algebra with unit. Then each unit-preserving
*-automorphism w : A — A satisfies forall a € A:

(@l = llal.
Proof.
Iz@Il < llall = 7~ (@)l < =@

O

If P(z) = Z’;‘:o c;z/ is a polynomial of one complex variable and @ an element
of an algebra A, then P(a) = Z?:o c;a’ is defined in an obvious manner. We now
show how to define f(a) if f is a continuous function and a is a normal element of
a C*-algebra A. This is known as continuous functional calculus.

Proposition 3. Let A be a C*-algebra with unit. Let a € A be normal.

Then there is a unique x-morphism C(c4(a)) — A denoted by f — f(a) such
that f(a) has the standard meaning in case f is the restriction of a polynomial.
Moreover, the following holds:

LN f @I = N flic@a@y for all f € C(oa(a)).

2. If B is another C*-algebra with unit and ® : A — B a unit-preserving
x-morphism, then 7( f(a)) = f(mw(a)) forall f € C(oa(a)).
3. oalf(@)) = f(oal@) forall f € Coa(a)).?

2 Recall from the proof of Corollary 2 that og((a)) C o4(a). Strictly speaking, the statement is
7(f @) = (flosm@y)m (@)
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Proof. For any polynomial P we have that P(a) is also normal and hence by Propo-
sition 2

IP@Il = pa(P(a)) = sup{lul | u € 0a(P(a))}
= sup{|PM)| | A € 0a(@)} = |IPllcwaay- (1.3)

Thus the map P — P(a) extends uniquely to a linear map from the closure of the
polynomials in C(oa(a)) to A. Since the polynomials form an algebra containing
the unit, containing complex conjugates, and separating points, this closure is all
of C(oa(a)) by the Stone—Weierstrass theorem. By continuity this extension is a
x-morphism and Assertion 1 follows from (1.3).

Assertion 2 clearly holds if f is a polynomial. It then follows for continuous f
because 7 is continuous by Corollary 2.

As to Assertion 3 let A € o4(a). Choose polynomials P, such that P, — f in
C(o4(a)). By Proposition 2 we have P,(A) € 04(Py(a)), i.e., Py(a) — Py(X) - 1 &
A*. Since the complement of A* is closed we can pass to the limit and we obtain
fla)— f(x)- 1 ¢ A*. Hence f(A) € oa(f(a)). This shows f(aa(a)) C oa(f(a)).
Conversely, let (4 & f(oa(a)). Then g :=(f — w~! e Co(a)). From g(a)(f(a) —
w- D)= (f@—pn-gla) =1onesees f(a) —pu-1e€ A*, thus u & o(f(a).

|

We extend Corollary 3 to the case where 7 is injective but not necessarily onto.
This is not a direct consequence of Corollary 3 because it is not a priori clear that
the image of a x-morphism is closed and hence a C*-algebra in its own right.

Proposition 4. Let A and B be C*-algebras with unit. Each injective unit-preserving
x-morphism 7 : A — B satisfies

i@l = llall

foralla € A.

Proof. By Corollary 2 we only have to show [[m(a)|| > [lall. Once we know this
inequality for self-adjoint elements it follows for all a € A because

Ir@|? = @ m@l = Ix@al = la*all = lal*

Assume there exists a self-adjoint element ¢ € A such that [|[m(a)|| < lall. By
Proposition 2, we have o4(a) C [—|lall, lall] and pa(a) = llal|, hence ||lal| € oa(a)
or —|la|l € oa(a). Similarly, op(7(a)) C [~z @], l7(@)]].

Choose a continuous function f : [—|la|l, llall}] — R such that f vanishes on
[(—lx @I, Im @)l and f(—|all) = f(lal) = 1. From Proposition 3 we conclude
7(f@) = f(x(@) = 0 because floyiriay = 0 and [ f@I = If lcwa@y > L.
Thus f(a) # 0. This contradicts the injectivity of 7. U
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Remark 5. Any element a in a C*-algebra A can be represented as a linear com-
bination a = a; + iay of self-adjoint elements by setting a; := % -(a + a*) and
a = % -(a —a®).

Lemma 2. Let a € A be a self-adjoint element in a unital C*-algebra A. Then the
Jollowing three statements are equivalent:

1. a = b? for a self-adjoint element b € A.
2. a = c*c for an arbitrary element ¢ € A.
3. oa(a) C [0, 00).

Proof. If a = b? for a self-adjoint element, we have by Proposition 3
oa(a) = oa(b*) = (37| 1 € 54(b)} C [0, 00),

which proves the implication “1 = 3.7

If o4(a) C [0, 00), we can define the element b := ,/a using the continuous
functional calculus from Proposition 3. We then have »* = b and b?> = a, which
proves the implication “3 = 1.7

The implication “1 = 27 is trivial.

Let a = c¢*c and suppose o4(—a) C [0, 00). By Assertion 8 from Proposition
2, we have g4(—cc*) = oa(—c*c) — {0} C [0, 00). Writing ¢ = ¢; + ic, with
self-adjoint elements c|, ¢z, we find ¢*c + cc* = 2¢? + 2¢3, hence c*c = 2% +
ZC% — cc*, which implies o4(c*c) C [0, 00). Hence o4(c*c) = {0}, which implies
c*c=a=0

Now suppose a = c*c for an arbitrary element ¢ € A. Since a = c*c is
self-adjoint and o4(a®) C [0, 00), by the continuous functional calculus from
Proposition 3, there exists a unique element |a| := +/a? with

oald) = (VA |1 € oa(a?)} C [0, 00).
By the same argument, the elements a, := % “(lal+a)and a_ = % - (la| — a) are
self-adjoint and satisfy o4(a;) C [0, c0). We then have ¢ = a, — a_. Further, for
the element d := ca_, we compute

—d*d = —a_c*ca_ = —a_(ay —a_)a_ = —a_ara_ + (a_) = (a_)*,

since ara_ = y(lal +a)- (la| —a) = }(la|? — a?) = 0. We thus have o4 (~d*d) =
oa((a_)*) C [0, c0), which yields d = 0. Hence ¢ = 0 ora_ = 0, thus a = ay and
oa(a) = oa(ay) C [0, 0o). This proves the implication “1 = 3.7 |

Definition 8. A self-adjoint element a € A is called positive, if one and hence all of
the properties in Lemma 2 hold.

Remark 6. By the reasoning of the preceding proof, any self-adjoint element a € A
can be represented as a linear combination ¢ = a; — a_ with positive elements
ay = % “(lal +a)and a_ = % - (|la| — a) satisfying a,.a_ = 0. Combining this
observation with Remark 5, we conclude that any *-subalgebra of A is spanned by
its positive elements (of norm < 1).
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1.4 States and Representations

Let (A, || - ||, ) be a C*-algebra and H a Hilbert space.

Definition 9. A representation of A on H is a x-morphism w7 : A — L(H). A
representation is called faithful, if 7 is injective. A subset U C H is called invariant
under A, if

a(AU = {n(a) - ulaca,uclU}CU.
A representation is called irreducible, if the only closed vector subspaces of H
invariant under A are {0} and H.
Remark 7. Let T, : A — L(H,), . € A be representations of A. Then

4 =@m 1A > E(@HA),

red reA

(@) )ren) = (ma(a) - xl)xe/\’

is called the direct sum representation.

Definition 10. Two representations wy : A — L(Hy), 1y 1 A — L(H,) are called
unitarily equivalent, if there exists a unitary operator U : H| — H,, such that for
everya € A:

Uom(a)=m{a)oU.
Definition 11. A vector 2 € H is called cyclic for a representation 7, if
{m(a)-2|ae A}CH

is a dense subset.

Example 6. The commutative C*-algebra A = C(X) of continuous functions on a
compact Hausdorff space has a natural representation on the Hilbert space H =
L%(X) by multiplication. The constant function §2 = 1 is a cyclic vector since the
continuous functions are dense in L(X).

Lemma 3. If (H, i) is an irreducible representation, then either 1 is the zero map
or every non-zero vector §2 € H is cyclic for m.

Proof. For every vector 2 € H, the space w(A)S2 is invariant under A, hence its
closure is either {0} or H. If §2 is non-zero then either 7(A)§2 = {0}, so that the
one-dimensional subspace C- §2 is invariant under A, whence H = C-Q2 andw =0,
or there exists an element @ € A such that 7 (a)2 # 0, so that 7(A) - £2 is dense in
H and hence £2 is cyclic. O

Definition 12. A state on a C*-algebra A is a linear functional T : A — C with
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L | =sup{lt@)| lac A jal=1}=1 (T has norm 1).
2. t(a*a) >0Va e A (T is positive).

The set of all states on A is denoted by S(A).

Example 7. Let X be a compact Hausdorff space, A = C(X). Let i be a Borel
probability measure on X, i.e., a measure on the Borel sigma algebra of X with
[ du = 1. Then

7, :A—=>C
f»/fm
X

is a state. For instance, the state 145, corresponding to the Dirac measure at xo is the
evaluation at xy:

s, (f) = f(x0).

Example 8. On the C*-algebra A = Mat(n x n;C) of complex matrices, we have
the state

T(A) = % - tr(A).

Example 9. On A = L(H), avector 2 € H with ||£2]] = 1 yields a so-called vector
state

T(A):=(A-$2,82).

Proposition 5. Let T : A — C be a state on a C*-algebra A with unit. Then we
have the following:

1. Ax A — C, (a,b)— t(b*a) is a positive semi-definite, Hermitian sesquilinear
form.

2. |[t*a)? < t(a*a) - T(b*b) Va,be A (Cauchy—Schwarz inequality).

3. t(@*)=71t(a) VaceA.

4. |t(@)|® < t(a*a) Va € A.

5. () =] = L

Proof. 1t follows immediately from the definitions that the form (a, b) > t(b*a)
is sesquilinear and positive semi-definite. To show that it is Hermitian, we set
¢ =a-z+ bforsome z € C and compute

0 < t(c*e)
=z-z-t(@a)+7-t(a*h)+z-1(b*a) + 1(b*h). (1.4)
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It follows that Im(Z - t(a*h) + z - t(b*a)) = 0. Setting z = 1, we obtain

Imt(a*h) = —Imt(b*a), setting z = i, we obtain Re t(a*b) = Re t(b*a). Thus

t(a*h) = t(b*a).
Setting 7 = — 24t

t(a*a)’

(1.4) implies the Cauchy—Schwarz inequality:

- |t(a*b)? _ |T(a*b)? _ lt(a*b)?
t{a*a) t(a*a) t{a*a)

+ 7(b*b).
Since A has a unit, we have
(@) = t(a*1) = 7(I*a) = t(a) .

To show Assertion 4, we compute

lt@)? = [t(I*))* < t(1*1) - T(@*a) = t(1) - 7(a*a)
<zl - Il - T(@*a) < T(a*a).
Using 7(1) = (1*1) > O and 7(1) < 1, we compute
!

lt@)? < t(1*1) - z(@*a) < t(1) - {7l - la*all = z(1) - [lall*.

We thus have

2
I =[jz] < sup 't(a)zl < (D),
ah llall

hence (1) = 1. [l

Remark 8. The proof of Assertion 5 shows that ¢(1) = {¢|| holds for every positive
linear functional ¢.

Corollary 4. Let 74, ..., T, be states and Ay, ..., Ay = O with Z'J;l Aj = 1. Then
the convex combination 7 = Z'}zl A+ Ty Is also a state.

Let 7;, i € N be states and define t(a) := lim;_, o, 7;(a) provided the limit exists.
Then T is a state.

Proof. For the convex combinations, we have

t(a*a) = Z Aj -ti(@a*a) =0
Pt

>0 >0

and

It =z =Y A=) A;=1.
j=1 j=1
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Similarly, for the pointwise convergence, we have

t(a*a) = lim 7;(a*a) = 0
[ Ede el

and
(1) = lim 7;(1) = lim 1 = 1.
I—> 00 —> 00
O
Example 10. Let 14, .. ., 1, be vector states for vectors £21, ..., £2, € H. Then for

the state 7 = )

AT with Ay > 0,370 A = 1, we find

@)=Y Aj-tia)=) A;-(a-2;,2)=t(g-a).
j=1

j=1

Here ¢ € L(H) is an operator of finite-dimensional range with eigenvectors £2; and
eigenvalues A ;.

More generally, a positive trace class operator ¢ € L(H) defines a state T on
A = L(H) by t(a) := tr(p - a). States of this form are called normal.

Lemma 4. Let T be a state on a C*-algebra A. Then the following holds:

1. t(a*a) =0<% t(ba) =0forany b € A.
2. t(b*a*ab) < ||la*a| - T(b*D).

Proof. 1. Suppose t(a*a) = 0. Then the Cauchy-Schwarz inequality

|7(ba)|* < t(a*a) -T(bb*) =0
N e’

=0

implies t(ba) = 0. The other direction is obvious.

2. If T(d*b) = 0, then t(cbh) = O for any ¢ € A, especially for ¢ = b*a*a. We
thus assume t(b*h) > 0 and set o(c) := fr((bl;‘}f)). Then ¢ is a positive linear
functional with |lo|| = o(1) = 1. Hence g is a state, and from Proposition 5 we
have po(a*a) < ||la*a]l.

|

From every state T on a C*-algebra A we can construct a representation of A by
making the product (b, a) — t(b*a) nondegenerate. By Assertion 1 in Lemma 4,
the null space

N; :={a e A|t(a*a) = 0}

is a closed linear subspace of A. By Assertion 2 in Lemma 4, N; is a left ideal in A.
Therefore, the pairing
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A/N; x A/N; = C,
([al, [b)) > T(b*a)

is a well-defined Hermitian scalar product. Let H; be the completion of the pre-
Hilbert space A/N.. Then the map

7t A —> L(A/N,),
m(a) - [b] :=[ab]

satisfies
l7e(@) - [D1I* = T(b*a*ab) < lla*all - 1(6*b) = llal* - | [B1]1%,
s0 |Im(a)|l < |la|| and ||7r.|| < 1. The map =, thus extends to a representation
. A — L(H).

The scalar product induced by ({«], [p]) — t(b*a) on H, will be denoted by (-, -);.

Definition 13. Let © be a state on a C*-algebra A. The representation (Hy, (-, -)¢, 7;)
constructed above is called the Gelfand—Naimark—Segal representation or GNS
representation in short.

Example 11. For A = C(X) with a state t,, given by a probability measure p as
7,(f) = [ ¢ f du, the representation space of the GNS representation is H;, =
L2(X, ).

Remark 9. Let T be a state on a C*-algebra A with unit. Then we have the follow-
ing:

1. The vector £2; = [1] € H, is cyclic for 7, since
n.(A)- 2, = A/N, C H;

is dense.
2. t can be represented as a vector state on the GNS representation because

(@) = t(t*al) = (lal], [1]): = (we(a) - §2¢, £2¢)-.

Definition 14. Let A be a C*-algebra A. The direct sum representation

@ﬂ,:A%ﬁ(@ H,)

TeS(A) TES(A)

is called the universal representation of A.
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Remark 10. The universal representation is faithful. Hence every C*-algebra A is
isomorphic to a subalgebra of the algebra £(H) of bounded linear operators on a
Hilbert space H.

Definition 15. A state T on a C*-algebra A is called pure, if for every positive linear
Sfunctional ¢ : A — C with g(a*a) < t(a*a) Va € A, there exists A € [0, 1] with
Q=A-T.

Remark 11. A pure state T cannot be written as a convex combination of different
states 1) Z . Ift=A-11 4+ (1 —A) -y with A € [0, 1], then 7 > A - 7] implies
A=0andrt =nori=1landt = 13.

Example 12. The trace as a state of the algebra A = Mat(n x n; C) (see Example 8)
is not pure unless » = 1, namely it can be written as nltr =3y ’llv:,- where 1; is the
vector state for the ith standard unit vector of C”.

Definition 16. Let S C A be a subset of a C*-algebra A. The space §' = {a ¢
Alla,s] =0Va € A, s € S} is called the commutant of S. Here [a, 5] := as — sa
is the commutator of a and s.

Remark 12. If § C A is a x-invariant subset, i.e., $* := {s*}s € S} C S, then
the commutant S’ is also x-invariant. §’ is closed, since for every s € §, the map
A — A, a > [a, s] is continuous. Hence §’ is a C*-subalgebra of A.

Theorem 1. Let (H, ) be a representation of a unital C*-algebra A. Then the fol-
lowing two statements are equivalent:

1. 7 isirreducible.
2. (m(A)) =C-idy.

Proof. Suppose r is irreducible and b € L(H) commutes with all elements of 7 (A).
By Remark 5, we may write b = b + ib, with self-adjoint elements by, b, € L{H).
We need to show that g4(b;) and o4(b;) each consist of a single point. Suppose, to
the contrary, that o4(b;) contains two different numbers A 7 . Then we choose
functions f, g € C(oa(b1)) such that f(A) = g(u) = 1 and f - g = 0. By the
continuous functional calculus from Proposition 3 in the C*-algebra (w(A)), we
have f(b1)- g(b1) = (f - g)(b1) = O and f(by), g(b1) # 0. Since g(b,) commutes
with every element of 7(A) and 7 is irreducible, g(b;) - H is an A-invariant, dense
subspace of H. The vanishing of f(b;) on this subspace implies f(b;) = 0, which
contradicts the fact that the continuous functional calculus from Proposition 3 is
an isometry. Thus 64(b;) consists of a single point, hence C(o4(b1)) is one dimen-
sional. Since the continuous functional calculus C(o4(b1)) — A is an isometric
embedding with by, idy in its image, we conclude that b; = Aidy fora A € C. By
the same argument, b, and hence b is a multiple of the identity.

Now suppose (7 (A)Y = C -idg. Let K C H be a closed subspace invariant
under A, and let p be the orthogonal projection from H onto K. The invariance
property m(A)K C K yields that p commutes with every operator in 7 (A). Hence
p is of the form p = A - idg, A € C. Since p is a projection, p? = p; thus A> = A.
Hence K = {0} or K = H. O
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Theorem 2. Let T be a state on a C*-algebra A. Then the following two statements
are equivalent:

1. 7 is a pure state.
2. The GNS representation (H;, ;) is irreducible, i.e., H; has no nontrivial closed
A-invariant subspace.

Example 13. The GNS representation of the algebra A = Mat(n x n; C) for a vector
state for £2 € C" is the standard representation of A on C", hence irreducible.
Therefore, such vector states are pure.

Proof (of Theorem 2). Suppose T is a pure state and v € L(H) is a positive element
of norm < 1 that commutes with every element in 7, (A). Then the function

0:A—C,ar (m(a) v§2;, §2;)

is a positive linear functional on A, satisfying o(a*a) < t(a*a) foralla € A. Hence
o = A-t1forai e [0, 1]. Thus for arbitrary a, b € A, we obtain in the pre-Hilbert
space A/N;:

(ve(@a+ Ny, (b+ Np))e = (v -70(a)2, w1 (b)S2:)+
= (v 1, (b*a)$2;, $2:).
= o(b*a)
=A-1(b%a)
= (Midy, (@ + N¢), (b + Np)):

This implies v = Aidy,, since A/N; is dense in H;. By Proposition 1, we conclude
that 7, is irreducible.

Now suppose that 7, is irreducible. Let ¢ be a positive linear functional on A
such that p(a*a) < t(a*a) for all @ € A. Then the pairing

(a+ Ny, b+ N;) = o(b*a)
is a positive semi-definite, Hermitian sesquilinear form on A/N;. Being majorized
by (-, -)¢, it extends to an inner product (., -}, on the Hilbert space H.. Hence there
exists a bounded positive operator m € L(H) such that
(X, ¥)o = (x, my); Vx,y e H;.

Now the estimate

0 < o(a*a) = (m.(a)2, mm(a)$2), < t(a*a) = (. (a)2, 7 (a)2),

yields ||m|| < 1. Forevery a, b, ¢ € A, we have
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(e (a)$2, ma (b)r(c)§2). = o(a™bc)
= o((b*a)*c)
= (. (b)' 1 (a)2, mm (c)$2),
= (n.(a)$2, m (bYymm (c)$2), .

Hence m commutes with every m(b), b € A.
By Theorem 1, m is a multiple of the identity and thus ¢ is a multiple of the state
7. This shows that 7 is pure. [l

Lemma 5. In a unital C*-algebra A, every state is a pointwise limit of convex com-
binations of pure states.

Proof. By Corollary 4, convex combinations of pointwise limits of states are states.
Hence S(A) is a bounded closed convex set in the topology of pointwise conver-
gence. By the Banach—Alaoglu theorem from functional analysis, S(A) is thus a
compact subset of the closed unit ball in the dual space of A (in the topology of
pointwise convergence). The Krein-Milman theorem then implies that S(A) is the
closed convex hull of its extreme points, which by Remark 11 contain all pure states.

It remains to show that all extreme points in S(A) are pure. Let 7 € S(A) be
an extreme point of S(A), ¢ a positive linear functional on A satisfying o(a*a) <
t(a*a) for all a € A, and suppose 7 % ¢ # 0. Then setting ¢ = | o] € (0, 1), we
find

(rt—o0)
S
Iz —oll

r=t-i+(1—t)-
lell

3

since |7 — ¢l = 7(1) —o(1) = |zl — llell = 1 — ¢ by Remark 8. Hence o/|loll =
(r —@)/llt — el = 7, since by assumption t is an extreme point of S(A). Thus
¢ = tt and hence 7 is a pure state. O

Remark 13. The restriction of a pure state to a subalgebra need not be pure. For
example, let A = Mat(4 x 4;C). Then the vector state T for the unit vector 2 =
2712(1,0, 0, 1) is pure. Now embed B = Mat(2 x 2;C) as a subalgebra into A via

0b
The converse can also happen. If 7 is the vector state of A for (1, 0,0, 0) and 1,
for (0,0, 1,0), then T = %rl + %1'2 is not pure as a state of A, but it restricts to a
pure state for B (the vector state for (1, 0)).

b (b 0). The restriction of 7 to B yields the trace state of B which is not pure.

1.5 Product States

In this section, we consider states on the tensor product of C*-algebras. The norms
making the algebraic tensor product into a C*-algebra are highly nonunique. How-
ever, the norm making the algebraic tensor product of Hilbert spaces into a pre-
Hilbert space is unique. So it seems natural to study norms on the algebras by means
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of norms on representation spaces. We will work here with the finest norm topology
making the algebraic tensor product of C*-algebras into a C*-algebra. Throughout
this section, we assume the C*-algebras in question to have a unit.

Remark 14. Let (H, {-, -Yy) and (K, (-, ) ) be Hilbert spaces. Then there is a unique
inner product (-, -) on the algebraic tensor product of H and X such that

x@y,x'®@y)=,xYu-(»,Y)k VYx,xeHy yek.

The completion of the algebraic tensor product with respect to this inner product is
called the tensor product of the Hilbert spaces and is denoted by H ® K. Moreover,
for bounded operators @ € L(H) and b € L(K), there exists a unique operator
a®b e L{H ® K) such that

(a®@b)(x ®y)=alx)Q b(y) Vxe HyeK.

This operator satisfies |la ® b|| = llallx - |1blk.

Given two C*-algebras (A, || - |4, *) and (B, || - ||z, *), we want to construct
C*-norms on the algebraic tensor product A @ B. The simplest way to do so is by
using the universal representations. The C-antilinear mapx : AQ B - A® B
defined by (¢ ® b)* := a* ® b* on homogeneous elements and extended bilinearly
to A ® B makes the algebraic tensor product into an involutive algebra.

Lemma 6. Let (H, ) and (K, vr) be representations of A and B, respectively. Then
there is a unique x-homomorphismm : A® B — L{H ® K) such that

w(a ®b) = pla) ® Y (b) YVaoe A,beB.

Moreover, if the representations ¢ and r are faithful, then so is 7.

Proof. The map A x B — L(H ® K), (a, b) — p(a) ® y(b) is bilinear and thus
yields a unique linear map 7 : A ® B — L(H ® K) as claimed, which is indeed a
x-morphism. If both ¢ and 1 are injective and z € A ® B satisfies 7 (z) = 0, then
by writing z = 3_’_, a; ® b; with linearly independent b;, we conclude ¢(a;) = 0
for j=0,...,n. Hencea; =0for j =1,...,nand thus z = 0. O

By this lemma, it is natural to make use of the universal representation from
Definition 14 to obtain a C*-norm on the algebraic tensor product.

Definition 17. Lez (A, || - ||4, %) and (B, || - || 8, *) be C*-algebras with the universal
representations 7% 1 A — L(H)and 78 : B — L(K). The injective C*-norm
Il - ll. on the algebraic tensor product is defined by

lelle ==l
where m : A® B — L(H ® K) is the unique %-morphism induced by n* x 8
as in Lemma 6. The completion of the algebraic tensor product with respect to the
C*-norm || - ||, is called the injective C*-tensor product and is denoted by A ®, B.
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Since the *-morphism 7z constructed via the universal representations is injective,
Il - 1l is indeed a C*-norm on A ® B. Another natural C*-norm on A ® B is con-
structed by taking the supremum over all C*-norms. By Remark 2, a unit-preserving
s-morphism 7 from the algebraic tensor product A ® B to a C*-algebra C satisfies
lmG)l < llx|l, with respect to any C*-norm || - ||, on A ® B. This yields the
following characterization of the maximal C*-normon A ® B:

Definition 18. Les (A, || - ||4, %) and (B, || - ||z, *) be C*-algebras. The projective
C*-norm | - ||, on the algebraic tensor product A ® B is defined by

n n
lelle :=inf { > llajlla - Ibjlls | c =Y a; ®b;

j=1 j=1

The completion of A ® B with respect to the C*-norm || - ||, is called the projective
C*-tensor product and is denoted by A ®, B.

Remark 15. The projective C*-norm || - ||, satisfies ||a ® b||, = |lalla - |2} g for all
a € A, b € B. Clearly, any other C*-norm || - ||, on A ® B satisfies |lc|l, < [lc|x
forall c € A® B, hence the projective C*-norm is maximal among all C*-norms on
A ® B. One can show that the injective C*-norm || - ||, on the other hand is minimal
among all C*-normson A ® B.

The projective C*-tensor product has the following universal property.

Lemma 7. Let A, B, and C be C*-algebras and letp : A — Candy : B - C
be x-morphisms such that p(a) and (b) commute for alla € A, b € B. Then there
exists a unique *-morphismw : A ®, B — C such that

m(a ® b) = p(a) - ¥(b) YaecAbeB. (1.5)

Proof. The bilinear map A x B — C, (a,b) — ¢(a) - ¥(b) induces a unique
linear map w : A @ B — C satisfying (1.5). This map is a *-morphism. The map
-1, : A® B = R, c = ||m(c)ll, is a C*-norm; hence it satisfies |cll, < |lc|lx
for all c € A ® B. Hence m is continuous with respect to the projective C*-norm
and thus uniquely extends from the dense subset A ® B to the projective C*-tensor
product A ®, B. (N

Now we study states on the projective C*-tensor product A ®, B. Taking linear
functionals # : A — Cand v : B — C, setting

(n®v)a®Db) = ula) - v(b)
on homogeneous elements and extending bilinearly, we obtain a linear functional on

A ® B. In the projective C*-norm, we have |4 ® v, = il 4 - |Vl 5. Furthermore,
for the homogeneous elements a ® b, we have

(1 ®v)((a®b)(a®b)) =(u®v)a*a ®b*b) = u(a*a) - v(b*b).
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Hence the functional . ® v : A ® B — C is positive, if u and v are.

Definition 19. Let A and B be C*-algebras and let 1 € S(A) and v € S(B) be
states. The unique extension of i ® v to a state on the projective C*-tensor product
A ®,, B is called a product state.

Since A and B have a unit, we can restrict a state 7 € S(A ® B) to one of the
factors by setting

2@y =1@®1) Vac A
8(b) = t(1 ® b) Vb e B

Obviously, for any two states ¢ € S(A) and v € S(B), thereisastate T € S(A®; B)
such that 74 = u and 8 = v, namely the product state T = . ® v. Hence in this
case, T = 74 @ 78, i.e., the measurement in the state ¢ of an observable in A ®, B
simply results in the product of measurements in the states 74 and ©8, respectively.
In general this is not the case, so we set the following.

Definition 20. A state T € S(A ®, B) is called correlated, if there exists a € A and
b € B such that t(a @ b) # t(a) - T8(b).

Definition 21. A state T € S(A ®, B) is called decomposable, if it is the pointwise
limit of convex combinations of product states. A state T € S(A ®; B) is called
entangled, if it is not decomposable.

Remark 16. In the literature, the pointwise limit of linear functionals is referred to
as the weak-* limit. Stated this way, the set of decomposable states is the weak-*
closure of the convex hull of the product states.

Example 14. A pure state on A ®, B cannot be written as convex combination of
different states. Nor can it be written as a pointwise limit of such convex combina-
tions. Hence a pure state is decomposable if and only if it is a product state.

The set of decomposable states is a convex subset of the set of all (positive)
linear functionals on the projective C*-tensor product A ®, B. One aims at a char-
acterization of this convex set by inequalities. While a complete characterization is
unknown, a simple such inequality has been deduced from the work of Bell in the
late 1950s on the Einstein—Podolsky—Rosen paradox. Therefore, inequalities of this
type are often referred to as (generalized) Bell’s inequalities. See also [S].

Lemma 8. Let A and B be C*-algebras and let T be a decomposable state on the
projective C*-tensor product A @, B. Then

lt@® (b~ bN+ @ @b+ <2 (1.6)

holds for all self-adjoint elements a,a’ € A, b, b’ € B of norm < 1.
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Proof. For a product state T = u ® v, we have

(a ® (b — b)) = wa) - v(b) — ula) - v(v')
= u(a) - v(d) - (1 £ (@) - v(d)) — wa) - v(d") - (1 £ ula’) - v(b)).

By assumption, |u(a)l, |u(a’)l, lv(b)], |v(b')| < 1, so we have

A

[T(@a® (b= b)) < |1 £ pla’) - v + 1+ @) - v(b)|
1+ @’y - vd) + 1+ u@) - vd)
=24+ 1@ @B +D)).

Hence, (1.6) holds for all product states. If t is a convex combination of product
states, T = ) 7, Aj/; ® v, we obtain

7@ ® (b — b)) +It@ & b+ )|
=>4 {0 @ @@ G — ) + (@ v @ b + b))
j=1
<2.

Taking pointwise limits of convex combinations, the inequality holds by
continuity. C

Example 15. Let A = B = Mat(2 x 2;C) be matrix algebras. Let ¢;, e be the

standard basis of C2. On A ® B, we have the Bell state T, which is the vector state
with the vector

2:= %(31 ®ei+e;®e).

It is easy to see that the Bell state is entangled. For instance, the observables
(10 (01 1 11 , 1 —11
= (32) = (D)= (1) - 5

in the state 7 yield

t@® B b)) =+2t@a®a) = V2 {(a® a)f), 2)
=2(2,92) =2

and similarly

1@ ® b+ b)) =2,
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hence
[T@e®@ G — b)) +1t@ @B+ b)) = 272 > 2.

Thus the state T violates Bell’s inequality and is therefore entangled by Lemma 8.

Bell’s inequalities are often referred to as inequalities which a priori hold for
all states in a classical system. The existence of entangled states may thus be con-
sidered as a characterizing phenomenon of quantum systems. In fact, if one of the
observable algebras is abelian — e.g., if it corresponds to a classical system — then
there are no entangled states in A ®, B

Proposition 6. Let A and B be C*-algebras with unit. If A or B is abelian, then all
states on the projective C*-tensor product A @, B are decomposable.

Proof. By Theorem 2, it suffices to show that every pure state T on A ®, B is a
product state. We first claim that t(xy) = t(x)- t(y) holds forall x € A ®, B
and all y € Z(A ®, B), where Z(A ®, B) denotes the center of A ®, B. Since
Z(A ®, B) is spanned by its positive elements of norm <1, it suffices to prove the
claim for y positive, i.e., y = z? for a self-adjoint z € Z(A ®, B), with ||y < 1.If
7(y) = 0, the Cauchy—-Schwarz inequality

[T = [T(@x*)*D)* < tlxz*zx™) - 1(2%2)
= T(xyx*) - T(y)

implies 7(xy) = 0. If 7(y) = 1, then 7(1 — y) = 0; thus 0 = t(x(1 — y)) =

T(x) - T(¥) — T(xY).
For 0 < t(y) < 1, we have

1 1
xX)=1Q) — - tx+A —7t(y) - ———-t(x(1—y)) Vx€AQ®, B
z(y) —7(y)
N —

=Ti(x) =i1y(x)

Since y € Z(A ®, B), we have 7;(x*x) =
Similarly, To(x*x) =

o T xy) = 5 - T((@x)zx) 2 0.

1—i(y) -T(x*x(1 — y)) = 0, since

T(x*xy) = t(x*7%zx) < |27z - T(x"x) < T(x"x).

Clearly, 7;(1) = (1) = 1; hence 7| and 1, are states on A ®, B. Since 7 is a
pure state by assumption, we conclude v = 1, = 1. Hence 7;(x) = 1(x) for all
x € A ®,; B, which yields t(xy) = 7(y) - T(x).

Now if A is abelian, then A ®, {1} C Z(A ®, B). As we have scen, every pure
state T on A ®, B satisfies

t(a®b):r((a®1)~(1®b))=‘cA(a)~1:B(b) Yae A,beB.

Hence 7 is a product state. (]
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1.6 Weyl Systems

In this section we introduce Weyl systems and CCR representations. They formal-
ize the “canonical commutator relations” from quantum field theory in an “expo-
nentiated form.” The main result of this section is Theorem 3 which says that for
each symplectic vector space there is an essentially unique CCR representation.
Our approach follows ideas in [7]. A different proof of this result may be found in
[8, Sect. 5.2.2.2].

Let (V, w) be a symplectic vector space, i.e., V is a real vector space of finite or
infinite dimension and w : V x V — R is an antisymmetric bilinear map such that
w(p, ¥)y=0forall ¢y € V implies ¢ = 0.

Definition 22. A Weyl system of (V, w) consists of a C*-algebra A with unit and a
map W : V. — A such that for all ¢, ¥ € V we have

(i) WO =1,
(i) W(=9)= W@y,
(ili)  W(P)- W) = e @V W(g+ ).

Condition (iii) says that W is a representation of the additive group V in A up to
the “twisting factor” e ~i“@-¥)/2_ Note that since V is not given a topology there is no
requirement on W to be continuous. In fact, we will see that even in the case when
V is finite dimensional and so V carries a canonical topology W will in general not
be continuous.

Example 16. We construct a Weyl system for an arbitrary symplectic vector space
(V, w).Let H = L*(V, C) be the Hilbert space of square-integrable complex-valued
functions on V with respect to the counting measure, i.e., H consists of those func-
tions F : V — C that vanish everywhere except for countably many points and
satisfy

IFIZ: =) IF@)I < oo

pev

The Hermitian product on H is given by

(F,G)2 =Y F@) G@).

peV

Let A := L(H) be the C*-algebra of bounded linear operators on H as in Exam-
ple 1. We define the map W : V — A by

(W@)F)W) 1= 2 F(p + ).

Obviously, W(¢) is a bounded linear operator on H for any ¢ € V and W(0) =
idgy = 1. We check (ii) by making the substitution x = ¢ + ¥:
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(W@F, G2 = Y (WHFYP) GW)

eV

_ Z el @2 F(p + ¢) G(Yr)

eV

= ew@x=PF(x) G(x — ¢)
xXev

_ Zm F(x)-G(x —¢)
xeVv

=) FG0 002 G(x — )
xXeV
= (F, W(=9)G)p2.

Hence W(¢)* = W(—¢). To check (iii) we compute

(W@W W) FN(x) = PO (W) F)¢ + x)
= /B2 gl b+ 02 F(p 4 5 + o)
= OB GOV [ (p + y + )
= e OV (W (P + Y)F)X).

Thus W(@)W () = e~ @@ ¥)/2 W(p 4 ). Let CCR(V, w) be the C*-subalgebra of
L(H) generated by the elements W(¢), ¢ € V. Then CCR(V, w) together with the
map W forms a Weyl system for (V, w).

Proposition 7. Let (A, W) be a Weyl system of a symplectic vector space (V, w).
Then

1. W(¢) is unitary for each ¢ € V,

2. W)= W)l =2forallp, v €V, b #,
3. the algebra A is not separable unless V = {0},
4. the family {W($)}pev is linearly independent.

Proof. From W(@)*W(p) = W(—¢) W(¢) = ¢ *“*PW(0) = 1 and similarly
W(¢) W(g)* = 1 we see that W(¢) is unitary.
To show Assertion 2 let ¢, Y € V with ¢ # . For arbitrary x € V we have

WO W — WO~ = WO Wi — ¥) W)
= eTRITOR WX + ¢ — ) W(—x)
= ¢ 1O=I2 =0V Wy £ — o — x)
= e iw0e—¥) W(p — ).

Hence the spectrum satisfies

Ta(W(p — V) = ca(W(x) W(p — ) W)™ = e XN g (W(gp — ).
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Since ¢ — ¢ # O the real number w(x, ¢ — 1) runs through all of R as x runs
through V. Therefore the spectrum of W(¢ — ) is U(1)-invariant. By Assertion 5
of Proposition 2 the spectrum is contained in S' and by Proposition 1 it is nonempty.
Hence o4(W(¢ — ¥)) = S! and therefore

oa(@ PP W —y) =5".

Thus o4 (e!“YP/2 W(p — ) — 1) is the circle of radius 1 centered at —1. Now
Assertion 3 of Proposition 2 says

le P2 W(p — ) — 1]l = pa (P2 W(p—y) — 1) =2.

From W(¢) - W) = WHWE)* W@ — 1) = W) PP W —y)—1)

we conclude

IW($) — WE)|?
= |(W(p) — W) (W(p) — WE))||
= (PP W(p — ) — 1) W) W) (VP Wi —y) — 1)
= [P W(p — ) — D* (VP2 W(p —y) — D)
= | VP2 W(p — ) — 1|
=4,

This shows part 2. Assertion 3 now follows directly since the balls of radius 1 cen-
tered at W(¢), ¢ € V form an uncountable collection of mutually disjoint open
subsets.

We show Assertion 4. Let ¢; € V, j = 1,..., n be pairwise different and let
Z;=1 a;W(g;) = 0. We show oy = -+ = o, = 0 by induction on n. The case
n = 1is trivial by Assertion 1. Without loss of generality assume «,, # 0. Hence

n—1

W) =3 —Lw(g)

&n

j=1
and therefore

1= W) W(dn)

n—1

=Y "H W) Wg))
(04

n

j=1
n—1

—o: .
- Z J e_lw(_¢lxv¢j)/2W(¢j — &)
— On
j=1
n—1

=Y BiW(®; — du),

j=1
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where we have put B; := —L¢'“%¢)/2 For an arbitrary € V we obtain

l=W@) - 1-W(=y)

n—1

= Y BWAIW S — o)W ()

j=1

n—-1
=D B VITIOW (@) — ).

j=1

From

n—1 n—1
Y BiW@; —d) =Y Bie PHTW(G; — )

j=1 j=1
we conclude by the induction hypothesis

B = ’Bje#w(l//,d?j—d)n)
forall j =1,...,n— 1.If some B; # O, then e **™#/=¢2) = ] hence

oY, ¢; —¢n) =0

forall ¢ € V. Since w is nondegenerate ¢; — ¢, = 0, a contradiction. Therefore all
B; and thus all «; are zero, a contradiction. O

Remark 17. Let (A, W) be a Weyl system of the symplectic vector space (V, w).
Then the linear span of the W(¢), ¢ € V, is closed under multiplication and under *.
This follows directly from the properties of a Weyl system. We denote this linear
span by (W(V))} C A. Now if (A’, W’) is another Weyl system of the same symplec-
tic vector space (V, ), then there is a unique linear map w : (W(V)) — (W'(V))
determined by w(W(¢)) = W'(¢). Since m is given by a bijection on the bases
{W(¢))pev and {W/(¢)}sev it is a linear isomorphism. By the properties of a Weyl
system 77 is a *-isomorphism. In other words, there is a unique *-isomorphism such
that the following diagram commutes:

(W'(V))

Ws
™

w,
vV —(W(V))

Remark 18. On (W(V)) we can define the norm

| Zaq;W(qS)Hl =" layl.
¢ [
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This norm is not a C*-norm but for every C*-norm || - |[p on (W(V)) we have by the
triangle inequality and by Assertion 1 of Proposition 7

llallo < llall (1.1

forall a € (W(V)).

Lemma 9. Let (A, W) be a Weyl system of a symplectic vector space (V, w). Then
lla|lmax == supfllallo [ I - llo is @ C*-norm on (W(V))}

defines a C*-norm on (W(V)).

Proof. The given C*-norm on A restricts to one on (W(V)), so the supremum is
not taken on the empty set. Estimate (1.7) shows that the supremum is finite. The
properties of a C*-norm are easily checked, e.g., the triangle inequality follows from

lla + bllmax = supflla + bllo ||l - llo is a C*—norm on (W(V))}
< sup{llallo + lIBllo | Il - llo is a C*—norm on (W(V))}
< sup{llallo| || - [lo is a C*—norm on (W(V))}
+sup{|lbllo [ Il - llo is @ C*—norm on (W(V))}
= |allmax + 18]I max-

The other properties are shown similarly. [l

Lemma 10. Let (A, W) be a Weyl system of a symplectic vector space (V, w). Then
the completion (W(V)) — of (W(V)) with respect 10 || - ||max is simple, i.e., it has
no nontrivial closed two-sided *-ideals.

Proof. By Remark 17 we may assume that (A, W) is the Weyl system constructed
in Example 16. In particular, (W(V)) carries the C*-norm || - [|op, the operator norm
given by (W(V)) C L(H) where H = L*(V, C).

Let I C (W(V)) " be a closed two-sided -ideal. Then Iy := I N C - W(0)
is a (complex) vector subspace in C - W({0) = C -1 = C and thus Iy = {0} or
Ip = C - W(0). If Iy = C - W(0), then I contains 1 and therefore [ = (W(V)) .
Hence we may assume Iy = {0}.

Now we look at the projection map

P (W) - C-W(Q), P(Z ags W(¢)) = agW(0).
¢

We check that P extends to a bounded operator on (W(V))max. Let 8y € L2(V,C)
denote the function given by 83(0) = 1 and 8p(¢p) = O otherwise. For a =
> 4 apW(¢) and ¥ € V we have
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(a-d0)(¥) = (Z asW(9)do)()
¢

=Y a, P8 + )
¢

—a_y NIV = g

and therefore

(B0, a - 8o)2 = Y _ So(¥)(a - )W) = (a - 3p)(0) = ap.

eV

Moreover, |6l = 1. Thus

I P(@max = laoW(O)llmax = laol = [(6g, a - Bo)2] < ”a”Op =< llallmax.

which shows that P extends IEIO a bounded operator on (W(V))max.
(

Now leta € I ¢ (W(V)) * Fix € > 0. We write

a=aWO)+ Y a Wg)+r,
j=1

where the ¢; # 0 are pairwise different and the remainder term r satisfies || [|max <
€. Forany ¢ € V we have

I3 W) aW(—y)=aWO) + Y aje V% W(g))+r@),
j=1

where [F(Y)llmax = IW I W(=¥)llmax < [I7[lmax < €. If we choose ¢, and ¢
such that e~ @Wnd) = _e—io2.4)) then adding the two elements

aWO) + ) a;e VI W(g)) +r(yn) € 1
j=1

QW) + Y a;e I W(g) +r() € 1
j=1

yields
n—1

W)+ ) a; W) +r el
j=1
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where ||71 ||lmax = ]|wl|max < € = ¢. Repeating this procedure we eventu-
ally get

ayWO0) +r, el,
where ||, lmax < €. Since € is arbitrary and [ is closed we conclude
P(a) = ag W(0) € Iy,

thus ¢y = 0.

Fora = Z¢ as W(¢) € I and arbitrary ¢ € V we have W(y)a € I as well,
hence P(W(¢)a) = 0. This means a_, = O for all ¥, thus @ = 0. This shows
I ={0}. ]

Definition 23. A Weyl system (A, W) of a symplectic vector space (V, w) is called
a CCR representation of (V, w) if A is generated as a C*-algebra by the elements
W(), ¢ € V. In this case we call A a CCR-algebra of (V, w).

Of course, for any Weyl system (A, W) we can simply replace A by the
C*-subalgebra generated by the elements W(¢), ¢ € V, and we obtain a CCR
representation.

Existence of Weyl systems, and hence CCR representations, has been established
in Example 16. Uniqueness also holds in the appropriate sense.

Theorem 3. Let (V, w) be a symplectic vector space and let (A, W\) and (Az, W»)
be two CCR representations of (V, w).
Then there exists a unique x-isomorphism w . A| — Ay such that the diagram

commules.

Proof. We have to show that the %x-isomorphism 7 : (W (V)) — (Wa(V)) as
constructed in Remark 17 extends to an isometry (A, || - |[1) — (A2, | - [2).
Since the pullback of the norm || - ||; on A; to (W (V)) via 7 is a C*-norm we
have ||m(a)ll2 < |la|lmax for all a € (W (V)). Hence 7 extends to a s—morphism
(Wl(V))max — As. By Lemma 10 the kernel of & is trivial, hence 7 is injective.

Proposition 4 implies that 77 : (W (VD) || - llmax) = (A2, || - l2) is an isometry.

In the special case (A, || - ||1) = (A2, || - ||2) where 7 is the identity this yields
[l lmax = ||ll1. Thus for arbitrary A, the map 7 extends to an isometry (Ay, ||-|{;) —
(A2, F- 112). U

From now on we will call CCR(V, w) as defined in Example 16 the CCR-algebra
of (V, w).
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Corollary 5. CCR-algebras of symplectic vector spaces are simple, i.e., all unit-
preserving x-morphisms to other C*-algebras arg injective.

Proof. Direct consequence of Corollary 2 and Lemma 10. O

Corollary 6. Let (Vy, w1) and (Va, an) be two symplectic vector spaces and let S :
Vi — V, be a symplectic linear map, i.e., w(S¢p, SY) = w1(¢p, ¥) forall ¢, ¢ €
V1.

Then there exists a unique injective x-morphism CCR(S) : CCR(Vi, ) —
CCR(V3, wy) such that the diagram

v 5 v,
Wy l lW2
CCR(S
CCR(V,, wy) (5 CCOR(Vy, wy)

commules.

Proof. One immediately sees that (CCR(Va, wy), W o ) is a Weyl system of
(V1, wy). Theorem 3 yields the result. a

From uniqueness of the map CCR(S) we conclude that CCR(idy) = idccrv,w)
and CCR(S, o §1) = CCR(S,) o CCR(S}). In other words, we have constructed a
functor

CCR : SymplVec — C*Alg,

where SymplVec denotes the category whose objects are symplectic vector spaces
and whose morphisms are symplectic linear maps, i.e., linear maps A : (V1, 1) —
(Va, wy) with A*w, = w;. By C*Alg we denote the category whose objects are
C*-algebras and whose morphisms are injective unit-preserving *—morphisms.
Observe that symplectic linear maps are automatically injective.

In the case V| = V, the induced x-automorphisms CCR(S) are called Bogoliubov
transformation in the physics literature.
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