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Lab: Support Vector Machines

A. Introduction

The support vector (SV) machine is a new type of learning machine. It is based on statistical learning theory. This laboratory will concentrate on the linear SVMs and the non-linear SVMs.

B. Objective

Use linear support vector machines (SVMs) to classify 2-D data.

C. Background

Suppose we want to find a decision function f with the property f(xi) = yi, (i.
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In practice, a separating hyperplane often does not exist. To allow for the possibility of examples violating (1), the slack variables (i are introduced.
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The SV approach to minimizing the guaranteed risk bound consists of the following. Minimize
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subject to the constraints (2) and (3).

Introducing Lagrange multipliers (i and using the Kuhn_Tucker theorem of optimization theory, the solution can be shown to have an expansion
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with nonzero coefficients (i only where the corresponding example (xi, yi) precisely meets the constraint (3). These xi are called support vectors. All remaining examples of the training set are irrelevant. The constraint (3) is satisfied automatically (with (i = 0), and they do not appear in the expansion (5). The coefficients (i are found by solving the following quadratic programming problem. Maximize
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subject to
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By linearity of the dot product, the decision function can be written as
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To allow for much more general decision surfaces, one can first nonlinearly transform a set of input vectors x1, …, xl into a high-dimensional feature space. The decision function becomes
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where RBF kernels is
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D. Procedures

D.1 Linear SVMs

1) Go to http://www.cis.tugraz.at/igi/aschwaig/software.html to download the “svm_251” software and save the m-files to your working directory. Some functions such as “plotboundary”, “plotdata”, and “plotsv” are included in the end of the m-file “demsvm1.m”. Extract these functions to form new m-files, e.g. “plotboundary.m”, plotdata.m” and “plotsv.m”.

2) Open Matlab, go to “File” -> “Set Path” and add the directory where “svm_251” was saved.

3) Input the following training data. X is a set of input data, 20(2 in size. Y contains the corresponding class labels, 20(1 in size.

	X
	(2,7)
	(3,6)
	(2,5)
	(3,5)
	(3,3)
	(2,2)
	(5,1)
	(6,2)
	(8,1)
	(6,4)
	(4,8)

	Y
	+1
	+1
	+1
	+1
	+1
	+1
	+1
	+1
	+1
	+1
	-1


	X
	(5,8)
	(9,5)
	(9,9)
	(9,4)
	(8,9)
	(8,8)
	(6,9)
	(7,4)
	(4,4)

	Y
	-1
	-1
	-1
	-1
	-1
	-1
	-1
	-1
	-1


Plot the graph to show the data set using the commends plotdata as the following.

x1ran = [0,10]; x2ran = [0,10]; % data range

f1 = figure; plotdata(X, Y, x1ran, x2ran);

title('Data from class +1 (squares) and class -1 (crosses)');

Answer:

To plot the data set, execute the following commands.

X = [2,7; 3,6; 2,5; 3,5; 3,3; 2,2; 5,1; 6,2; 8,1; 6,4; 4,8; 5,8; 9,5; 9,9; 9,4; 8,9; 8,8; 6,9; 7,4; 4,4];

Y = [ +1;  +1;  +1;  +1;  +1;  +1;  +1;  +1;  +1;  +1;  -1;  -1;  -1;  -1;  -1;  -1;  -1;  -1;  -1;  -1];

x1ran = [0,10]; x2ran = [0,10]; % data range

f1 = figure; plotdata(X, Y, x1ran, x2ran);

title('Data from class +1 (squares) and class -1 (crosses)');

The following graph shows the data set.

[image: image12.png]Data from class +1 (squares) and class -1 (crosses)
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4) Create a support vector machine classifier by using the function svm.

net = svm(nin, kernel, kernelpar, C, use2norm, qpsolver, qpsize)

Set nin to 2, as X contains 2-D data. Set kernel to 'linear' in order to use linear SVM. Set kernelpar to [ ], as linear kernel does not require any parameters. Set C to 100. You only need to provide the first 4 parameters in this funciton.

After creating a support vector machine, we train it by using the function svmtrain.

net = svmtrain(net, X, Y, alpha0, dodisplay)

Set alpha0 to [ ]. Set dodisplay to 2 to show the training data.

After the above two processes, record the number of support vectors. Also, record the norm of the separating hyperplane and calculate the length of margin from net.normalw.

Plot the SVM using the commands plotboundary, plotdata, and plotsv as follows.

figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with linear kernel: decision boundary (black) plus Support' ...

       ' Vectors (red)']);

Answer:

To plot the SVM, execute the following commands.

net = svm(size(X, 2), 'linear', [ ], 100);

net = svmtrain(net, X, Y, [ ], 2);

figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with linear kernel: decision boundary (black) plus Support' ...

       ' Vectors (red)']);

net

There are 7 support vectors. The support vectors is a fraction of (35%) the training examples.

The norm of the separating hyperplane is 0.9428.

The net.normalw is [-0.6667, -0.6667]. Hence, the length of margin d is 2.1213.

The following figure shows the decision boundary and support vectors.

[image: image13.png]SVM with linear kernel: decision boundary (black) plus Support Vectors (red)





5) Vary C of the function svm and repeat the Step 4. e.g. C=1e10, C=1e100, C=inf. For different values of C, plot the SVM, record the number of the support vectors, the norm of the separating hyperplane, and the margin length. Discuss the change in the number of support vectors and the margin length as a result of varying C.

Answer:

To plot the SVMs, execute the following commands.

net = svm(size(X, 2), 'linear', [ ], 1e10);

net = svmtrain(net, X, Y, [ ], 2);

f3 = figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with linear kernel, C=1e10: decision boundary (black) plus Support Vectors (red)']);

net

d=2/sqrt(net.normalw(1)^2+net.normalw(2)^2)

pause;

net = svm(size(X, 2), 'linear', [ ], 1e100);

net = svmtrain(net, X, Y, [ ], 2);

f3 = figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with linear kernel, C=1e100: decision boundary (black) plus Support Vectors (red)']);

net

d=2/sqrt(net.normalw(1)^2+net.normalw(2)^2)

pause;

net = svm(size(X, 2), 'linear', [ ], inf);

net = svmtrain(net, X, Y, [ ], 2);

f3 = figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with linear kernel, C=inf: decision boundary (black) plus Support Vectors (red)']);

net

d=2/sqrt(net.normalw(1)^2+net.normalw(2)^2)

The following graphs show the SVMs when C=1e10, C=1e100, and C=inf, respectively.

[image: image14.png]SVM with linear kemel, C=1e10: decision boundary (black) plus Support Vectars (red)
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[image: image15.png]SVM with linear kemel, C=1100: decision boundary (black) plus Support Vectors (red)
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[image: image16.png]SWM with linear kernel, C=inf. decision boundary (black) plus Support Vectors (red)
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From the above figures, the number of support vectors and the margin length increase when C increases.

The numbers of support vectors are 7, 9 and 9 for C=1e10, C=1e100, and C=inf, respectively. The number of support vectors increases when C increases.

The net.normalw are [-0.6390,-0.6272], [-0.3658,-0.3787], and [-0.3658,-0.3787] for C=1e10, C=1e100, and C=inf, respectively. Therefore, the margin lengths are 2.2336, 3.7983, and 3.7983, respectively. The margin length increases when C increases.

D.2 Non-Linear SVMs

1) Input the following training data. X is a set of input data, 32(2 in size. Y is the label, 32(1 in size.

	X
	(4,7)
	(4,6)
	(5.5,6)
	(4.5,5.5)
	(6.5,5.5)
	(5,5)
	(6,5)
	(7,5)
	(6.5,4.5)

	Y
	+1
	+1
	+1
	+1
	+1
	+1
	+1
	+1
	+1


	X
	(7,4)
	(3,8)
	(2.5,7)
	(2.5,6)
	(3.5,5.5)
	(2,5)
	(3,4)
	(4,4)
	(5,3)
	(6.5,3.5)

	Y
	+1
	-1
	-1
	-1
	-1
	-1
	-1
	-1
	-1
	-1


	X
	(6.5,3.5)
	(7,2.5)
	(8,2)
	(8.5,3)
	(9,4)
	(8,5)
	(8.5,6)
	(7,6)
	(7.5,7)
	(8,8)

	Y
	-1
	-1
	-1
	-1
	-1
	-1
	-1
	-1
	-1
	-1


	X
	(6.5,8.5)
	(6,8)
	(4.5,9)
	(4,8.5)

	Y
	-1
	-1
	-1
	-1


Plot the graph to show the data set using the command plotdata.

Answer:

To plot the data set, execute the following commands.

X = [4,7; 4,6; 5.5,6; 4.5,5.5; 6.5,5.5; 5,5; 6,5; 7,5; 6.5,4.5; 7,4];

Y = [ +1;  +1;     +1;     +1;      +1;  +1;  +1;  +1;      +1;  +1];

X = [X; 3,8; 2.5,7; 2.5,6; 3.5,5.5; 2,5; 3,4; 4,4; 5,3; 6.5,3.5; 7,2.5; 8,2; 8.5,3; 9,4];

Y = [Y;  -1;    -1;    -1;      -1;  -1;  -1;  -1;  -1;      -1;    -1;  -1;    -1;  -1];

X = [X; 8,5; 8.5,6; 7,6; 7.5,7; 8,8; 6.5,8.5; 6,8; 4.5,9; 4,8.5];

Y = [Y;  -1;    -1;  -1;    -1;  -1;      -1;  -1;    -1;    -1];

x1ran = [0,10]; x2ran = [0,10]; % data range

f1 = figure; plotdata(X, Y, x1ran, x2ran);

title('Data from class +1 (squares) and class -1 (crosses)');

The following graph shows the data set.

[image: image17.png]Data from class +1 (squares) and class -1 (crosses)
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2) Similar to Part D1, create an SVM classifier by using the function svm with linear kernel and train them by using the function svmtrain. All the settings are identical to Part D1. Plot the SVM. Is there any boundary in your plot?

Answer:

To plot the SVM, execute the following commands.

net = svm(size(X, 2), 'linear', [ ], 100);

net = svmtrain(net, X, Y, [ ], 2);

x1ran = [0,10]; x2ran = [0,10]; % data range

figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with linear kernel, C=100: decision boundary (black) plus Support Vectors (red)']);

The following graph shows the SVM using linear kernel with C =100.

[image: image18.png]SYM with linear kemel, C=100: decision boundary {black) plus Support Vectors (red)
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There is no boundary shown in the above plot.

3) Produce 3 other SVM plots. In the first plot, set C to inf. Set the data range x1ran and x2ran to [-30,30]. In the second plot, set C to 1e10 and the data range to [-200,200]. In the third plot, set C to 100 and the data range to [-1e11,1e11]. Record the number of support vectors and calculate the margins of these three plots. With the answer in part (b), comment the result.

Answer:

To produce three plots, execute the following commands.

net = svm(size(X, 2), 'linear', [ ], inf);

net = svmtrain(net, X, Y, [ ], 2);

x1ran = [-10,10]*3; x2ran = [-10,10]*3; % data range

figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with linear kernel, C=inf: decision boundary (black) plus Support Vectors (red)']);

net

d=2/sqrt(net.normalw(1)^2+net.normalw(2)^2)

pause;

net = svm(size(X, 2), 'linear', [ ], 1e10);

net = svmtrain(net, X, Y, [ ], 2);

x1ran = [-10,10]*20; x2ran = [-10,10]*20; % data range

figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with linear kernel, C=1e10: decision boundary (black) plus Support Vectors (red)']);

net

d=2/sqrt(net.normalw(1)^2+net.normalw(2)^2)

pause;

net = svm(size(X, 2), 'linear', [ ], 100);

net = svmtrain(net, X, Y, [ ], 2);

x1ran = [-10,10]*1e10; x2ran = [-10,10]*1e10; % data range

figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with linear kernel, C=100: decision boundary (black) plus Support Vectors (red)']);

net

d=2/sqrt(net.normalw(1)^2+net.normalw(2)^2)

The following figures show the three plots with C = inf, 1(1010 and 100, respectively.

[image: image19.png]SYM with linear kermel, C=inf. decision boundary (black) plus Support Vectors (red)
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[image: image20.png]5VM with linear kernel, C=1e10: decision boundary (black) plus Support Vectors (red)
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[image: image21.png]SYMuMit! linear kernel, C=100: decision boundary (black) plus Support Vectors (red)
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There are 32 support vectors in each plot. This means that all the training data are the support vectors.

The margin is 47.3605, 168.9062, and 1.6959(1010 for C = inf, 1(1010 and 100, respectively. The margin increases when C decreases.

It is necessary to increase the data range to observe the boundary. It can be observed that the boundary cannot divide this set of training data properly using linear kernel. The margin is too wide that all the training data become support vectors, even though C is infinite. Therefore, the linear kernel is not suitable for training this set of data.

4) After using linear kernel, now, use the RBF kernel to create a support vector machine classifier by using the function svm. Set nin to 2, kernel to 'rbf', kernelpar to 16, C to 100. Use the function svmtrain to train the data. Record the number of support vectors and the norm of the separating hyperplane. Plot the SVM. Compare the plot with that using linear kernel.

Answer:

To plot the SVM, execute the following commands.

net = svm(size(X, 2), 'rbf', 16, 100);

net = svmtrain(net, X, Y, [ ], 2);

x1ran = [0,10]; x2ran = [0,10]; % data range

figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with RBF kernel, kernelpar=16: decision boundary (black) plus Support Vectors (red)']);

The following figure shows the SVM using RBF kernel.

[image: image22.png]5WM with RBF kernel, kemelpar=16: decision boundary (black) plus Support Vectors (red)
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There are 11 support vectors. The norm of the separating hyperplane is 21.0381.

From the above figure, the boundary can separate properly the data in the 2 classes. Therefore, the RBF kernel is better than the linear kernel in classifying this data set.

5) Fix the parameter C to 100 and continue using RBF kernel. Vary the parameter kernelpar to 1, 10, 70. Use the function svmtrain to train it. Record the number of support vectors and the norm of separating hyperplane for this 3 SVMs. Plot this 3 SVMs. Comment the effect of kernelpar to SVM.

Answer:

To plot three SVMs, execute the following commands.

net = svm(size(X, 2), 'rbf', [1], 100);

net = svmtrain(net, X, Y, [ ], 2);

x1ran = [0,10]; x2ran = [0,10]; % data range

figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with RBF kernel, kernelpar=1: decision boundary (black) plus Support Vectors (red)']);

pause;

net = svm(size(X, 2), 'rbf', [10], 100);

net = svmtrain(net, X, Y, [ ], 2);

x1ran = [0,10]; x2ran = [0,10]; % data range

figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with RBF kernel, kernelpar=10: decision boundary (black) plus Support Vectors (red)']);

pause;

net = svm(size(X, 2), 'rbf', [70], 100);

net = svmtrain(net, X, Y, [ ], 2);

x1ran = [0,10]; x2ran = [0,10]; % data range

figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with RBF kernel, kernelpar=70: decision boundary (black) plus Support Vectors (red)']);

The following figures show three SVMs with kernelpar = 1, 10, 70, respectively.

[image: image23.png]SYM with RBF kemel, kernelpar=1: decision boundary (black) plus Support Vectors (red)
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[image: image24.png]SVM with RBF kernel, kemelpar=10: decision boundary (black) plus Support Vectors (red)
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[image: image25.png]SV with RBF kernel, kemelpar=70: decision boundary (black) plus Support Vectors (red)
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The numbers of support vectors are 14, 8, and 19, for kernelpar = 1, 10, and 70, respectively. The norms of the separating hyperplane are 5.29366, 22.1188, and 30.2014, respectively.

From the above three plots, it can be observed that the outer margins, the green and blue lines, are closer to the training data when kernelpar is small. Therefore, the parameter kernelpar affects the distance between the outer margins and the training data. Decreasing the parameter kernelpar will decrease the distance between the outer margins and the training data.

6) Fix the parameter kernelpar to 70 and change the parameter C to 500 and infinite. Similar to Step 5, after using the function svm and svmtrain, record the number of support vectors and the norm of the separating hypersurface for C = 500, and infinite. Also, plot their SVMs. Comment the effect of C on the SVMs.

Answer:

To plot the two required SVMs, execute the following commands.

net = svm(size(X, 2), 'rbf', [70], 500);

net = svmtrain(net, X, Y, [ ], 2);

x1ran = [0,10]; x2ran = [0,10]; % data range

figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with RBF kernel, C=500: decision boundary (black) plus Support Vectors (red)']);

pause;

net = svm(size(X, 2), 'rbf', [70], inf);

net = svmtrain(net, X, Y, [ ], 2);

x1ran = [0,10]; x2ran = [0,10]; % data range

figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with RBF kernel, C=inf: decision boundary (black) plus Support Vectors (red)']);

The following figures show the SVMs for C = 500, infinite, respectively.

[image: image26.png]SVM with RBF kernel, C=500: decision boundary (black) plus Support Vectors (red)
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[image: image27.png]=V with RBF kemel, C=inf. decision boundary (black) plus Support Vectors (red)
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The numbers of support vectors are 12 and 6 for C = 500, and infinite, respectively. The norms of the separating hyperplane are 49.2047 and 171.364 for C = 500, and infinite, respectively.

From the above two plots, it can be shown when C increases, the boundary divides the two sets of training data better, the number of support vectors are smaller, and the norm of the separating hyperplane is larger. Therefore, it is better to set the parameter C as large as possible.

7) After using the linear and RBF kernel, let use the polynomial kernel. Use the function svm to create a support vector machine classifier. Set kernel to 'poly'. Set kernelpar to 2, so that polynomials of degree 2 will be used. Plot two figures. In the first plot, set C to 100. In the second plot, set C to 5. Record their number of support vectors. Comment the result.

Answer:

To plot two SVMs with the polynomial kernel, execute the following commands.

net = svm(size(X, 2), 'poly', 2, 100);

net = svmtrain(net, X, Y, [ ], 2);

x1ran = [0,10]; x2ran = [0,10]; % data range

figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with Poly kernel, Degree 2, C=100: decision boundary (black) plus Support Vectors (red)']);

pause

net = svm(size(X, 2), 'poly', 2, 5);

net = svmtrain(net, X, Y, [ ], 2);

x1ran = [0,10]; x2ran = [0,10]; % data range

figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with Poly kernel, Degree 2, C=5: decision boundary (black) plus Support Vectors (red)']);

The following figures show the SVMs using polynomial kernel with C = 100, and 5, respectively.

[image: image28.png]SWM with Poly kemel, Degree 2, C=100: decision boundary (black) plus Support Vectors (red)
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[image: image29.png]SVM with Poly kemnel, Degree 2, C=5: decision boundary (black) plus Support Vectors (red)
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The numbers of support vectors with C = 100 and 5 are 7 and 14, respectively. From the above figures, it can be shown that the boundary with C = 100 divides the training data better than that with C = 5.

8) Produce another SVM plot. Using the polynomial kernel. Set kernelpar to 4. Set C = 5. Plot the SVM and record the number of support vectors. Compare the result with that of Step 7 and discuss how the degree of polynomial, kernelpar affects the SVM when C is limited.

Answer:

To plot the required SVM, execute the following commands.

net = svm(size(X, 2), 'poly', 4, 5);

net = svmtrain(net, X, Y, [ ], 2);

x1ran = [0,10]; x2ran = [0,10]; % data range

figure; plotboundary(net, x1ran, x2ran);

plotdata(X, Y, x1ran, x2ran); plotsv(net, X, Y);

title(['SVM with Poly kernel, Degree 4, C=5: decision boundary (black) plus Support Vectors (red)']);

The following figure shows the SVM with degree 4, C = 5.

[image: image30.png]SWM with Poly kemel, Degree 4, C=5: decision boundary (black) plus Support Vectors (red)
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The number of support vector is 7, same as that using degree 2 of polynomial kernel with C = 100.

In the above figure, it can be observed that even if C is very small, it is possible to give a proper boundary when using high degree of polynomial kernel.
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