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1 Introduction

This paper provides a principled and unified way of doing inference in a linear instrumental
variables model with a single endogenous regressor and homoscedastic errors in which
the number of instruments, k;,, is potentially large. To capture this feature in asymptotic
approximations, I employ the many instrument asymptotics of Kunitomo (1980), Morimune
(1983), and Bekker| (1994) that allow k;, to increase in proportion with the sample size, n. I focus
on the case in which collectively the instruments have substantial predictive power, so that the
concentration parameter grows at the same rate as the sample size. I make no assumptions
about the strength of individual instruments. I allow the rate of growth of k, to be zero, in
which case the asymptotics reduce to the standard few strong instrument asymptotics.

The presence of many instruments creates an incidental parameters problem (Neyman and
Scott, 1948), as the number of first-stage coefficients, k,, increases with the sample size. To
directly address this problem, I use sufficiency and invariance arguments together with an
assumption that the reduced-form errors are normally distributed to reduce the data to a pair
of two-by-two matrices. In the absence of exogenous regressors, the first matrix can be written
asT = (y x)/PZ (y x)/n, where Pz is the projection matrix of the instruments Z, and y and x
are vectors corresponding to the outcome and the endogenous regressor. The second matrix,
S=(y x)'(I, — Pz)(y x)/(n—ky), where I, is the identity, corresponds to an estimator of
the reduced-form covariance matrix. This solves the incidental parameters problem because the
distribution of T and S depends on a fixed number of parameters even as k, — co: it depends
on the first-stage coefficients only through the parameter A,, a measure of their collective
strength.

I then drop the normality assumption and use a restriction on the first moment of T implied
by the model to construct a minimum distance (MD) objective function. This restriction follows
from the property of the instrumental variables model that the coefficients on the instruments
in the first-stage regression are proportional to the coefficients in the reduced-form outcome
regression. I use this MD objective function to derive three main results.

First, I show that minimizing the MD objective function with respect to the optimal weight



matrix yields a new estimator of B, the coefficient on the endogenous regressor, that exhausts
the information in T and S. In particular, this efficient Mp estimator is asymptotically more
efficient than the limited information maximum likelihood (LML) estimator when the reduced-
form errors are not normal. Standard errors can easily be constructed using the usual sandwich
formula for asymptotic variance of minimum distance estimators.! The Mp approach thus
gives a simple practical solution to the many-instrument incidental parameters problem.

Second, I compare the MD approach to that based on the invariant likelihood—the likelihood,
under normality, based on T and S. I show that, when combined with a particular prior on
Ay, the likelihood is equivalent to the random-effects (RE) quasi-maximum likelihood of
Chamberlain and Imbens| (2004), and that maximizing it yields LiML. Therefore, the random-
effects estimator of B is in fact equivalent to LimL. Furthermore, I show that the RE estimator of
the model parameters also minimizes the MD objective function with respect to a particular
weight matrix. This weight matrix is efficient under normality, but not in general.

Third, I consider minimum distance estimation that leaves the first moment of T unrestricted.
This situation arises, for instance, when the instrumental variables model is used to estimate
potentially heterogeneous causal effects, as in /Angrist and Imbens (1995). When the causal
effect is heterogeneous, the reduced-form coefficients are no longer proportional, so that the
first moment of T is unrestricted. In this case, the instrumental variables estimand f can be
interpreted as a weighted average of the marginal effect of the endogenous variable on the
outcome (Angrist, Graddy and Imbens, 2000). I show that the unrestricted minimum distance
estimator coincides with a version of the bias-corrected two-stage least squares estimator (Nagar,
1959; Donald and Newey, 2001), and use the MD objective function to construct confidence
intervals that remain valid when the proportionality restriction is violated.

The MD objective function is also helpful in deriving a specification test that is robust to
many instruments. By testing the restriction on the first moment of T, I derive a new test that is
similar to that of (Cragg and Donald| (1993), but with an adjusted critical value. The adjustment
ensures that the test is valid under few strong as well as many instrument asymptotics that also

allow for many regressors. In contrast, when the number of regressors is allowed to increase

ISoftware implementing estimators and standard errors based on the MD objective function is available at
https://github.com/kolesarm/ManyIV.
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with the sample size, the size of the standard Sargan| (1958) specification test converges to one,
as does the size of the test proposed by |Anatolyev and Gospodinov|(2011).

The paper draws on two separate strands of literature. First, the literature on many
instruments that builds on the work by Kunitomo| (1980), Morimune, (1983), Bekker| (1994) and
Chao and Swanson| (2005). Like Anatolyev|(2013), I relax the assumption that the dimension of
regressors is fixed, and I allow them to grow with the sample size. Hahn (2002), Chamberlain
(2007), [Chioda and Jansson! (2009), and Moreiral (2009) focus on optimal inference with many
instruments when the errors are normal and homoscedastic, and my optimality results build on
theirs. Papers by Hansen, Hausman and Newey| (2008), Anderson, Kunitomo and Matsushita
(2010) and van Hasselt (2010) relax the normality assumption. Hausman, Newey, Woutersen,
Chao and Swanson (2012), Chao, Swanson, Hausman, Newey and Woutersen| (2012), |(Chao,
Hausman, Newey, Swanson and Woutersen (2014) and [Bekker and Crudu| (2015) also allow for
heteroscedasticity. An interesting new development is to employ shrinkage or regularization to
solve the incidental parameters problem (see, for example, Belloni, Chen, Chernozhukov and
Hansen, 2012, (Gautier and Tsybakov), 2014, or Carrasco, |2012). When combined with additional
assumptions on the model, these shrinkage estimators can be more efficient than the efficient
MD estimator proposed here.

Second, the literature on incidental parameters dating back to Neyman and Scott (1948)).
Lancaster (2000) and |Arellano (2003) discuss the incidental parameters problem in a panel data
context. (Chamberlain and Moreira (2009) relate invariance and random effects approaches
to the incidental parameters problem in a dynamic panel data model. My results on the
relationship between these two approaches in an instrumental variables model build on theirs.
Sims (2000) proposes a similar random-effects solution in a dynamic panel data model. Moreira
(2009) proposes to use invariance arguments to solve the incidental parameters problem.

The remainder of this paper is organized as follows. Section [2| sets up the instrumental
variables model, and reduces the data to the T and S statistics. Section |3| considers likelihood-
based approaches to inference under normality. Section [4] relaxes the normality assumption and
considers the Mp approach to inference. Section [5 considers MD estimation without imposing

proportionality of the reduced-form coefficients. Section [f] studies tests of overidentifying



restrictions. Section [7] concludes. Proofs and derivations are collected in the appendix. The

supplemental appendix contains additional derivations.

2 Setup

In this section, I first introduce the model, notation, and the many instrument asymptotic
sequence that allows both the number of instruments and the number of exogenous regressors
to increase in proportion with the sample size. I then reduce the data to the low-dimensional

statistics T and S, and define the minimum distance objective function.

2.1 Model and Assumptions

There is a sample of individuals i = 1,...,n. For each individual, we observe a scalar outcome
yi, a scalar endogenous regressor x;, £,-dimensional vector of exogenous regressors w;, and
kn-dimensional vector of instruments z7. The instruments and exogenous regressors are treated
as non-random.

It will be convenient to define the model in terms of an orthogonalized version of the
original instruments. To describe the orthogonalization, let W denote the n x £, matrix of
regressors with ith row equal to w/, and let Z* denote the n x k, matrix of instruments with
ith row equal to z}'. Let Z = Z* — W(W'W)~'W'Z* denote the residuals from regressing Z*
onto W. Then the orthogonalized instruments Z € R"** are given by Z = ZR~!, where the
upper-triangular matrix R € RF**: is the Cholesky factor of Z’Z. Now, by construction, the
columns of Z are orthogonal to each other as well as to the columns of W.2

Denote the ith row of Z by z/, and let Y € R"*? with rows (y;, x;) pool all endogenous

variables in the model. The reduced form regression of Y onto Z and W can be written as

Y=2 (ﬂl,n 7T2,n> +W <l/11,n llJz,n> +V, (1)

where V € R"*? with rows v} = (v1;,02;) pools the reduced-form errors, which are assumed to

2This orthogonalization is sometimes called a standardizing transformation; see [Phillips| (1983) for discussion.



be mean zero and homoscedastic,

E[v;] =0, and E[v;v]] = Q. ()

1

The reduced-form coefficients on the instruments are assumed to satisfy a proportionality

restriction, and the parameter of interest, B, corresponds to the constant of proportionality:
Assumption PR (Proportionality restriction). 71, = 72, .

The proportionality restriction implies that

Yi = Xi‘B -+ wﬁﬁﬁ’ + €, (3)

where €; = v1; — vp; is known as the structural error, and B = 1, — ¢2,»B. This equation is
known as the structural equation. In Section |5, I allow for certain violations of this assumption,
such as when the effect of x; on y; is heterogeneous. Throughout the paper, I assume that
ky > 1, which implies that Assumption [PR]is testable; I discuss specification testing in Section [6]
In order to employ sufficiency and invariance arguments, I assume that v; has a normal

distribution:
Assumption N (Normality). The errors v; are i.i.d. and normally distributed.

This assumption has no effect on the consistency of estimators considered in this paper,
although it does affect their asymptotic distribution and asymptotic efficiency. I drop this
assumption in Sections [4 to (| when I discuss a minimum-distance approach to inference.

To measure the strength of identification, I follow Chamberlain (2007) and |Andrews,

Moreira and Stock (2008), and use the parameter

Ap = 70, o - d' QY la/m, a

(4)

The goal is to construct inference procedures that work well even if the number of instru-

ments k, and the number of exogenous regressors ¢, is large relative to sample size. I therefore



follow |Anatolyev| (2013) and [Kolesar, Chetty, Friedman, Glaeser and Imbens| (2015) and allow

both k, and ¢, to potentially grow with the sample size:

Assumption MI (Many instruments). G) k,/n = ax +o(n~?) and ¢,/n = ay + o(n"'/?) for
some ay, &; > 0 such that ay + ay < 1; (ii) The matrix (W Z) is non-random and full column

rank ky, + £y; (i) Y ((z07m2,0)* + (Z011,0)*) /1% = 0(1); and (iv) A, = A + o(1) for some A > 0.

Assumption weakens the many instrument sequence of Bekker (1994) by allowing ¢, to
grow with the sample size. The motivation for this is twofold. First, often the presence of many
instruments is the result of interacting a few basic instruments with many regressors (as in, for
example Angrist and Krueger, (1991), in which case both ¢, and k, are large. Second, oftentimes
the instruments are valid only conditional on a large set of regressors w;; for example, if the
instruments are randomly assigned within a school, we need to condition on school fixed
effects. By allowing a;, = ay = 0, the assumption nests the standard few strong instrument
asymptotic sequence in which the number of instruments and regressors is fixed. Parts
of Assumption MI| are standard. Part ((ii)|is a normalization that requires excluding redundant
columns from W and excluding columns of Z that are redundant or already included in W. It
ensures that the reduced-form coefficients in (1) are well-defined. Part is used to verify the
Lindeberg condition. Part is the many-instruments equivalent of the relevance assumption.
It is equivalent to the assumption that the concentration parameter (Rothenberg), [1984), given

by 75, 72,1/ Q22, grows at the same rate as the sample size.
2.2 Sufficient statistics and limited information likelihood
Under normality, the set of sufficient statistics is given by the least-squares estimators of the

reduced-form coefficients I1, = (71, 72,) and ¥y = (P10 Pou),

A !
H)_ 2 € Ribrton)x2

¥ (W'W)~ W'Y
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and an unbiased estimator of the reduced-form covariance matrix () based on the residual sum
of squares,
1

S=———Y'(I, - ZZ' — W (WW)'W)Y € R¥?, (5)
n— kn - gn

The advantage of working with the orthogonalized instruments is that now the rows of IT are
mutually independent. Since the distribution of ¥ is unrestricted, we can drop it from the
model and base inference on IT and S only as in Moreira/ (2003) and Chamberlain and Imbens
(2004). This step eliminates the potentially high-dimensional nuisance parameter ¥,, so that
the model parameters are now given by the triplet (B, 72, Q).

Estimators considered in this paper will only depend on IT through the statistic

T = %fm = %Y’ZZ’Y € R**2, (6)

Define the following functions of the statistics T and S:

V'Th dQ 1T 1 1
Qs(B, Q) = YOb Q7 (B, Q) = BT PE b= ,

and let mmin and mmax denote the minimum and maximum eigenvalues of the matrix S -1,
The likelihood of the model (I)-(2) under Assumptions [PR|and [N]is known as the limited
information likelihood (Anderson and Rubin, 1949). The limited information maximum

likelihood (LML) estimator of B is given by

T2 — MminS12

Buna = al‘ggnax Qr(B,S) = arg;nin Qs(B,S) = 7)

T2 — MminS22

It turns out that B, is consistent and asymptotically normal under Assumption [MI| despite
the incidental parameters problem (Bekker, 1994). I will give some insight into this result in
Section 3

Due to the incidental parameters problem, the (B, B) block of the inverse information matrix
of the limited information likelihood does not yield a consistent estimate of the asymptotic

variance of LIML. The asymptotic distribution of B, under Assumptions and Ml is



given by (see Bekker, [1994| and [Kolesar et al., 2015 for derivation)

\/E (ﬁLIML - ,3) = N (O/ VLIML,N) ’ (8)

where = denotes convergence in distribution, and

bQb-a' Q71 1— 1
r0ln(y, wloed 1 o)

VLIML'N - A 1—wap—ay X

In contrast, the (B, B) block of the inverse information matrix is given by b’Qb - a'Q~1a/(nA,),
missing the correction factor in parentheses (see supplemental appendix for derivation). This
correction factor can be substantial even when the ratio of instruments to sample size, ay, is

small if A is small.

2.3 Using invariance to reduce the dimension of the parameter space

To reduce the dimension of the parameter space, I follow Andrews, Moreira and Stock| (2006),
Chamberlain| (2007), (Chioda and Jansson| (2009), and Moreira (2009), and require decision
rules (procedures used for constructing point estimates and confidence intervals from the data)
to be invariant with respect to rotations of the instruments. In other words, changing the
co-ordinate system for the instruments should not affect inference about p—if we re-order
the instruments, or use a different orthogonalization procedure to construct Z, we should
get the same point estimate and confidence interval for . A decision rule is invariant under
rotations of instruments if it remains unchanged under the transformation (I1,S) — (gI1,S),
where ¢ € O(ky), the group of k, x k, orthogonal matrices. A necessary and sufficient
condition for a decision rule to be invariant is that it depends on the data only through a
maximal invariant (Eaton, 1989, Theorem 2.3). A statistic m(I1,S) is maximal invariant if
(i) m(11,S) = m(gl1,S) for all g € O(k,); and (ii) whenever m(I1,S) = m(T1,$) for some
IT,IT € RF*2 and §, S € R?*?, then (IL,S) = (¢I1,5) for some g € O(ky). It is straightforward
to check that the pair of matrices (S, T) is a maximal invariant statistic. The distribution of

(S, T) depends on 713, only through 7'[&,” TTp,n, OF equivalently through A, = né/n o, -a'Q a/n.



This reduces the parameter space to (B, A,, )), which has a fixed dimension.?

There are two general approaches to constructing invariant decision rules based on the
maximal invariant (S, T). First, one can use the likelihood based on S and T, called the
invariant likelihood, Linv,n(B, An, € S, T). I consider this approach in detail in Section 3| The
disadvantage of this approach is that the validity of inference based on the invariant likelihood
is sensitive to Assumption

The second approach is to use moment restrictions on S and T implied by the model. In

particular, the reduced form (I)—(2) without any further assumptions implies

E[S] = O, (10a)

1 /
E[T — (k,/n)S] = E,, where &, = . <7T1,n 7T2,n> <7f1,n 7T2,n> . (10b)

Under Assumption the matrix of second moments of the reduced-form coefficients, E,,, has

reduced rank,

B> B

n = Eppaa’ = Ex , (11)

g 1

[1]

with By, = 715, 7o /1 = Ay /(a' Q~1a). This rank restriction can be used to build a minimum

distance objective function*
Q. (B, Bz n; Wy) = vech (T — (k, /1)S — Epp naa’) Wy vech (T — (kn/1)S — Exp pad’),  (12)

where Wn € R3*3 is some weight matrix. Since the nuisance parameter () only appears in the
moment condition (10a), which is unrestricted, we can exclude the moment condition from
the objective function without any loss of information (Chamberlain| 1982, Section 3.2). I
consider this approach in detail in Sections |4 to @ where I show that this approach is more

attractive once Assumption [N|is relaxed.

3Similar arguments can be used to generalize the results in this paper to the case with more than one endogenous
variable. In particular, if dim(x;) = J and dim(Y) = n x (J 4+ 1), then one can use invariance arguments to reduce
the data to the same pair of matrices (S, T) defined in (§) and (6), now with dimension (] +1) x (J +1).

4The operator vech(A) transforms the lower-triangular part of A into a single column—when A is symmetric,
as is the case here, the operator can be thought of as vectorizing A while removing the duplicates.
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3 Likelihood-based estimation and inference

This section shows that by combining the invariant likelihood with a particular prior on
Ay, we can construct a likelihood with a simple closed form that addresses the incidental
parameters problem. I show that this likelihood is equivalent to the random effects likelihood
of Chamberlain and Imbens (2004), and that maximizing it yields the LIML estimator of .
First consider maximizing the invariant likelihood. To state the result, let w, = 72,/ || 72,1 ||,
so that I'T and S can be parametrized by (B, wy, An, Q)). The parameter w, lies on the unit
sphere S¥~1 in R* and it can be thought of as measuring the relative strength of the individual

instruments.

Lemma 1. The invariant likelihood Ligy,n(B, An, O0'S, T) is maximized over B at ,BLIML. This result also

holds if A, is fixed at an arbitrary value. Furthermore,

£INV,11 (ﬁ/ Ai’ll Q/ SI T) == /Sk -1 £LI,H (,B/ /\Vl/ wn/ Q/ ﬁ/ S) den (wn )/ (13)

where Ly, denotes the limited information likelihood, and F,,, (-) denotes the uniform distribution on

the unit sphere Sk—1.

The first part of Lemma (1] generalizes the result in Moreira| (2009) that the maximum invariant
likelihood estimator for B coincides with LIMLK when () is known. It also explains why the
limited information likelihood produces an estimator that is robust to many instruments, even
though the number of parameters in the likelihood increases with sample size: it is because
LIML happens to coincide with the maximum invariant likelihood estimator.

The last part of Lemma [1| shows that the invariant likelihood is equivalent to the integrated
(marginal) likelihood that puts a uniform prior on w,. This observation will allow me to
build the connection between the invariant likelihood and the random-effects likelihood of
Chamberlain and Imbens| (2004). In particular, consider integrating the limited information

likelihood with respect to the following prior on A,, in addition to the uniform prior on wy:

An ~ —x(kn). (14)



The hyperparameter A corresponds to the limit of A, under Assumption I allow it to be
determined by the data, so that the prior will be dominated in large samples. The two priors
on wy, and A, are equivalent to a single normal prior over the scaled first-stage coefficients
Mn = T02n \/m,

Ha ~ N(0,A/ky - I, ) (15)

This prior is the random-effects prior proposed in Chamberlain and Imbens| (2004). Therefore,
the integrated likelihood obtained after integrating the limited information likelihood over
the uniform prior on w;, and the chi-square prior on A, coincides with the Rre likelihood that
integrates the limited information likelihood over the normal prior (15). The Rk likelihood has

a simple closed form:®

£RE,H (,B/ A, Q) = /]Rkn ELI,n (,Br N, Wa, Q; ﬁ/ S) dFy]nM(ﬂn | A)

= 4/Skn*1 ﬁu,n (,B/ /\n/ Wy, Q,‘ ﬁ, S) dFa];l (wn) dPAn|/\()‘n | )\) (16)
~kn/2 4 & n
— s <1 + kﬁ ) \Q\*"E‘"e’%(tr(mls)f%ﬁ%m),
n

where the last equality holds up to a normalizing constant, and S = (n —k, — £,)S + nT.
Chamberlain and Imbens| (2004) motivate the RE prior as a modeling tool: since the prior has
zero mean, it intuitively captures the idea that the individual instruments may not be very
relevant. This motivation leaves it unclear however, whether inference based on the RE is
asymptotically valid when the first-stage parameters are viewed as fixed. The equivalence
implies that one can indeed use the RE likelihood for inference. In particular, since the invariant
likelihood has a fixed number of parameters and the invariant model is locally asymptotically
normal (Chioda and Jansson, [2009), inference based on it will be asymptotically valid by
standard arguments. Since the prior on A, gets dominated in large samples, this implies that
inference based on the Rre likelihood will also be asymptotically valid. Furthermore, since

by Lemma [I| constraining A, does not affect the maximum invariant likelihood estimator for g,

SChamberlain and Imbens (2004) also consider putting a random effects prior only on some coefficients; the
coefficients on the remaining instruments are then assumed to be fixed. When referring to the random-effects
likelihood, I assume that we put a random-effects prior on all coefficients.

12



integrating the invariant likelihood with respect to the chi-square prior will not affect it
either: it will still be given by 3LIML. The next proposition summarizes and formalizes these

results.

Proposition 1.

(i) The R likelihood is maximized at

ﬁRE = BLIMLI
Are = MaxX{Mmax — ku/n,0},

A _n—kn—gn n }\RE PN A — (B
S Ty AT (T‘M“M”m' = ()

(ii) If Mmax > ku/n, the (1,1) element of the inverse Hessian of the RE likelihood (16), evaluated at

(Bres Axe, Oz ), is given by:

kn/n—s—}\RE)(l—én/n)
(iii) Under Assumptions @and @ —n L BV N, with Vi n given in Equation ©.

A A A N A -1
. bl Orgbre (Age +kn /1) [ 4 A ¢ Qs
Hll _ URE® “REURE ! RE n O T ¢ ,
RE n/\RE QS RE,22 22 + 1_¢ ﬁi{EQ}l ﬁRE
where QS = QS(BRE/ QRE)/ ¢ = ( AxeOs ’ and Z;RE = (1/ _BRE>/'

Part |(i)| of Proposition [1| formalizes the claim that the estimator of f remains unchanged under
the additional chi-square prior for A,. Part((ii) derives the expression for the inverse Hessian.
The condition mmax > k;,/n makes sure that the constraint A > 0 does not bind, otherwise
the Hessian is singular. It holds with probability approaching one under Assumption
as Mmax — kn/n P A > 0. Part proves that the extra prior on A, gets dominated in
large samples so that the inverse Hessian can be used to estimate the asymptotic variance
of BLIML (one could also use the inverse Hessian of the invariant likelihood, although this
involves numerical optimization since maximum invariant likelihood estimates of A, and ()
are not available in closed form). It is important that the prior on A, is chosen such that the
prior is dominated in large samples. For example, |[Lancaster (2002) suggests integrating the

orthogonalized incidental parameters out with respect to a uniform prior. Here such prior

13



corresponds to a flat prior on 7, which is equivalent to a uniform prior on w;, and an improper
prior on A,, obtained by taking the limit of as A — oo. However, this improper prior on
Ay will never get dominated by the data, and as a result, it can be shown that the resulting

likelihood will fail to produce valid confidence intervals.

4 Minimum distance estimation and inference

In this section, I first show that the random effects estimator is in fact equivalent to a minimum
distance estimator that uses a particular weight matrix. This weight matrix weights the
restrictions efficiently under normality, but not otherwise. I derive a new estimator of B based
on the efficient weight matrix that is more efficient than LML when the normality assumption
is dropped. Moreover, unlike inference based on the random effects likelihood, minimum-
distance-based inference will be asymptotically valid even if the reduced-form errors are not
normally distributed.

To simplify the expressions in this section, let Dy € R**d(@+1)/2 [, ¢ RA@+1)/2xd ang
N; € R**4* denote the duplication matrix, the elimination matrix, and the symmetrizer matrix,
respectively (see Magnus and Neudecker| (1980) for definitions of these matrices). The sym-
metrizer matrix has the property that for any d x d matrix A, Njyvec(A) = (1/2) vec(A+ A").
The duplication matrix transforms the vech operator into a vec operator, and the elimi-
nation operator performs the reverse operation, so that for a symmetric d x d matrix A,

D;vech(A) = vec(A), and L vec(A) = vech(A).

4.1 Random effects and minimum distance

The random effects likelihood and the minimum distance objective function both
leverage the rank restriction to construct an estimator of B. There should therefore exist a
weight matrix such that the random effects estimator of (B, Ex ) is asymptotically equivalent
to a minimum distance estimator with respect to this weight matrix. The next proposition
shows that if the weight matrix is appropriately chosen, the minimum distance and random

effects estimators are in fact identical.
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Proposition 2. Consider the minimum distance objective function with respect to the weight matrix
Wee = D5(S™' ® S™1)Da. (i) The objective function is minimized at (Brg, B xz), where Egp gy =
Are/ (ﬁ{{E(A)I;ElﬁRE) (i) Under Assumptions @and @ the weight matrix Wiy is asymptotically

optimal.

The second part of Proposition [2| shows that if the errors are normally distributed, then the
random effects weight matrix Wy; weights the moment condition efficiently under many-
instrument asymptotics, even though Wy doesn’t converge to the inverse of the asymptotic
variance of the moment condition. The proof shows that the inverse of the asymptotic variance
is not the unique optimal weight matrix, but that there exists a whole class of optimal weight
matrices, and that this class includes Wy;.6 As I show in the next subsection, this optimality
result is sensitive to Assumption

The equivalence between minimum distance and RE estimators is related to the observation
in Bekker| (1994) that LIML can be thought of as a method-of-moments estimator in the sense
that it satisfies (T — MminS)(1, — BLIML)’ = 0, which is similar to a first-order condition of the
objective function when the weight Wi is used. It is also related to Goldberger and Olkin

(1971), who consider a minimum distance objective function based on the proportionality

restriction
Qco,n(ﬁ/ 7'[2,”) = vec (ﬁ — 7'[2,”6!,), (Sil X Ikn> vec (ﬁ — 7'[2/,10,) . (17)

Goldberger and Olkin| (1971) show that this objective function is minimized at ,BLIML. However,
the number of parameters in this objective function diverges to infinity under Assumption

so it cannot be used for inference.

4.2 Minimum distance estimation under non-normal errors

The efficiency of i as well as the expression for the asymptotic distribution of B,y given

in (9) depend on Assumption [N| This sensitivity to the normality assumption is similar to

®The standard condition that the weight matrix converges to the inverse of the asymptotic covariance matrix
of the moment conditions is sufficient, but not necessary for asymptotic efficiency (Newey and McFadden), (1994,
Section 5.2).
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the efficiency results for the maximum likelihood estimator in panel-data models in which
identification is based on covariance restrictions (Arellano, 2003, Chapter 5.4).

In order to derive the optimal weight matrix as well as the correct asymptotic variance
formulae under non-normality, we first need the limiting distribution of the moment condi-
tion (I0b). The moment condition depends on the data through the three-dimensional statistic
vech(T — (k,/n)S). It can be seen from the definition of T and S given in Equations (5) and (6)

that this statistic can be written as a quadratic form

1 1
T - I::S = EY’HY = E(an’na/ + V)Y H(Zmya' + V),
where
k
H=277 - —" (I, -WWW) W - zZ7).
n—k,—4,

We need to impose some regularity conditions on the components of the quadratic form.
Let diag(A) denote the n-vector consisting of diagonal elements of an n-by-n matrix A, and let

0, = diag(H)' diag(H)/ky.

Assumption RC (Regularity conditions). (i) The errors v; are i.i.d, with finite 8th moments; (ii) For

some 6,1 € R, as n — o0, §, — 6, and né,nZ’ diag(H)/v/nk, — u

Part [(i)| relaxes the normality assumption on the errors. Part ensures the asymptotic

covariance matrix is well-defined.

Lemma 2. Under Assumptions [PR| [M]) and [RC}
(i) /nvech(T — (k,/n)S — Eppaa’) = N(0,A), with A = Ly(A1 + Ay + Az + A}) L), where

A = 2N, (Ezzﬂﬂ/ RO+O® Ezzﬁlﬁl, +1OO® Q,) , T= D(k(l — Dég)/(l — 0 — DC(),
Ay = b [¥y — vec(Q) vec(Q) —2N(Q® Q)] , ¥4 = E[(viv}) ® (vj0])],

Az = 2N (Joagu¥s ®a), Y5 = E[(v;v]) ® v,

and Epy = A/ (a’Q 7 1a).
(ii) Let M =1, — ZZ' — WW'W) W/, let V = MY with rows 0} denote estimates of the reduced
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form errors, and let 7ty denote the second column of T1. Then

¥, — Zz[(ﬁzﬁ;) (38’01] p ¥,
Lij M
o L(08) @ (98]) — [ M2 — Ly ME| (2N @ Q4 vec(Q) vee(€)))
‘Y4 = — ‘F4,

Yij M?j
and fi = 7' diag(H)/+/nk, 5o

Part (i) shows that the asymptotic variance consists of three distinct terms. If the errors are
normally distributed, then A, = A3 = 0. The term A; accounts for excess kurtosis of the errors,
and the term Az accounts for skewness. Part |(ii)| provides consistent estimators for the third
and fourth moments of the errors, and for y. Since the probability limits of S and T do not
depend on Assumption [N} the other components of A;, Ay and Az can be consistently estimated
by [BRE, QRE, and EZZ,RE = ;\RE / (a;EQ;ElaRE). Therefore, a consistent estimator of the asymptotic

covariance matrix A is given by
A= Lz(Al +A2+A3+A3)LI2, (18)

where the terms A, Ay, and Aj are given by replacing B, Ex, and () in the definitions of Ay, A,
and Aj; by their random-effects estimators, replacing ¥3 and ¥4 by ¥3 and ¥4, and replacing &

and yu by 4, and fi.

Inference based on LIML Since B, is @ minimum distance estimator, its asymptotic vari-

ance is given by the (1,1) element of the matrix
(G'WG) 'G'WAWG(G'WG) 1, (19)

where W = D)(Q '@ Q7 1)D, = plim Wie, and G is the derivative of the moment condi-
tion (10b),
G=1L (Ezz (a® () + (§) ®@a) a®a>~
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This element evaluates as

2V (0, — ye)e?] + SB[ (0y — 1ei)? — ],
"“22 ""22

VLIML VLIML N+

where €; = vy; — vy;f is the structural error, and v is regression coefficient from projecting vy;

onto it,

7 = (Qu2 — Opp)/ (b'Q0), (20)

The term Vi, N (given in Equation @) corresponds to the asymptotic variance of ﬁuML under
normal errors. The two remaining terms are corrections for skewness and excess kurtosis.
Anatolyev| (2013) derives the same asymptotic variance expression by working with the explicit
definition of ﬁuML. If oy = 0, then V. reduces to the asymptotic variance given in [Hansen
et al. (2008), Anderson et al. (2010), and van Hasselt (2010). Due to the presence of the two
extra terms, the inverse Hessian will no longer estimate the asymptotic variance consistently.
However, a consistent plug-in estimator of can easily be computed by replacing A by A

and replacing a, Ep, and () in the expressions for G and W by dgg, Zo2 re and gg.

Efficient minimum distance estimator Using the inverse of the variance estimator as a
weight matrix in the minimum distance objective function yields an efficient minimum distance

(EMD) estimator

N

(Beao

[I])

ZEMD) = argmin Qn(ﬁ, E00,15 Afl)-
BB

Since the objective function is a fourth-order polynomial in two arguments, the solution can be
easily found numerically. It then follows by standard arguments (see, for example, Newey and

McFadden| (1994)), that when a; > 0,

\/E(BEMD - ﬁ) = N(O, VEMD>,
where Viyp corresponds to (1,1) element of the matrix (G’ A~1G)~1, which evaluates as

1 (VarnE[e?] 4+ aySE[(vy — ’Yei)eﬂ)z
uZZ(bIQb) 2T + w0k

, (21)

VEMD - VLIML
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where

x = E[e}/(b'Qb)? — 3] (22)

measures excess kurtosis of €;. A consistent plug-in estimator of Vg, can be easily constructed
by replacing A by A, and replacing E,, and B in the expression for G by their random-effects,
or EMD estimators.

There is a slightly stronger sense in which ﬁEMD is efficient than just being efficient in
the class of minimum distance estimators: it exhausts the information available in (S, T). In
particular, as argued in van der Ploeg and Bekker (1995), the efficiency bound for estimators
that are smooth functions of (S, T) is given by the efficient minimum distance estimator based
on the moment conditions and (I0b). However, since the nuisance parameter () only
appears in the first moment condition (10a), which is unrestricted, we can exclude it from the
objective function, and the minimum distance estimator of B with respect to an efficient weight
matrix will achieve the same asymptotic variance (Chamberlain, (1982, Section 3.2).

Hahn| (2002) shows that when the errors are restricted to be normal, an estimator that
exhausts the information in (S, T) will have variance given by V. |Anderson et al.| (2010)
generalize this result by allowing the errors to belong to the family of elliptically contoured
distributions.” Equation (2I) shows that this is not true in general. Indeed, the | Anderson et al.
(2010) result obtains as a special case, since for elliptically contoured distributions, ¥3 = 0, so
that E[e?] = 0 and ¥, is proportional to vec(Q) vec(Q)’ + 2N>Q ® Q (Wong and Wang, 1992),
which implies E[(vy; — v€;)e?] = 0, so that the second term in (2I)—the efficiency gain over
LIML—equals zero.

The other special case in which the efficiency gain is zero is when § = 0, which by the
Cauchy-Schwarz inequality, ;uz < 6Ep, implies y = 0. The term ¢ measures the balance of
the design matrices Z and W. If the diagonal elements of the projection matrices (ZZ');
and (W(W'W)~1W);;, called the leverage of i, are constant across i, then 6, = 0, and &, and

hence J, generally increases with the variability of the leverages. Suppose, for instance, that

7 A mean-zero random vector has an elliptically contoured distribution if its characteristic function can be
written as ¢(#'Vt), for some matrix V and some function ¢. The multivariate normal distribution is a special case,
with @(t) = e 1'1/2,
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each observation i belongs to one of k; + 1 groups, numbered 0, ..., k,, and that there are n;
observations in group j. Let the k;,-vector of instruments z; correspond to a vector of group
indicators, with group 0 excluded, and suppose that the only covariate is an intercept.® Then,
(WW'W)"'W");; = 1/n, and (ZZ');; = 1/nji — 1/n, where j(i) denotes the group that i
belongs to (see supplemental appendix for derivation). It then follows from the definition of &,
that 6, = 0 if and only if all groups have equal size, and that the magnitude of §, increases
with Z;‘{io 1/n;j, which can be thought of as a measure of group size variability.

Recently, |Cattaneo, Crump and Jansson! (2012), in the context of few strong instrument
asymptotics, proposed a modification of LML that is more efficient than LML when the
distribution of the reduced-form errors is not normal. The modification was to use a more
efficient estimator of the reduced-form coefficients I1,, than I'l. Cattaneo et al.| (2012) use a
two-step estimator that uses a kernel estimator of the distribution of the reduced-form errors
in the first step Under Assumption when the number of regressors in the reduced-form
regression increases with sample size however, this kernel estimator will not be consistent, and
so this estimator is unlikely to perform well in settings with many instruments. In contrast,
BEMD uses the same estimator IT of I, as LIML, but combines the information about B in I1
in a more efficient way. On the other hand, BEMD requires ax > 0 for the efficiency gain to be

non-zero.

5 Minimum distance estimation without rank restriction

Assumption [PR|implies that the matrix E, is reduced rank. In particular, it implies that there

are two sources of information for estimating S,

[1
Il
[11

11,1 12,15, and (23)

[1]
I
[1]

121 22,1 B- (24)

8This setup arises when individuals are randomly assigned to groups. For example, if a defendant is randomly
assigned to one of k; + 1 judges who differ in their sentencing severity, then one can use judge indicators as
instruments for the length of sentence of the defendant, as in|Aizer and Doyle| (2015) or [Dobbie and Song| (2015).
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The minimum distance objective function weights both sources of identification. In
this section, I consider estimation without imposing the rank restriction that 211 ,/Z12, =
E124/E2 4. I show that a version of the bias-corrected two-stage least squares estimator (Nagar,
1959; |Donald and Newey, 2001) is equivalent to a minimum distance estimator that only

uses to estimate 3, and derive standard errors that remain valid when does not hold.

5.1 Motivation for relaxing the rank restriction

There are two important cases in which the ratios Z15 ,/Z22 , and 211 ,,/ E12,4, which correspond
to estimands of the reverse two-stage least squares and two-stage least squares estimators under
standard asymptotics (Kolesar, 2013), are not necessarily equal to each other, but E1 , /225 1, is
still of interest.

The first case arises when the effect of x; on y; is heterogeneous, as in Imbens and Angrist
(1994). Let y;(x) denote the potential outcome of individual i when assigned x; = x, and
similarly let x;(z) denote the potential value of the endogenous variable if the individual was
assigned z; = z. We observe y; = y;(x;) and x; = x;(z;). For simplicity, suppose there are
no regressors w; beyond a constant. Suppose that (i) z; affects the outcome only through
its effect on x;: {yi(x)}rcx is independent of z;, where X’ denotes the support of x;; and
(ii) Monotonicity holds: for any pair (z1,z2), P(x;(z1) > xi(z2)) equals either zero or one.
Then Z15,, /&2, can be written as a particular weighted average of average partial derivatives
B(z) = E[dy;(xi(z))/0x] (see Angrist and Imbens| (1995) and |Angrist et al. (2000) for details).
However, unless (z) is constant, the rank restriction will not hold, and the ratio E11,/Z12,
may be outside of the convex hull of the average partial derivatives (Kolesar, 2013), which
makes it hard to interpret.

The second case arises when instruments have a direct effect on the outcome. In this case, the
coefficient 711 , in the reduced-form regression of the outcome on instruments is given by 71 , =
0,4 + B, where B7, measures the strength of the direct effect. The structural equation (3) no
longer holds—instead we have y; = x;8 + w!p¥ + z;B% + €;. Without any restrictions on 7, the
parameter B is no longer identified. However, Kolesar et al.| (2015) show that if the direct effects

are orthogonal to the effects of the instruments on the endogenous variable in the sense that
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,y B5/n — 0 as n — oo, then B can still be consistently estimated. In particular, under this
condition E1p,,/Ex, = B+ B3 mon/ 7y o0 — B. In contrast, 11, /E12,, — P only if direct

effects disappear asymptotically so that pz'B%/n — 0.

5.2 Unrestricted minimum distance estimation

To relax the rank restriction on E,, define B, simply as the ratio Z1; /=25, and consider the

objective function

A

QMR (B, E11, Eoo; Wy) =

vech (T— (kn/n)S — ( S Eﬁzﬁ»/Wn vech <T— (kn/n)S — < En 322/53)) , (25)

Enpf Ex Enpf Ex

where W,, € R3*3 is some weight matrix. If we restrict &1 , to equal to Epp , ﬁ%, then minimizing
this objective function is equivalent to minimizing the original objective function (12). If Ey1 ,
is unrestricted, the weight matrix does not matter since then the model is exactly identified.

The unrestricted minimum distance estimators will be given by their sample counterparts,

Eooomn = Too — (kn/1)S2, Ertomp = T11 — (kn/1)S11,
and
s Tip—(kn/n)S12
,BUMD =

T — (kn/1)S2

The unrestricted minimum distance estimator for 8, coincides with the modified bias-corrected
two-stage least squares estimator (Kolesar et al., 2015), a version of the bias-corrected two-stage
least squares estimator. The version proposed by Donald and Newey| (2001) multiplies S1» and
S» by %% instead of k; /n. The motivation for the version in |Koleséar ef al.| (2015)) was
to modify the Donald and Newey estimator to make it consistent when a;, > 0. However, it can

also be viewed as a minimum distance estimator that puts no restrictions on the reduced form.

The next proposition derives its large-sample properties.

Proposition 3. Suppose that Assumption |[MKi)| and Assumption [RClhold, E,, = E + 0(1) where

B is a positive semi-definite matrix with Sy > 0, and that (711, — o, Bn) Z' diag(H)//nk, =
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fi +0(1) for some fi. Then
\/H (BUMD - ,Bn) = N(O, VUMD),

where,

|E‘022 /8o + 2, /Dékﬁ]E[U%iei]
=2
=22

((27 + agdr)y (V' QD)* + /axpE[e]] + ardE[e] (v2i — vei)])
(b'Q)2 (27T + ay0x)E3,

VUMD - VEMD + VA +

2
Va =

where x, vy are defined as in and 22), with B = B12/ B, and €; = vy; — v1;P.

The asymptotic variance Vyyp corresponds to the (1,1) element of the matrix GI?Nl[D Avap Ggh}m/,

where Guup is the derivative of the moment condition,

1 10
41 /1 1
GUMD - EZZ 0 ,B 7 SO that GUl\}[D (8) = r:22 (0/ 1/ _,B)/
0 01

!
3,UMD

and, as shown in the proof, Ayyp = La(A1,ump + A2 + Az ump + A )L} is the asymptotic

variance of the moment condition (10b), with

i+
M = M(ES AT OOEL D0, A 27N [ W30 |7 TP ]

H

and A, given in Lemma 2| If E = Eyaa’, then the expressions for A yyp and Az yyp reduce to
those for A1 and A3 given in Lemma

The asymptotic variance consists of three components. The first term coincides with the
asymptotic variance of EMD given in Equation (2I). The second component, V,, represents the
asymptotic efficiency loss relative to Bgup When the rank restriction holds; it quantifies the
price for not using information contained in when the rank restriction holds. Unlike the
efficiency loss of LML, the term is positive even when the errors are normal, in which case
it simplifies to 27(Qyp — 022,8)2/ E%z, which is only zero if there is no endogeneity (that is,

E[x;e;] = 0). Finally, the last component represents the increase in asymptotic variance due to
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the failure of rank restriction; when [PR/holds, |Z| = 0 and ji = 0, and this term drops out.

The asymptotic variance can be easily consistently estimated by

Voo = 25— (0,1, ~Boseo) B (0, L, — o),
=22,uMD
where Ayyp is a plug-in estimator based on Somp = T — ky, /1S, BUMD, Q) = S, and estimators
of ¥3 and ¥, given in Lemma 2 Confidence intervals based on BUMD and Vi, will then be
robust to both many instruments, and failure of the proportionality restriction (T)).

It is possible to reduce the asymptotic mean-squared error of the minimum distance
estimator by minimizing the minimum distance objective function subject to the constraint that
&, be positive semi-definite (which has to be the case since &, is a matrix of second moments of
2,4 and 711 ,,), which is equivalent to the constraint &7, > ﬁ%EZZ,n- If the weight matrix W, is
used, then the resulting estimator will be a mixture between f%UMD, and the restricted minimum
distance estimator that minimizes with respect to W,: when T — (k,/n)S is positive
semi-definite, then the estimator equals ,@UMD ; otherwise, the minimum distance objective is
minimized at a boundary, and the estimator equals the restricted minimum distance estimator.
When E, is full rank, then the constraint won’t bind in large samples, and the estimator will
be asymptotically equivalent to ﬁUMD. However, when &, is reduced-rank, the mixing will
deliver a smaller asymptotic mean-squared error. The disadvantage is that the estimator will be
asymptotically biased, which makes inference more complicated. See supplemental appendix

for details.

6 Tests of overidentifying restrictions

The proportionality restriction is testable. In this section, I discuss a simple test based
on the minimum distance objective function, and compare it to some alternatives previously
proposed in the literature.

In the invariant model, testing Assumption [PR|is equivalent to testing the null that =, is
reduced-rank against the alternative that it is positive definite. A simple way to implement the

test is to compare the value of the minimum distance objective function minimized subject
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to the restriction that |E,| is reduced rank with its value when it is minimized subject to |Z,|
being positive semi-definite. When Wi is used as a weight matrix, the test statistic is given by

(see supplemental appendix for derivation)

Jsp = _ minﬁz Q" (B, E1, Bz Wre) — _ 11>11nﬁ2 Q" (B, 11, Eo2; Wie)
11 =222 =11 2222
0 if Mmin < kn/n,

(mmin - kn /n)Z otherwise.

The test statistic depends on the data through the minimum eigenvalue of S™!T. Because the
weight matrix Wy is not optimal, the large-sample distribution of fMD is not pivotal under the

null: if k, — o0 as n — oo, then in large samples, 1% Jun / ky will be distributed as a mixture

between a x? distribution scaled by 20-0) 4 5y (with x defined in Equation ), and a

1—Dék—ag
degenerate distribution with a point mass at 0. One solution would be to divide the test

2(1—06[)
1—ap—ay

statistic by + 6k and use a critical value based on the 90% quantile of a x7 distribution,

or, equivalently, reject whenever (1n/+/k,)(Mmin — kn/n)/ 12 g;f‘a)é + ok is greater the 95%
quantile of a standard normal distribution. However, since the asymptotic distribution changes
when k, is fixed, this won’t yield valid inference when k, is fixed. Using arguments similar to

Anatolyev and Gospodinov| (2011), the next proposition proposes a modification that ensures

size control whether k;, is fixed or grows with the sample size.

Proposition 4. Suppose Assumptions [PR [MI and [RC|hold. Suppose also that if k, = K is fixed, then

-----

(i) Ifk, — oo, ij(mmi“ —kn/n) = N(0 2(1=us) + 0x). Ifky, = K is fixed, then nitmin = x% ;.

1—ap—ay

(ii) Let 6, = diag(H)' diag(H)/ky, let & = (brg @ bye) ¥a(bre @ bre) / (Dl Sbrz)? — 3, and let @
denote cdf of a standard normal distribution. The test that rejects whenever ntmin is greater than

the
(D kn (Sn R (D_
1 < n(—nkn—zn 2K ’ ! (HS))

quantile of the X%nfl distribution has asymptotic size equal to ns. This holds whether k, = K is

fixed or k,, — .
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When k, — oo, the test is asymptotically equivalent to the test proposed in the previous
paragraph. However, unlike that test, it also remains valid under the few strong instrument
asymptotics with k, fixed. In this case, it is asymptotically equivalent to the [Cragg and
Donald| (1993) test, which is based on the minimum distance objective function (17)), and rejects
whenever nmm, is greater than the 1 — ns quantile of X%n distribution. The test can therefore
be interpreted as a Cragg-Donald test with a modified critical value that ensures size control
under few strong, as well as many-instrument asymptotics.

It is interesting to compare this test to some other tests proposed in the literature. In the

context of few strong instrument asymptotics, the most popular test is due to Sargan (1958).

The test statistic can be written as f; = T /nTg:‘} T and the critical value is given by
1 — ns quantile of X%n‘ Anatolyev and Gospodinov| (2011) show that if a; > 0 and &y = 0 and
the errors are normal, the Sargan test is mildly conservative. With a; = 0.1 for example, the
asymptotic size of the test with nominal size 0.05 is given by 0.04. |Anatolyev and Gospodinov
(2011) therefore propose an adjustment to the critical value similar to the one proposed here to
match the asymptotic size with the nominal size. Unfortunately, this solution is not robust to
allowing the number of exogenous regressors to increase with the sample size: if a; > 0, the
asymptotic size of the Sargan test converges to one (see supplemental appendix for details).
Lee and Okui (2012) propose a different modification of the Sargan test that controls size under
conditions similar to Proposition {4} provided that, in addition, ay = 0 and k,, — co. In contrast,
the test proposed here will work irrespective of the number of regressors or instruments; the
researcher doesn’t have to determine what type of asymptotics are appropriate.

Another alternative to the test in Proposition f] would be to use the efficient weight matrix
instead of Wy in the minimum distance objective function. Such a test would in general direct
local asymptotic power to different alternatives, and, without specifying which local violations
of the proportionality restriction are of interest, it is unclear which test should be preferred.
However, an attractive feature of the test in Proposition 4] is its easy implementation, which

only requires modifying the critical value of the Cragg-Donald test.
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7 Conclusion

In this paper, I outlined a minimum distance approach to inference in a linear instrumental
variables model with many instruments. I showed how estimation and inference based on
the minimum distance objective function solves the incidental parameters problem that the
large number of instruments create. When the efficient weight matrix is used, I obtain a new
estimator that is in general more efficient than LimML. Moreover, depending on the weight matrix
used, and whether a proportionality restriction on the reduced-form coefficients is imposed,
the bias-corrected two-stage least squares estimator, the LML estimator, and the random-effects
estimator, which is shown to coincide with LML, are obtained as particular minimum distance
estimators. Standard errors can easily be constructed using the usual sandwich formula for
asymptotic variance of minimum distance estimators.

The invariance argument underlying the construction of the minimum distance objective
function relied on the assumption of homoscedasticity. It would be interesting to explore in
future work how this approach can be adapted to deal with heteroscedasticity, and whether
similar minimum distance construction can be used in other models with an incidental

parameters problem.
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Appendix

Appendix [A| states and proves some auxiliary Lemmata that are helpful for proving the
main results. Proofs of lemmata and propositions stated in the text are given in Appendix
Throughout the appendix, I use the following simple identifies that follow from simple algebra.
For any positive definite matrix Q) € R?*?, vectors a = (8,1)’ and b = (1,—B)’, B € R, and

constants cq, ¢:

Qs(B, Q) +Qr (B, Q) = r(Q7'T), (262)
Qe ta = b'Qb, (26b)
1T + 28| = (c1Mmax + €2) (C17Mmin + €2)|S]. (26¢)

Appendix A Auxiliary Lemmata

Lemma A.1. (i) If for some invertible matrix V. € R%4, N;V = VNy, then (LyNyVLL) ™1 =

D;Vd’lDd. (ii) For an invertible matrix V. € R4, g vector m € R? and a constant c,

c(V3imm'V-1) @ (V- imm'v—1)
14 c(m'V—1m)? ’

(Vo V +c(mm') @ (mm’))_1 =vigv'l-

Pi’OOf. (i) It follows from Lemmata 3.5(i) and 3.6(ii) in[Magnus and Neudecker|(1980) that L;N;D; = Lagas1)/2-
Also, by Lemma 3.5(ii) in Magnus and Neudecker| (1980), D4L;N; = Ny. Thus, (D;V~1D;)(Ly;NsVL)) =
DyV-INgVL) = D}V 'VNyL) = DyNyL) = Iy(4+1) /- (i) Follows from direct calculation. O

Lemma A.2. Consider the quadratic form Q, = (M, + Uy,)'P,(M, + U,), where P, € R"™" is a
symmetric matrix with non-random elements, U,, M,, € R"™*C, M, is non-random, and the rows ul, of
U, are i.i.d. with zero mean, variance (), and finite fourth moments.

Let Ay = M}, PyP,M,, 6, = diag(P,)" diag(P,), m, = M, P, diag(P,), pij = (Pu)ij, and let e;,
denote an n-vector of zeros with 1 in the ith position. Then

(1) The variance of Q, is given by

var(vec(Qn)) = 2Ng (Q @ Ay + Ay ® Qp + tr(P2)Q, ® Oy)
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+ 0n (E[uimtif, @ upuj,] — vec(Qy) vee(Qy) — 2NgQy @ Q)

+ 2Ng (¥4 ® i) + 2(¥s ® 1n) Ne,

where ¥3 = E[(ujyul,) ® ui,], and the last two lines are equal to zero if the distribution of u, is
normal.

(ii) Suppose that (a) var(vec(Q,)) converges, and 6, and A, are bounded; (b) sup,, E[||u;, ||8] <
o0; () iy lpil* = o(1), ¥y (T pfj)2 = 0(1), and Y;_;yoq pucbiepjkpye = o(1); and
@) Tl Pyt = o(1). Then:

vec(Q, — M|,P,M,, — tr(P,)Q,) = N(0, Jiirgo(var(vec(Qn)))).

P1’00f. Proof of Part follows from a tedious, but straightforward calculation. Proof of Part is a generalization
of the central limit theorems in (Chao et al.| (2012) and |Hansen et al.|(2008), and is proved using similar arguments.

Full proof is given in the supplemental appendix. O

Lemma A.3. Let P, = (An + vy By)/ /My, where m, — o0 as n — oo, v, = O(1), A,, B, € R"*"
are projection matrices such that A,B, = 0, and for j > 1, tr(An/mL) =o0(1) and tr(van/m{i) =

0(1). Then condition of Lemma holds.

PT’OOf. Denote the (7,j) elements of A, and By, by ajj and bi]'. The first condition follows from the bound, for
i>2Y; p{:i < 27y a{:i + 1/{'1 Y b{i)/mL/z < 27N a + 1/{1 Y b,-i)/m],'l/2 = 0(1) The second condition follows
from Y (X p2)” < Xi (2103 + 202 X5 63)%/m = X (a5 + 202bir)* /m2 = o(1).

It therefore remains to show that Y ;i x</ pixPicPjkpje = 0(1). This can be shown using arguments similar to

those in the proof of Lemma B.2 in|Chao ef al.|(2012). Let D denote a diagonal matrix with elements D;; = (Py);;,

let Sy = Yicjck<e(PikPiePjkPje + PijPiePjkPe + PijPikPjePke), and let [|-[|p denote the Frobenius norm. Note that
I(Px — D)?||p < IPFllg + ID?|Ig + 2| DPallp = o(1), (27)

where the last equality follows from ||D2||12E =Y pk=o0(1), ||P,21H12: = (tr Ay + v trB,)/m2 = o(1), and ||DP,1H12; =

Y pi2i Y 7’12]' < my 2 Y (ai; + vabii) (a;; +v3b;) = o(1). On the other hand, expanding the left-hand side in (27) yields

2
[P D23 =2 ph+4 X (o2 + 3w+ purh) + 8.
i<j i<j<t
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Since the first four terms are bounded by Y7 (}; plzj)Z = 0(1), it follows that S, = 0(1). Define

A=), (Pijpikejek + Pijpjkeiek) ,
i<j<k

Az= ), (pikpjk€i€j>r

i<j<k

and let A; = Ay 4+ Az. Then

E[A] = Y papipibic= Y, PaPi+2 Y. PaPpPibie =2 Y, Ppipjpiepjc +o(1),

i<j<k(t i<j<k i<j<k<t i<j<k<l
E[A7] = tr((Py — D)*) —2)_ pf = o(1),
i<j
E[A3] = Y. (Phpi+Phpi) +250 = o(1).
i<j<k

Thus, by the Cauchy-Schwarz inequality,
E[A3] < 2E[A]] + 2E[A3] = o(1),

which proves the result. O

Corollary A.1. Consider the model (I)-@2), and suppose Assumptions and [M hold. Then:

1
’1—£tk—ng

Vnvec(S—Q) = N,y <0 2N2(Q®Q)>

A
\/nvec (T—ockﬂ— a’Qilutw/> = N1 (0,2N2(0 Q2 QA+ QM+ M®Q)),

_ A
where M = —S-aa'.

Proof. The result follows from Lemmata [A.2] and with P, = (I — 2Z' — W(W'W)~'W)/\/n, and P, =
(2Z")//n. O

Corollary A.2. Consider the model {I)—(2), and suppose Assumption [MI7) and Assumption
hold, B, = &+ o(1) where E is a positive semi-definite matrix with Zyy > 0, and that (711, —

TonPn)' 2 diag(H) //nk, = ji + 0(1) for some fi. Let m = (ji + p(E12/Ex2), 1t)’. Then

vnvec(T — (kn/n)S — E,) = N(0,A),
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where

A=2N (QRE+ERO+ (ax (1 —ay) /(1 —ap —ap) —ax6) QA2 Q)

+ a0 (E[oiv} @ v;0] — vec(Q) vec(Q)') + a2 (2N (Y, @ ii1) + (¥ @ ) Na),

and Y3 = E[(viv}) ® v;].

P?’OOf. The result follows from Lemmata and with P, = H/+/n. O

Appendix B Proofs

Proof of Lemma (Il To ensure that the densities of T and IT are expressed with respect to compatible dominating

measures, I will express the density of T with respect to the measure

sk rkn—1/2

Hr(d) = T T (e = 1)/2)

|t|(kn*3>/2A(dt)l

where A is the Lebesgue measure on the sample space of T, and I' denotes the gamma function. pr is the
measure induced by the Lebesgue measure y on the sample space of IT in the sense that for any measurable set B,
ur(B) = u(6~1(B)), where 6(TT) = TT'T1/n is the function defining T (Eaton, 1989, Example 5.1). The statistic T has
the same distribution as the statistic Wy in [Moreira| (2009} Section 4), with the parameters Ay and X in that paper
corresponding to A,/ (a’Q~1a) and Q. Hence, by Theorem 4.1 in Moreira| (2009), the density of T with respect to
ur is given by

k=2

Fr(T | B, A, Q) = Ky~ 2 (@D | /2y 217200 (g, ONV2) =2 1, ) (nAY2Q7(B,Q)V2),  (28)

where Ky = T(ky /2)r*27%+/2=1 and I,,(-) is modified Bessel function of the first kind of order v. I, (-) has the

integral representation (Abramowitz and Stegun| |1965, Equation 9.6.18, p. 376)

(t/2)"

() = /2T (v +1/2)

Goy4a(t), where Gi(t) = /[71 : 5 (1 — 2)(k=3)/2 g,

The density can therefore be written as:

2=k T(k,/2)

fT(T ‘ ﬁ’A”’Q) - 7-[kn+1/2r((kn - 1)/2)

e 3 (A ttr(Q7'T)) ‘Qrkn/ZGk (”A%/ZQT(ﬁ, 0)1/2).
Combining this expression with the density for S (with respect to Lebesgue measure), which is given by

£5(5:Q) = Cy g, - ‘S|(H*kn*(n*?))/z|Q|7n7knf€n/2€_n—kg—é’n tr(Q”S),
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where

Cl=@2/v)' 7T (v/2)T((v—1)/2) (29)
yields the invariant likelihood
. _ 27K Tk, /2) (At te(QIT)) |y | —Kn /2 1/2 1/2 ,
EINV,n (ﬁ/ /\n/ 0;S, T) = 7'Ck"+1/2r((kn — 1)/2) e 2 |Q‘ Gk,, (n)‘n QT(ﬁ'Q) ) 'fS(S/Q) (30)
o exp {f% ((n — ) log|QY| + tr(Q_15~) +nA, —2log Gy, (n\/AnQT(/S,Q)))} ,
where § = (n —ky — £,)S + nT. The derivative with respect to () is given by:
Ao Livun _ Loyt |5 (g0 — SV ARQTB D) i/ (Tf Qs(8,0Q) be’Q) al, @y
00 2 Gk, (1/A:Q7 (B, Q)) Q7 (B, Q)12 v'Qb ’

where the derivative Q7 (8, 2)/9Q is computed using the identity (26a). Note that b’Qb > 0 for Q) positive
definite, Q7 (B, Q2) > 0 with probability one for Q) positive definite, and Gy, (t) > 0 for t > 0 (Abramowitz and
Stegun), (1965} p. 374), so that the denominators in (3I) are non-zero at any point in the parameter space for (8, 2, A,,)
with probability one.

Fix A,. Denote the ML estimates of 8 and Q given A, by (B,,,Q,,). Since G(-) is a monotone increasing

function, it follows from that:
Br, = argmax Q7 (B,(y,) = argmin Qs (B, Oy, )- (32)
B B

Secondly, the derivative evaluated at (B,,,0,,) has to be equal to zero. Pre-multiplying and post-multiplying
Equation by B;\H Q,, and O /\y,i) ), therefore yields

(n — fn)gﬁ\” Q)\n B}W = Z\Jﬁ\” gi))\ﬂ. (33)

Therefore,

BM = arg;nin Qs (B, (A)/\ﬂ) = arg;nin Qs(B,5) = argmin Qs5(B,5) = BLIML,

where the first equality follows by (32), the second by (33), the third by Qs (B,5) 1 = (n —kn — £4)Qs(B,S) "L +n,
and the last equality follows from definition of ﬁLIML. By similar arguments, Equations and must also hold
when the likelihood is maximized over A, as well, so that BINV = BLIML.

It remains to show (I3). This result follows from the fact that F, corresponds to the invariant prior distribution
induced by the Haar probability measure vy on O(k,) (which is unique since O(k,) is compact) via the group
action wy, + gwy, § € O(ky), in the sense that for any measurable set B, F,, (B) = vg(g~!B), and arguments in

Eaton| (1989, pp. 87-88). For convenience, I give a direct argument. Since

vee(IT) ~ Ny <(a’Q’1a/n)’1/2a D1, Q® zk”) )
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it follows that the limited information likelihood is given by
ELI,TL (‘B/ W A, Q) _ (27.() —ky |Q|*k% 87% (tr(TQ*1>+/\n) ™M //\,,er(ﬁ,Q)wi,A(ﬁ,Q,f[)fS (S,’ Q),

where A(B, Q), ) = Mﬁ%. To integrate the likelihood, we use the result that for all f € R, a € Ghn—1)

and k;, > 2 (see|Stroock, 1999, pp. 88-89)

to' w - T'(kn/2)
/Skﬂ e dFy, (w) = 72T ((kn — 1)/2) G, (1),

Applying this result with t = n,/A,Q7(8,Q) and a = A(B, Q,T1) gives

275 T (ky /2)
7'[k"+1/2r((kn —-1)/2)

[ Caan(Bro,An, ) s () = Q) # e TN G A}/ 2Qr (8,0)112) - f(S: ),

which in view of (30) completes the proof. O

Proof of Proposition m Let v = n —ky — £y, and to prevent clutter, I use the notation (B,A,Q)) rather than
( ERE, Ars, QRE). Consider first maximizing the likelihood with respect to (), holding  and A fixed. Let 9 ) denote

the resulting estimator. The derivative of the log-likelihood with respect to () is given by

olog Lren(BAQ) 1[4 18661 (, 1 -1 Qs(BQ),
. =5 |00 — (n— )07 —d(n) (07110 0 e |,

where S = nT +vS and d()\) = k,jTAJr/\ and the derivative 9Q7 (B, 2)/9Q) is computed using the identity (26a).

Since the derivative equals zero at () g1, this implies

s Al Qs(B.OpA), -
S =n—t)L+dA) | O T — =22 P2 b/ (g, | (34)
BA n BA b/Qﬁ,Ab B

Taking a trace on both sides of the equation and using the identity then yields
tr(()};}s}) —d(M)QT (B, ) =2(n — ). (35)
Pre- and post-multiplying Equation by b'O) .1 and b; and by (A)ﬂ/ A and b yields

b Qg ab = b'Sb/ (n — L),
1 ~

(n—£3)0p b = W(S —d(A)T)b.

Plugging these expressions back into Equation and pre-multiplying the resulting expression by (A)ﬁ, A yields

A& 1 d(A)Qs(B,95) e
(n— )0 = S —d(A)T + P& AT = a5 (2.5 (S —d(\)T)bb' (S — d(A)T). (36)

Taking a determinant on both sides of the equation, using the matrix determinant lemma |A + cVV'| = |A|(1 +
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cV'A71V) with A = § —d(A)T and V = (S — d(A)T)b, and the identity yields

A, S=dWT] [vS+ka/(kn/n+A) - T
(n—£n)"|Qpp| = = d0s(B3) kn/n+/\v/(v+nQ3(5,5))(k”/”’LA)
S| (kntmax + v(kn/n 4 A)) (kntigin + v(kn /1 + 7))

T ka/ntA kn/n+ Av/(v+nQs(B,S))

Plugging this expression and the expression back into the likelihood then yields that the log-likelihood with )

concentrated out is given by

A 1 kn (kn (Mmax + 37) + VA) (kn (Mmin + 5) +VA)

108 Caea (050 =3 [knlog (514 ) -+ (n— )t (g Fms CEEEIm RS T ) - @
Since this expression depends on  only through Qs(B, S), and is decreasing in Qs(p, S) for any A > 0, it follows that
the maximum likelihood estimate of § with A fixed at any positive value is given by B A= argminﬁ Qs(B,S) = BLIML.
If A = 0, then the expression doesn’t depend on f, and we can in particular set B A=0 = BLIML, so that B = BLIML.

The log-likelihood with () and 8 both concentrated out is thus given by

A A 1 knm
10g Lusn(A, Br, Qg 1) x =5 {kn log (kn/n+A) + (n — £,) log <ﬁ +v)} .

The derivative equals zero at A = mMmax — kn/n, and is negative for A > mmax — ku/n, which implies that
A = max{mMmax — kn/n,0}. Plugging in the expressions for A and j into (36) then yields

a'|T| . ad/
= § — d(A)mmax 2o,

A < A 1 A < A
—0)Qr=5—-d(A T_ﬁTbb/T):S_dA
(n ) W (7= 55 ()

where b = (1,—p)/, the first equality uses the identity Th = mpi,Sbh, the second equality uses the identity
b'Mb - M = aa'|B| + Mbb' M that holds for any matrix M, and the last equality uses b'Th = 11 b’Sb and ([26b).
Next I derive the inverse Hessian. Let e = (0,1)". The score equations based on the re likelihood (I6) are

given by:

& (T—-Qs(B,Q)Q)b

_ 1 ke ~Q7(BQ)
SBAD) = T (1 kn/n+/\>’ (39)
Sa(B, A, Q) = %Dg vec {0*150*1 —(n—0,)Q7 1 —d(A) (sTlTsT1 — 7(3‘2%;)) bb’)} : (40)

Let Qg = QS(,B, f)) If mmax < ki /n, then the Hessian, evaluated at (B, A, f)), is singular. Otherwise, it is given by:

dd) /A A N
g,(m); (QsQo2 — Tn2) 0 Hi 55
B, A, Q) = 1k ’
HRE (ﬁ/ )\/ Q) - 0 —zm H2,3;5 7
,}:li,3:5 7:[/2,3:5 7:l3:5,3:5

34



By the formula for block inverses, the upper 2 x 2 submatrix of the inverse Hessian is given by:
7121208 4 @ . 2 =1y -1
HEH 2 (B, A, Q) = (H1:2,1:2 - 7'[1:2,3:57’13;5,3;57'11;2,3;5) . (41)

Applying Lemma and using the fact that Nj(A ® A) = Nj(A ® A)N; = (A ® A)N; (Magnus and Neudecker,
1980, Lemma 2.1(v)) yields:

LN,

" 2
7'l3-é3-5:_
n—4{y

It follows that
(n— En)"ﬁ Q]
1-¢ (VQb)?”

» y—1 " _
HigsHysa5H135 = —

Finally, since 7-AL2,3;57:[3_:§ 3:57-21 5.5 = 0, Equation combined with the expression in the previous display yields

PPN A -1
N N N . N -1 VOb(A+ky/n A A ¢ Q
AL = (Hn - 7{1,3;57-13:51/3:5%3,3;5) = % Qs — T2+ 17— @/Qflﬁ p
which yields the result.
E;_IMLTEUML p
B Shose

It remains to show that the inverse Hessian is consistent for Vy, n. To this end, note that mmi, =

ax by Corollary and consistency of . By continuity of the trace operator, and Corollary

b;_IML Thia P

Mmax = tr(STIT) — tipin = tr(S71T) — = - =20+ A —ap = A+ .
bLIMLSbLIML

Consistency of €) then follows by consistency of A and B, Corollary and Slutsky’s Theorem. It also follows that

. b'Th (n—0,)0'Th ( 1 n—kp— Ly )1 p
=n—"Ly) == = < x = = .
Qs = n)b’Sb (n —ky — £,)b'Sb+ nb'Th T—tp/n  (n—€y)Mmmin ,
Hence,

~ L “kA 7
1—-¢  w(1—ap)+ (1 —ap—ap)A
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so that

-1
. / A 2
—nHIl{;lz A _b Qb(ﬂ(}( +/\) — A - + / - ﬂCK
A aQ~1la O ta((1—ag —ap)A+ (1 —ap)ak)
b'Qba’ " 1a (1—ap)ag
= A2 (/\ + 1—ay— “K) = Vi, N,
which completes the proof. g

Proof of Proposition @ The objective function evaluates as:
0 (B, Bz i W) = tr((TS™ — (ky /1) 11)?) + Ep - a'S1a [522,,, a'S7la—207(B,S) + 2k,,/n] . @)

Consider first minimizing the objective function with respect to Zp; ,, holding B fixed. Let Elg denote the resulting
estimator. Since the derivative dQy (B, Ex n; Wre) /0Z0, , equals zero at Eny , = (Q7(B,S) — kn/n)/(a'S™'a) and is
positive for Ep, > (Q7(8,S) —kn/n)/(a'S™1a), we get

max{Qr (B,5) ~ ki/n,0}

a’S—1a

(43)

.115 =
Therefore, the objective function with Ej, ,, concentrated out is given by

Qn(B,Ep) = tr((TS™! = (kn/n)12)*) — (Q7(B,S) —kn/n)* - 1{Q7(B,S) = ku/n},

where 1{-} denotes the indicator function. Since maxg Q7(B,S) = Mmax, with the maximum attained at ﬁHML,

it follows that if mmax > k,/n, the objective function is uniquely minimized at (ﬁRE,ﬁRE/ d;ES%ﬁRE). If

Mmax < kn/n, then Q, (B, Eop 4 Wie) is minimized at Expy=0= Are/ 8Ot re and an arbitrary B, so that in

particular we can set BRE = B. Therefore, Part |(i)| of Propositionfollows if we can show that if mmax > k, /1, then
b S Vaggy = by Ot arg. Using the notation S = (n — ky, — £,,)S + nT, we have

A A—1a W & Mmax —

At O e = (n — £,) (S - nm

=—(n—1{,) fig

n(mmax —kn /n)ﬁREgilﬁRE - ﬁiugsilﬁma

57 of -1
=—(n—Ly) (”mmax —kn — ﬂ bRESbRE) ﬁ;uasilflmz

E—1s Al c—1p
ST AgplRgS™ Mg

(44)

A o—1a
:I'ZRES ARE,

where the first line follows from the definition of Qg and Agg given in Proposition [1} the second line follows by the
Woodbury identity, the third line follows from Equation (26b), and the fourth line follows from Equation (26d).

To prove the second part of Proposition 2} I show that whenever the weight matrix satisfies
W, £>ED’2<I>[1D2, where =00+ Q tmm’ +tmm’ @Q,
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for some constants ¢ > 0 and t > 0, with m = E%éza, then it is asymptotically optimal. Since we can write

& = ((Q+tmm') @ (Q + tmm') — t2(mm') @ (mm')), by Lemma and the identity A = m'Q~"m,

tmm' tmm' 2 (mm') @ (mm')
ol |- —+ Q- o lga.
t ( ® )[( 1+tA)®( 1+t)\)+(1+2t)\)(1+t)x)2 ( © )

By Corollary @ the asymptotic variance of the moment condition
vech(T — (ky,/n)S — :22,;111‘1/) (45)
is given by
A =2LN; [TQRQ+Q® (mm') + (mm') ® Q] L), (46)

where T = ay (1 —ay) /(1 — a — ap). Suppose first that T > 0. Then A is invertible, and by Lemma its inverse
is given by A7l = %Défbl_ /1TD2. A necessary and sufficient condition for optimality is that for some matrix C;
(Newey and McFadden, [1994} Section 5.2),

1
(D5®;1D,2)G = AIGC = EDgcp;}TDzGct, 47)

where G is the derivative of the moment condition {5), given by:

G=-LM, M= <E%2(m®el +e@m) o m®m>,

22

where e; = (1,0)’. Since for a symmetric matrix A € R?*2, DL, vec(A) = vec(A) (Magnus and Neudecker, {1980,
p- 427), it follows that D,G = —M, so that

-1 -1 -1y [ 242 ‘0!
O, ' D,G=—-(QT 00 <1fm (m ®ep+eg®@m— thfz)t/\elm ®m> Ezz(lLZt/\)m ®m> :

It then follows that holds with

1+A/T 0
C = 1+At
2m'Q ey &2 (1 $l+20 /T 1420 /7
1+tA T 1+2At 142At

If T = 0, then the asymptotic variance A given in Equation is degenerate, since one of the three moment
conditions given in Equation is asymptotically redundant: the first moment condition equals 28 times the
second minus /32 times the third. In this case, any weight matrix that puts positive weight on at least two of the

moment conditions will be optimal, and in particular W, is optimal. O

Proof of Lemma IZI Part|(i)| of the Lemma follows from Corollary Consistency of ¥3 and ¥, follows from
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Lemma A.7 in|Anatolyev| (2013). Finally, since ZZ' is a projection matrix, ||ZZ’ diag(H)|| < ||diag(H)||, so that

(@)

var(fl) = —— Q|27 diag(H)|> < —— Oy diag(H)' diag(H) = “25(1 +o(1)) = o(1).
nky, nky, n

Thus, fi LA u by Markov inequality. g

Proof of Proposition |3} It follows by Corollary [A.2|and the Delta method that

Vn (BUMD — E12, /EZZ,n) = N(0, Vomp),
where, letting A = (exb’ + bel) /252,, ¢ = (0,1),

Viowmp = vec(A)' Avec(A)
= tr(4AQAE + 2TAQAQ) + a;d (IE[(U;AU,-)Z] —tr(QA)% — 2tr(AQAQ)> + 4o/ 2 (i + pp, p)E[Av;v] Avy]

27(ey )2 + 20}/ pE[vyie?] + ayd(E[03,€7] — 3(es QD)% — Q1)) . O |E|/Eap + 20} 2 HE[03€1]

= VLIML,N + = i =2
=22 =22
v (27 + adx) (5 QD)% + 2y (rxkfﬂE[(vzi —v€)e}] + o} *pE [6?}) L Om[El/En + 20}/ 2B [0k e;)
- LIML ,:,2 ,:,2 7
=22 =22
from which the result follows. O

Proof of Proposition 4] We have:

E;.IML(T - “kS)ELIML

(Mmin — ag) = =5 ——
- bl Sbue
_ B (T — %S — Apad’ /(' Q" 1a)) bunn, A (0" by )
E{.IMLSBLIML (a/Qila)E{.IMLSZ}LIML
_ (BLIML ® BLIML)IVeC (T —axS — Anaa’/(a’()_la)) /\n(BLIML — 'B)Z
BILIMLSBLIML (alﬂ_laﬂ;ilMLSi’LIML
_ (BLIML & BLIML)/V?/C (T _A (kn /l’l)S - 322,715151/) + Op (1/171)
biine S
_ (b®@b) vec(T — (ky/n)S — Ex paa’) _q
- bOb O,

where the first line follows from the identity #pyin = Qg( BLIML, S), the second and third line follows by algebra, the
fourth line and the last line follow from /7-rate of convergence By and T — (k,, /1)S. Expanding the numerator

then yields

n (b ®b) vec(V'(H/Vkn)V)

e — ) ¢ (H/ Ve
\/E min k) — Ob

+0pky 1/2) = == + Oplk, %),

If ky, — oo, then by Lemmata and with P, = H/Vky,

n

\/T—H(mmm —a) = N(0,2(1 —ag) /(1 — ag — ap) + 0x).
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If k, = K is fixed, then vec(IT—TI) = ¥, v; ® z; = N(0,Q - I), since the Lyapunov condition is implied by
Yy lzi))*T = Zl(ZZ’)Hv/2 < max; (ZZ’)"/2 tr(ZZ') = o(1) for any v > 0. It then follows by standard arguments
that nmpy;, = XKfl, which proves the first part.
To prove the second part, I use the approximation from [Peiser| (1943) (see also |Anatolyev and Gospodinov,
2011) that as k — oo,
g% —k+®1(1-ns)V2k+0(1),

2
where qfi ns denotes the 1 — ns quantile of a X2 distribution with k degrees of freedom. Therefore, if k;, — o,

letting ¢ = ®( (o) ‘sz—del(ns))

171Xk706[

P (nmmm > L]Xk” ) -P (nmmin/\/E > Vkn+® 11— c)\/§+o(1)>
P (nmmin/\/l;— Vg > @711 - c)\f2+o(1)>

=P (N (0,1) +0p(1) > &1 - C)\/Z(l - ;[()14:(011(__“?)_ )oK +O(1)>

2(1 — ag — ay)
@[ @7 \/ 1—ag)+(1k—ock/—tx4)(51c)+0(1)

ns+o

If ky, is fixed, then, since Y ;(ZZ")% < max](ZZ )jjtr(ZZ'), it follows that 6, = Y"1 (ZZ')%/kn + o(1) = o(1).
Thus, c = ns +0(1), and so P | nmpin > qu" ) =ns + o(1). Since 6, and ® are consistent estimators of § and x,

the assertion of the theorem follows. O
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