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SA.1 Additional details for calculations in main text

Lete; = (1,0) and lete; = (0,1)’.

SA.1.1 Additional details for Section 2.2
This section shows that the block of the inverse information matrix based on the limited
information likelihood corresponding to B is given by n=10'Qb - a’Q~1a/ A,
The distribution of the statistics I'T and S is given by
vec(IT) ~ Ny, ((a’Q’la/n)’l/za @, Q® Ikn> , (SA-1)
(n_kn _En)s ~ Wz(n_kn_‘en,ﬂ), (SA_Z)

with TT independent of S, where Wh(n — k, — £,,Q)) denotes a Wishart distribution with
n —k, — £, degrees of freedom, and scale matrix (). Their densities are therefore given by

S A SN ﬂﬂﬂ‘lbl))
fe(IL B, 1, Q) = (277)Fn s S tr(Q7T) A+ i 2(1151’()*111)1/2 ’ (SA-3)

f5(5;0) = C, 3| I |Q| 2 1O7S),

where v =n —k, — £,, and C; ! = (2/v)'7"/?T'(v/2)T((v — 1) /2), with T denoting the gamma
function.
It follows that the limited information likelihood is given by
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where S = nT +vS.
The score is given by

'T1TO—1
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Sp(B, 11, Q) =1 (@Q-1a)72 "’

n=121101a
Sy (B0, Q) =1 <(H’QW - Wn) ,
2n1/2 n'/ 2y 110 1a

1« ~ A
Svech()) (B 11w, Q) = 5D’ [vec (5= (n=6)0) = iy ' @+ e e e ©

where D = (Q7!' ® QO !)Dy, D, is the duplication matrix, and d(Q, ) = e; — a”a/,%__lf;. Let

Hpy, (B, 111, Q2) denote the B-17, block of the Hessian, and similarly for the other blocks. By
taking derivatives of the score, we obtain that

aQ ey n'/2y' 110 1a 1
aQ g (a/Q1a)V2 VQb-a'Q e’
n/211071d(Q, B)

@Q 1)z

= (Sp(B. 110, Q2) nl/2 'TI0 1a .

_m/ [ ©B n /

Hyech()p (B 110, Q) = D <2a’01aa ®a+ VoY ( 2,0,1{1 a—2I1 ’7n> ®d(0//3)) ,
where we use the identities ¢{Q " le;a’Q~1a — ('Q71ey)? = [Q] 7L, Da(v1 @ v2) = Da(v2 ® v7)
for any vectors vq,v;, and (IT7,) ® a = vec(an,I1) = (IT ® a)y,. Since a’Q~1d(Q,B) = 0,
it follows that E[Hyecn()s(B, 111, Q)] = 0 and E[H,, (8,711, )] = 0. Thus, the (1,1) element
block of the inverse information matrix is given by

Hpp (B, 1, Q) = —255(B, 110, Q)

%Unﬁ(ﬁ’ 77”, Q) =

1 A lab'Qb _ a'Q~ab'Qb
Ill , , Q — f— = v
LI,n (:B n ) E[Hﬁﬁ(ﬁ/ ﬂn,Q)] nr/flﬂﬁl nAn

as stated in the main text.

SA.1.2 Additional details for Section

Consider the groups example, so that zj; = 1 if individual i belongs to group j and zero
otherwise, and let W = 1, where 1, denotes to an n-vector of ones, so that (W (W'W)W');; =
1/n. Let v denote a ky-vector with elements v; = n;, and let diag(v) denote a diagonal matrix
with elements v; = n; on the diagonal. It then follows that Z = Z* — W/ (W'W)W'Z* =
Z* — ' /n, 2'7 = diag(v) —vv'/n, (Z2'Z) 71 = diag(v) ™" + i, 4 /n, and

(22 = (Z(Z'2)7'Z)ii = 1/njy — 1/n,



where j(i) denotes the group index that individual i belongs to. Since (W/(W'W)W);; = 1/n,
it follows that

k n—1 1 1+k
Hj = (22")ii = ——— (1= (22)ii = 1/n) = <n - n)
n n

Consequently,

n_12 2
6y = diag(H)' diag(H) /ky :kn(( 1)kn)22nj (1_1+kn>

SA.1.3 Additional details for Section

I illustrate the minimization of the minimum distance objective function given in Equation (25)
in the paper subject to the constraint Z17, > B*Es ,. For concreteness and simplicity, consider
the random-effects weight matrix Wy = D) (S 1 S_l)Dz, and suppose that the errors are
normal. The solution is given by

<A b f (ﬁll,mvm E2 o Bum) if S — (k,/n)T is positive semi-definite,

=11 =22 > = . R R R .
<E22,RE[3%{E E‘ZZ,RE ﬁRE) OtherWISe.

When Assumption [PR|does not hold, then T — (k, /n)S will be positive definite with proba-

bility approaching one so that the restriction will not bind asymptotically. Otherwise, under
Assumptions [N|and its distribution is given by

V2T(6' Qe Z
Vi (B=B) = V/VinunZa + (22 2) max(Z,0), (;) ~ N2(0, Ip), (SA-5)
= 2
where Vi, N is given in Equation @) in the paper and 7 = W This result follows by

verifying the conditions for Theorem 1 in |/Andrews| (2002).
The asymptotic distribution is non-standard, and since E max(2;,0) > 0,  is asymptotically
biased. Recall that for umbp,

5 e V21b' Qe
\/ﬁ (,BUMD - ) = VLIMLZZ 22 ZZ (SA—6)
The difference between this expression and the asymptotic distribution for the minimum
distance estimator subject to the positive definiteness condition is that the term max(Z2;,0) in
Equation has been replaced by Z;. [Lovell and Prescott (1970, Section 4) were the first



ones to point out that this increases the asymptotic mean squared error.

There are several possible approaches to inference on 8 using j. I discuss two of them (see
Andrews| 1999, for a discussion of the bootstrap and subsampling). The first approach is based
on the observation that the conventional asymptotic standard errors based on the assumption
that no parameters are on the boundary (i.e. standard errors for BUMD) yield conservative
confidence intervals when, in fact E is reduced rank (Andrews, 1999, p. 1369). The second
approach suggested by |Andrews (1999) is to do a pre-test of the hypothesis Hy: By = B
against Hy: Zqp > 322[32 to determine if the true parameter Z;; is at the boundary with
critical values chosen such that the pre-test is consistent as n — oco. If the test rejects, then
we conclude that we’re not at the boundary, and we use uMD standard errors. Otherwise, we
assume that we’re at the boundary, and, we use the asymptotic distribution to obtain
confidence intervals. Quantiles of the limiting distribution in Equation (SA-5) can be obtained
by simulating draws of Z; and Z,. The pre-test used in this approach is, in fact, equivalent to
a consistent test of overidentifying restrictions, so that the modified Cragg-Donald test can be
used.

SA.1.4 Additional details for Section [6]

I first derive the expression for Jup- First, observe that, since Q7 ( ﬁRE, S) = Mmax,

min 9, (,Bz E11, 822, WRE) = Oy (ERE; é:22,R1~:/ WRE)

En=Enp?

—tr <((kn/n)12 - 5*1T)2) — (Mmax — kn/n)%. (SA-7)

Since tr (((kn/n)lz — S‘lT)z) = (Mmax — kn/1)? + (Mmin — kn/n)?, it follows that (SA=7) can
be written as
Qn(,BRE/ ‘?‘ZZ,RE/ WRE) = (mmin - kn/n)z-

It follows from the results in Section [SA.1.3|that if S — (k,/n)T is not positive semi-definite
(which is equivalent to #min < k, /1), then

min Q. (B, 811,822 Wre) = _ min Q. (B, E11, Baz, Whe).
811 >Epf? E11=Ep 2

Otherwise, minz

jlal}

25 (B E11, Ex; Wie) = 0, which yields the expression for [y, as stated
in the main text.

Next, I derive the asymptotic properties of overidentification tests proposed by [Sargan
(1958), Cragg and Donald (1993), and |Anderson and Rubin| (1949). Let

N N
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The Sargan! (1958) test rejects whenever nfs > ‘71 . the 1 —ns quantile of a x7 , distribution
where ns denotes the desired nominal size. The generalized likelihood ratio test based on
the limited information likelihood of Anderson and Rubin (1949) replaces Js with [, =
log(nmmin/ (n — ky, — 4) + 1), and the Cragg and Donald, (1993) test uses Jep = Mmin.

All three tests are equivalent in the sense that they all reject for large values of min.
Therefore, the only difference between them in finite samples is how well the chi-squared
approximation controls size in each case. While under standard asymptotics their asymptotic
distributions coincide and therefore do not provide any guidance as to which test has the best
size control, allowing for ay, &y > 0 reverses this conclusion.

Lemma SA.1. Under Assumptions PR [MI and if ky — o0,

P @ (ns) ) far— 0,
P <nfs > qxi”l> — <\/(1 ) (1+(1— g )6 /2) if g

1—ns
1 otherwise.

, X2 d~1(ns)
< Joo 2 0, >—>(D<\/(1—Dég)/(1—06k—01g)—|—1€5/2>’

N 2
and if ax > 0, then P <n]AR > qXT 1) — 1, where ®(-) is the cdf of a standard normal distribution.

1-ns
Proof of Lemma Let& = (1 —ay)/(1 —ax —ay). By Proposition and the delta method,

n K 204+K(>
T Ty —uy)2a?

(]AR log :>_/\/'<O 2a+x§>

10(/

%))
(]CD ) = N(0,2a + k),

I use the approximation from [Peiser| (1943) that as k — oo,

2
71 =k+®@ (1 —ns)V2k+O(1).

Therefore if T > 0,

P(nfmzqi‘?g;) :nv( z (fcn—ak>z@*l(l—ns>ﬁ+0<1/m>)

Vin
) 011 ® (o)
=P (N(O,l) —‘,—0,;(1) > W +0(1)> — o (\/m) .

Similarly,

(n]s > qu” ) =P (nfs > ky +® (1 —ns)\/2k, + O(l))

B 28 + K6 Vknoy _
—Pp ( a0 +o,0 2 -5 _“:) +@ 1(1—118)\/§+0(1)> :

Now, if ay > 0, then the right-hand side converges to —oo, so that the rejection probability converges to one. If



ay = 0, then

2o ®1(ns)
(’”S = fne ) o (w —w)(1+ (1 —akﬁ«S/Z)) |
Finally,

(o)

P(;T»n(fm—nlog(&)) \/7 &)+ Vkn+ D (1 —ns)vV2+o0(1 ))

_p (Vfﬁi—;;“s/\f(o,l) +0,(1) > \/’% (kn /1 —log(&)) + @1 (1 ns)ﬁ+o(1)> .

Since oy < —log(1 — ay),

_ 1 1—ay 1—wap—ay
_ < ) = "t ) = — *r - 1<
e —tog(@) < og () —tom (7 ) =om (i) <°

with equality only if ax = 0, so that the right-hand side of the previous display converges to —oo if ay > 0. d

SA.2 Proof of Lemma[A.2

Proof. Let K; = 2N; — I denote the commutation matrix, which has the property that K; vec(A) = vec(A’),
where A is a d x d matrix. To show part|(i)} note that for any vy, v, v3,v4 € RY,

0105 @ v30) = Ky(v30h @ v10)). (SA-8)

This follows from v17} ® v3vy = v1 ® (v305 Q@ v)y) = Ky(v30, Q@ v)y) ® vy, where the second equality uses the identity
Ki(A®v)=v® Aforany A € R4 and v € R? (Magnus and Neudecker} {1979, Theorem 3.1(ix)). Furthermore,

vec(Qn) = (Ig2 + Kg) (Ig ® M), Py) vec(Uy) + vec(U),P,Uy,) + vec(M),P,My),  (SA-9a)

E[U],P, U] = tr(Py)Qy, (SA-9b)

E[vec(Qy)] = vec(M,,PyM, + tr(P,)Qy), (SA-9c)

Elvec(Uy,) vec(Uy)'] = Qn @ I, (SA-9d)
E[vec(U,) vec(U,,P,U,)'] = Elu;, @ diag(P,) ® u}, @ ul,], (SA-9e)

E vec (U, PyUy ) vec(Uj, PylUy)' = 8, upul, @ uinul,] + (tr(Py)* — 8,) vec(Qy) vec(Qy)’ (SA-9f)

+ (t(P7) = 8n) (Ig2 + Kg)Qn ® Oy

where follows by the definition of the commutation matrix, (SA=9P) follows from the expansion U}, P, U, =

Yij p,-]-uinu;n, (SA=99) also follows from this expansion and from (GA=§), follows from (GA-9b). Equa-
tions (SA=9d) and (GA-9e) follow by direct calculation. Therefore,

var[vec(Qn)] = (Ig2 + Kg) (Ig ® M, Py ) E[vec(Uy) vec(Un)'] (Ic ® PuMn)(Ic2 + Kg)
+ (Ig2 + Kg) (Ig ® M}, Py)E[vec(Uy,) vec(U,, P, Uy,)"]
+ E[vec(U],P,Uy,) vec(U,)' (Ig ® PuMy) (I + Kg) + E vec(U,, P, Uy, ) vec(U, P, U, )’
— tr(P,)? vec(Qy) vec(Q),)’
= (Ig2 + Kg) (Qn @ ¥2) Iz + Kg) + tr(P7) (Ig2 + Ko ) Qn © O
+ (Ig2 + KG)E iy @ Tiigttly ] + E[utjttly, @ usiitl] (I + Kg)
+ n (E[ujnuily, @ uiuly,] — vec(Qy) vec(Qn) — (Ig2 + Kgg)Qn @ Qi) ,



where the first equality uses (SA=9a)-(SA=9¢), and the second equality uses (SA=9d)-(SA=9f). The result then
follows by applying the identities and A; ® Ay = Kj(Ay ® Ap) for any Aj, Ay € R¥*4 (Magnus and
Neudecker) {1979, Theorem 3.1(ix)).

The proof of part|(ii)|adapts the arguments in Chao, Swanson, Hausman, Newey and Woutersen| (2012) and
Hansen, Hausman and Newey| (2008). By the Cramér-Wold device, it suffices to prove the result for

vec(A) vec(Q,) = tr(A'Qn)

where A € R6%C is an arbitrary matrix of constants. Since Q; is symmetric, we can without loss of generality
assume that A is also symmetric. Expanding the expression, and using symmetry of P, yields

n n n n n
tr(AQ, — E[AQy]) = Z Z jn i) Ay + i) pij = Y Y mi, Amigpij — ) pii tr(AQy)
i=1j=1 i-1j=1 i1
n n
= Z n T+ Z 22p1]umAu Zyin/
i=1 i=2j=1 i=1

where y;,, = W;, +25;, for i > 2, y1,, = Wy, and

Win = ZegnPnMnAuin + pii(ugnAuin — tr(AQn)),
i—1 ,
n = Z pijuinAujn,
=1

Note that y;, is a martingale difference array with respect to the filtration 7, = o (u1y,...,4;j_1,). By the
martingale central limit theorem, it therefore suffices to show that for some € > 0,

Y Ellyi**¥] = 0(1), (SA-10)

and that the conditional variance Y. ; E[y?, | F;_1,] converges. By the Loéve c,-inequality if

[l Aty — tr(AQ)[ 32 p = 0(1), (SA-11)
i=1

i E[S}] =0(1), and (SA-12)

i IE[(ez{nPnMnAuin)Al] = 0(1)/ (SA-13)

then (GA=10) holds with & = 2. Now, (GA=T1) follows from Assumptions [(i)b|and [(ii)d To show (SA=12), note that

expanding the expression yields

2
n n i—1i—1 n i—1i— n n
Z ]_2222p1]p1k]E M A”zn) (u;nAukn S ZZZP;] zk<CZ(ZP,2]> ’
i=2 i=2j=1k= i=2j=1k=1 =1 \j=1

for some constant C, which is o(1) by Assumption Next, to show (SA=I3), note that

n
E[(efy PuMn A )*] < E[[| Astin |*] Y llefy PaMal|*,
1 i=1

™=

which is also 0(1) by Assumptions and ((ii)d



It remains to show convergence of the conditional variance. By Assumption [(ii)a} it suffices to show that

n
Y E[2, | Fi1,) — var(te(AQu)) 5 0. (SA-14)
i=1
Since E[W? | F;_1,] = E[W2], and since var(tr(AQy)) = Xy E[W2 ] +4Y" , E[S? ], the left-hand side of (SA=14)
can be written as

LB | vl —var(te(4Qu) = 4 Y, (EIS], | Fi-1] ~EISE]) + 4 L EWinSi | i (A9

i=2
Letting PL denote the lower triangular matrix with elements pijl{i > j}, we can write the second sum in (SA-15) as

n
Y E[WiuSin | Fi1] = Z Z (PR )Wt Aujy = tr (U'PEE[DwU]A) = Z ¢ U'PL D,
i=2 i=1j=1

where Dy denotes a diagonal matrix with elements (Dy);; = Wi, and Wy = E[Dy U] Aegg. The variance of the
summand on the right-hand side is given by

l_ _ !I__ !/ _
E[(epU'PL @4 )?] = QoW PLPE @y < Q| PLPL | |02

! n ! L
= Qg |PEPE || Y Wiy}, Aeg]? < Qgeel, AQ, Aeg || PEPE |[F Y E[W2,]
i=1 =1

where |[|-||F denotes the Frobenius norm. It follows by Loéve C, inequality and Assumption (i)l that Y-/ | IE[W2 ] is
bounded, and

LpL’2 4 2 .2 2 .2
IPePy lE =Y pik+2 Y pira+2 ), PP +4 )y PikPjkPiePje
k<i k<t<i k<i<j k<t<i<j

< 52 qu +4 ), papppierie=o(1),

k<tl<i<j

where the last equality follows by Assumption Hence, by Markov inequality, the second term in (SA-15) is
0p(1). Next, consider the first term in (SA=T5), which can be written as

n n i—1i—1 i—1

) (lE[Sizn | Fic1n) — ]E[Sian =) (Z Y pijpiiti AQAU — Y 1 tr(QAQA))
i=2 i=2 \k=1j=1 j=1 . (SA-16)
1

Z Z pz]pzkuknAQAu]n

n i—1 n
Y Y i, AQAU, — r(QAQA)) +2)
i=2j=1 i=2

Variance of the first term in (SA=16) is given by

n i—1 n » 2
ZZ Z PeiPijr

n i—1
ar (Z Y p%j(u;nAQAuj,, - tr(QAQA))) = E[(u},AQAu;, — tr(QAQA)) p.
i=2j=1/0=j+1

i=2j=1

which converges to zero since the triple sum ! , Z;;% Y i1 p%j pizj is bounded by

M:

2
Y. Y v = ; (Z p?j) =o(1), (SA-17)

j=1i=1 j=1

Il
—

i



where the last equality follows by Assumption [(if)d Variance of the second term in given by

n i—1k=1 n i—1k— n
Z Z Y pijpikit, AQAu;, r((AQ)Y) Y Z Y Pz]szP/]Pfk
Sa4 i=2k=1j=1 =kt
_ 4 2 2 )
= tr((AQ)*) Pipi+2 ). pjiPiPopu|
j<k<i j<k<i<t

where the first sum is again bounded by (SA=17), and the second term equals }; <j<k<t PikPicPjcPje, which is o(1)
by Assumption Therefore, by Markov inequality, the first term in is 0p(1), so that (SA-14) holds,
which proves the theorem. 0
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