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Instability of a rotating thread in a second immiscible liquid
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We consider the surface-tension-driven instability of a cylindrical liquid column surrounded by a
second liquid when the entire system is rotating. Our calculations are in the limit that the flows in
both the liquid thread and the outer fluid are viscously dominated, and include the centripetal and
Coriolis forces; the effect of the Coriolis force has not previously been studied in the case that the
flows in both liquids are viscous. We present numerical results of a linear temporal stability analysis,
and an analytical result valid in the large-Taylor-number limit. We also use the boundary-integral
method to consider the evolution and instability of a finite cylindrical thread, which then relaxes
when the rotation rate is reduced. These results are discussed in connection with recent experimental
observations. ©2004 American Institute of Physic§DOI: 10.1063/1.1629127

I. INTRODUCTION measuring the interfacial tension in these liquid—liquid sys-
tems are difficult due to the long time necessary to
The seminal work of Rayleighand Tomotik4 estab-  equilibrate® These studies have been based on a Newtonian
lished the characteristics of the instability of a cylinder of constitutive equation for the fluids, which should provide a
viscous liquid due to surface tension. Following on from thisreasonably accurate description of colloidal systems when
research, a number of studies have examined the effect dhe flow is close to a rigid body motion so that elastic effects
this instability of centripetal forces arising from rotatioi.  remain relatively weak.
Many investigations have included consideration of Coriolis  This paper is organized as follows: we focus on the vis-
forces®~>91%lthough the effect of the Coriolis force in the cous limit and use a temporal linear stability analysis to con-
two-fluid problem in the viscous limit, which is the focus of sider the effect of the Coriolis force and of a rigid outer
this paper, has not been studied. Some of the published réoundary on the predictions of the initial growth rate and
search has been motivated by the development of the spitost unstable wave number of the capillary instability. The
ning drop tensiometer by Vonnegttwhich is useful for linear stability analysis calculation in the quasistatic limit is
making measurements of interfacial tension between two flupresented in Sec. Il A, and an analytic result that is asymp-
ids. totically valid in the limit of large Taylor numbers is given in
Our study is motivated by recent experimentg using aSec. |1 B. Numerical results are discussed in Sec. lll, and are
spinning drop tensiometéin these experiments, a cylindri- compared with analytic results where possible. Finally, in
cal container is filled with two colloidal suspensions of dif- Sec. IV we study the global shape change that occurs when a
ferent densities. When the tensiometer is rotated about itdnite cylindrical thread, which is generated by rapid rotation
axisy the fluid of lower density a"gns a|0ng the axis of rota_of a container filled with two |IC1UIdS of different densities,
tion due to centripetal effects, forming a cylindrical thread."elaxes to a shorter and fatter equilibrium shape when the
For sufficiently rapid rotation rate&described in terms of rotation rate is reduced. This sequence of changes in the
nondimensional parameters in the main body of the)text otation rate mimics the experimental protocol in recent
this configuration is stable and the equilibrium shape of theVork-"==Our numerical results highlight one aspect of the
thread has been characterized analytic2iWhen the ro- experimental approach that may pe mﬂuence_d by_ the finite
tation rate is reduced below a critical value, the centripetal®ndth of the elongated drop. We give conclusions in Sec. V,
forces arising from rotation are too weak to suppress th&"d Appendices A, B, and C include, respectively, calcula-
capillary instability and a stationary instability grows until tions in the large-Taylor-number limit, of the effect of a rigid
eventually the thread breaks into drops. outer boundary, and with the quasistatic assumption relaxed.
The experimental results generated with a spinning drop
tensiometer can be used to determine the unknown surface _
tension between two fluids from the measured growth rate o bﬂ':ﬁ'?‘_iTSlg'?‘\lBlLlTY ANALYSIS: PROBLEM
the instability, as has been reported by de Hoog and
Lekkerkerkef2*? Such a spinning drop method is advanta-  We consider the stability of a rotating cylindrical liquid
geous when the surface tension is very small, as is often th@yread of radius surrounded by an outer fluid rotating at the
case in colloidal systems; static measurement methods fgfame angular velocit§) about the axis of the thread; buoy-
ancy effects are assumed to be negligible. We work in rotat-
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interface A. The quasistatic limit
outer boundary surface tension =Y The dimensional Navier—Stokes equations in a coordi-
\ r nate system rotating with angular veloci€¥= (e, can be
! A AR written ag314
S R /2a /6
: : ; A\ ou
' O ! , i VA 0 Z p E+u~Vu+29Du =—Vpg+uV?u, V-u=0,
[ S, 2)

) where the dynamic pressuney, neglecting gravitational
thread A outer fluid buoyancy, and the fluid pressupeare related bypy=p
density =p , density =p +(p/2)(Q0x)? (herex denotes the position veclorEqua-
viscosity =jL viscosity =j tions for the interior fluid are distinguished by a We first

consider the quasistatic limit and small Reynolds number
FIG. 1. Rotating thread of uniform radiusin a rotating outer fluid. The f)ya/(,u,&)<1 Then, for the droplet phase the linearized

presence of an outer boundary rat R is shown. Note that most of the equations, scaled as described at the end of the last section,
calculations exclude the effect of the outer boundary, but we discuss th%1 re

effect of the outer boundary in Sec. lll and Fig. 4.

%TeZDG:—Vf)dJr%VZO, V.(=0, 3

indicated in Fig. 1. For the linear stability analysis we as-

sume that the perturbations are independert. of where we have chosen to maintain the same variables for

The thread radius is perturbed te-a(1+ e(t)coska), their dimensionless counterparts. Hexedenotes the unit
wherek is real, and the equations governing the evolution o’ vector in thezdirection. The centripetal term re-enters the
e(t) are derived. The inner and outer fluid pressure and Veproblem when the nprmal stress balance is usgd, but it only
locity perturbations are, respectively, denoted fyp, G modifies the “effective pressure." The equ.atlo[ls for the
0 B i) and u= (0, U, Although the flow ang CUter fluid can be obtained fror®) by putting p/p=1,
shap;é a’reZ assumed tcr),be’ i;dependenteofswirl exists Au=1, and then the quasistatic approximation requires

2 <
(uy,U,#0) so that all fields depend anz, and timet only. pyalp <1.

The inner (outey fluid has densityp (p) and viscosity cou::[isns urf]:;rn g ;Cv?rﬁi:]hen:gtsi;b&imi (I)S) ziﬁ:,yn(;\r/];?:;ﬁ aendu:_ “
o (w), and the interfacial tension between the two fluids is 9 9 9 ’ g g€q

tions in cylindrical coordinates for the interior flow are

denoted byy.
We nondimensionalize by scaling lengths &yveloci- P Mg |l a(la . 920,
ties byu.= y/u, and stresses byu./a= y/a. For the qua- —TUGZ—WJr— T ar(r el P (43
sistatic two-fluid problem, which involves five material pa- K z
rameters f,p,u,u,y), four dimensionless groups must be A N 2~
R p . mlada(lao . d“Uy
specified in general. These are the Taylor nuniBerepre- —=Th =" | == (rly) |+ —|, (4b)
senting the ratio of Coriolis to viscous forces in the outer p p|driror Jz
fluid, the rotational Bond numbe3, , representing the ratio . " -
of centripetal to surface tension forces, the density ratio, and 0= — ﬁ d } i(r&) n J°U; (40
the viscosity ratio: Jz ror\ or oz% |’
~ ~ ~ 1 (? (?u
2pQa’ (p—p)Q%a®  p p 2
M Y p e

For a shape =1+ ¢(t)cosk?), we seek solutions consistent
Including the effects of an outer boundary introduces a fifthwith u,>coskz
dimensionless groufg/a, and including inertia introduces a A A ~ ~

_ Theore_t!cally, the ro'gaﬂonal Bond numb@@ may be sin(kz)l:JZ(r),cos{kz)IE’(r)). (5)

either positive or negative, although wher<p, so that o o
Bo<0, the cylindrical thread is unstable at all rotation Substituting into(4) and combining the coupled ODEs that
speeds. However, when the lower density fluid forms theesult, we obtain a sixth-order ODE fat,(r)
thread andp>p (B,,>0), the thread is stable at “high” ro-

~ 2
tation speeds wheBip>1 but is unstable otherwise. There- L£3— ( kB iT J =0,
fore, below we consider the typical experimental prot&col p K
such that a cylindrical thread is generated at a “high” rota-\yhere
tion rate and following reduction of the rotation rate to a d
lower level, there is a capillary instability, which leads to 1d L2
breakup of the thread into small drops. Llg(x)= dr( 9)| -k, ©)
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for a functiong(x). Settingp=p, i=u, we obtain €3  ture of this termt=®8-1The matrix equation is solved nu-
—k*T?)U,=0 for the exterior fluid. Equatiori6) can be merically to obtain thea; ,b;} as a function ok, 7, p/p,
factored into the form wlw, andBy, .
- - . With the {a;} known, the dimensionless growth raie
(L—ay)(L—ap)(L-ag)U,=0, scaled by y/ua, can be determined by writinge(t)

where = €,e”", consistent with the form of the linear stability equa-
. 3 . 21213 tion, which for the interface = 1+ e(t) coskz yields
- p - p u (1=iy3) 5
ay=|ko=T , agg=—|k =T ————. (1) a . ~
P& PR E=ur|r=1:>(r=zl ayl (VKo+ &)). (12)
For the exterior fluid the three roofsy;} are a;=(k7)??, =
ay 5= — (KT)#¥(1xi3)/2. Clearly,9(o)>0 implies instability andi(o)<0 implies sta-

The solutions to the second-order ODE of the forfh ( bility. As we have used complex functions in the general
—a)f=0, whereL is given in(6), are modified Bessel func- expressions fot,(r) andU,(r) [see(8)], the constants, ,
tions of order one of the first and second kinfr) b, are complex, although we find that the pressure and ve-
={1,(r Vk?+ @) ,K(r Vk?+ a)}. Then, the solutions internal locity fields are all real, as expected. The growth rates
and external to the thread, respectively, have the form also real and so the instability is stationary.

3 Tomotike studied the two-fluid thread stability problem

U.(r)=>, ajl (rik2+ &), in the absence of rotation, i.e7=0, B,=0, and we have

j=1 verified that our results reproduce Tomotika’'s in this limit.
3 Relative to other linear stability papers in the literature ours

_ , 2 — is the first to include Coriolis effects in the dynamics of the
U'(r)_,; b Ka(r vk ). ® two-fluid problem in the viscous limit, although a number of

. other studies have included Coriolis effects when consider-
The other velocity components and the stresses follow ang a liquid cylinder in a ga5>° and when considering a

direct differentiation in accordance with) anc_zl(5). we ha_ve _bubble surrounded by a liquid in the inviscid limft.
performed all of the necessary mathematical operations in
the steps that follow using the Matlab software.

We now apply the six boundary conditions which thus
determines a matrix equation for the six unknowfs,,b;} When either the inner and/or outer Taylor numbers be-
with j=1, 2, 3. As is common in linear stability problems, come large, a boundary layer is introduced where viscous
although the interface lies at=1+ e coskz the boundary terms are important close to the interface between the two
conditions may be applied at=1 to leading order ire for ~ fluids but are negligible far away. We focus on the case that
e<1. Continuity of velocity yields three equations, both the inner and outer Taylor numbers are large,

- upTl(up)>1, 7>1. Because of the form of Ed6), the

u=u atr=1, ©) boundary layers scale with the one-third power of the appro-
and another three conditions follow from continuity of tan- priate Taylor number. The details of the calculation are given
gential stress and the normal stress jump=al.. The dimen- in Appendix A. For the growth rate we find
sionless stress condition is written in terms of the stress ten- S k(1—K2—B

o (B ﬁ) ( o)

B. Large-Taylor-number asymptotics

sor T¢ defined using the dynamic pressure. Alsp,is the S I
unit radial vector and approximates the unit normal to the p K

interface r =1+ e coskz To leading order ine the stress where in general the functiohhas many terms. Equation

(12

jump at the interface is (12) can be rewritten in the form
e (TI-T9=(1-k2—By)e(t)cogkz)e. atr=1. oT b i
(10 —Slzzf(—,—)K(l—Kz),
(1-Bg) p M

Note that in the normal stress componentid), the familiar

term (1—k?) accounts for the contribution of surface tensionWhere

times curvature, anfi, enters because the pressure is modi- K

fied by centripetal effects. We have not written the constant K= ——— (13
reference pressure that balances the normal stress due to the (1-Bg)*?

curvature of the undeformed cylindrical shape. which isolates the effect of the Bond number. The most un-
The 66 matrix equation generated by substituting thestable wave number is then found to be independept pf

velocity figlds determi.ned frontB) into (9) ar?d.(lo) has the i/ w, and T, with the valueky= (1— Bqg)/3. The corre-
form M-x=c, wherex is the vector of coefficient$a; ,b;}. sponding maximum growth rate is

All entries ofc are zero except for the “standard” one arising
from the normal stress balance, which equals— ik 2(1-By)%? [p
—Bg,). Hence we may think of this term as the “driving Umax:3—\/§7, (‘ -
force” of the instability and we comment below on implica-
tions of the value of3, that can be deduced from the struc- Also, in the limit &/ =1, we find

P
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FIG. 2. (a) Stability diagram foru/u=1, p/p=1 andB,=0, showing the effect of the Coriolis force in the absence of centripetal effects. All calculations
are based on the quasistatic approximation. The growthoréites been nondimensionalized piua andk has been nondimensionalized by 1The dashed

line, 7=0, is the zero rotation resulRef. 2. (b) The effect of the Coriolis forcéchoosingZ=3) for different values of the rotational Bond numkgs , with

nlp=1 andp/p=0.5. When < B,=<1 and there is a range of unstable wave numbers, rotation does not alter the stability of a disturbance with a particular
wave number, but reduces the maximum growth rate. Note that Wgen0.5, the small wave numbers remain unstable, wBgr-1, the small wave
numbers are neutrally stable and whgg=2, the small wave numbers are stable.

) 1 shows that the Coriolis force is stabilizing in the sense that
= )= PYIRCT YR ILVRVE (14 the maximum growth rate decreases and the most unstable
p [1+(p/p) P+ (plp) "+ (pl p) ] wave number increasdse., wavelength decreageas the

The asymptotic predictions for the growth rates and criticalTaylor number7 increases. The reduction in the growth rate

wave numbers are compared with numerical results in Seds consistent with the qualitative trend of the asymptotic re-

[l sult in the large-Taylor-number limit, which shows that
~(1-Bq)*4T when 7>1 [see Eq.(13)]. The growth rate

IIl. LINEAR STABILITY ANALYSIS: NUMERICAL for nonzero Bond number, i.e., when the centripetal force is

RESULTS nonzero, for7=0 and 7=3 is plotted in Fig. 20) (p/p

In this section we examine how the Coriolis and centrip-zo's)' In general, larger values of both the Bond number

etal forces affect the familiar capillary instability that occurs Bq and the Taylor numberlead to a reduction in the maxi-

at small wave numbers Ok<1 in the absence of mun\1Ngrovvth ratek. L . b h
rotation>%1° We also examine when the effect of an outer e next make a quantitative comparison between the

boundary is significant in suppressing the instability, andasymptotic and numerical results from the linear stability

consider the results obtained when the quasistatic approxih€0ry for the growth rate and critical wave number of the

mation is relaxed. instability, focusing on larger values of the Taylor number so
The importance of centripetal effects is indicated by thethat the nondimensional boundary layer width **is small
value of the rotational Bond numb@;, , which appears in S required. In Fig. @ we compare the theoretical predic-
the only nonzero term (2 k2— By,) on the right-hand side of tion (12 fo_r.the growth_ rate with numencal .re§ults from the
the matrix equation for the coefficients, e.g., $¢6). As linear stability calculation. We work in the limji/u=1 so
mentioned earlier, whe,<O0, i.e., p<p, a stable thread that the functiorf in (12) is given by(14). The growth rate
can never be formed and therefore we do not consider thig"d wave number have been rescaled a4 8 to facilitate
case. When & 3,<1, centripetal effects suppress the cap-easy comparison, although multiplying the growth ratby
illary instability, i.e., for the unstable small wave numbers, Taylor number7 exaggerates the discrepancy between nu-
0<k<\1-Bq, the growth rate is reduced. These wavemerical and theoretical results for large Taylor numbers. The
numbers nevertheless remain unstable. Finally, wlgn comparison is in fact quite reasonable when**<1.
>1, centripetal effects stabilize the small wave numbers and To understand the reduction in the growth rate from a
since large wave numbers are stabilized by surface tensioRfysical point of view, consider a radial perturbation to the
all wave numbers are stable. Therefore wHerD and as the ~base staté* A radial velocityu,e, induces a Coriolis force
rotational Bond number increases through positive valuesproportional toQUu=Qu,e,, and this azimuthal force will
both the range of unstable wave numbers and the maximuhead to an increase in the azimuthal velocity. Representing
growth rate decrease. The centripetal effect has been wellhe additional azimuthal velocity by,e,, this in turn will
studied for the casd=0 and is a natural modification to lead to a Coriolis force proportional @Ou=—Quye, , i.e.,
Tomotika’s original result for the two-fluid capillary instabil- a force opposing the radial growth. Therefore the growth rate

ity. is reduced, which is consistent with the trends shown in
We examine the influence of the Coriolis force in the Fig. 2.
absence of centripetal effects. Thus, we take.=1 and Next we show in Fig. @) the critical wave number as a

plp=1 so thatB,=0. The growth rater as a function of the function of the rotational Bond number for large Taylor num-
wave numbek for different 7 is plotted in Fig. 2a), which  bers. The most unstable wave number decreases from a
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FIG. 3. (a) A plot of the rescaled growth raie7/ (1— B,)*? against the rescaled wave numiser k/(1—Bo)Y? showing the theoretical prediction in the
large-Taylor-number limit using the functidrgiven in(14) and numerical results with/p=0.5 andu/u=1. Curves for different values of the Bond number
Ba=0, 0.5 but the same value of the Taylor numBere indistinguishableb) The critical wave number, corresponding to the maximum linear growth rate,
as a function of rotational Bond numbg, for Taylor number7=100, 200, 300 and:./u=1, p/p=0.5. Also plotted is the theoretical prediction for the
critical wave number derived from large-Taylor-number asymptdtigs= \(1—B,)/3 (see Sec. Il B All calculations are in the quasistatic limit.

maximum value of approximate|y 0.58 Whé}hzo to zero interface between the thread and the outer fluid. The numeri-
when By=1, but is only weakly dependent on the Taylor cal results, though, indicate that the effect is less than 10%

number. Physically, the dominant mechanism in determiningvhenR/a>5.
the critical wave number is competition between centripetal ~ In Appendix C, the calculation of the growth rate is de-
forces (which act to reduce the critical wave numpand  scribed when the quasistatic approximation is not used. In
surface tension forcgsvhich increase the critical wave num- the case the importance of inertia due to unsteadiness relative
ben, and the Coriolis acceleration has little effect. Theto viscous effects is measured by a Reynolds number Re
asymptotic prediction for wave numbég=(1—Bn)/3,  =pyalu’=(1—plp)T*/(4By). The real growth rate deter-
valid when7>1, is plotted in Fig. &) and is seen to be in mined from theory with and without the quasistatic approxi-
quite reasonable agreement with the numerical results whemation when Re10, 100 are plotted in Fig.(4). When
T <1, Re=100, the deviation between the two sets of results
We also examine the effect of an outer boundary on theeaches a maximum of 22%.
stability of the thread. The modifications to the analysis are  The theoretical analysis described in this section has
described in Appendix B. On physical grounds, we expecshown that the Coriolis force and the presence of an outer
that a nearby rigid boundary suppresses the instability anboundary affect the growth rate and wavelength of an insta-
this is consistent with the variation of growth rate versusbility. Using representative experimental values for colloidal
wave number shown in Fig. 4. Whd®/a=2, the effect of solutiond? of p—p=2x10*glcn?, u=1 Poise,21=600
geometrical confinement is strong and the dispersion relarad/s,a=0.015cm,y=2x 10 3dyn/cm, the Taylor number
tionships for7=0, 1, 3 are indistinguishable. Also, the criti- 7=0.2. A larger thread radius for example, will result in an
cal wave number increases as the boundary approaches timerease in the Taylor numb@&r Therefore it is worth keep-

/R=5,T=0
.--4._~R=5,T=1
0.01 (N 0.01
AR Re5, T=3
TR RR2, TR0,
L T, T3
b 0 = .
0.01 © O 7=10,B,=0.125 /
AR Re=100
-0.01 T=10,B,=0.5
W Re=10
1 0.010 05
(a) (b) k

FIG. 4. (a) The effect of an outer boundary on the instability. All data aregou =1, p/p=0.5, 3,=0.5 and are calculated in the quasistatic limit. These
results show that wheR/a becomes small, the instability is damped by the bounddmyA plot of results from the theory based on the quasistatic
approximation and with the quasistatic approximation relaxed, for two different values of the Reynolds number. The dotted—dashed lines lgsdrtiva resu
theory using the quasistatic approximation, and the solid lines are results from theory with this assumption relaxed, including the time téemgative
plp=0.5 anda/u=1 in all cases. FoB,=0.125,7=10, and the Reynolds number R&L.—p/p)7T 2/(48,) =100 (see Appendix § and for both pairs of
valuesB,=0.5,7=10 andB,=0.125,7=5, Re=10. Note that the difference between the results from theory with and without the quasistatic approximation
when Re=10 is substantially greater whe#y,=0.125,7=5 than whenB,=0.5, 7=10.
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ing the influence of Coriolis effects in mind, especially if 3 A
experiments involve even smaller density differences since % _
in such cases increases in the thread radias rotation rate = i Yoo, 100
Q, which maintainB, constant, will also lead to larger Tay- T 4| s £X
lor numbers. l
It is interesting to consider the above results in light of _900 2100 0 100 200

the experimental data of de Hoog and LekkerkePkergen-

eral, these authors found excellent agreement between their
experimental measurements and the predictions of a linedG. 5. A numerical solution gt_enerated using the boundary-integral method
stabilty theory wihT—0. Neverlheless, de Hoog and Lek: B 018:Fi_L o6 1t sspct it 1200 e s e b
kerkerker find that the experimentally measured growth rat%hape is a cylindrical thread with hemispherical ends. The inset shows the
is about 1.5 times larger than the prediction of linear stabilityonset of the instability in the central section.

analysis[Fig. 6(a) of Ref. 6]. Since in the experimentg~1

(based on the second lower rotation jaiadR/a=13, both

Coriolis effects and the presence of an outer boundary are0.015cm, y=2x10 3dyn/cm, the Ekman time scale is
negligible. Also, our analysis has shown that accounting fofonger than the viscous timescale and we use this as a con-
Coriolis effects or the presence of an outer boundary lead tgervative estimate of the time scale over which the transient
a reduction in the growth rate predicted by linear stabilityexists. Nondimensionalizing using the time scala/y, the
theory, whereas in the experiments the observed growth raigondimensional Ekman spin-down time is approximately
was larger than the theoretically predicted value. Therefor@.3x 1072, which is much smaller than the time scales we
the discrepancy must be accounted for by another mechaonsider here. Therefore we neglect the effects of the tran-
nism. In the next section, we consider retraction of the endsient solution associated with the spin-down process.

of the threads arising from the reduction in rotation rate, and  Both the boundary-integral formulation, which neglects
the subsequent uniform radial growth, as a possible explanahe Coriolis force, and the numerical method are stantfard.
tion for the small discrepancy between experiment andJsing the nondimensional variables defined in Sec. Il, the
theory. equation for the interfacial velocity is

z

)72
1-— f n-K-ud
M) S(t) !

1 &
IV. NUMERICAL SIMULATION OF THE EVOLUTION 5(” ;) U(xs) +
OF A FINITE THREAD

B
Vs~n+%|ﬂDy|2

We now consider a second aspect of fluid motion that = —J
may impact the experimentally observed growth rate on a S
fluid thread of finite lengtf: When the rotation rate is re- whereS(t) is the surface of the thread, lies onS(t), das
duced from its initial value at which the thread is stable tois the scalar area element at pomtand the kernel functions
the lower rate at which the thread is unstable, then, in addiare
tion to the development of the local instability, there is a

n-Jds,, (15

global change of shape as the thread relaxes towards its equi- J(r)= i |_+ - K(r)=— i m r=x—y.
librium shape at the lower rotation rate. In particular, the 8m|r 3 A 5
ends of the thread retract and the average radius of the thread (16)

increases, since the equilibrium shape of the thread at thene ynit norman and the vectoy are of the form
lower final rotation rate is relatively short and fat compared

21-1/2
to the equilibrium shape at the initial higher rotation rété* ( , Ja Ja
) . ) 4 . = ——|1+|— ,
Any such relaxation-driven increase in the thread radius n=| cosd,sind, Jz 1 Jz (173
would impact interpretation of the growth rate of an instabil- _ .
ity observed by experimental measurements of the thread y=(a(zt)cos.a(z,t)sind,z), (17D

radius versus time. In this section, we use a numerical simuwhere§ is the azimuthal angle ara(z,t) denotes the radial
lation based on the boundary-integral method to examine theoordinate of the interface. We have limited our investigation
evolution of the thread. This approach accounts for centripto u/w=1, which simplifies considerably the numerical
etal effects but not Coriolis effects, and incorporates the efwork, but still allows us to identify a possibly important
fect of the finite thread length and the flow that accompaniephysical aspect of experimental measurements.
relaxation. We note that when comparing with the typical experi-
The dimensional time scale over which a transient solumental protocol in which the liquid thread is generated at a
tion lasts when the rotation rate of the container is reducethigher rotation rate and then the instability is induced by
by an amountAQ) may be estimated by the viscous time reducing the rotation rate, the Bond number that appears in
scalepR?/ u, whereR is the cylinder radius, or the Ekman the calculations of this section is based on the lower rotation
time scale associated with spin-doftnpL%/(nAQ), rate. The initial(high) rotation rate only sets the initial shape
wherelL is the length of the cylindrical container. Using rep- of the drop used in the simulation.
resentative experimental valdés of p=1 glen?, R We first consider the relaxation of the shape of a thread
=0.2cm, L=4cm, u=1 Poise, AQ=540 rad/s, a for an initial aspect ratigdefined as the diameter divided by
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o B,=0.15, AR=50 thread involves the development of two bulbous ends as the
{ Bp=0.15, AR=100 0 E-I o thread shortens, and a small amount of fluid leaks out of the
oA bulbous ends into the main body of the thread and is distrib-
f BZ=°:35: AR=100 x uted evenly. Some models have characterized the growth of
D B,T035.AR=200| Z _q bulbous ends when viscous effects are unimportatitbut it
O By=0.55,AR=50 | O ) has not yet been possible to generalize these to the viscously
v Eafg-gg’:z;gg a g dominated limit; e.g., other studies of the retraction of films
X e -2 g %20 0 20 have been limited to numerical methods offly.
1.75 2 225 25 275 For sufficiently large initial aspect ratios, we can com-
log(t) pare the wave number and growth rate of the interfacial in-

FIG. 6. The average radius, defined by taking the average of the centreﬁtab”ity obtained from the boundary-integral code with the
peak and trough, as a function of time. Averaging in this way removes thoredictions of the linear stability analysis. Takiffg=0.15
contribution of the local instability to growtla,, is the initial radius and AR and [L/M:]_ with an initial aspect ratio of 1:200, the radial
denotes the initial aspect ratio. The insets show typical thread sf#(@es).  growth rate, which includes both uniform radial growth and
vs z, for B =0.35 and initial aspect ratio 50, with arrows indicating the data . . I .
point corresponding to the plot. the developing instability, isq,, = a(t)/a(t), where the dot
denotes the derivative with respect to time. We fing;
~0.92; in therange of times considered here the fractional
the length of 1/200, with B,=0.15 andi/s=1. The nu- incarease ira is sufficiently small that the growth ratey,,
merical simulations shown in Fig. 5 exhibit significant which account for the dynamics associated with the finite
growth of the radius with time at the center of the thread andength of the thread, is always large compared to the linear
at later times an instability begins to evolve on top of thisinstability growth rate. The corresponding nondimensional
radial growth(see inset The large droplets developing at the Wave number i&=0.39. To focus on the instability, we sub-
ends of the thread will eventually break off; however thistract off the average radial growth rate which yields the non-
process has been found to have little effect on the dynamicdimensional growth rate-=0.017. A comparison oé with
of the remaining threatf. Thus we expect that the observed the result of thg linear stability calculation with the same
growth rate found from experimental measurements of th&alue of B, andu/u and7=0 was not favorable: the linear
change of radius with time comprise contributions due to thestability calculation predicted a maximum nondimensional
average radial growth of the thread as well as the naturgdrowth ratec=0.028 and a nondimensional critical wave
instability of the cylindrical shape, and should be comparediumberk.;=0.52. However, as can be seen from the nu-
to predictions of theory that accounts for both of thesemerical results of the boundary-integral code in Fig. 5, there
growth processes. In the analysis that follows we consideis uniform radial growth before the onset of the instability
separately the average radial growth rate and the growth ragnd therefore the relevant value of the Bond numigr,
of the oscillatory perturbation to the interface. which is proportional to the cube of the radius, for the insta-
We next report the results for several different initial bility is larger than the initial value used in the boundary-
thread aspect ratios and Bond numbers and, in Figs. 6 and integral code: if the onset of instability occurs when the
respectively, plot the average increase in radius and the déhread radius is, the effective Bond number at that instant
crease in thread length(t) as a function of timgherea, is Bo(ay/ag)® and it is this value that should be used in the
and ¢, denote, respectively, the initial radius and length oflinear stability calculation. In the particular case considered,
the threagl For both quantities the time derivative seems toa;/ap;=1.3 and the effective Bond number at the onset of
be approximately constant up to a certain maximum timenstability is 0.33; using this value in the linear stability cal-
when the rate of increase of the radius is more rapid as theulation gives a maximum growth rate=0.020 and a criti-
two ends meet: this can be observed for the curves witltal wave numbek;=0.46, which is in better agreement
initial aspect ratio 50 in the inset of Fig. 6. It would be with the boundary-integral results. The remaining small dis-
interesting to derive a theoretical prediction of the rate ofcrepancy may arise due to the effect of modifications of the
change of the thread radius and length; however, we have naotternal and external velocity fields that accompany relax-
succeeded with such a calculation. The evolution of theation of the finite thread.

B_=0.15, AR=50
B_=0.15, AR=100|
B,,=0.15, AR=200)
B_=0.35, AR=50
B_=0.35, AR=100
B_=0.35, AR=200
B,,=0.55, AR=50
B,,=0.55, AR=100

#

e 9
B,,=0.55, AR=200) b4
1

FIG. 7. A plot of the thread lengti as a function of
time. @/u=1 and ¢, denotes the initial length. The
insets show the thread shapeadius a(z,t) plotted
against axial coordinatg for the times indicated by the
arrows.

x<1 OO0+ % D>OA

Lol <M <X ol < M M o N < i o)

=20, 0 20

75 2 225 25 275
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As remarked earlier, in the work of de Hoog and pressure and velocity field given %), the equations gov-
Lekkerkerke? linear stability theory underestimated the ex- erning the radial velocity component outside the thread are
perimentally observed growth rate. This trend is consistenapproximated as
with the numerical results given here which show that uni-
form radial thickening of the thread can contribute to an
increased apparent growth rate. However, we have insuffi-
cient information to know whether this is the true explana-
tion for the experimental observations of these authors wher#ith errorsO(7 ~*3). This equation has the solution
there is some discrepancy between experimental results and

(L3—(KT)?)U :o:(d—6—k2)u =0 (A1)
r dR6 r 1

predictions of Ijnear stapility theqr)./.' It may be of inter'est to U=cee KPR 4 o= (KMRI2) c, cos<\/—§ kl/SR)
be aware of this dynamical possibility in future experiments 2

using the spinning drop tensiometer to determine a value of /3

the interfacial tension by a thread breakup experiment. +c3 sin(7k1’3R + c4e"l/3R

V. CONCLUDING REMARKS \/§
+ e(k1/3R/2)[ Cs CO{ 7 k1/3R

(V3
+Cg sm( > k1/3R) } ,
We have used analytical and numerical methods based
on a linear temporal stability analysis to study the effect of (A2)
rotation on the classical surface-tension-driven Rayleigh in-

stability of a cylindrical liquid column. The effect of the Vn\:?fégcls’ir?éé iaéc\jellggi,t a?igﬁja Zrebgggjte%ntggmbetgg;er'
Coriolis force is to suppress the maximum growth rate of the —¢ .—c —0. The ressyure field and axial and ;izimuthal
instability, and we have determined asymptotic results for th&4~ G5~ Ce =0 P

growth rate and the critical wave number in the lirdi-1. Ve;zz% c&rg)?pnents follow from the governing equations
We have also considered the presence of a rigid outer boungﬁ h :

ary and have compared numerical results obtained from 7203 42
analysis with and without use of the quasistatic approxima- P=-— T dRzz +0(1), (A3a)
tion.

Although the Coriolis force may in general be important, 718 4U
its contribution does not explain the small discrepancy be- = -~—— ——T (1), (A3Db)
tween theory, which accounts for the centripetal force but not k dR
the Coriolis force, and experimental measurements of the
growth rate in the work of de Hoog and LekkerkerRer. U.=— 1 d_P+ i (A3c)
Therefore we have studied numerically the radial growth of 0 TR dR T3]

the thread that is initially generated at a high rotation rate but A
which relaxes to a shorter and fatter shape after the rotation A Similar approach forup7/(up)>1 based on the
rate is reduced. The growth rates predicted by the linear stdescaling forR inside the thread, with the requirement the
bility calculation and the boundary-integral results were insolutions decay aB— o, leads to the general solution
reasonable agreement after accounting for the uniform in-

crease in radius of the finite thread before the onset of insta- U=c e—kmﬁl + e7<k1’3é/2) Ca CO \/—§k1’3§
bility. e 8 2
; \/§k1/3A
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APPENDIX A: LARGE-TAYLOR-NUMBER sincedl/ or is equivalent to— (up7/(wp)) Y3/ IR rather than
ASYMPTOTICS T35/ 9R and also involve extra factors @f/ & and p/p.

The six boundary conditions at the interface 1, i.e.,
R=0, R=0 yield six equations for the constargs, c,, 3,
7, Cg, andcg. Solving these equations symbolicallysing

Without rescaling variables it would appear that the vis-
cous terms in Eqs4a—(4d) are negligible; however, a so-
lution in which viscous terms are not included cannot satis . . L
the normal stress boundary conditiGt0). In the case that Matlab) gives a theoretical prediction of the growth rate
T>1 andup7l(mwp)>1 there are two boundary layers, one p i\ k(1—k2—By)
on either side of the interface. Therefore, we rescafeside o=Cq+ cz:f(—, —)f,
by r=1—R(up/(upT))*® and rescalg outside byr=1 P
+R/TY3, where the one-third scaling is motivated by the where in general the functiohhas many terms. An expres-
form of Eq. (6). Then, for7>1 and using the form for the sion forf in the limit &/ux=1 is given in(14), and the criti-

(A5)
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cal wave number is also given in Sec. I B. The predictionssume the flow field5) and it can be shown that the equation
of growth rate and critical wave number are compared withfor the radial velocityU, , analogous td6), is
numerical results in Sec. lll.

pp 1 de\® pu 1 de pp 1 de\?
- A~ T T, + A~ T T - A~ T T,
[ £ Rep,u € dt) Rep,u e dt £ ep,u e dt
APPENDIX B: THE PRESENCE OF A RIGID OUTER o )2] -
BOUNDARY —(km'f) }Urzo. (C2

The above analysis is easily modified to take account of - L ) .
a rigid boundary at radial distané&>a. We use the quasi- Now the roots{a;} with i=1, 2, 3, defined in7), and
static approximation, and modify the analysis of Sec. I A.&!S0 the rootsa;; and coefficientga; ,bi} in the solution
The expression for the inner radial velocity (8) remains forms (8), are dependent on the unknown growth rate

the same, but the general expression for the outer radial Veg_ince the rig_ht—hand sjde 6011) is pow a function ofo, the )
locity becomes growth rate is determined by using a standard root-finding

. . program to determine the value of the growth ratesuch
U (N =2 biKy(rvkZ+a))+ X byly(rik?+a)).
=1 i=a

that
Bl :
(B1) S a(o)l (VK & ()~ o=0, (3
We must now solve for the nine constafgg ,b;}. In addi- =1
tion to the three velocity boundary equations and three stress .- . ~ i
boundary conditions on the interface rat 1 [see Eqs(9) Where the coefficients;(o) and aj(o) are calculated nu

d(10)], th th i locity bound di merically for a given value of. To find the rooto, we use
an , there are tnree no-siip velocity boundary condi-y, o yatlab routine “fzero,” which uses a combination of
tions u=0 to be applied at =R/a. The details of this cal-

culation were implemented in a straightforward manner us_bisection, secant and ?nverse quadratic ir)terpolation.. We also
ing Matlab software plotted the Ieft—haqd side cﬁQS) as a funct.lon ofr for fixed

' wave numbek, which established the uniqueness of the so-
lution. Although it is possible that with the quasistatic ap-

proximation relaxed there may be complex growth rates

APPENDIX C: RELAXING THE ASSUMPTION which are solutions tdC3), due to the difficulty in calculat-
OF QUASISTATIC FLOW ing the complex solutions we have considered only real
solutions. The results of this calculation are discussed

In deriving (3) from the Navier—Stokes equatiof® we in Sec. Ill.
have assumed that the velocity field is quasistatic, i.e., that
the velocity changes on a sufficiently slow time scale that the
time derivative termgu/dt may be neglected. We now de-
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