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The dynamics of capillary pinching of a fluid thread are described by similarity solutions of the
Navier–Stokes equations. Eggers@Phys. Rev. Lett.71, 3458 ~1993!# recently proposed a single
universal similarity solution for a viscous thread pinching with an inertial–viscous–capillary
balance in an inviscid environment. In this paper it is shown that there is actually a countably infinite
family of such similarity solutions which are each an asymptotic solution to the Navier–Stokes
equations. The solutions all have axial scalet81/2 and radial scalet8, wheret8 is the time to pinching.
The solution obtained by Eggers appears to be special in that it is selected by the dynamics for most
initial conditions by virtue of being less susceptible to finite-amplitude instabilities. The analogous
problem of a thread pinching in the absence of inertia is also investigated and it is shown that there
is a countably infinite family of similarity solutions with axial scalet8b and radial scalet8, where
each solution has a different exponentb. © 1996 American Institute of Physics.
@S1070-6631~96!02811-5#

I. INTRODUCTION

The capillary break-up of a fluid thread into smaller
drops provides a simple example of a physical system which
forms singularities in finite time.1 A singularity refers to a
physical quantity—such as the fluid velocity or interfacial
curvature or their derivatives—that diverges to infinity. A
local analysis of the fluid motion near the point where the
thread pinches off is possible because the radius of the inter-
face and the timescale of pinching become orders of magni-
tude smaller than any external lengthscales and timescales.2

This separation of scales implies that the shape close to the
pinch-off point may be insensitive to the details of initial
conditions and external forces and would then evolve self-
similarly in time.3

Recently Eggers4 derived a similarity solution to a long-
wavelength approximation of the Navier–Stokes equations
for the radiush(z,t) and axial velocityv(z,t) of a thread of
viscous fluid pinching off in an inviscid environment. The
collapse of the thread is driven by surface tension, which
generates rapidly increasing capillary pressures as the radius
of the thread decreases. Gradients in the capillary pressure
accelerate fluid axially against the resistance of extensional
viscous stresses. The similarity solution derived by Eggers
balances the effects of surface tension, inertia and viscous
resistance and has the form

h~z,t !5l mHS z2z*

l mt8
1/2D t8, ~1!

v~z,t !5
g

m
VS z2z*

l mt8
1/2D t821/2, ~2!

wherem, r andg are the viscosity, density and surface ten-
sion of the fluid,l m5m2/(gr) and tm5m3/(g2r) are the

natural viscous lengthscale and timescale,z* and t* are the
location and time of pinch-off, andt85(t*2t)/tm is the di-
mensionless time to this singularity. The scaling functions
H andV are determined as solutions to a pair of ordinary
differential equations, which require three~uniquely speci-
fied! boundary conditions. The equations and boundary con-
ditions that determineH andV do not involve any dimen-
sional or dimensionless parameters and this leads to
universal predictions for the final stages of thread pinch-off.
For example, the minimum thickness of the interfacehmin a
dimensionless timet8 from the singularity satisfies

hmin5l mHmin
E t8, ~3!

whereHmin
E 50.0304 . . . was determined numerically by Eg-

gers and proposed to be a universal constant independent of
the particular experiment. This universal law for the mini-
mum thickness of the interface has been observed in numeri-
cal simulations and in experiments.5,6

The particular value ofHmin
E has interesting conse-

quences for the dynamics of a pinching viscous thread. In
particular, becauseHmin

E 50.0304 . . . is so small the similar-
ity solution is unstable to finite-amplitude perturbations
larger than a critical amplitude about 1024.7hmint8

1.5, which
vanishes rapidly ast8→0.7 Even thermal fluctuations in the
fluid can trigger instabilities of the similarity solution, lead-
ing to a cascade of thinner and thinner necks near the pinch-
off point. If the value obtained forHmin

E were larger~e.g.,
Hmin
E 510), then the exponent oft8 would be much less than

1.5 and this noise sensitivity would be so greatly diminished
that a pinching viscous thread would be self-similar through-
out the pinch-off process~until molecular scales were
reached!.

It is therefore of interest to pose the questions: What is
the origin of the number 0.0304? How does it arise from the
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Navier–Stokes equations? The goal of this paper is to answer
these questions. We argue below that there are actually a
countably infinitenumber of similarity solutions to the equa-
tions describing pinch-off of a viscous thread, with values of
Hmin that approximately satisfy the rule

Hmin~N!'
1

60N227
, where N51,2,... . ~4!

The first six of these values are calculated. The number
Hmin
E '0.0304 corresponds toHmin(N51)'1/33 and is the

solution with thelargest value of Hmin . Furthermore, the
shapes of the similarity solutions for different values ofN
are qualitatively similar, though there are quantitative differ-
ences. We conjecture that each of these similarity solutions
is linearly stable before rupture. However, as with the solu-
tion obtained by Eggers~hereafter called the Eggers solu-
tion!, they are all unstable to finite-amplitude instabilities.
The instability for similarity solutions corresponding to
N.1 is much more severe than for the Eggers solution. Nu-
merical simulations show that after the stagnation point is
destabilized in a similarity solution withN.1, the dynamics
generically pushes the shape to the Eggers solution. Thus,
the valueHmin'0.0304 is selected by the dynamics.

It is also of interest to study thread dynamics when in-
ertial effects are small. This limit was first investigated by
Papageorgiou,8 who derived a second-kind similarity solu-
tion to a long-wavelength approximation of the Stokes equa-
tions ~i.e., no inertia!. This solution has the form

h~z,t !5l RHS z2z*

l Rt8
bD t8, ~5!

v~z,t !5
g

m
VS z2z*

l Rt8
bD t8b21, ~6!

where tR5ml R /g is the viscous timescale based on an ar-
bitrary lengthscalel R , andt85(t*2t)/tR is the dimension-
less time to the singularity. The exponentb as well as the
scaling functionsH and V are determined from a pair of
ordinary differential equations. Again we argue below that
there are actually a countably infinite number of such solu-
tions with different values ofb, with that found by Papa-
georgiou being the solution with the largest value ofb.

The paper is organized as follows. The equations gov-
erning a viscous thread with inertia are summarized in Sec-
tion II and the corresponding similarity equations are derived
and discussed. In Section III we describe the numerical con-
struction of the infinite family of similarity solutions. In Sec-
tion IV we address the questions of stability and selection. In
Section V we turn to the equations without the inertial terms
and briefly describes the construction of the infinite family of
similarity solutions for this case.

II. EQUATIONS FOR A THREAD WITH INERTIA

We commence by describing the equations governing
the capillary-driven collapse of an axisymmetric viscous
fluid thread. Dynamical influences of the outside fluid are
neglected. Under the assumption that the axial lengthscale of
the thread is much greater than its radius, it may be shown

that the axial velocity is nearly uniform across the thread’s
cross-section and that the viscous stress is dominated by the
axial extension.9–11 Thus the long-wave asymptotic expan-
sions of the Navier–Stokes equations reduce at leading order
to

~h2! t1~h2v !z50, ~7!

r~v t1vvz!52pz1
3m

h2
~h2vz!z , ~8!

where the thread has radiush(z,t), axial velocityv(z,t) and
constant viscositym, densityr and surface tensiong. Simi-
lar long-wave equations have been constructed for the pinch-
ing of a thread without viscosity12,13 and without inertia.8

The fluid pressure in~8! is given by

p5gS 1h2hzzD . ~9!

The hzz term in the pressure is actually asymptotically
smaller than the 1/h term,14 but we retain it because it has
important consequences for the stability of the similarity so-
lutions as is shown in Section IV. Additional asymptotically
small corrections to the long-wave equations~7!–~9! are be-
lieved to be physically unimportant.

In the neighborhoodt8!1 of the pinch-off point, exter-
nal lengthscales become irrelevant leading to a similarity so-
lution of the form given in~1! and ~2!. Substituting~1! and
~2! into ~7!–~9! yields the ordinary differential equations

H8

H
5

22V8

2V1h
, ~10!

H2~hV1V2!852H816~H2V8!8, ~11!

for the scaling functionsH(h) andV(h), where

h5
z2z*

l mt8
1/2. ~12!

Note that thehzz component of the pressure is asymptotically
smaller than the other terms whent8!1, and so does not
appear in~11!.

Solutions to~10! and ~11! are specified by three bound-
ary conditions. Two conditions for the desired physically rel-
evant solutions follow from the fact that the evolution of
h(z,t) far away from the pinch-off point must be asymptoti-
cally much slower than that in the region around the pinch-
off point. In similarity variables this requirement corre-
sponds to the conditions of asymptotic behaviorH(h);h2

at both positive and negative infinity. The remaining condi-
tion, which follows directly from~10!, is thatV8(h0)52 if
the solution is to be regular at any pointh0 where
2V(h0)1h050. Eggers4 showed that exactly one suchh0

exists and, guided by its role in the stability analysis of Sec-
tion IV, we call it thecritical or stagnationpoint.

These two boundary conditions at infinity are imple-
mented numerically by guessing values ofh0 and
H05H(h0) as two initial conditions, imposing the regularity
condition V8(h0)52 and shooting numerically to positive
and negative infinity. For most pairs (h0 ,H0) the solution
does not satisfy the boundary conditions at infinity and may
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not even extend to infinity. However, for every value ofh0

there are values ofH05H0
f such that the solution on the

interval @h0 ,`) satisfies the boundary conditionH;h2 at
1`. We call theseforward solutions. Similarly, for every
value ofh0 there are values ofH05H0

b such that the solution
on the interval (2`,h0# satisfiesH;h2 at 2`. We call
these backward solutions. For most choices ofh0, H0

b

Þ H0
f . However, there are particular values ofh0 where the

forward and backward solution curves intersect,
H0
b(h0)5H0

f (h0); such aglobal solution to the similarity
equations satisfies all three boundary conditions. Using
a similar numerical technique, Eggers found a global
solution that corresponds to the pair (h0

E ,H0
E)

5(21.5699. . . ,0.0304. . . ). It may benoted thatH0
E is

very close to the minimum radiusHmin(N51)'1/33.
To understand how these numbers arise from the ordi-

nary differential equations~10! and ~11!, it is useful to ex-
amine more carefully the power-series expansions for
H(h) andV(h) around the stagnation pointh5h0. Substi-
tuting expansions

H5(
i50

`

Hi~h2h0!
i and V5(

i50

`

Vi~h2h0!
i ~13!

into ~10! and ~11! yields V8(h0)52 and gives rise to the
recurrence relations

3H0
2i ~ i11!Vi111~12H011!iH i5a i21 , i51,2, . . . ,

~14!

H0~ i11!Vi1115iH i5b i , ~15!

where a i21 and b i each depend onHi21, Vi and other
lower-order coefficients. In order for a solution of these re-
currence formulae to exist, the determinant of the coefficient
matrix must be nonzero for alli . This criterion is violated for
the ‘‘singular’’ values ofH0 given by

H0~n!5
1

15n212
, n51,2,3, . . . . ~16!

Thus, no power-series solution to equations~10! and ~11!
exists forH05

1
3 ,

1
18,

1
33, . . . . It is interesting to observe that

the third singular valueH05
1
3350.0303 . . . is less than half

a percent different from the numerical valueH0
E obtained by

Eggers, which suggests, first, that there may be a relationship
between them and, second, that there might be further solu-
tions to~10! and~11! near the other singular values given by
~16!.

III. SEARCH FOR FURTHER SIMILARITY SOLUTIONS

The near-coincidence between133 andHmin
E motivated a

search for other solutions near singular values ofH0 with
n Þ 3. The numerical integration was performed by starting
out at a particular (h0 ,H0) and using the series solution
generated by the recurrence relations~14! and~15! to move a
finite distance fromh0. This distance was chosen to be about
half the local radius of convergence as estimated from
(Hi)

21/i for i about 200, and was typically in the range

0.2–1. The equations were then integrated numerically to-
wards positive or negative infinity using a fourth-order
Runge–Kutta scheme.

As noted above, for each value ofh0 there are values of
H0 for which the solution reaches positive~or negative! in-
finity. A generic choice of (h0 ,H0) does not lead to a solu-
tion with H;h2 but instead has either~i! H→` faster than
exponentially or~ii ! H→0 a finite distance fromh0. A
closer examination of~10! and ~11! shows that behavior~i!
corresponds to a solution withV;2h/21d and
H8/H;5/(4d), where d→0, whereas behavior~ii ! corre-
sponds to a solution with H;uh2hcu1/2 and
V;(h2hc)

21, wherehc is the location of a singularity at a
finite distance. Numerical solutions reaching either plus or
minus infinity were identified by finding values ofH0 corre-
sponding to theborder between regions where the solution
behaves like either~i! or ~ii !.

Repeating this procedure for many values ofh0 pro-
ducescurvesin the (h0 ,H0) plane corresponding either to
forward solutions or to backward solutions. The desired glo-
bal solutions occur at intersections between forward and
backward curves. Since the equations are invariant under the
transformation h→2h, V(h)→2V(2h) and H(h)
→H(2h), any forward~backward! solution (h0 ,H0) also
has a corresponding backward~forward! solution
(2h0 ,H0). For definiteness in the following we describe
only the caseh0,0.

The search for intersections is organized by noting that
asH0 tends to the singular valueH0(n) given by ~16! the
series solution diverges~unless the linear combination of
an21 and bn corresponding to the component in the null
space of the coefficient matrix happens to vanish!. This ob-
servation motivates the definition

n~H0!5~1112H0!/15H0 . ~17!

Singular values correspond ton5n, and we numerically

FIG. 1. The results of numerical integration fromh5h0, H5H0, where
H051/(15n212). The solid curves are forward solutions and dashed curves
are backward solutions. Intersections~solid dots! correspond to the global
solutions of the equations~10! and ~11!. More details are shown in Fig. 2.
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searched in each intervaln,n,n11. Finding forward and
backward curves within any interval was initially by trial and
error. The results of this search are shown in Figs. 1 and 2.
Forward curves are shown as solid lines, whereas backward
curves are shown as dashed lines. Four intersections, corre-
sponding to global solutions, are shown by solid dots. Blow-
ups of the neighborhood near the intersections aroundn53
andn57 are shown in Figs. 2~a! and 2~b!. Figure 2~c! shows
the neighborhood ofn55, where no intersection was found.
Figure 2~d! shows backward solution curves for a much
larger range ofh0, and demonstrates the global structure of
the backward solutions. These figures demonstrate that a
clear pattern emerges forn>2, which can be summarized by
the following features.

~a! As n→n there is one forward curve withh0

}u n2nu1/n if n is even orh0 }u n2nu1/(n11) if n is odd.
We denote this curveFn

(1) .
~b! If n is odd then asn→n there is also one forward

curve and one backward curve withh0 } n2n. We de-
note these curvesFn

(2) andBn .
~c! Fn

(1) lies in (n,n11) if n54 j11 or 4j12 and in
(n21,n) otherwise;Fn

2 lies in (n,n11) and Bn in
(n21,n).

~d! Curve F4 j13
(1) forms a loop withF4 j12

(1) . Curve F4 j
(1)

joins with F4 j21
(2) and F4 j11

(1) with F4 j11
(2) , in a very

narrow cusp which cannot be resolved numerically be-

yond abouth0525. CurvesB4 j21 andB4 j11 form a
long flat loop that extends to values ofh0 of order 100.

~e! There is an intersection between theF4 j13
(1) 2F4 j12

(1)

loop andB4 j13, which gives a global solution with
n'4 j13 for eachj .

Statements~a! and ~b! are proved by asymptotic expan-
sion aroundn5n,h050 in Appendix A; statement~c! has
been shown numerically up ton5200; statements~d! and~e!
have been shown numerically up ton515. The similarity
equations are very difficult to integrate for largen, because
of the stiffness of the ODEs and the importance of high-order
coefficients in the power series near singular values. How-
ever, while~e! is not proven for arbitrarily largen, given the

TABLE I. Values of various quantities for the first six similarity solutions.

h0 H0 n Hhh(1`)

21.5699 0.030432 2.9907 4.635
21.8140 0.010785 6.9812 105.5
22.0537 0.006553 10.9731 545.2
22.2821 0.004706 14.9650 1626
22.4945 0.003672 18.9570 3673
22.6920 0.003010 22.9490 7017

A A A A

FIG. 2. ~a! Blowup of Fig. 1 aroundn53; ~b! Blowup aroundn57; ~c! Blowup aroundn55; ~d! Global structure of the backward curves, demonstrating
how they connect ash0→2`. The solid curves are forward solutions and dashed curves are backward solutions.
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topological constraints on forward and backward curves im-
posed by~a!–~c!, it is highly plausible that there is a count-
ably infinite family of similarity solutions.

The Eggers solution hasn'3. Additional global solu-
tions occur just belown57,11,15, . . . and are here reported
for the first time, as summarized in Table I. It is interesting
to note that the first six global solutions lie approximately on
the straight lineh052(n125.1)/17.7, which may be useful
for locating higher-order solutions.

Figure 3 compares theH(h) profiles for n'3 ~Eggers
solution! to the new solution withn'7. The solutions are
qualitatively similar with a modest sloping region attached to
a very steep side. The numerical values of the asymptotic
curvatures for the various solutions are very different. Figure
4 compares theV(h) profiles for these two solutions.

IV. STABILITY AND SELECTION

The results of the preceding section demonstrate that
there are a countable infinity of similarity solutions to the
equations describing thread pinch-off with an inertial–
viscous–capillary balance. This result is unexpected since all
experiments and simulations to date4–7 have only exhibited
the Eggers solution (n'3), which was thought to be com-
pletely universal. With an infinity of solutions, this univer-

sality is broken, and different experiments could follow dif-
ferent similarity solutions. A number of questions may be
posed: What is the role of the new similarity solutions? Do
they have a finite basin of attraction? And why has only the
Eggers solution been observed to date?

In order to address these questions, we first recall current
understanding of the stability of the Eggers solution. The fact
that it is observed in numerical solutions of the partial dif-
ferential equations~7!–~9! leads to the reasonable conjecture
that the Eggers solution is linearly stable to infinitesimal per-
turbations. Based on the qualitative similarity of the new
solutions~Figs. 3 and 4! to the Eggers solution, we conjec-
ture that the new solutions are also linearly stable.

It is known that the Eggers solution is unstable to finite-
amplitude perturbations by a mechanism analogous to the
Plateau–Rayleigh instability of a stationary liquid cylinder.7

Perturbations of a cylinder of radiusr 0 with a wavelength
longer than its circumference grow by the Rayleigh mecha-
nism on a dimensional timescale given by 6mr 0 /g. Heuris-
tically, we may consider the central region of the similarity
solution as a cylinder of radiushmin and from

6mr 0
g

5
6tmhmin

l m
56H0~ t*2t !, ~18!

FIG. 3. Comparison of theH(h) profiles corresponding ton'3 ~Eggers solution! and to the new solution withn'7.

FIG. 4. Comparison of theV(h) profiles corresponding ton'3 ~Eggers solution! and to the new solution withn'7.
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conclude that, as long as 6H0!1, the timescale of the Ray-
leigh instability isfaster than the time to rupture and hence
that the instabilities might play an important role in the dy-
namics. However, the other important ingredient for instabil-
ity is that an unstable perturbation is not convected away
from the pinching region before it has time to grow. Maxi-
mum growth is obtained for perturbations originating close
to the stagnation pointh0, though this closeness is limited by
the shortest wavelength perturbation that can grow. Accord-
ing to Plateau, the shortest unstable wavelength scales with
the radius of the cylinder, and is controlled by the presence
of the termhzz in ~9!. By including this term in the analysis,
it can be shown that there is a critical dimensionless ampli-
tude for instability7 which tends to zero at the pinch-off point
roughly ast81.5. The effect of this instability, as seen in both
experiments and calculations, is that evolution towards the
Eggers solution is episodically interrupted by instability, fol-
lowed by evolution back towards the Eggers solution on a
finer and more local scale, thus causing the thread to exhibit
a cascade of finer and finer necks~or blobs! until molecular
scales are reached.7

In Appendix B we argue on the basis of a linear stability
analysis of wave packets near the stagnation point that the
new solutions are also unstable to finite-amplitude perturba-
tions and, in any system with noise, are thus likely to be seen
only transiently. For the general case the critical dimensional
amplitudeAcrit is given by

Acrit5Cnl m~H0t8
1/2!nt8, ~19!

whereCn is a dimensionless constant andn'4N21 for the
Nth solution. The critical amplitude decreases much more
rapidly ast8→0 for larger values ofN and the constantCn

also decreases withN. It follows that the Eggers solution
(N51) is by far the least prone to instability.

We have performed extensive simulations of the partial
differential equations~7!–~9! in the regimehmin!l m using a
finite-difference code7,9 modified to include a numerical vis-
cosity term in order to damp finite-amplitude perturbations
~19! associated with the mesh. Using a variety of initial con-
ditions, we have never found a solution to converge onto one
of the new similarity solutions. The solutions always con-
verge, at least transiently and subject to the episodic insta-
bilities described above, towards the Eggers solution. This
conclusion is consistent with the previous findings that after
the Eggers solution destabilizes, the interface eventually re-
converges towards the Eggers solution.

Although these simulations demonstrate that the basin of
attraction of the Eggers solution is larger than the basin of
attraction of the new solutions, it does not rule out one of the
new solutions occurring. To understand this better, we per-
formed a simulation with then57 solution as the initial
condition, and followed its time evolution. Because of the
stability results discussed above, the solution necessarily will
destabilize rapidly~even due to roundoff error!. The question
we wish to address is whether the solution converges back
onto a new similarity solution after destabilizing, or whether
it converges to the Eggers solution. The result of this simu-
lation is shown in Fig. 5.

The solution follows then57 solution for a while, sug-
gesting linear stability, and then destabilizes as expected; the
instability occurs near the stagnation point, and is the result
of the finite-amplitude instability discussed above. By mea-
suring the quantityhzz, it is possible to distinguish the simi-
larity solution towards which the simulation converges. The
curvaturehzzaway from the pinch point is time-independent,
and thus provides an accurate measure of which solution
occurs. For the simulation above, the maximum curvature is
initially hzz'105. After the stagnation point destabilizes, the
numerical solution near the breaking point has the maximum
curvaturehzz'5, which corresponds to the Eggers solution
~Table I!.

In repeated simulations of this type, it was always found
that the destabilization of the stagnation point leads to the
Eggers solution. This behavior can be rationalized: After the
destabilization, the flat part of the similarity solution steep-
ens until it reaches an allowable value of the asymptotic
curvature~given by the similarity solutions!. Since thesmall-
estasymptotic curvature corresponds to the Eggers solution,
this curvature will be reached first during the steepening.
Thus, destabilization of a flat region generically leads to the
Eggers solution.

V. EQUATIONS FOR A THREAD WITHOUT INERTIA

We turn now to similarity solutions for the pinching of a
thread under conditions in which inertia is negligible, a prob-
lem first considered by Papageorgiou.8 Substitution of~5!
and ~6! into ~7!–~9!, while neglecting the inertial terms in
~8!, yields the ordinary differential equations

H8

H
5

22V8

2V12bh
, ~20!

H813~H2V8!850, ~21!

for the scaling functionsH(h) andV(h), where now

h5
z2z*

l Rt8
b . ~22!

FIG. 5. Simulation starting with then'7 solution ~bold dashed line! at
t50 and following the time evolution. The subsequent times are
t50.1,0.2,0.3,0.4,0.5,0.529,0.565, and 0.568.
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The exponentb remains to be determined, and so this simi-
larity solution is of the second kind.3 One boundary condi-
tion for ~20! and ~21! is analogous to that for the inertial
similarity equations~10! and~11!, namely thatV8(h0)52 at
the pointh0 whereV(h0)1bh050. The general asymptotic
behavior of ~20! and ~21! as h→6` is H } h1/b and
V→V6` , where V6` are constants. The remaining two
boundary conditions are thusV1`5V2`50, which corre-
spond to the requirement that the flow is driven locally by
capillary pinching and not by an imposed axial tension
3mh2vz at infinity.

We note that it is possible to integrate~20! once, then
eliminateV and integrate twice more to obtain successively

H13H2V853k, ~23!

~12b!H21
1

3
H2k/2

SH1
1

2
k/H0D ~H2H0!

3
H8

H
5
H9

H8
, ~24!

E
H0

H S x1
1

2
k/H0D b1121/m

dx

x~x2H0!
121/m 5K~h2h0!, ~25!

where

H05H~h0!, 3k5H016H0
2 , m5

1112H0

6~21b!H0
, ~26!

andK is an arbitrary constant. Since the equations are invari-
ant underh→lh, V→lV, the constantK could be set to 1
if desired. While it is satisfying to be able to perform these
integrations ~as computed by Papageorgiou for the case
m52), it is actually again more instructive to consider
power-series solutions aroundh5h0.

We observe first thatH5H0, V52(h2h0) is an exact
solution of ~20! and ~21! and so the recurrence relations

3H0
2i ~ i11!Vi111~12H011!iH i5a i21 , i51,2, . . . ,

~27!

H0~ i11!Vi1112~21b!iH i5b i , ~28!

have, in general, only the trivial solutionHi5Vi1150 for
i>1. Thus for these equations we actually need the determi-
nant of the coefficient matrix to vanish for somei if a non-
trivial solution is to exist. If this occurs fori5m then we find
that

H05
1

6~21b!m212
, H5(

j50

`

Hmj~h2h0!
mj

and V5(
j50

`

Vmj11~h2h0!
mj11, ~29!

whereHm is arbitrary ~and can be set to 1 by variable re-
scaling!, andHmj ,Vmj11 } Hm

j Starting with these series, we
can integrate~20! and ~21! numerically and determine
V6`(m,b). The boundary conditionsV6`50 are found to
require thatm is even andh050, and thatb is a function of
m. The solution found by Papageorgiou isb(2)'0.175, but
there is a solution for each even value ofm. Some of these
and the values ofb(m) are shown in Figs. 6 and 7.

As m increases and the solutions become flatter near
h50, b(m) decreases and so the shapesH } h1/b become
steeper away fromh50. It may be expected from the iner-
tial case, and is confirmed in Appendix B, that solutions with
large values ofm will be linearly stable but very prone to a
finite-amplitude version of the Rayleigh instability. We also
note that it is easy to show that the continued neglect of the
inertial terms ast8→0 requiresb. 1

2 and so all of these
solutions will eventually enter the inertial regime.

VI. CONCLUSIONS

In this paper we have constructed numerically two infi-
nite families of similarity solutions for capillary pinching of
a fluid thread, corresponding to the presence and the absence
of inertia. The former case, which extends previous work of
Eggers, gives rise to first-kind similarity solutions with the
same time-dependence, and the latter, which extends the
work of Papageorgiou, gives rise to second-kind similarity
solutions each of which has a different time-dependence.

It is interesting that there are multiple similarity solu-
tions since only the solution determined by Eggers has been

FIG. 6. Comparison of theH(h) andV(h) profiles for different values ofb.
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seen in previous numerical and experimental studies. As
demonstrated here, the similarity solutions are unstable to
finite-amplitude perturbations and the Eggers solution is spe-
cial because it is the least unstable. Through numerical simu-
lations, we have shown that the destabilization of the new
similarity solutions leads directly to the Eggers solution. We
rationalize this behavior by proposing a selection principle
for the similarity solutions: namely, a flat thread will steepen
until it reaches the smallest possible curvature consistent
with the similarity solutions.

Finally, we comment on the huge asymmetry and the
small dimensionless minimum width of both the Eggers so-
lution and the new inertial solutions. From our analysis,
these properties are related to the fact that global solutions to
the similarity equations are only found very close to certain
values ofH0 at which the series solution is singular owing to
a sort of degeneracy or resonance between the continuity and
momentum equations at the stagnation point. The physical
significance of these intriguing singularities is not clear.
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APPENDIX A: ASYMPTOTICS

The purpose of this appendix is to derive asymptotic
results about the solutions of~10! and~11! whenH0 is close
to the singular values ~16! or, equivalently, when
n(H0)5(1112H0)/15H0 is close to an integer valuen.
These results form the basis for statements~a!–~c! in Section
III.

We commence with an examination of the power series
~13! asn→n. Elimination ofVi11 from the recurrence rela-
tions ~14! and ~15! yields

Hi5
g iH0

n2 i
, where g i~n,h0!5

i21a i2123b iH0

15H0
2 ~A1!

can be found as a rational function ofn andh0. It follows
that, except in the special case thatgn(n,h0)50, there are
no regular solutions whenn5n with n an integer, since the
series breaks down ati5n. Motivated by this observation,
we definee(n)5(n2n)/gn(n,h0). There are two possibili-
ties asn→n.

The first possibility is thate→0, as will certainly happen
if gn(n,h0) Þ 0. In this case, consideration of the way that
Hn appears in a i and b i for i.n shows that
hn , . . . ,h2n21 ,un11 , . . . ,u2n5O(e21),
h2n , . . . ,h3n21 ,u2n11 , . . . ,u3n5O(e22), etc., as e→0.
Motivated by this observation, we define rescaled variables
by

y5e21/n~h2h0! and W~y!5e21/nSV~h!1
1

2
h0D

~A2!

so thatH andW/y become power series inyn ase→0. We
analyze this case, which leads to statement~a!, below.

The second possibility is thatgn(n,h0)→0 asn→n in
such as a way thate→” 0. The most important example of this
is whenn is an odd integer andh0→0 ase→0. The series
solution to~10! and ~11! has the property, arising from the
reflectional symmetry of the differential equations, that the
coefficientsH2i andV2i11 are even functions ofh0, while
H2i11 andV2i are odd functions ofh0. Thus ifn is odd then
gn(n,h0)5O(h0) as h0→0 and hence
Hn5O(h0 /(n2n)) in the joint limit h0→0 andn→n. It
follows that H and V/h can be written asymptotically as
joint power series in x2 and h0x

n/(n2n), where
x5h2h0, whose coefficients depend only onn and not on
h0. It is highly plausible, and can be confirmed numerically,
that if a large positive value ofh0 /(n2n) gives solution
behavior ~i! on forward integration, then a large negative
value will give behavior~ii !, and vice versa. It follows that a
suitable intermediate value ofh0 /(n2n) will give a forward
curve and hence that the negative of this value will give a
backward curve. This argument leads to statement~b!.

Returning to the first possibility and making the substi-
tution ~A2!, we find that

H813~H2W8!85O~e1/n!, ~A3!

~2W1y!H81~W822!H50 , ~A4!

which can be integrated numerically from initial conditions

H5
1

15n212
~11yn1••• !

and

W5yS 22
5n

n11
yn1••• D , ~A5!

neary50. We note that~A3! and ~A4! are invariant under
the transformationsy→y12w` , W→W2w` and y→Py,

FIG. 7. Variation of the similarity exponentb with the indexm of the
power-series abouth5h0. Over the range shown there is an approximate fit
b}m22.1.
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W→PW for any constantsw` andP. It is then straightfor-
ward to show that the asymptotic behavior of~A3! and~A4!
asy→` can be written in the form

H5P2~y12w`!21
1

2
1

6a21

24P2~y12w`!2

1O~y12w`!24, ~A6!

PW5Pw`1
1

3P~y12w`!
1

a

P3~y12w`!3

1O~y12w`!25, ~A7!

where the three constantsP(n), w`(n) and a(n) must be
determined numerically by integrating from the initial con-
ditions ~A5!. The expressions~A6! and ~A7! are not uni-
formly valid, but must be matched onto solutions of~10! and
~11! wheny5O(e21/n). In preparation for matching we note
that

V;2
1

2
h01e1/nw` , H;e22/nP2x2 in e1/n!x!1,

~A8!

wherex5h2h0.
Now H } x2, x@V1 1

2h0 is a consistent asymptotic for

~11!. Substituting this asymptotic into~10! at leading order,
we obtain

x4~Vx!8;6~x4V8!8. ~A9!

Most solutions of ~A9! have V5O@x21 exp(x2/12)# as
x→`. If we are to obtain the exceptional, but desired, be-
havior V5O(x21) then V must satisfyV;A1Bx23 as
h→0, whereA/B is a certainO(1) number that could be
determined by numerical integration. Since~A8! shows that
B5o(e1/n), we must also have2 1

2h01e1/nw`5o(e1/n),
i.e., h0;2e1/nw` as e→0. Recalling that
gn(n,h0)5O(h0) when n is odd, we have arrived at an
explanation and means of calculation of forward curves with
h05O(n2n)1/n when n is even andh05O(n2n)1/(n11)

whenn is odd, thus justifying statement~a!. Whether these
forward curves lie inn.n or n,n is determined by the sign
of gn , and the pattern of signs ofgn that gives rise to state-
ment ~c! has been verified numerically up ton5200.

APPENDIX B: STABILITY ANALYSIS

We wish to study the stability of similarity solutions to
~7! and~8!. Our analysis is similar to that of Brenneret al.,7

but differs both in the form of the asymptotic expansion and
in correcting some minor algebraic errors. We commence by
writing

h5l m$H~h!1dg~h,t8!%t8, ~B1!

v5
l m

tm
$V~h!1du~h,t8!%t821/2, ~B2!

whereH(h) andV(h) satisfy the similarity equations~10!
and ~10!, andd is a small parameter. We substitute into~7!
and ~8!, retaining terms toO(d), and obtain

]tg2g1SV1
h

2 Dgh1
1

2
Huh1Hhu1

1

2
Vhg50, ~B3!

]tu1
1

2
u1SV1

h

2 Duh1uVh23uhh

1
6HhVhg

H2 2
6Vhgh

H
2
6Hhuh

H
2
gh

H2

1
2Hhg

H3 2t8ghhh50, ~B4!

wheret52 ln(t8). We have omitted a termt8Hhhh /d from
~B4! on the grounds that it corresponds to a small~relative to
H) global adjustment to the similarity solution, but does not
affect the stability. We have also continued to omit various
O(t8) terms from~B3! and~B4! that arise as asymptotically
small corrections to the long-wave expansion in~7!–~9!
since these are believed to be physically unimportant; as
shown below, thet8ghhh term simply establishes a long-
wave cutoff and does not affect the dynamics of disturbance
amplification.

After accounting for the different scalings of the axial
and radial lengthscales, the radius of the thread is
Ht81/2!1 in h-space. Since we expect instabilities to corre-
spond to a form of the Rayleigh instability, we consider dis-
turbances with wavelengthO(e), where Ht81/2<e!1.
Equations~B3! and ~B4! have two t-derivatives and thus
support two modes of disturbance: simple scalings show that
one corresponds to viscous damping of disturbance inertia
and has a decay rateO(e22); the other is the Rayleigh mode
we are interested in and has a frequencyO(e21). Accord-
ingly, a suitable adaptation of the WKB method is to write

S guD 5SG~h,t!

U~h,t!
D exp F iQ~h,t!

e G1O~e!, ~B5!

whereQ is O(1). Thelocal wavenumber and frequency are
given by

k5Qh /e and v52Qt /e. ~B6!

Substituting~B5! into ~B3! and ~B4! gives

S iQt

e
1SV1

h

2 D iQh

e
1
1

2
Vh21DG1

iQh

2e
HU1Gt

1SV1
h

2 DGh5O~U !, ~B7!

Qh
2

e2
3U2

iQh

e S 6Vh

H
1

1

H2 2~e22t8!Qh
2 DG5O~G,e21U !.

~B8!

~The damped inertial mode corresponds to a balance
(3Qh

2/e21 iQt /e)U;0 in ~B8! but requires a rescaling of
the variables withQt5O(e21) for further asymptotic analy-
sis.!

Equations~B7! and~B8! allow the evolution of the Ray-
leigh mode to be evaluated. From~B8! we first obtain

U5
2ie

QhH
SVh1

12~e22t8!H2Qh
2

6H DG, ~B9!
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so thatU5O(eG). Equation~B7! then reduces atO(e21) to
Qt1(V1 1

2h)Qh50 or

v5SV1
1

2
h D k, ~B10!

which may be differentiated with respect toh to give

kt1SV1
1

2
h D kh52SVh1

1

2D k. ~B11!

Finally, we use~B9! to eliminateU from ~B7! atO(1) and
obtain the evolution equation

Gt1SV1
1

2
h DGh5H 12k2H2t8

6H
1
1

2
Vh11JG. ~B12!

Equations ~B10!–~B12! are readily interpreted. The
phase velocityv/k and the group velocity are both equal to
the sumV* of the interfacial velocityV and the pseudo-
velocity 1

2h induced by the time-dependent definition ofh.
Moving with this effective velocityV* , the local wavelength
is stretched by the divergence of the effective velocity, and
the local growth rate is the sum of the long-wave Rayleigh
growth rate, growth due to necking of the thread under ex-
tension, and a pseudo-growth due to the time-dependent ra-
dial scaling. We can, moreover, integrate both~B11! and
~B12! along characteristics ofV* to obtain

k~h~t!,t!

k~h1 ,t1!
5

V* ~h1!

V* ~h~t!!
. ~B13!

G~h~t!,t!

G~h1 ,t1!

5expH E
h1

h~t!S 12k~h!2H2t8

6H
1
1

2
Vh11D dh

V* J ,
~B14!

whereh(t) is obtained by solvinght5V* (h) subject to
h(t1)5h1.

Consideration of~B13! and ~B14! shows that the most
dangerous perturbation is one with initial wavelength
k21(h1)5Ht81/2 starting with h1 close to the stagnation/
critical pointh0 whereV* (h0)50 that was introduced ear-
lier. Growth is dominated by the region
uh12h0u!uh2h0u!1 in which Taylor expansion of the in-
tegrand of~B14! gives

~6H0!
211

1

2
Vh~h0!11

~h2h0!Vh* ~h0!
5

n

h2h0
, ~B15!

on usingH05(15n212)21, Vh(h0)52, V* (h0)50 and
Vh* (h0)5

5
2 . It follows that the amplitude of a disturbance

originating at h5h1 grows by a factor proportional to
uh12h0u2n by the time it reachesh5O(1). If the final am-
plitude isO(1) then we assume somewhat heuristically that
the original similarity solution has become unstable to the
formation of a secondary ‘‘neck’’ or ‘‘blob,’’ though the
initial linearization aboutH andV is, of course, invalid by
this stage. Noting that our implicit assumption of a localized
wave packet requiresuh12h0u>O(k21)5O(H0t8

1/2), we
conclude that the critical initial amplitude for instability has
the form

Gcrit5CnS t81/2

15n212D
n

, ~B16!

whereCn is a constant that must be determined numerically.
In dimensional units, this result may be expressed as a criti-
cal amplitudeAcrit5l mGcrit t8. As t8→0, the new similarity
solutions with n'7,11,15,... are clearly much less stable
than the solution withn'3 found by Eggers.

Finally, we note that the WKB analysis@equations~B7!
and ~B8!# only involves the viscous terms at leading order.
Thus, the same analysis may be applied to a thread pinching
in the absence of inertia after accounting for the different
time dependence (tb) of the similarity solution. We find that
equations~B13! and~B14! are unchanged save for the redefi-
nition of the phase and group velocity asV*5V1bh and
the replacement oft8 in ~B14! by t8(222b). Then, for the
inertialess problem~B15! becomes

~6H0!
211

1

2
Vh~h0!11

~h2h0!Vh* ~h0!
5

m

h2h0
. ~B17!

The time dependence of the similarity solution means now
that a localized wave packet has a sizeO(H0t8

(12b)) in
h-space, and so the critical dimensional amplitude for insta-
bility has the form

Gcrit5Cml R~H0t8
~12b!!mt8, ~B18!

whereH0 depends on the scaling exponentb as given in
equation~26!. Therefore, similarity solutions with largerm,
corresponding to smallerb, are much less stable than the
solution withb(2) determined by Papageorgiou.8
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