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A numerical investigation is presented of axisymmetric, static and elongating, viscous Newtonian
liquid bridges confined between identical circular disks. The time-dependent interface shapes and
applied forces on the end plates, which separate at a constant prescribed velocity, are calculated as
functions of the capillary number, the viscosity ratio between the inner and outer fluids, and an
initial bridge configuration characterized by the aspect ratio. The numerical simulations are in
excellent agreement with available experimental data and provide useful insight into the different
dynamical responses of extending liquid bridge configurations. In particular, liquid bridges
surrounded by fluids of a relatively small viscosity deform in a fore-aft symmetrical manner and
undergo breakup sooner than in the case of relatively viscous outer fluids, which also require a
greater applied force on the end plates to maintain the desired motion. Decreasing the capillary
number(increasing interfacial tensigrand the initial aspect ratio result in shorter bridge lengths
prior to breakup and an increase in the applied forces on the end platef99®American Institute

of Physics[S1070-663196)02110-1

I. INTRODUCTION molecular fluids, such as polymer melts, liquid crystals, or
DNA solutions, molecular models predict that the exten-
A mass of liquid connecting a pair of solid surfaces issional viscosity is dependent on the imposed deformation
called aliquid bridge (see Figs. 1 and)2Such a configura- rate and can be 2o 1¢° times larger than the shear-rate-
tion occurs in many natural as well as industrial applicationsdependent viscosity of the fluid. In this paper we first discuss
Examples of these include oil recovery, float-zone crystakome static features of liquid bridges and then describe in
growth, powder granulation, flow in porous media, materialsdetail the results of a numerical study of the dynamics of
processing and the liquid film at the base of the feet ofstretching Newtonian liquid bridges. The dynamics of New-
aphid$ and tree frogs. In enhanced oil recovery applica- tonian liquid bridges is a starting point for ongoing investi-
tions, for example, there is interest not only in static stabilitygations concerning the extensional flow dynamics of non-
but also in the dynamic evolution of the liquid bridges of Newtonian fluids.
viscous crude oil that exist in the interstitial voids of the Under static conditions, the equilibrium shapes of New-
reservoir as the less viscous displacing fluid is pumped inteonian or non-Newtonian liquid bridges confined by rigid
the reservaoir. surfaces are governed by the Young-Laplace capillarity
The liquid bridge configuration has also been used irequation and many studies of the shapes and stability as a
rheological studies for experimentally determining the extenfunction of fluid volume, aspect ratio, end-plate size, gravi-
sional viscosity of non-Newtonian fluidg. Indeed, such tational body forces and capillary pressure have been
studies motivated our investigation of liquid bridges. Exten-performedf~* Studies of the dynamics, for infinitesimal as
sional deformations of non-Newtonian fluids are significantwell as finite perturbations from a static equilibrium configu-
in fiber-spinning and extrusion and also can have significantation, have focused on liquid bridges confined by circular
influences on stability and breakup of jets and threads. Thend plates and depend on three parameters: a Reynolds num-
extensional viscosity characterizes a fluid’s resistance tber, poRy/u? (the inverse is called the Ohnesorge number
elongational (or extensional deformation and for non- wherep, u ando are, respectively, the density, viscosity and
Newtonian fluids is a fundamental material property whichinterfacial tension for a liquid bridge with end plates of ra-
cannot be inferred from viscometric shearing motioria.  dius R,, a Bond numberApgR3/o, which measures the
many experimental configurations, a column of test fluid isimportance of gravitational influences, and the viscosity ratio
placed between two rigid circular disks which are then sepabetween the inner and outer fluids. Previous investigations
rated at a prescribed ratdhe tensile forces which are mea- include linear and nonlinear stability analyses in the limit of
sured on the disks are used to determine the coefficient afmall, or zero, Bond number for low viscosity fluigRey-
tensile resistance to elongational deformation. It is wellnolds numbers>1)*"1% as well as high viscosity fluid®.
known that in a homogeneous, steady, uniaxial extensiondtinite Bond number effects have also been investigated for
motion, Newtonian fluids, such as water or syrup, exhibit arlow viscosity fluids?>?> Some of the dynamical investiga-
extensional or Troutdnviscosity that is exactly three times tions include the problem of the breaking of the bridge, ro-
the value of their Newtonian shear viscosjly For macro- tation of the end plates at the same or different speeds and
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side the fluid column are the main focus of this paper. A
sample numerical simulation of a liquid bridge whose right-
hand end plate is moved at constant velocity is presented in
Fig. 1. We notice the breaking of symmetry about the mid-
plane, an effect which depends on the viscosity ratio between
the inner and outer fluids, the asymmetric boundary motion
and the interfacial tension. It is well known in the liquid
bridge literaturé®1"*2that breaking of symmetry can also
occur during capillary breakup of static liquid bridges sub-
ject to some asymmetric perturbatide.g., axial accelera-
tion, disks of different diametersThe results in this paper
highlight the dynamical role of stretching and viscosity in
modifying the long-time evolution of the bridgeee section
IV C for further discussion Fluid flow occurs because of the
end-plate motion and additional interfacial-tension-driven
motions arise owing to curvature variations; breakup is ex-
FIG. 1. Simulation of an extending liquid bridge withi=1, A=1 and pected shortly after the final simulation shown. The total
Ay=2. Shapes are shown for the dimensionless times 0.0, 1.1, 2.6, 4.0, 5.4, . .
6.9, 8.8,10.7, 12.6, 14.1, 16.9, 18.5. Non-dimensionalization is discussed i_ﬁpp|.led_ forc_es on the e_nd plates_ are typically measured dur-
Sec. Il ing liquid bridge stretching experiments and are calculated as
functions of time in our simulations. Each of the above top-
ics are discussed in this paper.
spin-up from rest. An extensive review of this literature is ~ We first briefly review in Sec. Il the classical results
provided by Martinez and Croff There have also been stud- obtained in the static limit, but recast the results in a form
ies of the influence of the fluid surrounding the liquid relevant to typical experimental configurations. The major
column;? including viscous oscillatiof$and flow?*#in the  part of this paper treats the dynamics of Newtonian liquid
outer fluid. bridges undergoing extensional deformations between paral-
However, comparatively little theoretical work has beenlel circular plates. This topic is investigated numerically us-
focused on the extensional dynamics of deforming viscousng a boundary integral method for viscous free-boundary
fluid bridges even for the case of Newtonian fluids. Analyti- problems. In Sec. Ill a brief summary of the numerical
cal solutions for extensional motions can be found providednethod is given. In Sec. IV the simulations are compared
the dynamic shape obtained during deformation is assumegith available experimental results and we also systemati-
to be identical to the static interface shape corresponding toally investigate the effects of interfacial tension, viscosity
the instantaneous volume and aspect ratio, which neglectatio between the two fluids and the initial aspect ratio of the
viscous stresses acting on the interféeq., see Davis and bridge.
Frenkef®. Alternatively, the liquid column is assumed to
remain cylindrical by allowing a moving contact line on the ||. STATICS

solid surface€® The extensional deformation of non- o _ _ _
Newtonian liquid bridges has been studied We begin with a discussion of the static shapes assumed

experimentall§*?’~3%and has also been studied recently us-PY 2 liquid bridge, which is a problem studied last century by
ing the finite-element methad. Platealf The problem was reconsidered by Edeal® and
Extensional deformations of Newtonian fluids at low Clllette and Dysort? and recent microgravity experiments

Reynolds numbers incorporating motion both inside and outh@ve generated renewed interest in this probiéfi First,
we present the equations governing the static equilibrium

shapes of liquid bridges and second we present numerical
results for equilibrium bridge configurations similar to the
stretching experiments described in Sec. IV. Extensive nu-
merical calculations, as well as some experiments, involving
the shape and stability of static liquid bridge configurations
have been reported in the literatdre’

Consider the static axisymmetric liquid bridge shown in
Fig. 2, whereR, and A denote, respectively, the end-plate
radius and bridge length in some equilibrium configuration,
and x(z) represents the equilibrium radial position of the
interface as a function of the axial coordinateThe fluids
inside and outside the liquid bridge are distinguished by the
subscripts 1 and 2, respectively, and the enclosed fluid vol-

e

P, L . .
: ume,V, of the liquid bridge is
—a—— L
V= Wf x?(z)dz. )
FIG. 2. Axisymmetric liquid bridge geometry under static conditions. -L
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In order to maintain the bridge in a fixed configuration it
is necessary to apply a force of magnitugeon each end
plate. For example, when the bridge is in tension the force on
the right-hand end plate is positive>0, and directed along
the positivez-axis.

In experiments designed to determine the maximum
stable length of a liquid column, the bridge may be deformed
quasi-statically from one equilibrium configuration to an-
other. It is convenient to introduce dimensionless measures
of the geometric configuration. The aspect ratio is defined as
A=L/Ry. The dimensionless volume of the bridge relative s . s . . .
to the volume of a right circular cylinder of lengthl2is 00 05 10 1o 20 25 30
7"=VI27R5L. Experiments performed by stretching a ’
bridge of constant fluid volume Mfrom one equilibrium  FIG. 3. Nondimensional pressure differenceversus aspect ratid. for

Iength to another thus correspond to maintaining a ConStaI’Yflrious fixed fluid volumesA 7. The letters indicate the interface shapes at
the conditions identified by the arrows. Circles denote the largest aspect

A — 3
value 'Of 77A—V/27TR0- . . . ratio for which a stable shape exigRef. 10; rectangles denote a pressure
It is well known that in the case of constant interfacial maximum and for smaller aspect ratios the iterative numerical scheme uti-

tension,o, the equilibrium interface shapg(z), is the sur-  lized here fails.

face of revolution that minimizes the surface area. Gillette

and Dyson? studied this problem theoretically using the cal-

culus of variations and demonstrated that the Euler-Lagrang@"€ Which would also be most common in a laboratory ex-
equation for the liquid bridge geometry is equivalent to thePeriment. Because the parametric equatibgive the inter-
Young-Laplace equation, which in the absence of gravitaface shape and volume as functions of the pressure differ-

tional body forces leads to the static force balance, ence, the applied force, and constant parameters determined
by setting the geometric dimensiofespect ratio and length

2moX(2) _ 2AP—F 5 or diametey, a numerical approach is required. In particular,
1+ (dx/dz)?)12 mX(2) T 2 we obtained numerical results by using an iterative scheme
(1+( )°)
) _ in which the dimensionless volum&’, and the aspect ratio
where AP=P,—P, denotes the static pressure difference as well as the plate diameter, were fixed and the paramet-
between the inner and outer fluids. A dimensionless form of;. equations given by Gillette and Dy§8nand the con-

AV=0.25
-- AV=8.5
e AV=1.0
AV=2.0

=] maximum

stability limit

equation(2) can be written as straint(1) were solved for”’, .7 and the interface shape. We
2%(2) note that this procedure is different than that used by Gillette
X2 — o e o 7 .
—r(1+(d$</d2)2)12 PRE=F, 3 and Dyson who specified” and.” and so determined the

interface shape and fluid volume required in an explicit man-

where all lengths are nondimensionalized bR, ~ Nner using the parametric equations they had derived. Our
y):APRO/U- is the dimensionless pressure difference anoorocedure, i.e., specifyin;@'andA, is similar in spirit to the

F=FI(moRy) is the dimensionless force acting on either of approach utilized by Meseguer and Sahayho solved a
the end plates. boundary value problem numerically to obtain the equilib-

For =0 there is no volume constraint and the pr0b|emrium Shapes. The results from these two different numerical
is equivalent to the classical soap film problem whose soluimplementations are the same although they are presented in

tion yields a catenafygiven by the equation different manners.
In Figs. 3 and 4 we present the dimensionless pressure

X(z)= clcosl‘( i) ) (4)
C1

The constant, is chosen to satisfy the boundary condition 3¢
X(A)=1. 2F

In cases where” # 0, equation(3) can be solved ana- 1F
lytically in parametric form. The interface shape and the lig- pé° ok
uid bridge volume are expressed in terms of elliptic integrals  © 1k
as functions of the dimensionless pressure differericap- o
plied force.”7 and the aspect ratid.X° For identical end- 2F
plate sizes the equilibrium shapes obtained have the symme- 3F |
try X(2)=X(—2). ab |}

Since the static equilibrium configuration represents the 5F
limiting case of vanishing end-plate velocities for the extend- 4 s . ; s s \
ing, constant volume liquid bridges studied in Sec. IV, it is 0 05 10 kEL/Rf'O 25 30

natural to calculate the static bridge shapes given an aspect

rath A and a fixed fluid volume7’A. Th|5' procedure Pf _FIG. 4. Nondimensional applied forc& versus aspect ratia for various
setting the bridge volume and the geometric configuration isixed fluid volumesA 7
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efficient and  well-established numerical  solution
technique®*=3® The viscous dynamics of stretching bridges
studied here may be contrasted with investigations of liquid
bridges based on an inviscid irrotational flow
approximation-”*°

We consider the elongation of a Newtonian liquid bridge
schematically indicated in Fig. 5. Properties of the bridge
fluid are again denoted with a subscript 1 and those of the
surrounding fluid are denoted by 2. The external fluid is
treated as unbounded so that the fluid has two internal
boundaries, the fluid-fluid interfac® and the end-plate sur-
facesSp . We will restrict ourselves to axisymmetric bridge
shapes so that the end-plate surfaces are assumed to have an
axisymmetric shape and, in particular, we focus attention on
the case of thin flafcircular disk surfaces shown in Fig. 5,
f——2L() —| though other axisymmetric-shaped end plates, e.g., cones,
have been numerically simulated and are often used in the
laboratory. For all the calculations shown in this paper, the
right end plate is moved with constant velocityg(t) =U
and the left end plate remains stationaty, &0). Conse-
difference and the applied force on the end plates as a fungquently, the aspect ratib increases linearly with time, while
tion of the aspect ratio and the different values of the fluidthe productA 7, corresponding to the volume of the bridge,
volume. Conditions for each curve were chosen so that theemains constant. Interfacial shapes in this simple bridge
dimensionless fluid volume ig"=1 at initial aspect ratios of configuration may be compared directly with experimental
A=0.25,0.5,1 and 2, respectively. The dimensionless presdata, available in the literatuf® and generated in our
sure difference and force at these conditions@rel and laboratory>® The analysis given below may also be general-
7 =1. Representative shapes for concave and convex liquitted to the case where each end plate moves with an arbitrary
bridges are also shown in Fig. 3. We first note that in Fig. 3prescribed velocity.
the pressure difference is negative for the cAs&’=0.25 .

. L . ... A. Integral representation of low Reynolds number

for aspect ratios\ >0.25. For a concave liquid bridge with ¢ .4 S
these parameters, the interface curvature is such that at a
given point on the interface the pressure difference must be Fluid flows for which the Reynolds number
negative in order to balance the outward directed resultant?=pURq/n is small, so that the inertia terms in the
force produced by interfacial tension. For all the other casedlavier-Stokes equations can be neglected, are governed by
presented in Fig. 3, the interfacial tension force on an elethe linear(quasi-steadyStokes equations and the continuity
ment of the interface is directed towards the inner fluid. ~ equation. For incompressible flow of a fluid with viscosity

We have also indicated on Fig. 3 circles which denotexi and densityp;, the velocityu and pressure? satisfy
the static stability limit for the given volume of fluid beyond (i=1,2)
which no qulllt_mum shape§ eX|6E|gs_. 6 and 7 of Ref. 00 V.-T,=—VP,+ u,V2U+ p;g=0, (5)
Rectangles indicate the point at which the maximum pres-
sure difference occurs. We note from Fig. 4 that for con- V-u;=0,
stricted bridges a tensile forcey>0, is always required,
whereas for sufficiently outwardly bulging@onvex bridges
a negative force7<0, is required to maintain a constant
plate separation. This variation in the sign of the force may T=—(P—pg-x)l+u(Vu+(Vu)"), (6)

alsov\t/)e verT?d b¥ cond3|?ta_|r|ndg eq“‘?‘;'@’-t. f the d . g denotes the gravitational acceleration andlenotes the
€ hext turh %o a detanied consideration of the dynaml-,qiiqn vector. The velocity is continuous across all inter-

c_al prob_lem in which the end plates are separated as a f_ungéces and the stress jump boundary condition at the deform-
tion of time. Henceforth we also cease to denote epr|C|tIymg fluid-fluid interface is
dimensionless variables with a caret.

Nn-T,—n-Ti=0(Vs-N)N—Ap(g-X)N, X;€S, (7)

where n is the unit normal directed into fluid 2,
A theoretical study of the dynamical evolution of a de- Vs=(I—nn)-V is the gradient operator along the interface,
forming liquid bridge is difficult owing to the free-boundary Vs-n is the mean interface curvature, the interfacial tension
character of the problem: the location of the fluid-fluid inter- o is assumed constant atkp=p;— p».
face, on which boundary conditions are to be applied, must The derivation of an integral equation representation for
be determined as part of the solution. Here we focus orthe solution of this boundary value problem is
viscously dominated, low Reynolds number motion of liquid straightforward®®>~3° The solution of the integral equation,
bridges. For this limit, the boundary integral method is andefined over the bounding surfac8s and S, yields the

FIG. 5. Newtonian liquid bridge undergoing steady stretching. For all the,
calculations in this paper we také =0.

where the Newtonian stress tensbrhas been defined to
incorporate the hydrostatic pressure,

Ill. BOUNDARY INTEGRAL FORMULATION
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force distribution on the end plates and the interfacial velociend plates where the velocities arexs € Sp) =0 on the left

ties, from which the shape of the liquid bridge can be deterend plate andi(xs € Sp)=e¢, on the right end plate. Specifi-
mined as a function of time. The integral equation represencation of an initial surface configuration completes the prob-
tation of the solution igassuming the velocity vanishes far |em statement. For all the cases presented in this paper the

away) initial interface shape was that of a circular cylinder at an
1 initial aspect ratioA .
- = [n-T,—n-T1]-I(X|y)dS,+(A—1) The total force required to keep the left end plate station-
M2Js+sp ary is always negative and is obtained by adding the static
(interfacial tensiop contribution to the integrated dynamic
xf n-K(xly)-u ds, (viscous and pressureontributions on the plate. A force
St Se balance on the left end plate thus yields the dimensionless
AUy (x), xeVq, equation
=4 H1+NUI), X Si+S, ® 7= ZLR :f n-[n-T,—n-T,]dS
Us(X), XeVy, HiURo  Jsp
whereh=pu,/u, is the viscosity ratioy is the integration __ 27 (12)
variable and the tensotsandK are Z(1+(axlaz)*)"*
1 /1 rr This definition differs from that used in the static simulations
J(x|y)= E(;ﬂL r_3>’ reported in Sec. II.
3 (9) B. Discretization of the bounding surfaces
K(xly)=— P with r=x-y; r=]r|. Since the geometry is assumed to be axisymmetric, the

azimuthal integration in equatiqi0) can be performed ana-
The integral equation may be nondimensionalized byytically rendering all surface integrals to line integrals along
choosingU, Ry and u1U/Ry, respectively, as the character- the axial coordinaté® The bounding surfaceS, and S, are
istic velocity, length and stress. By using the stress jump agubdivided, respectively, intdN, and Np elements over
the fluid-fluid interface(7), equation(8) is expressed in di- which the unknown velocities and stress jumps are assumed

mensionless form as constant. The nodal points where unknowns are evaluated
1 are defined at the middle of the surface elements.

_ ?f [N(Vs-n)—.7(ey-y)n]-I(X|y)dS, At a given time step, a 2, +2Np) X 2(N,+2Np) sys-
7 SI

tem of linear equations is obtained by writing the discretized
1 version of equatior(10) for the N, points on the interface
1— X)f n'K(x|y)-udSy—J f-J(x|y)ds, S, and the N; points on the two end plate® . The result-
Si+Sp Sp ing system of equations is solved using standard linear sys-
tem solvers and, with the computed velocities, an explicit
Euler time integration is used to update the interface shape
according to the kinematic condition tracking the interface
(10 following the normal component of motion,

1 dx(t)
—Uy(X), XeV,, S
N 2 2 dt

whereegy is a unit vector in the direction of gravity. We have Here time has been nondimensionalized with the convective
introduced two dimensionless parameters, the capillary numime scaleR,/U.

+

ul(x)! XEV]_,

111

_ 2 ul(XS)! XSES|+SP1

(u(t)-n)n, for x.eS. (13

ber #" and the Bond number?, The interface shape is approximated by a cubic spline
11U ApgRy2 interpolant with which second derivatives are evaluated in
= L, L= —, (11 order to obtain the surface curvatdfeTypically we choose
g (o

N,=41 andNp=15. In the results reported here, gravita-
which represent, respectively, the relative magnitudes of vistional body forces are neglected, i.e5=0; it is neverthe-
cous and gravitational body forces to interfacial tension/€ss straightforward to solvél0) for axisymmetric geom-
forces. |n order to preserve the axisymmetry in the prob|em,etries with.Z # 0. Numerical convergence checks have been
we must haveyle, . Also, theJ integral has been subdivided performed to ensure convergence with time step as well as
into integrals over the deforming interfaG and the end- With spatial discretization.

plate surfacesSy, and the stress jump across the rigid end
plates is denoted &=n-T,—n-T,; on Sp.

Equations(10), for x; € Sp andxs € S;, represent
coupled integral equations of the second kind for the un- In this section we present results of numerical simula-
known interfacial velocity(xs € S;) and the end-plate stress tions of the stretching of Newtonian liquid bridges, an ex-
jump f(xs € Sp). Boundary conditions are specified on the ample of which has been shown above in Fig. 1. Before

IV. NUMERICAL RESULTS
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FIG. 6. Interface evolution during steady stretching. The left plate is heldF!G. 7. Distribution of the normal stress junfip=e;-f on the left end plate
fixed and the right plate is moved at unit spegd= 1; X = 3000;A, =1. for the same conditions as Fig. 6.
Dimensionless times for each of the interfacial shapes are indicated.

A =3.4. The fluid filament thins as the stretching progresses.
presenting any detailed results, we discuss an order of ma@inder static conditions a liquid bridge with this final aspect
nitude description of the expected flows. At a given point onratio is unstable, though here the bridge remains intact as
the interface, if interfacial tension and local curvature arelong as stretching occurs. Also, we observe that in the ab-
such that interfacial tension forces dominate viscous forcesence of gravitational body forces and inertia, for large vis-
Zz=u,Ulo<1, the local normal velocity has magnitude cosity ratiosA, and for this value of the capillary number
o/[u(1+1/N)]. However, in a situation where the reverse is =1, the minimum interfacial radius occurs at the mid-
true, 7= un,U/o>1, the interface shape is such that motionpoint of the fluid column and the bridge is fore-aft symmet-
conforms with stretching of a family of cylinders and the ric. We will see in Sec. IV D that this type of symmetrical
normal component of velocity has magnitudéA . deformation only occurs in situations where, for a finite cap-

Similarly, by use of(12), we arrive at an order-of- illary number, the outer fluid is significantly less viscous
magnitude scaling for the dimensionless applied force on théhan the inner one.
left end plate: In Fig. 7 we show the evolution of the axial component
of the normal stress jumg,- f acting along the left end plate
T 1 . h 2 .
— 1+ | 1+ — (14)  for the deforming bridge shown in Fig. 6. The stress distri-
2(1+(ox/92)%) A A bution is nearly uniform across the plate except near the
where dx/ 9z represents the slope of the interface at the leficontact line §>0.8) at the rim where the velocity gradients
end plate. The first term accounts for interfacial tension ore initially larger. At early times, viscous stresses due to
capillary forces while the second represents the viscous corglongation of the bridge are largest and the dynamic contri-
tribution to the total force. A very extended liquid bridge bution to the axial force is positive, i.e., the viscous traction
tends to require smaller forces to maintain the left end plat@ttempts to drag the left end plate in the positive
in a fixed position because of its relatively large aspect ratioz-direction. The viscous contribution to the dynamic force is
A, and hence there is a smaller contribution. 4G from  proportional to the product of the viscosity; and the ex-
viscous stresses. For early times, viscous effects attain thefignsion rateJ/L so that as the bridge elongates at constant
largest values and can be larger than capillary effects fovelocity the viscous contribution decreases in importance
small enough aspect ratios. Finally, large interfacial tensiongnd the capillary pressure eventually dominates leading to a
always lead to greater applied forces and we further note thategative value off,=e,-f. To further illustrate this point
the outer fluid may greatly increase the required force fowvector plots of the velocity field inside the extending liquid
A <1 because of the added viscous dissipation in the externélidge are presented in Fig. 8, which show that the viscous
fluid. contribution to the applied force can eventually change sign

We begin our study of dynamics with a simulation for a because of a flow reversal near the left end pl&ig. 80.
relatively large viscosity ratiady = 3000, since large viscosity The accelerated pinching of the high curvature regions leads
ratios are typical of most liquid bridge stretching to a net flow in the negative-direction near the left end
experiments:**®We then consider in turn the effect of vary- plate. As a consequence of this change in flow direction
ing £, A and the initial aspect ratid\ . In all cases reported bulging occurs near the end plates. We will see later that
here we take#=0. bulging only occurs for certain values &f, A\ and A .

In Fig. 9 we present a comparison of the evolution of the
total tensile force”| on the fixed left end plate as a function

In Fig. 6 we present a sequence of interface shapes faf time for 2=0.1,1,10. The liquid bridge in each case was
an elongating liquid bridge witth=3000 andZ=1. The stretched to a final aspect ratib=1.5 att=1 and subse-
bridge is initially at rest with an aspect ratiby=1 and is  quently both end plates were held in fixed positions while the
stretched with a constant unit velocity to a final aspect ratidnterface was allowed to deform further until it attained a

7L%O

A. An example of stretching a very viscous thread
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© FIG. 10. Evolution of a viscous liquid bridgex=3000, #=0.115,
Ao=1. The numerical simulation is continued almost to the point of
breakup.
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FIG. 8. Velocity fields inside an extending liquid bridge at different dimen- B. Comparison with experimental results

sionless times.z=1, A=3000 andAy,=1. (a) t=1.2; (b) t=4.8, (¢) . . . L. . .

t=4.8. The absolute length of the velocity vectorsdh have been magni- The numerical S_|mU|at|0_nS of !IQUId b”dQ? dynamics

fied by a factor of 7. may be compared directly with available experimental data.
Krogeret al?® performed stretching experiments in a neutral

buoyancy tank and measured the evolving bridge shape. We
stable static shapeA(=1.5 is within the static stability select their experiment performed at 1 mm/s in a Newtonian

boundary for this bridge volumeAs the bridge elongates, fluid-fluid - system with viscosity ratioA=3000 and

the tensile force decreases monotonically, except for a sho(ﬁ;rzo'l{?_for which Te Reynolds number is s_ufficier_nly
initial transient. Each of the final static shapes is in goodSmall (%= p1URo/1~0.03) to enable comparison with

agreement with results obtained from the static analysis ofUl numerical simulations. Figure 10 presents the sequence

Sec. Il. Upon cessation of stretching, the bridges rapidly at9'c interface shapes obtained numerically for these condi-

tions. At long times the middle of the filament thins rapidly

tain the equilibrium static configuration whose end-plate ) o
forces are shown by the horizontal dashed lines. The opeﬁnd the fluid near the end plates bulges outwards, which is

symbols indicate the values of the dimensionless forces iniidicative of a reverse flow near the end platssnilar to

tially required to maintain the static cylindrical equilibrium hat shown in Fig. Band the incipient breakup of the bridge

shapes. Different dimensionless values of the static forcdM0 tWO_ hemlspherlt_:al blobs and sate_lllte drops. .

arise here because of the viscous scaling of the stresses; for a A d!rect comparison _Of the numerical an_d_expen_mental

cylindrical liquid bridge in static equilibrium the dimensional fes%"ts IS presented in Fig. 11_’ wher(_e the minimum f|Iam§nt

force isF, = — moR,, regardless of the aspect ratio, and SOradlusxmid is shown as a function of t|mg. The _results are in
good agreement even though the experiment is performed at

FL=—al?. o
L a small but finite Reynolds number.

O¢

= atic cylinder 10

qa0f T < Lo
Dynamic

0.8

w20

mid

%06

experimental data

04 numerical simulations

2.0 25 3.0 0.2

1 1 1 i L

2.0 25 3.0 35 4.0 4.5
FIG. 9. Evolution of the total dimensionless tensile farég on the left end 2L
plate. At dimensionless time=1 the right plate is brought to rest and the
bridge evolves to the theoretical static shaf®rizontal dashed line FIG. 11. A comparison of the experimental results of ¢fepet al. (Ref. 28
N=3000,A,=1. The open symbols “0” indicate the dimensionless force with the minimum filament radius calculated numerically for the same con-
required to maintain a cylindrical liquid bridge in static equilibrium. ditions as Fig. 10.

2574 Phys. Fluids, Vol. 8, No. 10, October 1996 Gaudet, McKinley, and Stone

Downloaded-20-Jun-2003-t0-140.247.59.174.-Redistribution-subject-to-AlP-license-or-copyright,~see-http://ojps.aip.org/phf/phfcr.jsp



10 12

FIG. 13. The effect of\ on the evolution of the liquid bridge mid-point
radius; 2=0.1, Ag=1, .#=0. The curves foh =100 and\ =1000 nearly
superpose.

tions occur for somewhat higher viscosity ratios; i.e., as the
magnitude of interfacial tension stresses decreases, motion of
FIG. 12. The effect of the viscosity ratio=u, /u, on the evolution of the the outer fluid can influence the dynamics enough to break
fluid interface;#=0.1, Ag=1,.#=0. (8 A=100, (b) A=0.5,(c) \=0.1.  the symmetry even fok>100. Nevertheless, any asymme-
tries which occur during deformation are accentuated as
breakup occurs. For large interfacial deformations, the spa-
tial discretization of the mesh becomes apparent as sharp
curves appear in regions of high curvatures. In the simula-
In this section we present results for the effects of thetions, however, the shape is smooth since a cubic spline is
viscosity ratioh on the dynamics of extending Newtonian used to represent the interface.
liquid bridges. These calculations are of importance in un- It is worth contrasting the breaking of fore-aft symmetry
derstanding experimental observations of deforming liquidobserved here with the well-known symmetry breaking
bridges in Plateau tank&*° since the viscosity of the exter- documented for static liquid bridgé3!’*2 For a static
nal density-matching fluid may play an important role in thebridge bound by equal disks there is a minimum dimension-
observed dynamics. Again the left end plate is fixed and théess fluid volume below which a bridge is unstable for a
right plate translates at unit speed and as we now show thgiven aspect ratio. This result is commonly represented as a
asymmetric boundary condition results in asymmetric intercurve in a minimum volume versus aspect ratio gleq.,
face distortions for a range of viscosity ratios. In Fig. 12,Gillette and Dysoih Analyses based upon the Young-
interface shapes are shown for an extending liquid bridgéaplace equatiofi? including gravitational effects, have
with Z=0.1, an initial aspect ratid =1, and viscosity ra- shown that static liquid bridges with > A lose fore-aft
tios A=0.1,0.5,100. As the outer fluid viscosity increasessymmetry as they undergo capillary breakup, whereas for
(\ decreases breakup occurs at increasingly greater liquid A <A the fore-aft symmetry is retained;. denotes a criti-
bridge lengths and the shapes lose the fore-aft symmetry olzal aspect ratio. These stability results are in agreement with
served at high values of. On the other hand, fox=100, experiment¥ and inviscid calculatior$ that follow the evo-
the outer fluid has little dynamical influence and for thelution of a static interface responding to a given perturbation.
small capillary number calculations shown, the middle of theFor the case of no gravitational effects, the critical aspect
fluid column thins increasingly rapidly as the local curvatureratio has the value\.=2.13; the corresponding minimum
increases. Simultaneously, bulging of the bridge occurs neatimensionless volume ig,=0.57 and this also corresponds
the end plates as a result of the flow reversal discussed ard an initially cylindrical liquid bridge of aspect ratio
shown above. Significantly less bulging near the right end\y=~1.2 that has been stretched quasi-statically to its mini-
plate occurs for smaller values af which is a direct con- mum stable configuration. However, dynamical effects ow-
sequence of the increase in the outer fluid viscosity and aimg to the presence of viscous stresses from the inner and
increased resistance to deformation. outer fluids alter the dynamical evolution of the bridge. In
It is worth noting that liquid bridges tend to deform in a particular, it is possible to start with an initially cylindrical
symmetrical mannei(fore-aft symmetry when the outer liquid bridge with aspect ratio\y>1.2 which evolves with
fluid viscosity is small compared to the inner fluid viscosity. fore-aft symmetric shapes at all future times in our simula-
In the case wher&=0.1, the numerical results indicate such tions. For example, a calculatignot shown herepulling a
symmetric deformations occur foar=100 during the entire bridge at both end plates withy=2, #=0.1 and\=0.1
time of the simulations. For cases in which interfacial ten-evolves symmetrically, even up t&(t)=10, in a manner
sion plays a less significant rolez>0(1)], symmetrical similar to that shown in Fig. 12b even though static bridges
deformations for the imposed asymmetric boundary condiundergo asymmetric capillary breakup for values of the as-

C. Effect of viscosity ratio
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FIG. 14. The effect of\ on the evolution of applied force on the left end
plate; #=0.1, Aq=1, #=0. The curves foin=100 and\ =1000 nearly
superpose.

pect ratioA>A.=2.13. By contrast for a simulation with
Ap=1, 7=10°, A=0.1 asymmetries are visibly apparent for
A(t)=1.5<A.. These deviations from static and inviscid
predictions are due to viscous effects and are discussed in
more detail in Sections IV D and IV E. . -

The evolution of the mid-point radius of the interface FIG_' 12 Ihe eﬁea_ow o th_e evo“ft'c_m of the fluid interfacey =1,

_ : _ Ao=1, #=0.(@ #=10, (b) =1, (c) #=0.1.

and the dimensionless applied force on the left end plate are
presented in Figs. 13 and 14 for &1<10°,#=0.1 and
Ap=1. These plots again illustrate that the outer fluid no In Fig. 15 interface shapes far=1, initial aspect ratio
longer influences the qualitative dynamics of deformation forAy=1 andZz=0.1,1,10 are presented. At lower plate veloci-
values ofA=100. In fact, the curves fox=10 are nearly ties, the capillary forces become more important, de-
indistinguishable. We also note that for largethe initial  creases and breakup occurs at progressively shorter liquid
force is.7 =— /% while the dependence of the initial bridge lengths. For large capillary numbers &xdL) viscos-
force on\ approximately scales as {11/\), which are the ity ratios, very long threads are obtained which do not frag-
two features present in the scaling expression for the dimerment as long as the threads are being pulled. Such long, thin,
sionless applied force at early times given in equatibd). asymmetrical filaments can be obtained in a flow situation

As was suggested in the previous section and can bahere interfacial tension plays a minor role and the outer
observed in Fig. 14, significantly more work can be requiredbath fluid is at least as viscous as the liquid bridge fluid.
to elongate the fluid column when the outer fluid has non-Additional computations show that long, thin, symmetrical
negligible viscosity because of the increased viscous dissipddaments are obtained for high capillary number deforma-
tion outside the fluid bridge. We notice that as breakup of thaions of liquid bridges when the inner fluid is much more
thread occurs, then in the case of large valuea dfie ap-  viscous than the outer fluidh&1). In this limit the relative
plied force on the stationary end plate vanishes since afténsignificance of viscous interfacial stresses arising from mo-
breakup no external forces act upon the platbich now has
a hemispherical blob of fluid attached tg.iHowever, in

cases wherg is O(1) or smaller, there is fluid motion in the 1.0
outer viscous fluid prior to breakup and so a certain amount 1000
of force is still required to maintain the left-hand end plate 0.8 ggfgo
stationary. C=1
C=05

0.6 C=01

D. Effect of capillary number 3
)

In experimental configurations designed to determine the
Trouton or extensional viscosity of viscous Newtonian or
non-Newtonian liquids, initially cylindrical fluid filaments
are deformed at a range of extension rates and the resulting 9.2
tensile force measurements are used to calculate the exten-
sional viscosity. In the analysis of results from such experi- 0.0 - . - s : . !
ments, surface tension is either assumed to be negligible or €
the fluid filament is taken to be cylindrical at all times. In this
section we report results for the effects of the capillary nuM<y ;¢ ¢ eftect of on the evolution of the liquid bridge mid-point
ber Z* on the dynamics of extending Newtonian liquid ragius;x=1, Ag=1, .#=0. The curves forz =100 and# = 1000 nearly
bridges. superpose.
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FIG. 17. The effect of£” on the evolution of the applied force on the right
end platea =1, Ay=1,.%#=0. The curves fotz =100 andz = 1000 nearly

superpose. The horizontal line is the dimensionless drag force on an isolated * °
disk translating in a quiescent fluiiRefs. 38 and 30

tion of the outer fluid means that the liquid filament retains
its fore-aft symmetry at all times. This ability to draw long FIG. 18. The effect ofA, on the evolution of the fluid interfacer =1,
liquid filaments at highz” contributes to the viability of such *=1..7=0.(@ Ao=3, (b) Ag=1, (c) Ao=0.75,(d) A,=0.5.
configurations for use in measuring extensional viscosities of

viscous fluids at large strains.

For these simulations we report in Figs. 16 and 17 thecreases due, primarily, to the greater amount of bridge fluid
evolution of the interface mid-point radius and the dimen-present. However, foA,=3, thread fragmentation occurs
sionless applied forcé on the right end plate. We observe for a final extended bridge length which is shorter than for
that the dynamics no longer change #6t>10 and the ap- the case\y=1. The latter observation can be rationalized by
plied force increases as the capillary number decreases by anting from (14) that the viscous effects scale As 2 im-
amount that scales witht/ Z, which is again consistent with plying that for values ofA,>1 interfacial tension forces
equation(14). Furthermore, the force evolves, at least forbecome dominant at earlier times.

Z>0.5, to a constant value. The results shown in Fig. 19 for the force required to

Sincer=1 in the above simulations, the motion of the translate the right end plate at unit speed illustrate that
end plate is similar, at least for large extensions, to thdridges with smaller aspect ratios require substantially larger
broadside translation of a circular disk in an unbounded, hoforces to elongate, as expected for a flow with lubrication-
mogeneous, otherwise quiescent fluid. Band Guptd®de-  like characteristics. Furthermore the viscous contribution to
termined the dimensionless value of the drag force on théhe force at early times varies approximately/as? and at
disk, .7p=16, for the broadside disk translation and thislong times (i.e., larger aspect ratipsthe total force ap-
result is shown as the solid horizontal line in Fig. 17. The
curves for largez” asymptote td-g/u,URy~15.2, which is
slightly below the theoretical result. This difference may be
rationalized by realizing that, even for these large values of
¢, interfacial tension is not identically zero. Therefore, there - T &
is a slightly greater pressure within the bridge fluid relative ol A
to the outside fluid because of the large interface curvatures. «
The result is a reduction in the drag force on the plate com-
pared to the case where the interfacial tension vanishes
(Z=0).

“

1
e
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E. Effect of initial aspect ratio

Finally, we briefly summarize numerical results on the [

effects of the initial aspect ratidy on the dynamics of the
liquid bridge geometry. In Fig. 18 interface shapes are shown 0 e L L |
for =1, \=1 andA,=0.5,0.75,1,3, which are all stable

static configurations. As the initial aspect ratio increases to

Ao'“la_ the final Ie'ngth. Of'the. fluid columprior to the FIG. 19. The effect of\, on the evolution of the applied force on the right
numerical calculations indicating thread breakwgbso in-  end plate;z=1,A=1,.#=0.
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