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Drying of salt solutions leads to the accumulation of salt at any surface where evaporation occurs.
When this drying occurs within porous media, the precipitation of salts or efflorescence is generally
to be avoided. A one-dimensional model for the drying processes in initially saturated porous
materials was presented by Huinink ef al. [Phys. Fluids 14, 1389 (2002)] and analytical results were
obtained for short times when the concentration distribution evolves diffusively. Here, we present
analytical results for intermediate times when convective and diffusive fluxes balance. Moreover,
the approach is extended to symmetrical geometries and is generalized for porous objects with
arbitrary shape, which highlights the role of the surface area to volume ratio. Estimates for the
Peclet number dependence of the maximum salt concentration at the surface are obtained and the
conditions that allows to avoid efflorescence are characterized. © 2008 American Institute of

Physics. [DOI: 10.1063/1.2954037]

I. INTRODUCTION

Efflorescence in common masonry materials results in
both visual discoloration via streaks, stains, or a uniform
haze on the surface and the possible physical deterioration of
the material as additional sources of internal stress occur.
The efflorescence processes refer to the evaporatively driven
transport of soluble salts, such as hydroxides, carbonates, or
sulfates from the interior of the masonry to its surface, where
precipitation of insoluble salt oxides takes place. In order to
describe such processes it is necessary to understand the flow
of liquids in porous media and analyze the convective and
diffusive processes that transport solutes.

In recent literature, there have been a number of studies
focusing on ion transport in evaporating systems and several
studies with direct application to efflorescence.'” Results
have highlighted the importance of a dimensionless param-
eter, an effective Peclet number, defined as Pe=jL/(peD*),
where j is the evaporation rate, L is the depth of the drying
section, € is the porosity, p is the density of the liquid, and
D* is the effective diffusion coefficient of the salt in the
porous material. For small Peclet numbers, Pe <1, chemical
diffusion is most important and the salt concentration is
nearly uniform throughout the material; while for Pe > 1, ad-
vection is most important and the salt ions accumulate at the
interface where drying occurs (e.g., Refs. 3, 5, and 7). Vari-
ous one-dimensional (1D) results have been obtained, and
NMR measurements have validated some of the basic
predictions,4 especially those coupling moisture content with
the ion concentration profile near the drying interface. When
the salt concentration exceeds equilibrium saturation values,
precipitation of salt is expected.

In this paper, we build upon the 1D model introduced by
Huinink er al.’ for the study of the drying of a rectangular
porous medium initially saturated with a salt solution and
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under conditions where the evaporation rate is constant.
These authors presented numerical results for a wide range
of Peclet numbers and obtained analytical results for the salt
concentration at early times, when the concentration distri-
bution evolves diffusively. Here, we utilize the same model
and present analytical results valid for intermediate times,
when convective and diffusive fluxes balance. In particular,
we determine the spatial structure of the salt profile along the
sample, and we provide estimates for the time and Peclet
number dependence of the maximum salt concentration.
The same approach is applied to other symmetrical objects
(cylinders and spheres) and extended, with approximate ar-
guments, to objects of arbitrary shape. Thus, a reasonably
general characterization of drying in the intermediate-time
regime is obtained.

Il. DRYING OF 1D OR SYMMETRICAL SAMPLES
A. Problem formulation

The basic problem formulation for 1D drying of an ini-
tially liquid-saturated porous medium has been given by
Huinink et al.’ and we refer the reader to their paper for
details. We summarize the most important aspects here, with
reference to the rectangular geometry of Fig. 1(a). We con-
sider a sample of homogeneous material of length L and
uniform porosity ¢, initially saturated with water, which con-
tains some dissolved salts. The sample undergoes drying as a
result of convection of air along its free surface (z=0). The
other boundaries are impermeable surfaces. We neglect ther-
mal effects and consider one species of salt dissolved in the
water; ions do not absorb at the pore walls and we do not
account for any dissolution of the material.

In general, the liquid distribution within the porous
sample during drying depends on the competition between
capillary, viscous, and possibly gravitational forces. A num-
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FIG. 1. Schematic of the convective drying of a porous medium of (a) rectangular shape with constant cross section, (b) cylindrical shape with constant cross

section, and (c) spherical shape.

ber of recent works, whose results are reviewed in Ref. §,
analyze by means of experiments and comprehensive nu-
merical studies the effect on drying (without consideration of
the salt distribution) of gmvityg’10 and viscous effects.'®"?
We will assume that the size of the sample and the charac-
teristic scale of the pores are such that capillary effects are
dominant,”*'* in which case it is possible to identify three
distinct drying regimes: A constant rate period, where the
evaporation rate is constant and is determined by the diffu-
sion of vapor in the boundary layer along the free surface of
the sample; a falling rate period, during which the decreasing
evaporation rate is controlled by the transport of liquid
through the porous medium and a dry region invades the
interior of the sample; lastly, a receding regime, in which the
liquid no longer moves toward the surface and evaporates
when the drying front arrives. In this work, we study the
constant evaporation rate period and we assume that the
liquid saturation S (volume of liquid per available pore vol-
ume) is spatially uniform but time varying. This drying re-
gime, discussed in Refs. 8 and 13 and described by means of
three-dimensional numerical simulation in Ref. 14 and
experiments,4 extends down to saturations in the range
§=0.3-0.4."

The 1D equation that governs ion transport in the liquid
confined to a porous media is

dpeSC) a( aC )
——— = —| peSD*— - peSCU |, 1
ot 0z pe 0z pe )

where C is the mass fraction of salt dissolved in the liquid
phase, p is the density of the solution, which for simplicity is
assumed constant and is independent of the salt concentra-
tion, U is the average velocity of the liquid, and D* is the
effective diffusion coefficient for the dissolved salt. The
boundary conditions at z=0 and z=L are obtained by requir-
ing that the diffusive and convective fluxes balance (ions
cannot escape from the liquid phase),

€ _
uc-bD =0 at

=0,L, 2
0z ‘ @

where both terms need to be multiplied by peS to obtain the
fluxes expressed as mass per unit area per time.

For a given constant drying rate j., (mass per unit area
per time), and with the assumption that S is a function of
time only, then j..=—pLe(dS/df) and S=1-(j./pLe)t. Fur-
thermore, using a mass balance for the liquid,3 it follows
U=[j./pLeS(t)](z—L). Thus, we have all the elements to
solve for the salt concentration C(z,1).

B. Dimensionless problem statement

We approximate D* with its value at saturation, so that
the ion-transport equation (1) can be written as

HSC) _ (SO ju  ASCz-L)]
o az* pLe—j.t oz .

(3)

The macroscopic problem is characterized by the length
scale L (the characteristic scale of the pores does not enter
directly), the diffusion time scale TD=L2/ D*, and the con-
vective time scale or drying time 7-=e€Lp/j,. We follow®
and introduce the dimensionless variables r=rD*/L?,
{=z/L, and Q=SC/{SC), where (SC) is the integral average
of the product SC over the domain. The only dimensionless
parameter is the Peclet number,

L*D* Lj
peo L LID" _ Ler @)
e pLe/jcr pED
Hence, we now have the dimensionless problem
Q0 FQ P E0)
S g-D= 0,
or ¢ 1-Per al
(5)
Pe o)
-DQ-—=0 at ¢=0,1,

1—-Per 74

which can be solved numerically.

Typical numerical results have already been provided in
Refs. 3 and 7. Both of these references highlight the effect on
the ion distribution of the value of Pe [see Fig. 2(a)]. As
already mentioned, for Pe << 1 diffusive effects are dominant
so that ions remains nearly uniformly distributed throughout
the medium. For Pe=1, we observe a crossover behavior
and there is accumulation of ions in the region close to the
free surface where evaporation occurs. For Pe>> 1, convec-
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FIG. 2. (a) Ion density profiles for different Peclet values and $=0.5,
t/ 7c=Pe7=0.5. (b) Ion density profiles for Pe=40 at different values of
[1-S(z)], indicated on each curve.

tion dominates and the ion distribution is characterized by a
narrow region of high salt concentration adjacent to the free
surface.

C. Solution for Pe>>1

In Fig. 2(b), we present the time evolution of the ion
density profile for Pe=40. We observe that a peak first ap-
pears, the concentration profile broadens along the ¢ direc-
tion, reaches a maximum width and then contracts at later
times, while the concentration maximum at the surface {=0
increases continuously. Outside of the region of the peak of
concentration the ion density is nearly uniform and the ef-
fective density () simply decreases in time because of the
convection of water toward the free surface: (1 =1-Per.

We seek to better understand analytically the mecha-
nisms underlying the time evolution of the peak of the con-
centration. Consequently, as in Ref. 3, we define the excess
density )’

Qg1 =Q(7) - (1-Per). (6)
We characterize the shape of the ion distribution profile by

means of the peak height H(7)=€'(0,7) and the peak width
W(7), where
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FIG. 3. (a) Peak width W(7) for different Peclet numbers as a function of
time, where Per=1/7¢. (b) Peak height H(7) normalized with Pe vs Per for
different values of the Peclet number. The solution for H(7) given in Eq.
(10) is in excellent agreement with the numerical results of the full problem
for Pe>>1. The curve for Pe=100 is indistinguishable from the theoretical
prediction.
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Huinink et al.’ provided analytical results valid at early
times, when the concentration distribution evolves diffu-
sively so that the dimensional peak width behaves like
w == \r’/D_*t. They also pointed out that the maximum concen-
tration is instead influenced by the convective flow toward
the free surface, which leads to H=~=/p*j2t/(D*€?). We now
provide analogous results for later times in the constant
evaporation rate regime.

In Fig. 3(a), the numerical results for the time evolution
of W(7) are reported for various values of the Peclet number.
The axes are both scaled with Pe to illustrate scalings that are
appropriate for larger Pe (see below). For Pe< 1, diffusion
tends to spread ions uniformly throughout the sample and, as
pointed out by Huinink ez al.,’ the peak width remains nearly
constant and close to half the sample size. On the contrary,
for Pe>> 1, the peak width is limited by convection and ions
are trapped in a region close to {=0. Numerical results show
that the peak width reaches a maximum and then decreases
in time at a constant rate, thus approaching a limit curve.

W(7) (7)
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This behavior is determined by a competition between the
convective and diffusive fluxes. In order to corroborate this
understanding, we examined the relative magnitude of the
four terms in Eq. (5): The first two terms on the right-hand
side represent, respectively, these diffusive and convective
fluxes, and are, after an initial transient and within the peak
region, much larger than the two remaining terms. Outside of
the peak region, the time derivative and the term linear in )
simply express the behavior {}=1-Per.

By using definition (6) we can rewrite Eq. (5) in terms of
the excess density (}’. Thus, in the neighborhood of the free
surface, we make a scaling estimate to obtain an approximate
expression for the peak width W(7),

PQ"_ Pe({-1)Q" _
2 1-per ¢ VT e ®

This expression gives the limit curve for W(7) to which the
numerical results converge for Pe>>1 [Fig. 3(a)].

From Eq. (8), it is also possible to obtain an approximate
expression for the time evolution of the peak height H(7).
The integral over the spatial domain of the excess density ()’
can be approximated as the product H(7)W(7) and, with the
chosen nondimensionalization, [ (I)Q(g ,7)d{=1. Hence, we
have

1
f [Q(,7) = (1 =Per)]d{=Per=H(7)W(7), 9)
0
so that
Pe’r
H(7) = [—Por (10)

This result is in excellent agreement with the numerical re-
sults [see Fig. 3(b)]; even for Pe=4 the analytical approxi-
mation is within about 10% of the numerical results.

D. Analytical solution for Pe>1

Using the above ideas, we are now able to obtain an
analytical expression for the detailed concentration profile
Q(Z,7) for Pe>>1 and intermediate times that is in good
agreement with the numerical solution of Eq. (5). Indeed, we
can assume that, after an initial transient, the concentration
Q(Z,7) satisfies a quasisteady differential equation that ex-
presses the balance between convective and diffusive fluxes
only. As boundary conditions we impose at {=1 the value
Q=1-Per and at {=0 the matching value for the peak
height as obtained in Eq. (10). Hence, we consider

PO _pet-no0
o2 1-Per 3

2

Pe
O0,7)=1-Per+ , (11)
1—-Per

Q1,7 =1-Per.

The solution of this problem is
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FIG. 4. Ion distribution for Pe=40 and Pe=10 (inset) at different times
0.1 <Pe7=<0.9 during drying. Continuous curves are obtained from the nu-
merical solution of problem (5) and dashed curves represent the solution
given in Eq. (12).

JPe(¢ - 1))

Pe’r erfi( —_
V2 —2Per

QL 7)=1-Per+ (12)

Pe |’
(Per— l)erfi(——)
V2 -2Per

where erfi is the imaginary error function.

Figure 4 shows a comparison between the full numerical
solution and the analytical solution (12) for Pe=40 and vari-
ous times. The agreement between the two improves for
7=0.3/Pe, which [see Fig. 3(a)] is after the peak width W(7)
has reached its maximum and has started decreasing accord-
ing to Eq. (8).

E. Cylindrical and spherical geometries

Next we consider two other elementary geometries—
cylindrical and spherical—for which basic aspects of drying
will be useful to quantify. In both cases, the primary assump-
tion is that the liquid (or saturation) remains uniformly dis-
tributed in the sample as the drying occurs, i.e., S(¢) only.

First, we consider the cylindrical geometry shown in Fig.
1(b), which is characterized by radius R and height h. We
assume that the effect of the top and bottom surfaces on the
drying process can be neglected (as is the case when a
sample is sealed top and bottom) and that in a median section
the liquid phase velocity field and the salt concentration dis-
tribution can be assumed to be only functions of the radial
coordinate r and time ¢. In this case, the constant evaporation
rate leads to jcr:—%pLe(dS/dt) and S=1-(2j/pLe)t. Thus,
the dimensionless form of the ion transport equation is
slightly modified from the rectangular case,

Q19 (gaﬂ Pe

S N )
ot LaL\” L 1-2Per§ﬂ>’ (13)
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FIG. 5. Spherical geometry. (a) Peak width W(7) for different Peclet num-
bers as a function of time. (b) Peak height H(7) normalized with Pe vs time
for different values of the Peclet number. The solution for H(7) given in Eq.
(17) is in excellent agreement with the numerical results of the full problem
for Pe>1. The curve for Pe=100 is indistinguishable from the theoretical
prediction.

0) Pe
2 /0=0 at =01, (14)
d 1-2Pert
where /=r/R, t=tD*/R>, Q=SC/(S,C,), and Pe
=Rju/(peD*).

Since the liquid saturation decreases in time as
S=1-2Per, and away from the peak region ()= 1-2Per, we
introduce the excess density Q'(Z,7)=Q(¢,7)—(1-2Pe7).
We again describe the shape of the peak of concentration in
terms of the peak height H(7) and the peak width W(7),

_ LV (@ nedg
fo (& nLde

Following the approach that has been described for the 1D
case, we obtain

W(7) (15)

Pe’r
1-2Per’

1—-2Per

W(r) = T pe H(r) = (16)

The first expression gives the limit curve for W(7) to which
we have shown that the numerical solutions to Eq. (13) con-
verge for Pe> 1. The second expression in Eq. (16) approxi-
mates the time evolution of the peak height and is also in
excellent agreement with the numerical solutions of the full
problem (13).

Phys. Fluids 20, 077101 (2008)

evaporation A
>,

FIG. 6. Schematic of the convective drying of a porous medium of arbitrary
shape, sketched here in section. V and A are, respectively, the volume and
the area of the surface of the object, while L is its characteristic length scale.

Analogous results can be obtained for a spherical sample
[see Fig. 1(c)]. We find that the liquid saturation behaves in
time as S=1-3Per and the peak evolution is described by

—3Per Pe’r

|
W(r) ~ CH(D = ———
() Pe ()= 3pes

(17)
As an example, in Fig. 5(a) the numerical results for the time
evolution of W(7) for the case of a sphere are reported for
various values of the Peclet number, together with the limit
curve, given in Eq. (17), to which numerical curves converge
for Pe> 1. In Fig. 5(b), the time developments of the peak
height H obtained from the numerical solutions of the full
problem are plotted for different values of the Peclet number
and compare well with the approximate expression (17).

Comparing Egs. (8), (10), (16), and (17) for these ideal-
ized geometries in n=1, 2, and 3 dimensions, we see that the
equations have the same structure. Denoting the surface area
A, the volume V, and the characteristic length of the object
as L, the typical peak concentration and narrow concentra-
tion boundary layer involve the dimensionless ratio AL/ V.
We next generalize these results to any shape of a drying
material.

lll. DRYING OF AN ARBITRARY SHAPE OBJECT
FOR Pe>1

On the basis of the above results, we now address the
problem of drying of an object of arbitrary shape. We con-
sider the constant evaporation rate regime, and hence, as-
sume the evaporation rate to be constant and the liquid satu-
ration to be uniform in the porous medium and function of
the time only. In these conditions and for Pe> 1, salt tends to
accumulate in a narrow region adjacent to the surface where
evaporation occurs, while in the rest of the body (see Fig. 6),
it remains uniformly distributed and decreases in time be-
cause of a purely convective effect. Effectively, the evolution
in time of the salt concentration profile depends only weakly
on the complexity of the overall geometry and this can be
explained by identifying the scale characteristic of the region
of maximum concentration, where after an initial transient,
W(7)=0(1/Pe).

We will proceed here by scaling arguments. We denote
by A the surface area, V the volume, and L the characteristic
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length of the object. For a given constant drying rate j,.,
which depends on the environmental conditions, we have

ds AL j.
L.t (18)
dt V peL
From this results, it follows that
AL jo
§=1-tndey (19)
V peL

where AL/V represents the dimensionless ratio between the
area of the evaporative surface and the volume of the porous
medium. Moreover, from the mass balance equation for the
liquid phase, V-u=—(dS/dr)/S, we obtain the characteristic
velocity distribution

Lds
nSdt’

(20)

where 7 is the dimension of the problem, as used previously.
If we assume for simplicity that both the solution density and
the medium porosity are constant, the equation for salt trans-
port in the liquid phase can be written in terms of the ion
concentration SC as

asC
7=D*V2(SC)—SCV cu—u-V(SC). (21)

We introduce the usual time scale L2/ D*, length scale L,
and the dimensionless parameter Pe=Lj./(peD*). We also
define the dimensionless salt concentration per volume of
pore spaces () in terms of the initial salt concentration.

We expect that away from a narrow region near the
surface, the salt concentration is nearly uniform and
Q=1-(AL/V)Per. Near the surface, after an initial tran-
sient, the evolution of the ion distribution is determined by a
competition between convective and diffusive effects. More-
over, while the gradient of velocity can approximately be
considered constant over a scale L, the gradient of salt con-
centration is nearly zero in the inner part of the porous media
and rapidly (exponentially) increases near the surface. Thus,
we introduce N orthogonal to the surface, and obtain an ap-
proximate expression for the peak width W(7) by balancing
diffusion and advection,

FQ" (AL/IV) Pe F0%

> = — = W(7)
IN n 1-(AL/V)Per oN

_n 1=(ALIV)Per
(AL/V) Pe '

(22)

Also, similar to the 1D case, we can obtain an approximate
expression for the time evolution of the peak height H(7).
We have

J {Q(x,7) =[1-(AL/V)Per]}dV
v

= (Al’;—/V)PeTz H(7)W(7), (23)

so that
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FIG. 7. Time dependent ion concentration at {=0 for the geometry in Fig.
1(a) for several values of the Peclet number. The curve for Pe=1 should be
interpreted with caution since it is at the limits of applicability of the as-
sumptions in the theory.
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Thus, the functional forms for the estimate of the width of
the narrow high salt region (22) and of the peak concentra-
tion (24) generalize the high Peclet number results for the
constant rate period to objects of arbitrary shape.

IV. CONCLUSIONS

In conclusion, we have used the 1D model of Huinink
et al.’ to study analytically the ion distribution adjacent to a
free surface where evaporation occurs. Specifically, for the
constant evaporation rate regime, we have focused on time
scales such that the convective and diffusive fluxes approxi-
mately balance. For the three different 1D cases, rectangular,
circular, and spherical, that have been analyzed the analytical
expressions for the time dependence of the maximum ion
concentration and the typical width of the higher concentra-
tions region are in excellent agreement with the full numeri-
cal solutions. In particular, the results indicate the role of the
dimensionless surface area to volume ratio, AL/V, which is
also identified in our high Peclet number characterization of
the drying of arbitrary shapes.

With these results we can learn more about possible salt
precipitation at surfaces. In particular, Eq. (10), or, equiva-
lently, Egs. (16), (17), and (24), for the peak concentration
H(7) can be used to estimate the time and/or conditions that
lead to efflorescence, which refers to the visible appearance
of crystal precipitates at the surface. For example, for the
geometry in Fig. 1(a), for an initial liquid saturation S, and
salt concentration C,, as Q1=SC/S,Cy, we obtain for the
maximum concentration C,,,, at the surface where evapora-
tion occurs ({=0)

2
Pe 7 } (25)

Crax=S0Co| 1 + ——7—=
max 0 0[ (1—PeT)2

We expect Pe=0(1-500) based on estimates of the charac-
teristic length and porosity of a sample, the environment
temperature and relative humidity, and the velocity of the air
flow in contact with the sample. Moreover, while salt con-
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FIG. 8. Time dependent ion concentration at {=r/R=1 for the geometry in
Fig. 1(b) for several values of the Peclet number. Continuous lines represent
the solution given in Eq. (26), dashed lines the results obtained by solving
numerically problem (14). The curve for Pe=1 should be interpreted with
caution since it is at the limits of applicability of the assumptions in the
theory.

centrations in fresh water can be as low as 0.1%, moderately
saline water has typical concentrations in the range of
0.3%-1%, and highly saline water concentrations in the
range 1%-3.5%. In Fig. 7, the evolution of C,,,./Cy is plot-
ted for Sp=1 and different values of the Peclet number. These
curves make clear quantitatively (Huinink et al’ previously
indicated the results qualitatively) the typical value of the
Peclet number needed, for a given concentration of salt in
solution Cy, to prevent efflorescence, i.e., to maintain the
concentration of salt at the surfaces C,,,, below its saturation
value during the constant rate period (S=0.3), after which
the liquid front penetrates into the porous media. The
response can thus be adjusted by controlling the environmen-
tal conditions during drying or altering the porosity of the
material.

Similar expressions can be obtained for the cylindrical
and spherical geometries, as well for an object of arbitrary
shape (we have neglected the effect of the local curvature of
the surface on the spatial variation of the evaporation rate).
For the cylindrical geometry, we plot in Fig. 8 the evolution
of Cpu/ Co for Sy=1 and different values of the Peclet num-
ber. Dashed curves provide the results obtained by solving
numerically problem (14), and continuous curves represent

Phys. Fluids 20, 077101 (2008)

the expression for C,,,, which follows from substituting the
definition of H(7) in Eq. (16),

Pe’r ]

(1 -2Pen)? (26)

Chax = SOCO[ 1+

We thus have obtained descriptions for drying in the constant
rate period that focus on the common high Peclet number
limit, include various geometries, and link the results to final
salt concentrations that could lead to, or prevent, efflores-
cence.
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