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An infinite, conductive cylindrical column of electrolyte lying inside another electrolyte flattens
when it is submitted to a transverse continuous electric field. This ‘‘ribbon’’ effect can be canceled
by a second oscillatory field whose direction is perpendicular to both the column axis and to the first
electric field. The linear stability of the equilibrium with respect to elliptic perturbations of the cross
section is studied, and it is shown that the stability of the circular shape depends on the sign of a
discriminating function of the conductivity and permittivity ratios. Possible applications of the
results to continuous flow electrophoresis are discussed: Even for unstable situations the growth rate
of disturbances is reduced by the application of a second field so that we expect the efficiency of the
separation to be improved. ©1998 American Institute of Physics.@S1070-6631~98!01210-0#
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I. INTRODUCTION

Electrohydrodynamic effects and flows1 are of central
importance in many problems of colloidal hydrodynamic2

especially for the separation of charged particles, as oc
during electrophoresis of colloids, proteins, DNA, cells a
many other particles of biological interest.3–9 These flows
may also play an essential role in diverse biological p
cesses, such as cell motility10 or the natural function of ‘‘bio-
logical motors.’’11 In the present article, we consider th
electrohydrodynamic flows encountered in the prepara
separation method called continuous flow electrophor
~CFE!.5–9 This method involves no interaction of the pa
ticles to be separated with a solid medium~e.g., as in gel
electrophoresis or chromatography!, so that it offers impor-
tant potential advantages for the purification of fragile co
pounds, such as native proteins or cells.

The principle of the method can be summarized as
lows: a laminar flow of an electrolyte is established in
elongated parallelepipedic chamber~Fig. 1!. The flow direc-
tion is parallel to the chamber’s long axis, which is typica
of the order of a few tens of centimeters. A stream of
solution, containing the sample to be separated, is cont
ously introduced in the chamber, close to the inlet of
supporting electrolyte. A continuous electric field is appli
along the width of the chamber~generally by means of two
electrodes separated from the separation chamber by
permeable membranes!, perpendicular to the flow direction
The components of the sample that have different elec
2431070-6631/98/10(10)/2439/12/$15.00
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phoretic mobilities move under the combined action of t
flow and of their electrophoretic migration, and separate i
different streams of purified products~Fig. 1!.

These products are continuously collected in differe
channels at the end of the separation chamber. Both fl
are miscible, so surface tension is not important, and
residence time in the chamber is chosen low enough to a
significant distortion of the sample stream by diffusion. Id
ally, then, all streams of purified products should retain
initial ~circular! cross section of the sample stream, and
final resolution of this separation process should depend
the width of this stream, on the differences in electrophore
velocities, and the residence time in the chamber. Howe
several adverse effects tend to distort the laminar flow of
sample and products stream, thereby altering the resolu
and reducing these adverse effects is a key to practical
plications of the separation method. Such effects are s
mentation, thermal convection and electro-osmosis.6

Combined with the action of the Poiseuille flow profi
established in the rectangular chamber, these adverse ef
lead to a typical ‘‘crescent’’ shape of the filament cross s
tion that prevents satisfactory separation. When these de
mations are minimized by an optimization of the cell geo
etry and the experimental conditions~and perhaps the use o
microgravity!, an electrohydrodynamic distortion due to th
difference of conductivity or permittivity between the tw
fluids remains. This effect, first discussed by Rhodeset al.,5

leads to a flattening of the filament into a ribbon, that u
mately evolves towards the ‘‘crescent’’ shape. The flatten
9 © 1998 American Institute of Physics
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direction depends on the sign of a discriminating function
the conductivity ratioR5m i /me , and of the electric permit-
tivity ratio S5Ki /Ke

D f5R21R1123S, ~1!

where subscriptsi and e denote the internal and extern
fluids, respectively. WhenD f.0, the filament tends to be
come a flat ribbon parallel to the electric field, while wh
D f,0, the ribbon is deformed in a direction perpendicular
the field. Rhodeset al. performed experiments using an A
field instead of a DC field~for low enough frequency, the
electrohydrodynamic flattening follows the same laws! and
obtained good agreement with their theory.

The control of this electrohydrodynamic distortion is
great importance to the possible application of CFE. R
cently, Heller et al.8 have shown that the application of
second, oscillatory, electric field perpendicular to both
filament and to the first continuous field cancels this filam
distortion, as each field leads to flattening in opposite dir
tions, and we briefly recall their approach. Their experime
closely inspired from that used in Ref. 5, was performed i
continuous flow electrophoresis apparatus, with a cham
153630.6 cm ~length-width-thickness!. The thickness was
deliberately chosen larger than in conventional CFE appa
and the multiple collection ports at the outlet end of t
chamber were replaced by a window which allows dir
observation of the section of the sample stream. A DC fi
was imposed along the width of the chamber using platin
electrodes and two dialysis membranes. The (length3width)
sides of the chamber were made of two metal plates, cov
with a thin ~3 mm! continuous dielectric layer on the side
contact with the separation chamber. These metal plates
connected to a high frequency AC power supply operatin
50 kHz. The dielectric layers act as capacitors, and th
impedance at 50 kHz is negligible as compared with tha
the electrolyte solution, which allows application of a un
form AC field along the thickness of the chamber. The i
pedance with respect to the DC field is very high, howev
so that the metal plates do not perturb the DC field act
along the width of the chamber.

When a sample stream with a conductivity higher th
that of the separation buffer was introduced into the cha
ber, in the presence of the sole DC field, the sample filam
distorted into a ribbon aligned parallel to the DC field~flat-

FIG. 1. Schematic view of a CFE~continuous flow electrophoresis! cham-
ber.
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tening in the opposite direction was observed for a sam
less conductive than the electrolyte!. This deformation was
reduced when the AC field perpendicular to the DC field w
applied and the sample stream width decreased with incr
ing AC field strength, until a circular shape was recover
This optimal correction of sample filament shape occur
when the amplitude of the~sinusoidal! AC field was& times
that of the DC field~within experimental error!. When the
AC field was increased beyond this value, the sample stre
deformed in the other direction~i.e., along the thickness o
the chamber!. ~For more details, see Ref. 8.!

In the present paper, we analyze theoretically the p
cesses at play in this new experimental approach. In part
lar, we discuss the stability of the obtained equilibrium w
respect to small elliptical perturbations of the cross secti
We show that the circular cross section of the filament
stable when a new discriminating functionD f 25(R21)D f

is positive:

D f 25~R21!~R21R1123S!.0. ~2!

In the unstable case (D f 2,0), the efficiency of the sepa
ration process remains, however, substantially enhanced
respect to the single-field method developed by Rho
et al.,5 as the elliptical perturbations have to develop from
unstable equilibrium state, instead of simply evolving from
nonequilibrium initial configuration. So the basic, circula
filament configuration is in some sense more ‘‘stable.’’
brief account of these theoretical results was given in Re
without the derivation from hydrodynamics that is suppli
here.

In Sec. II, we recall the original single electric field re
sults obtained by Rhodeset al.5 for a circular filament, and
we emphasize simple physical interpretations of the flatt
ing effect based on a qualitative analysis of the forces
plied on both sides of the interface. The forces are dir
consequences of the appearance of free charges localiz
the interface because of the conductivity contrast, and als
charge polarization associated with the permittivity contra
Both electrical effects are therefore proportional to t
square of the applied field. We show, as in our previo
paper,8 that the combination of two orthogonal electric field
Ex5E0 andEy5E1 cos(vt) allows the electrohydrodynami
distortion to be canceled, provided that:

E15&E0 , ~3!

i.e., the mean square amplitude of the oscillatory field m
be equal to the amplitude of the constant field~recall that the
electrohydrodynamic effect is a quadratic function of the a
plied field!. In Sec. III, these calculations are generalized
the two-field problem in the case of a slightly elliptic sectio
We show that this problem can be reduced to the flow c
culations of Sec. II, with a modified stress distribution at t
interface. The stability of the circular cross section is go
erned by the sign of the functionDF2 . We then discuss in
Sec. IV the applicability of these calculations to CFE.
general, the stability condition is not achieved in the us
experimental conditions, but even in the unstable case
efficiency of the separation remains enhanced by the ap
cation of the second field.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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In all of their calculations, Rhodeset al.5 used a sharp
interface approximation in which the fluid properties chan
discontinuously from one bulk value to another. This id
had been introduced in a study of the similar problem
electric-field-induced deformations of spherical drops12

Saville recently suggested9 that a more refined analysis in
volving a diffuse transition between the two fluids could le
to a modification of the predictions with respect to the infl
ence of the permittivity ratio. However, this theory is st
awaiting experimental confirmation and requires the int
duction of an unknown concentration profile, and so for si
plicity we have restricted our analysis to the sharp interf
approximation. Several technical aspects of our calculati
are detailed in the Appendixes, in which we also checked
results by comparing different solution methods. In the c
clusion we discuss possible extensions of these calculati

II. SINGLE FIELD AND TWO-FIELD PROBLEMS ON A
CIRCULAR SECTION

The geometry of the problem is shown in Fig. 2~a!. For
simplicity, we neglect any three-dimensional effects~i.e.,
axial variations! and consider an idealized geometry in tw
dimensions: an infinite circular cylinder of electrolyte~con-
ductivity m i , electrical permittivityKi , radius a!, is sur-
rounded by another electrolyte~conductivity me , electrical
permittivity Ke), which extends to infinity. Both fluids ar
supposed to be initially at rest. We neglect any effects
interfacial tension and the possible diffusion of one fluid in
the other. This system is suddenly submitted to an exte

FIG. 2. ~a! The application of a constant, uniform field on a cylindrical flu
inclusion would generate electric currents in both media that in turn ind
a free charge distribution~b! at the interface~the casem i.me is suggested
here!. This charge distribution is submitted to stresses of electrical or
that should tend to flatten the fluid inclusion.~c! and~d!: After removing an
isotropic contribution, the previous stress distribution can be decompos
two different elongation distributions~normal and shear components!.
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uniform electric field~imposed at infinity! directed in the
x-direction, E5E0ex which is transverse to the flow direc
tion. For completeness, we first recall and follow the arg
ment developed by Rhodeset al.5 The two-dimensional flow
u(r ,u)5(ur ,uu) induced by electrohydrodynamics is calc
lated in order to predict the evolution of the cross sectio
shape which leads to the flattening. We present a qualita
discussion of the physics involved in the simplest caseS
51 and R5m i /me.1 ~filament lying inside a lower con-
ductivity fluid, but with the same permittivity!, and then de-
velop the calculations in the general caseRÞ1 andSÞ1.

A. A qualitative discussion of the case S51 and R>1

When the fieldE0 is applied to the system, electric cu
rents are induced both inside the cylindrical inclusionj x

( i )

5m iE, and in the external mediumj x
(e)5meE. As m iÞme ,

the component ofj normal to the interface is discontinuou
and on a very short time scale surface charges accumula
the interface. These surface charges, sketched in Fig. 2~b!,
induce an extra ‘‘depolarizing’’ field inside the inclusion i
addition to an external dipole field, both fields allowing th
system to recover the continuity of the normal electric c
rent. However, the system will be now mechanically out
equilibrium, as the original electric field induces forces
these interfacial charges. Thus a distortion, or a ‘‘flattenin
effect, is to be expected@see Fig. 2~b!#. The intensity of this
effect is governed by a balance between the viscous hy
dynamic stresses and the electrical stresses transmitted t
liquid. In the caseR.1, one would therefore expect a fla
tening of the section in thex-direction ~i.e., parallel to the
field!. The same argument developed for the opposite c
(R,1) would lead to a transverse flattening in they-
direction ~i.e., perpendicular to the field!.

In fact the actual physical situation is more complicate
as the charge distribution also experiences its own indu
field. In addition,SÞ1 in general, and other forces assoc
ated with the permittivity contrast appear~polarization
charges!. Therefore the exact calculation of the flattenin
effect requires the use of the general formalism of elec
magnetism for dielectric, conductive media1,12 ~i.e., calcula-
tion of the Maxwell stresses!.

B. Electric field and electric potential

The calculation of the field associated with the prese
of the cylindrical column is a classical problem of electr
magnetism. One has to solve the Laplace equation for
potentialV(r ,u):

DV50, ~4!

combined with the boundary conditionsV52E0x at infinity
and the continuity of the normal electric current and the t
gential component of the electric field at the interfacer
5a). Symmetry arguments suggest a solution of the fo
V5 f (r )cos(u), and denoting the external and internal so
tions, respectively,Ve

0 andVi
0 ~the superscript indicates tha

these potentials will serve later as the base state in the
turbation calculations developed in Sec. III!, we find:

e

n

in
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Ve
05~aE0!F2

r

a
1S R21

R11D a

r Gcosu for r .a, ~5a!

Vi
052~aE0!

2

R11

r

a
cosu for r ,a, ~5b!

whereR andSdesignate, respectively, the conductivity ra
R5m i /me and the permittivity ratioS5Ki /Ke . The radial
and angular components of the associated electric fields

~Er !e5E0F11S R21

R11D a2

r 2Gcosu

~Eu!e5E0F211S R21

R11D a2

r 2Gsin u

for r .a, ~6a!

and

~Er ! i5
2

R11
E0 cosu

~Eu! i52
2

R11
E0 sin u

for r ,a. ~6b!

The external potential is simply that of a dipole combin
with the applied uniform field, while the internal field i
uniform:

~EX! i5
2

R11
E0 . ~7!

As usual, the external dipole field and the internal de
larizing field can be understood as the electric field indu
by two distributions of surface charges localized at the in
face:~1! the free chargesqs equal to the discontinuity of the
normal component of the electric displacement fieldD
5KE and~2! the induced dipolar charges associated with
contrast in permittivity. It is important to note that because
the conductivity contrast, the free charge distribution is n
zero:

qs5Ke~Er !e2Ki~Er ! i52KeS R2S

R11DE0 cosu. ~8!

Physically, the dynamics of the interface analyzed
Rhodeset al.5 corresponds to forces of electrical origin ac
ing on these free charges, which in turn exert stresses
drive the fluid motion. As explained above, this descripti
is strictly true only in the caseS51, which is in fact the
situation most often encountered. WhenSÞ1, the electrical
forces exerted at the interface will be also partly of dipo
origin.

C. Flow calculation: Equations of motion

As assumed by Rhodeset al.,5 the flow is governed by
Stokes equations

¹•s= 50, ~9a!

i.e., ]s i j /]xj50, in which the components of the stress te
sor s= read:

s i j 5~sv! i j 1~se1! i j , ~9b!
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~sv! i j 5hS ]ui

]xj
1

]uj

]xi
D2pd i j , ~9c!

~se1! i j 5
K

4p S EiEj2
E2

2
d i j D , ~9d!

where (sv) i j and (se1) i j designate, respectively, the New
tonian ~viscous! part of the stress tensor and the elect
stress tensor. Also,u(r ,u) designates the fluid velocity,p is
the thermodynamic pressure,h is the viscosity~it is neces-
sary to distinguish in general between the internalh i and
externalhe viscosities!; we note that the effective pressu
field that combines the usual pressure and terms of elect
origin is p1K(E2/8p), neglecting compressibility effects.5

These equations express the ‘‘equilibrium’’ between visco
stresses and stresses of electrical origin. By combining th
with the incompressibility condition¹•u50 and the irrota-
tionality of the electric field, one can show that in the a
sence of free charges in the bulk of the liquid, the flow obe
the following equations:

¹•u50, ~10a!

h¹2u5¹p. ~10b!

Electrical effects are confined to the interface and appea
the boundary conditions. The problem thus reduces to
calculation of a classical Stokes flow~without any electrical
effects! induced by forces localized at the interface. The
forces are deduced from the continuity conditions, which
the ~circular! base state are written at the interfacer 5a.
Using the notation@G#5Ge2Gi , these conditions are

@u#5u~e!2u~ i !50, ~11a!

@~sv!rr #1@~se1!rr #50, ~11b!

@~sv!ru#1@~se1!ru#50. ~11c!

Using cylindrical coordinates, the stress equilibriu
equation yields:

2@p#1F2m
]ur

]r G1s r50, ~12a!

FmS 1

r

]ur

]u
1

]uu

]r D G1su50 ~12b!

in which the electrical surface forces can be put in the for

s r5F K

8p
~Er

22Eu
2!G5s01sn cos~2u!, ~13a!

su5F K

4p
EuEr G5s t sin~2u!, ~13b!

with

s05
KeE0

2

4p

R21

R11
, ~13c!

sn5
KeE0

2

4p

R21122S

~R11!2 , ~13d!
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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s t52
KeE0

2

2p

R2S

~R11!2 . ~13e!

These normal and tangential surface forces are sketc
in Figs. 2~c! and 2~d! ~after removing the isotropic contribu
tion s0) based on the angular dependences~13!. One can
deduce from this figure that a flattening effect generally
curs and the sign of this effect depends on a competi
between the normal and transverse stresses. In the caS
51, both effects are proportional toR21, that is to the sur-
face charge density and act in the same direction. Thus
flattening direction can be deduced without calculation of
flow: whenR.1, the circular section will evolve to a ribbo
shape in thex-direction while forR,1, the ribbon will be
parallel toy. In the general case (SÞ1), one has to calculate
the flow field in order to determine the evolution of th
shape.

D. Flow calculation: The stream function method

The method used by Rhodeset al.5 involves a stream
function c(r ,u) defined as:

ur52
1

r

]c

]u
, uu5

]c

]r
. ~14!

The incompressibility condition~10a! is automatically
satisfied, and Eq.~10b! implies thatc(r ,u) satisfies the bi-
harmonic equation:

D2c50. ~15!

The symmetries involved in this problem and theu de-
pendence of the interfacial stresses@Eqs.~13!# suggest solu-
tionsc(r ,u)5 f (r )sin(2u). Assuming in addition that the ve
locity vanishes at infinity, and remains regular atr 50, leads
to the solutions:

ce~r ,u!5S A
a2

r 2 1BD sin~2u! for r .a, ~16a!

c i~r ,u!5S C
r 2

a2 1D
r 4

a4D sin~2u! for r ,a. ~16b!

Following Rhodeset al.,5 the four integration constant
A, B, C andD are obtained by writing the continuity cond
tions ~11a! and ~12!, after calculating from~16a! and ~16b!
the fieldsu(r ,u), sv(r ,u) andp(r ,u) @this last one by inte-
grating Eq.~10b!#. We refer to their paper for more detail
and give here the final equations satisfied byA, B, C andD:

05A1B2C2D, ~17a!

05A1C12D, ~17b!

a2s t1~he1h i !~12A14B!50, ~17c!

a2sn1~he1h i !~12A18B!50. ~17d!

For A andB one obtains

A5
a2

3

sn22s t

4~he1h i !
, B5

a2~s t2sn!

4~he1h i !
. ~17e!
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One can then deduce the radial component of the velo
calculated at the interface (r 5a):

ur~r 5a,u!5
a

6~he1h i !
~2sn2s t!cos~2u! ~18a!

with

2sn2s t5
KeE0

2

2p

~R21R1123S!

~R11!2 5
KeE0

2

2p

DF

~R11!2 .

~18b!

As expected, a flattening of the filament section occu
the direction of which depends on the sign of the discrim
nating functionD f5R21R1123S: when D f.0, the fila-
ment tends to become a flat ribbon parallel to the elec
field, while whenD f,0, the ribbon is perpendicular to th
field.

E. Case of an oscillatory field

As discussed by Rhodeset al., these results not only
hold for a constant field but also for an oscillatory appli
field Ex5E1 cos(vt), provided that the frequency is not to
high compared to the typical rate associated with the cha
relaxation~typically v,106 Hz). The surface charges ma
then be treated within a quasi-static approximation, so t
the electric potentials are

Ve
0~r ,u!52E1S r 2

R21

R11

a2

r D cos~vt !cosu for r .a,

~19a!

Vi
0~r ,u!5

22rE1

R11
cos~vt !cosu for r ,a. ~19b!

Rhodeset al. also suggested replacingE0
2 by the mean

square valuêEx
2&5(E1

2)/2 in ~18b!. Actually, this substitu-
tion should be considered carefully because the ‘‘true’’ str
equilibrium condition at the interface involves time
dependent terms varying as cos(vt) and cos(2vt) in addition
to the mean square values of the stresses. These terms w
induce, in turn, time-dependent flows superposed on the
pected mean flow. However, as usual in problems involv
oscillatory boundary conditions,13 these flows should remain
confined near the interface in a boundary layer of typi
thicknessl5(h/rv)1/2. For the usual experimental cond
tions,h'1 cP,r'1 g/cm3 andv'103– 105 Hz, so thatl is
of the order 1–10mm and thus this effect has a negligib
impact in the ‘‘macroscopic’’ dynamics of the interfac
However, for very low frequencies, this boundary layer
fect would have to be reconsidered.

F. Flattening cancellation with a second field

In the case of a constant fieldEx5E0 , a possible method
for control of the ribbon flattening effect has been sugges
and tested experimentally by Helleret al.8 The experimental
method consists of applying a second oscillatory elec
field in the transverse direction,Ey5E1 cos(vt), in order
that the flattening induced by the two transverse fields co
pensate each other. The influence of the two-component
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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studied here can easily be obtained by a simple extensio
Rhodeset al.’s calculations~see Ref. 8! or by the following
symmetry argument.

Since the electrical stresses are quadratic with respe
the field,ur(r 5a) must be a quadratic function ofE0 and
E1 . The cross termE0E1 must vanish because it is not com
patible with the symmetries of the problem~not invariant by
changing the sign ofE1). Moreover, these possible cros
terms are proportional to cos(vt), so that they vanish when
averaged over a cycle. Finally, the two other quadratic te
involving E0 and E1 must reduce to the results of Rhod
et al. when one of the fields vanishes. The only possibil
that remains is

ur~r 5a!5
a

12p

Ke

he1h i
S E0

22
E1

2

2 D DF

~R11!2 cos~2u!.

~20!

The sign change forE1 results from the fact that cos(2u)
has to be replaced by cos(2(u2p/2)). For E15A2E0, the
interface distortion is canceled and the circular cross sec
becomes an equilibrium shape of the interface. An exp
mental check of~20! was carried by Helleret al.,8 who dem-
onstrated that this method of using of a second transv
applied electric field allows improved separation by contin
ous flow electrophoresis.

The cancellation of flattening can also be directly p
dicted from Eqs.~12! and~13!, by calculating the new elec
trical stress distribution applied at the interface:

s r52s01sn cos~2u!1sn cosS 2S u2
p

2 D D52s0 ,

~21a!

su5s1 sin~2u!1s t sinS 2S u2
p

2 D D50. ~21b!

For E15A2E0, the electrical forces reduce to an isotr
pic contribution, hence only affect the pressure jump acr
the interface, and thus no flattening should occur. It is, ho
ever, necessary to note that the internal pressure will di
from the external one, by a factor:

@p#5pe2pi52s05
KeE0

2

2p

R21

R11
. ~22!

This modification to the pressure field will be importa
in the two-dimensional stability of the circular section d
cussed in the next section and for future calculations of p
sible three-dimensional instabilities.

III. TWO FIELD PROBLEM ON A PERTURBED
CIRCULAR SECTION

We now discuss the stability of the equilibrium obtain
in the caseE15A2E0, with respect to weak elliptical pertur
bations of the interface. As we shall see, the circular cr
section can in fact be unstable with respect to small per
bations of the perimeter, and a flattening of the column
occur even with the two cross electric fields, but the tim
dependent shape changes occur on a comparatively long
scale. We begin with a simple qualitative argument expla
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ing the mechanism of this instability in the caseS51, and
we develop the exact calculation for the general case in
following sections. We should emphasize that in a tim
averaged sense the effect of the two fields~one steady and
the other time periodic! is to produce a base state with ze
fluid velocity but with nonzero steady components of ele
trical stresses.

A. Instability under cross fields: A simple argument
in the case S51

The mechanism of the expected instability is sugges
in Fig. 3. If two cross fieldsEx5E0 andEy5E1 cos(vt) are
applied to a circular inclusion, both fields will induce surfa
charges, but with different azimuthal distributions sketch
in Figs. 3~a! and 3~b!. Charges associated withE0 are pre-
dominantly located nearu50 and u5p, while those in-
duced byE1 are nearu56p/2. As explained above, eac
charge distribution induces surface stresses that tend to
duce two opposing shape changes. The equilibrium betw
these two effects is established forE15A2E0.

If we suppose now that instead of being circular, t
perimeter of the inclusion is initially slightly flattened, say
the x-direction@see Figs. 3~c! and 3~d!#, the curvature of the
surface will be larger nearu50 and u5p than nearu
56p/2. We therefore expect that the electric fields will b
larger nearu50 andu5p, and that the first charge distri
bution ~associated withE0) will be amplified compared to
the second one~associated withE1). As a result, the distor-
tion ~flattening! induced by E0 is expected to increas
slightly and so exceed the distortion induced byE1 . The
initial flattening perturbation of the circular cross secti

FIG. 3. ~a! and~b!: When two cross fields (Ex5E0 andEy5E1 cosvt) are
applied to a perfect cylindrical column, the stress associated to each ch
distribution compensates each other whenE15A2E0. ~c! and~d!: When the
section is initially slightly elliptic, the charge distribution lying near th
largest curvature points is amplified. The resulting stress excess should
to increase further the ellipticity of the fluid inclusion.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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should therefore be amplified by a slight residual electro
drodynamical flow. Intuitively, this argument is valid forR
.1, as well as forR,1, and one may therefore expect th
the circular cross section should be always unstable w
S51, except of course for the trivial caseR51.

Just as for the qualitative discussion of flattening with
single applied electric field discussed in Sec. II, the phys
situation becomes more complicated whenSÞ1 because of
the dipolar effects. As the single field flattening can be s
nificantly affected by a permittivity contrast, we expect th
stable equilibria exist for given values ofR andS. We there-
fore present an exact calculation of the stability problem
the general case.

B. Electrical potentials for an elliptical cross section

Consistent with the azimuthal form of the electric
stresses acting at the interface@Eqs. ~13!#, we consider a
slightly elliptical section described by the equation~see Fig.
4!:

r 5a@11e~ t !z~u!#5a@11e~ t !cos~2u!#, ~23!

in which the ‘‘eccentricity’’e is a small parameter that mea
sures small departures from the circular shape. At first or
in e, the application of the fieldE0 leads to the appearance
the inner and outer electric potentials given by:

Vi5Vi
0~r ,u!1ev i~r ,u! for r ,a, ~24a!

Ve5Ve
0~r ,u!1eve~r ,u! for r .a, ~24b!

whereVi
0 and Ve

0 are the zeroth order potentials inside a
outside, respectively, calculated in Sec. II B for a circu
inclusion, whilev i(r ,u) and ve(r ,u) are the perturbations
~calculated at ordere! induced by the slight ellipticity of the
cross section.ve and v i are calculated using the Laplac
equationDv50, with the conditions thatve is uniform at
infinity and v i is regular atr 50. In addition, the interface
conditions are obtained by performing a Taylor series exp
sion aboutr 5a:

ve1az
]Ve

0

]r
5v i1az

]Vi
0

]r
at r 5a, ~25a!

FIG. 4. Geometry of the stability calculations. The stressesdTr and dTu

must now be evaluated on a deformed interface, submitted to both tra
tional and local rotational motions.
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meH ]ve

]r
1az

]2Ve
0

]r 2 2
z8

a

]Ve
0

]u J
5m i H ]v i

]r
2

z8

a

]Vi
0

]u J at r 5a, ~25b!

wherez85]z/]u. The first condition~25a! ensures the con
tinuity of the tangential component of the electric field, wh
the second condition~25b! expresses the continuity of th
normal component of the electric current. Both conditio
are written at ordere, the trivial condition at ordere0 being
subtracted~the calculation at ordere0 leads to the ‘‘unper-
turbed’’ base potential given in Sec. II B!. The symmetries
of the problem suggest solutions of the formf (r )cos(u)
1g(r)cos(3u). After some calculations~see Appendix A!
these solutions can be written as

ve5aE0

R21

~R11!2 H ~R21!
a

r
cosu

1~R11!
a3

r 3 cos~3u!J , ~26a!

v i522aE0

R21

~R11!2

r

a
cosu ~26b!

for the perturbation of the electric potential, and

~dEr !e5eE0

R21

~R11!2 H ~R21!
a2

r 2 cosu

13~R11!
a4

r 4 cos~3u!J , ~26c!

~dEu!e5eE0

R21

~R11!2 H ~R21!
a2

r 2 sin u

13~R11!
a4

r 4 cos~3u!J , ~26d!

~dEr ! i52eE0

R21

~R11!2 cosu, ~26e!

~dEu! i522eE0

R21

~R11!2 sin u ~26f!

for the perturbations of the electric field. We note that t
inner potentialVi5Vi

01ev i still remains associated with
uniform electric field inside the inclusion, which could b
expected because of the ellipsoidal shape of the interfac

The potential associated with the second oscillatory fi
could now be deduced very easily from that calculated
the first field. It is only necessary to replaceE0 with
E1 cos(vt), e with 2e, andu with u2(p/2) in Eqs.~5! for
the base potential and~26! for the perturbation. It will be
simpler, however, in the next sections, to apply these sy
metries to the electrical stresses rather than to the field, k
ing in mind that the cross product terms~involving E0 and
E1) vanish when averaged in time.

la-
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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C. Electrical stresses on an elliptical cross section
and induced hydrodynamic flow

The instantaneous hydrodynamic flow induced by
slight ellipticity of the cross section can be treated in t
same spirit. One considers a velocity fieldu(r ,u) and a pres-
sure field given by:

u~r ,u!501du~r ,u!, ~27a!

p~r ,u!5p0~r ,u!1dp~r ,u! ~27b!

in which we have distinguished an equilibrium base st
~zero velocity, but nonuniform pressure field aspi

0Þpe
0), and

two perturbation fieldsdu(r ,u) and dp(r ,u) of order e.
These perturbation fields should again satisfy Stokes e
tion and the incompressibility condition in the bulk of bo
fluids:

¹•du50, h¹2du5¹dp. ~28!

Just as for the electric potential calculations, at first or
in e, the true ‘‘jump’’ conditions that should be written at th
interface (r 5a(11ez)) can be written atr 5a:

@du#ur 5a5due2dui50, ~29a!

@ds rr
v #ur 5a1dTr50, ~29b!

@ds ru
v #ur 5a1dTu50, ~29c!

whereds i j
v designates the total Newtonian viscous stres

and (dTr ,dTu) are the perturbation stresses, which are al
electrical origin, including one term which enters owing
the base state having a~electrically produced! pressure jump
across the interface. These stresses may be rewritten us
Taylor series aboutr 5a as

dTr5@ds rr
el #ur 5a1aezF ]s rr

el~0!

]r GU
r 5a

2ez8@s ru
el~0!#ur 5a ,

~30a!

dTu5@ds ru
el #ur 5a1aezF ]s ru

el~0!

]r GU
r 5a

2ez8@suu
el~0!#ur 5a2e@p0# r 5az8 ~30b!

in which s i j
el(0) designates the electrical stress associated w

the base electric fields~calculated for the circular section!,
while ds i j

el designates the variation in electrical stresses
duced by the perturbation of the field associated with
ellipticity. These stresses are

s rr
el~0!5

K

8p
~Er

22Eu
2!52suu

el~0! , ~31a!

s ru
el~0!5

K

4p
ErEu , ~31b!

and

ds rr
el 5

K

4p
~ErdEr2EudEu!, ~32a!

ds ru
el 5

K

4p
~ErdEr1EudEu!, ~32b!
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where hereEr52]V0/]r and Eu52(1/r )]V0/]u are the
components of the base state electric field, whiledEr

52]v/]r and dEu52(1/r )]v/]u are the perturbation
fields. The last term@p0# in Eq. ~30b! represents the redis
tribution of the pressure stresses in the azimuthal direc
due to the local inclination of the true normal to the surfa
r 5a.

Using the expression of the potential calculated in Se
II B and III B, we have calculated each term for the consta
field E0 . As the cross termsE0E1 cos(vt) vanish upon time
averaging, we have then simply added to the result the a
aged contribution arising from the second oscillatory fie
E1 cos(vt) deduced from theE0 field by symmetry argu-
ments. More precisely, any stresses can be calculated by
transformations:E0

2→E1
2/25E0

2, e→2e, u→u2p/2. After
some calculations~see Appendix B!, the effective electrical
stresses are found to be

dTr5~dsn!cos~2u!, ~33a!

dTu5~ds1!sin~2u! ~33b!

with

dsn5e
KeE0

2

p

R21

~R11!3 ~R21122S!, ~34a!

ds t522e
KeE0

2

p

R21

~R11!3 ~R2S!. ~34b!

D. Flow calculation: Stability of the equilibrium

In order to evaluate the stability we again have, as
Sec. II, to solve a Stokes flow problem induced by surfa
stress distributions exhibiting the azimuthal depende
cos(2u) and sin(2u). The solution can be obtained withou
any more calculations, by simply using Eq.~18a! that relates
the interface radial velocity to the effective electrical stre
distribution. The radial velocity calculated atr 5a is simply
given by

dur5
a

6~me1m i !
~2dsn2ds t!cos~2u! ~35a!

with

2dsn2ds t5e
2KeE0

2

p

R21

~R11!3 ~R21R1123S!.

~35b!

These results may be expressed as an evolution equ
for the degree of ellipticity:

de

dt
5

e

t0

R21

~R11!3 ~R21R1123S! ~36a!

in which t0 is a typical time scale given by

t053p
me1m i

KeE0
2 . ~36b!

As discussed in the Introduction, we observe that
flattening stability of the circular cross section under cro
electric fields depends on the new discriminating funct
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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D f 25(R21)D f5(R21)(R21R1123S) introduced in
Eq. ~2!. For D f 2.0, the circular cross section is unstab
while for D f 2,0, the circular shape is stable.

IV. DISCUSSION

We present in Fig. 5 the stability diagram in the~R,S!
plane. Two stable ranges are observed and should be re
mended for improvements of separation by continuous fl
electrophoresis. Unfortunately, for the usual experimen
conditionsS is close to 1, and, as described in Sec. III A t
circular filament is always unstable. It is, however, importa
to note that even for the unstable configuration, the sep
tion remains greatly improved by the use of a second
oscillatory field. This result may be verified by writing a
equivalent of Eq.~36a! for the single field case, deduce
from the results obtained in Sec. II:

S de

dt D
1field

5
1

4t0

R21R1123S

~R11!2 . ~37!

The ratio of the two growth rates is given by

r5
~de/dt!2fields

~de/dt!1field
54

R21

R11
e0 , ~38!

wheree0 is taken to be an order of magnitude of the possi
flattening perturbations introduced at the chamber entra
by experimental imperfections. For representative valueR
54 ande50.05, one obtains a ratio of growth rates abo
0.12, i.e., the filament deformation rate is reduced by
order of magnitude by the use of cross fields. This impro
ment comes from the fact that in the two-field case, the p
turbations have to grow from an~unstable! equilibrium state,
while in the single field case, the circular shape is an out
equilibrium configuration.

V. CONCLUSION

In summary, we have investigated the electrohydro
namic flows induced by a single electric field or by tw
mutually perpendicular electric fields on a conductive c
umn of electrolyte lying inside another electrolyte. In t
single field case, the approach developed by Rhodeset al.5

FIG. 5. Linear stability diagram obtained from our calculationsR
5m i /me conductivity ratio,S5Ki /Ke permittivity ratio!.
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was summarized and we have given simple physical in
pretations of the flattening of the filament cross secti
which is due to electrical stresses that arise because of
charges in the immediate vicinity of the interface.

Furthermore, we have discussed the stability of the eq
librium obtained by the cross field technique proposed
Heller et al.,8 which provides a possible method for contr
of the electrohydrodynamical distortions observed in fre
flow electrophoresis. We have shown that the equilibrium
not always stable, and that the stability depends on the
of a discriminating function involving the permitivity~S! and
conductivity ~R! ratios. For typical experimental condition
the stable regions in theRSplane are not attained, thoug
even in the unstable case, and by comparison with the si
field case, the growth rate of filament distortion is reduced
the second electric field of optimized amplitude. The sepa
tion conditions are therefore expected to be improved by
addition of the second oscillatory field.

Various directions could now be explored. From an e
perimental point of view, the results obtained by Hell
et al.8 suggest a complete cancellation of the flattening eff
and do not seem to reveal the ‘‘flattening instability’’ studie
in Sec. III. This observation may be due to the range of fl
velocities of the carrying fluid~the imposed Poiseuille flow
in Fig. 1! studied in the experiment: the transit time of th
charged species is reduced when the velocity is increa
and the instability could require more time to be observ
~exponential growth from very small perturbations!. In prac-
tical situations, however, a better separation is presuma
obtained when the flow rate is reduced in order to maxim
the deflection of the charged particles. One can therefore
exclude the possible appearance of this instability in the
ture development of such cross-field techniques. In suc
case, it would then be interesting to study the possible spa
dependence of the flattening effect in Helleret al.’s experi-
ment by varying the flow rates in order to devise a sim
criteria for the optimum velocity. From a more fundamen
point of view, this spatial dependence may present some
teresting connections with the absolute and convective in
bility criteria involved in open flows.14

Concerning the details of our calculations, it would ce
tainly be interesting to extend the analysis to more comp
perturbations of the filament shape, such as more gen
cos(nu) dependence of the filament perimeter. Unusual fi
ment shapes~fourfold symmetries instead of the twofold on
discussed in the present paper or highly nonlinear defor
tion of the section! are perhaps to be expected at very hi
fields.

Another possible direction would be the study of thre
dimensional instabilities that could be related to the electr
pressure jump across the interface. Recent observations m
by Sanchez and Clifton15 show a breaking of the filamen
into droplets although capillary effects should not be
volved ~zero surface tension!. On the other hand, similar ob
servations were also reported by Kurowski and Petitjean16

on a liquid column flowing inside a miscible fluid withou
any electrical effect. The stability of such fluid columns
relation to the possible existence of weak effective trans
surface tensions17 is now under way.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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A last improvement to be considered would be the
placement of the sharp interface assumed in the presen
per by a more realistic diffuse interface. Such extensions
surface instabilities have been recently studied in the c
of Saffman-Taylor instabilities or Rayleigh-Taylo
instabilities.18 Concerning the electrohydrodynamic effect
CFE, an attempt in this direction has been recently publis
by Saville9 in the single field case, who suggests that thS
dependence of the electrohydrodynamic effect could
modified. The extension of this study to the two-field ca
would be interesting.
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APPENDIX A: ELECTRIC POTENTIAL AND ELECTRIC
FIELD CALCULATIONS

The electric potentialV(r ,u) obeys the Laplace equa
tion:

1

r

]

]r S r
]V

]r D1
1

r 2

]2V

]u2 50. ~A1!

The solution forr .a and r ,a can be developed over th
cylindrical harmonics as

Ve5F2E0r 1A1

a

r Gcos~u!1A2

a2

r 2 cos~2u!

1A3

a3

r 3 cos~3u!1¯ for r .a, ~A2a!

Ve5B1

r

a
cos~u!1B2

r 2

a2 cos~2u!1B3

r 3

a3 cos~3u!

1¯ for r ,a. ~A2b!

The constants$Ai ,Bi% are given by the continuity condition
written for r 5a1r(u):

Ve~a1r,u!5Vi~a1r,u!, ~A3a!

meF]Ve

]r
2

r8

~a1r!2

]Ve

]u G
~r 5a1r!

5m iF]Vi

]r
1

r8

~a1r!2

]Vi

]u G
~r 5a1r!

. ~A3b!

For the unperturbed case (r50), these conditions reduce t

2E0a1A15B1 , 2E0a2A15RB1 ~A4!

or equivalently to

A15
R21

R11
E0a, B15

22

R11
E0a, ~A5!
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which lead to the potentials given in~5!. In the perturbed
caser5eaz(u)5ea cos(2u), and at ordere, ~A3! and~A4!
reduce to~25!. After eliminating the terms of order one, w
find:

ve2v i5az@~Er !e2~Er ! i #5~R21!~Er ! iaz at r 5a,
~A6a!

]ve

]r
2R

]v i

]r
5az

]

]r
~Er !e1~R21!z8~Eu! i at r 5a,

~A6b!

in which Er and Eu designate the components of the ze
order electric field~unperturbed potentials!, the perturbations
of the electric potential being, respectively,eve(r ,u) and
ev i(r ,u) outside and inside the inclusion. Using the expre
sions~6a! given in the text forEr andEu , one can solve the
problem seeking solutions:

ve5a1

a

r
cos~u!1a3

a3

r 3 cos~3u!, ~A7a!

v i5b1

r

a
cos~u!1b3

r 3

a3 cos~3u!. ~A7b!

Straightforward calculations give the constantsa1 , a2 ,
b1 andb2 :

a12b15a32b35a31Rb352~a11Rb1!5~aE0!
R21

R11
~A8!

which lead to

a15~aE0!
~R21!2

~R11!2 , b1522~aE0!
R21

~R11!2 , ~A9a!

a35~aE0!
R21

R11
, b350 ~A9b!

in agreement with the expressions~26! given in the text for
the perturbed electric potentials.

APPENDIX B: CALCULATION OF THE ELECTRICAL
STRESSES EXERTED ON THE PERTURBED
INTERFACE

Each term involved in Eqs.~30!, which give the normal
and tangent component of the stress, has been first calcu
from the field expressions given in Eqs.~6! and ~26! for the
continuous fieldE0 . The results for the second field wer
then deduced from this first calculation by using the tra
formation$E0

2→E1
2/2, e→2e, u→u2p/2%, and then added

to the first result. For instance, the first term for the first fie
E0 is

@ds rr
el #~E0!5e

Ke

4p
E0

2 R21

~R11!3

3$R22114~R21R112S!cos~2u!

13~R221!cos~4u!%. ~B1!

As the cross terms vanish when averaged on one cy
the E1

2 contribution is
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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@ds rr
el #~E1!5~2e!

Ke

4p

E1
2

2

R21

~R11!3 H R221

14~R21R112S!cosF2S u2
p

2 D G
13~R221!cosF4S u2

p

2 D G J . ~B2!

For E1
252E0

2, one gets

@ds rr
el #~E01E1!52

Ke

p
eE0

2 R21

~R11!3

3~R21R112S!cos~2u!. ~B3a!

The same method was applied to the other terms, leadin
first order in the small eccentricity parametere to:

azF ]s rr
el~0!

]r G
~E01E1!

52
Ke

p
eE0

2 R221

~R11!2 cos~2u!,

~B3b!

2z8@s ru
el~0!#~E01E1!50, ~B3c!

@ds ru
el #~E01E1!52

Ke

p
eE0

2 R21

~R11!3

3~R21R111S!sin~2u!, ~B3d!

azF ]s ru
el~0!

]r G
~E01E1!

50, ~B3e!

z8@suu
el~0!#52z8@s rr

el~0!#52
Ke

p
eE0

2 R21

R11
sin~2u!,

~B3f!

@p0#z852
Ke

p
eE0

2 R21

R11
sin~2u!. ~B3g!

The two last terms are equal because of the normal st
equilibrium under cross fields obtained for the unperturb
interface, which implies@s rr

el(0)#2@p0#50. Combining the
three nonzero contributions, one finally gets the results
played in Eqs.~33! and ~34!.

APPENDIX C: CHECK OF ELECTRICAL STRESSES
BY ELLIPTICAL COORDINATES

In view of the complexity of the calculations present
in the previous appendix, we have checked our results b
different method, using the elliptical coordinatesu and f
defined as

x5c cosh~f!cos~u!, y5c sinh~f!sin~u! ~C1!

in which c is related to the major axis 2amax52a(11e) and
minor axis 2amin52a(12e), by the relationships:

amax5c cosh~f0!, amin5c sinh~f0!. ~C2!

The elliptic interface is defined asf5f0 . Rhodeset al.5

calculated the components of the electric field at the in
face, for single field caseE05E0ex applied at infinity. These
components are given by
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ss
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a

r-

~Ef!e5R~Ef! i5R
E0c

h

11t

R1t
sinh~f0!cos~u!,

~Eu!e5~Eu! i52
E0c

h

11t

R1t
cosh~f0!sin~u! ~C3!

with h25c2@sinh2~f0!1sin2~u!#

in which t5amax/amin'112e is the aspect ratio (e!1). We
have used these expressions to calculate the normal and
gent components of the stresses, respectively, given by

@sff
el #5

Ke

16p

E0
2c2

h2

~11t!2

~R1t!2 $~R22S!sinh2~f0!

2~12S!cosh2~f0!1@~R22S!sinh2~f0!

1~12S!cosh2~f0!#cos~2u!%, ~C4a!

@suf
el #52

Ke

8p

E0
2c2

h2

~11t!2

~R1t!2

3~R2S!sinh~f0!cosh~f0!sin~2u!. ~C4b!

One can eliminate the two variablesc and f0 that can be
expressed as functions oft by the relationships:

sinh~f0!5
1

At221
and

c2

h2 5
t221

11~t221!sin2~u!
.

~C5!

After replacing these quantities by these expressions in~C4a!
and~C4b!, one obtains the stresses as functions of the as
ratio:

@sff
el #5

Ke

16p
E0

2 ~11t!2

~R1t!2

1

11~t221!sin2~u!
$R22S

2~12S!t21@R22S1~12S!t2#cos~2u!%,

~C6a!

@suf
el #52

Ke

8p
E0

2 ~11t!2

~R1t!2

t

11~t221!sin2~u!

3~R2S!sin~2u!. ~C6b!

One can now develop these expressions at first order ie,
adding the contribution to the stresses induced by the sec
field. As for the calculations developed in the previous a
pendix, one can simply deduce this new contribution fro
the first one by using the transformations:E0

2→E1
2/2, u→u

2p/2, e→2e. Ultimately, one gets

@sff
el #5

Ke

p
eE0

2 R21

~R11!3 ~R21122S!cos~2u!, ~C7a!

@suf
el #522

Ke

p
eE0

2 R21

~R11!3 ~R2S!sin~2u!, ~C7b!

which coincides exactly with the stressesdTr and dTu cal-
culated with the method developed in the text and in App
dix B.
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