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An infinite, conductive cylindrical column of electrolyte lying inside another electrolyte flattens
when it is submitted to a transverse continuous electric field. This “ribbon” effect can be canceled
by a second oscillatory field whose direction is perpendicular to both the column axis and to the first
electric field. The linear stability of the equilibrium with respect to elliptic perturbations of the cross
section is studied, and it is shown that the stability of the circular shape depends on the sign of a
discriminating function of the conductivity and permittivity ratios. Possible applications of the
results to continuous flow electrophoresis are discussed: Even for unstable situations the growth rate
of disturbances is reduced by the application of a second field so that we expect the efficiency of the
separation to be improved. @998 American Institute of Physid$$1070-663(98)01210-7

I. INTRODUCTION phoretic mobilities move under the combined action of the
flow and of their electrophoretic migration, and separate into
Electrohydrodynamic effects and floare of central  different streams of purified productBig. 1).
importance in many problems of colloidal hydrodynanfics, These products are continuously collected in different
especially for the separation of charged particles, as occurshannels at the end of the separation chamber. Both fluids
during electrophoresis of colloids, proteins, DNA, cells andare miscible, so surface tension is not important, and the
many other particles of biological interést These flows residence time in the chamber is chosen low enough to avoid
may also play an essential role in diverse biological pro-significant distortion of the sample stream by diffusion. Ide-
cesses, such as cell motiftfior the natural function of “bio-  ally, then, all streams of purified products should retain the
logical motors.”*! In the present article, we consider the initial (circulan cross section of the sample stream, and the
electrohydrodynamic flows encountered in the preparativdinal resolution of this separation process should depend on
separation method called continuous flow electrophoresithe width of this stream, on the differences in electrophoretic
(CFE).>® This method involves no interaction of the par- velocities, and the residence time in the chamber. However,
ticles to be separated with a solid medidmg., as in gel several adverse effects tend to distort the laminar flow of the
electrophoresis or chromatographgo that it offers impor- sample and products stream, thereby altering the resolution,
tant potential advantages for the purification of fragile com-and reducing these adverse effects is a key to practical ap-
pounds, such as native proteins or cells. plications of the separation method. Such effects are sedi-
The principle of the method can be summarized as folmentation, thermal convection and electro-osmbsis.
lows: a laminar flow of an electrolyte is established in an ~ Combined with the action of the Poiseuille flow profile
elongated parallelepipedic chamli€ig. 1). The flow direc- established in the rectangular chamber, these adverse effects
tion is parallel to the chamber’s long axis, which is typically lead to a typical “crescent” shape of the filament cross sec-
of the order of a few tens of centimeters. A stream of thetion that prevents satisfactory separation. When these defor-
solution, containing the sample to be separated, is continunations are minimized by an optimization of the cell geom-
ously introduced in the chamber, close to the inlet of theetry and the experimental conditiofend perhaps the use of
supporting electrolyte. A continuous electric field is appliedmicrogravity), an electrohydrodynamic distortion due to the
along the width of the chambégenerally by means of two difference of conductivity or permittivity between the two
electrodes separated from the separation chamber by iofiuids remains. This effect, first discussed by Rhoeteal.>
permeable membrangesperpendicular to the flow direction. leads to a flattening of the filament into a ribbon, that ulti-
The components of the sample that have different electromately evolves towards the “crescent” shape. The flattening
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tening in the opposite direction was observed for a sample
less conductive than the electrolyt&his deformation was
outlet reduced when the AC field perpendicular to the DC field was
E, cos(wt) fipplled e_md the sample stream width decreased with increas-
* ing AC field strength, until a circular shape was recovered.
This optimal correction of sample filament shape occurred
when the amplitude of thesinusoidal AC field wasv2 times

’ /6/ / that of the DC field(within experimental error When the
inlet AC field was increased beyond this value, the sample stream
/ deformed in the other directiofi.e., along the thickness of
injection the chamber (For more details, see Ref.)8.

FIG. 1. Schematic view of a CFEontinuous flow electrophoregisham- In the pres_ent Paper’ we ar_‘alyze theoretically the p_ro-
ber. cesses at play in this new experimental approach. In particu-

lar, we discuss the stability of the obtained equilibrium with

respect to small elliptical perturbations of the cross section.
direction depends on the sign of a discriminating function ofVe show that the circular cross section of the filament is
the conductivity raticR= u;/ue, and of the electric permit- stable when a new discriminating functi@y,=(R—1)D;

tivity ratio S=K; /K, is positive:
D{=R?>+R+1-3S, (1) Ds,=(R—1)(R?*+R+1—-3S)>0. 2
where subscripts and e denote the internal and external In the unstable casé);,<0), the efficiency of the sepa-

fluids, respectively. Whe >0, the filament tends to be- ration process remains, however, substantially enhanced with
come a flat ribbon parallel to the electric field, while whenrespect to the single-field method developed by Rhodes
D;<0, the ribbon is deformed in a direction perpendicular toet al.” as the elliptical perturbations have to develop from an
the field. Rhodegt al. performed experiments using an AC unstable equilibrium state, instead of simply evolving from a
field instead of a DC fieldfor low enough frequency, the nonequilibrium initial configuration. So the basic, circular,
electrohydrodynamic flattening follows the same lawad filament configuration is in some sense more ‘“stable.” A
obtained good agreement with their theory. brief account of these theoretical results was given in Ref. 8
The control of this electrohydrodynamic distortion is of without the derivation from hydrodynamics that is supplied
great importance to the possible application of CFE. Rehere.
cently, Helleret al® have shown that the application of a In Sec. Il, we recall the original single electric field re-
second, oscillatory, electric field perpendicular to both thesults obtained by Rhodest al® for a circular filament, and
filament and to the first continuous field cancels this filamentve emphasize simple physical interpretations of the flatten-
distortion, as each field leads to flattening in opposite direcing effect based on a qualitative analysis of the forces ap-
tions, and we briefly recall their approach. Their experimentplied on both sides of the interface. The forces are direct
closely inspired from that used in Ref. 5, was performed in aconsequences of the appearance of free charges localized at
continuous flow electrophoresis apparatus, with a chambehe interface because of the conductivity contrast, and also of
15X 6% 0.6 cm (length-width-thicknegs The thickness was charge polarization associated with the permittivity contrast.
deliberately chosen larger than in conventional CFE apparaBoth electrical effects are therefore proportional to the
and the multiple collection ports at the outlet end of thesquare of the applied field. We show, as in our previous
chamber were replaced by a window which allows directpaper® that the combination of two orthogonal electric fields
observation of the section of the sample stream. A DC fieldEx=E, andE,=E; cos(t) allows the electrohydrodynamic
was imposed along the width of the chamber using platinundistortion to be canceled, provided that:
electrodes and two dialysis membranes. The (lexgtitth) E.—V3E 3)
sides of the chamber were made of two metal plates, covered —* o
with a thin (3 wm) continuous dielectric layer on the side in i.e., the mean square amplitude of the oscillatory field must
contact with the separation chamber. These metal plates webe equal to the amplitude of the constant figkekall that the
connected to a high frequency AC power supply operating a¢lectrohydrodynamic effect is a quadratic function of the ap-
50 kHz. The dielectric layers act as capacitors, and theiplied field. In Sec. lll, these calculations are generalized to
impedance at 50 kHz is negligible as compared with that othe two-field problem in the case of a slightly elliptic section.
the electrolyte solution, which allows application of a uni- We show that this problem can be reduced to the flow cal-
form AC field along the thickness of the chamber. The im-culations of Sec. Il, with a modified stress distribution at the
pedance with respect to the DC field is very high, howeverjnterface. The stability of the circular cross section is gov-
so that the metal plates do not perturb the DC field actingerned by the sign of the functioDg,. We then discuss in
along the width of the chamber. Sec. IV the applicability of these calculations to CFE. In
When a sample stream with a conductivity higher thangeneral, the stability condition is not achieved in the usual
that of the separation buffer was introduced into the chamexperimental conditions, but even in the unstable case the
ber, in the presence of the sole DC field, the sample filamenrgfficiency of the separation remains enhanced by the appli-
distorted into a ribbon aligned parallel to the DC fi¢ftht-  cation of the second field.
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E, uniform electric field(imposed at infinity directed in the
- y x-direction, E= Eye, which is transverse to the flow direc-
. 0 tion. For completeness, we first recall and follow the argu-
\ ment developed by Rhodes al® The two-dimensional flow
" - + F u(r,6)=(u,,u,) induced by electrohydrodynamics is calcu-
X - R lated in order to predict the evolution of the cross sectional
- * shape which leads to the flattening. We present a qualitative
discussion of the physics involved in the simplest c8se
(a) (b) =1 andR=pu;/u.>1 (filament lying inside a lower con-
ductivity fluid, but with the same permittivijy and then de-
velop the calculations in the general cd¥& 1 andS+ 1.

He.Ke

y'd N A. A qualitative discussion of the case = S=1 and R>1

n When the fieldE, is applied to the system, electric cur-
rents are induced both inside the cylindrical inclusié'h
~ "7 o = u;iE, and in the external mediurjwﬁe)=MeE. AS wi# te,
f the component of normal to the interface is discontinuous
and on a very short time scale surface charges accumulate at
the interface. These surface charges, sketched in Fi, 2
© @ induce an extra “depolarizing” field inside the inclusion in
FIG. 2. (a) The application of a constant, uniform field on a cylindrical fluid addition to an external dlpqle Tleld’ both fields aHOWIr,]g the
inclusion would generate electric currents in both media that in turn induceSyStem to recover the continuity of the normal electric cur-
a free charge distributiotb) at the interfacdthe caseu;> u. is suggested rent. However, the system will be now mechanically out of
herg. This charge distribution is submitted to stresses of electrical originequi”brium, as the original electric field induces forces on

that should tend to flatten the fluid inclusige) and(d): After removing an . . . . “ P
isotropic contribution, the previous stress distribution can be decomposed iEhese interfacial charges. Thus a distortion, or a “flattening

two different elongation distribution@ormal and shear components effect, is to be expecteldee Fig. 2)]. The intensity of this
effect is governed by a balance between the viscous hydro-

dynamic stresses and the electrical stresses transmitted to the

In all of their calculations, Rhodest al® used a sharp liquid. In the caseR>1, one would therefore expect a flat-
interface approximation in which the fluid properties changetening of the section in the-direction (i.e., parallel to the
discontinuously from one bulk value to another. This ideafield). The same argument developed for the opposite case
had been introduced in a study of the similar problem of(R<1) would lead to a transverse flattening in tlye
electric-field-induced deformations of spherical dr%s_ direction(i.e., perpendicular to the field
Saville recently suggestdhat a more refined analysis in- In fact the actual physical situation is more complicated,
volving a diffuse transition between the two fluids could leadas the charge distribution also experiences its own induced
to a modification of the predictions with respect to the influ-field. In addition,S#1 in general, and other forces associ-
ence of the permittivity ratio. However, this theory is still ated with the permittivity contrast appedpolarization
awaiting experimental confirmation and requires the introcharges Therefore the exact calculation of the flattening
duction of an unknown concentration profile, and so for sim-effect requires the use of the general formalism of electro-
plicity we have restricted our analysis to the sharp interfacenagnetism for dielectric, conductive mebifa (i.e., calcula-
approximation. Several technical aspects of our calculationtion of the Maxwell stressgs
are detailed in the Appendixes, in which we also checked our
results by comparing different solution methods. In the cong. Electric field and electric potential

clusion we discuss possible extensions of these calculations. The calculation of the field associated with the presence

of the cylindrical column is a classical problem of electro-
magnetism. One has to solve the Laplace equation for the

Il. SINGLE FIELD AND TWO-FIELD PROBLEMS ON A .
potentialV(r, 6):

CIRCULAR SECTION

The geometry of the problem is shown in FigaR For AV=0, (4)
simplicity, we neglect any three-dimensional effe¢i®.,
axial variation$ and consider an idealized geometry in two combined with the boundary conditioNs= — Egx at infinity
dimensions: an infinite circular cylinder of electroly@on-  and the continuity of the normal electric current and the tan-
ductivity u;, electrical permittivityK;, radiusa), is sur- gential component of the electric field at the interface (
rounded by another electrolyteonductivity u., electrical =a). Symmetry arguments suggest a solution of the form
permittivity K.), which extends to infinity. Both fluids are V=f(r)cos(@), and denoting the external and internal solu-
supposed to be initially at rest. We neglect any effects otions, respectivelyvg andViO (the superscript indicates that
interfacial tension and the possible diffusion of one fluid intothese potentials will serve later as the base state in the per-
the other. This system is suddenly submitted to an externadlrbation calculations developed in Sec),Ilve find:
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PN N ok ! SO 5 SN i B NS 9
e=(aB)| — S +| 57| p|cose forr>a, (53 (0)ij=n ox; % Paij (%9
0 2 r 1 K E?

Vi'=—(aBo) 575080 forr<a, (5b) (0% =7— | EEj— =5 4, (9d)

whereR andS designate, respectively, the conductivity ratio \yhere @), and (@°1);; designate, respectively, the New-
R=pu;/u, and the permittivity raticS=K;/K,. The radial o e g ' ' ;

Hille p NillRe- - 1d tonian (viscoug part of the stress tensor and the electric
and angular components of the associated electric fields argress tensor. Alsay(r, 6) designates the fluid velocity, is

the thermodynamic pressurg,is the viscosity(it is neces-

cos 6 sary to distinguish in general between the interpaland
external . viscositie$; we note that the effective pressure
field that combines the usual pressure and terms of electrical

(Er)e=Eq| 1+

_ 2
R+1) rZ

for r>a, (6a)

(Ey)o= Eo[ _1+(L a_z sin 0 origin is p+K(E?/87), neglecting compressibility effec?s.
R+1/r These equations express the “equilibrium” between viscous
and stresses and stresses of electrical origin. By combining them
with the incompressibility conditiolV-u=0 and the irrota-
(E ):i E. COS 6 tionality of the electric field, one can show that in the ab-
MITR+1 0 sence of free charges in the bulk of the liquid, the flow obeys
) for r<a. (6b) the following equations:
(Ep)i=— m Eo sin 6
V-u=0, (103

The external potential is simply that of a dipole combined

20—
with the applied uniform field, while the internal field is 7V U= VP (100
uniform: Electrical effects are confined to the interface and appear in
2 the boundary conditions. The problem thus reduces to the
(Ex); “RT1 Ep. (7)  calculation of a classical Stokes flowithout any electrical

effectg induced by forces localized at the interface. These
As usual, the external dipole field and the internal depoforces are deduced from the continuity conditions, which for
larizing field can be understood as the electric field inducedhe (circular base state are written at the interface a.
by two distributions of surface charges localized at the interUsing the notation G]=G,— G;, these conditions are
face: (1) the free chargeg, equal to the discontinuity of the

normal component of the electric displacement fiédd [u]l=u®-u=0, (113
=KE and(2) the induced dipolar charges associated with the [(0*),]+[(c%}),,]=0 (11b
contrast in permittivity. It is important to note that because of " e

the conductivity contrast, the free charge distribution is non- [ (g?),,]+[(0®),,]=0. (110
zero:

Using cylindrical coordinates, the stress equilibrium

equation yields:
0s=Ke(Ep)e—Ki(Er)i=2Ke R+1 E, cosé. (8) quation yi
Ju
Physically, the dynamics of the interface analyzed by — —[p]+|2u &—rr +0,=0, (1239
Rhodeset al® corresponds to forces of electrical origin act-
ing on these free charges, which in turn exert stresses that 10u, du,
drive the fluid motion. As explained above, this description '“(F WJF 7) +0y=0 (12b

is strictly true only in the cas&=1, which is in fact the
situation most often encountered. Wh8# 1, the electrical in which the electrical surface forces can be put in the form:
forces exerted at the interface will be also partly of dipolar

origin. o=\ g (EZ—E3)|=00+ o, c0g26), (139
K .
C. Flow calculation: Equations of motion 0y=| 7 EoEr|= 0y SIN(20), (13b
As assumed by Rhode al.® the flow is governed by with

Stokes equations

= KeE§ R—1
o T3 st (130

i.e., dojj 19x;=0, in which the components of the stress ten-
sor g read: .  KeEj R?+1-2S (134
o= (a")ij+(a®)yj (9b) " 4nr  (R+1)%
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KEZ R-S
27 (R+1)%

(13¢

o=

These normal and tangential surface forces are sketched | (r=ga,4)=

in Figs. 4c) and Zd) (after removing the isotropic contribu-
tion o) based on the angular dependen¢E3). One can

deduce from this figure that a flattening effect generally oc-
curs and the sign of this effect depends on a competition
between the normal and transverse stresses. In theSase

=1, both effects are proportional ®— 1, that is to the sur-
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One can then deduce the radial component of the velocity
calculated at the interface £a):

——— (20,— 0,)Cc0g 26 18
6(ne+m)(on 0()c0g26) (183
with
_KeEg (R*+R+1-3S) K.E2 De
InT T (R+1)2 27 (R+1)?
(18b)

flattening direction can be deduced without calculation of thepe direction of which depends on the sign of the discrimi-

flow: whenR>1, the circular section will evolve to a ribbon
shape in thex-direction while forR<<1, the ribbon will be
parallel toy. In the general caseS¢ 1), one has to calculate

nating functionD{=R?+ R+ 1—3S: whenD;>0, the fila-
ment tends to become a flat ribbon parallel to the electric
field, while whenD;<0, the ribbon is perpendicular to the

the flow field in order to determine the evolution of the fig|q.

shape.

D. Flow calculation: The stream function method

The method used by Rhodes al® involves a stream
function (r, 6) defined as:

19y Y

“rae YT 19

u,=

The incompressibility conditior{10g is automatically
satisfied, and Eq10b) implies thaty(r, 6) satisfies the bi-
harmonic equation:

A%y=0. (15)

The symmetries involved in this problem and thele-
pendence of the interfacial stres$&sg)s.(13)] suggest solu-
tions ¢(r,0) =f(r)sin(26). Assuming in addition that the ve-
locity vanishes at infinity, and remains regular a0, leads
to the solutions:

2

¢e(r,0)=<A?—2+B)sin(20) for r>a, (1639
r2 r4

lﬂi(rﬁ):(c EZ+D g)sin(za) for r<a. (16b)

Following Rhodeset al.® the four integration constants
A, B, C andD are obtained by writing the continuity condi-
tions (1139 and (12), after calculating fron{16a and (16b)
the fieldsu(r, 8), o”(r,#) andp(r, ) [this last one by inte-
grating Eq.(10b)]. We refer to their paper for more details,
and give here the final equations satisfied®\B, C andD:

0=A+B-C-D, (179
0=A+C+2D, (A7b
a’oy+ (et m)(12A+4B)=0, (179
a’oy+ (et m)(12A+8B)=0. (179
For A and B one obtains
a’ o,— 20 a’(oy—o
AT anrm BT ﬁ (e

E. Case of an oscillatory field

As discussed by Rhodest al, these results not only
hold for a constant field but also for an oscillatory applied
field E,=E; cost), provided that the frequency is not too
high compared to the typical rate associated with the charge
relaxation(typically <10 Hz). The surface charges may
then be treated within a quasi-static approximation, so that
the electric potentials are

V(1 6)= —E,| r— % il o f
o(r,0)= i\ r R¥1 7T cog wt)cos or r>a,
(193
0 —2rE,
Vi(r,0)= cogwt)cosh for r<a. (19b

R+1

Rhodeset al. also suggested replacirEﬁ by the mean
square valugE2)=(EZ2)/2 in (18b). Actually, this substitu-
tion should be considered carefully because the “true” stress
equilibrium condition at the interface involves time-
dependent terms varying as cef(and cos(at) in addition
to the mean square values of the stresses. These terms would
induce, in turn, time-dependent flows superposed on the ex-
pected mean flow. However, as usual in problems involving
oscillatory boundary condition's these flows should remain
confined near the interface in a boundary layer of typical
thickness\ = (5/pw)¥?. For the usual experimental condi-
tions, 7~1 cP,p~1 glcn® andw~10°- 10 Hz, so that\ is
of the order 1-1Qum and thus this effect has a negligible
impact in the “macroscopic” dynamics of the interface.
However, for very low frequencies, this boundary layer ef-
fect would have to be reconsidered.

F. Flattening cancellation with a second field

In the case of a constant fiel) = E,, a possible method
for control of the ribbon flattening effect has been suggested
and tested experimentally by Hellet al® The experimental
method consists of applying a second oscillatory electric
field in the transverse directiorg,=E; cost), in order
that the flattening induced by the two transverse fields com-
pensate each other. The influence of the two-component field
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studied here can easily be obtained by a simple extension of E,

Rhodeset al’s calculations(see Ref. 8 or by the following — Ejy cos(o 9 T

symmetry argument. AP
Since the electrical stresses are quadratic with respect to - .

the field, u,(r=a) must be a quadratic function &, and - —-

E,. The cross ternkyE; must vanish because it is not com- -
patible with the symmetries of the problgimot invariant by

changing the sign of,). Moreover, these possible cross

terms are proportional to cast), so that they vanish when (a) (b)
averaged over a cycle. Finally, the two other quadratic terms
involving Eg and E; must reduce to the results of Rhodes
et al. when one of the fields vanishes. The only possibility

that remains is - Q"_"_
a K E2\ D T "
u(r=a)=— —< | E2- 2| —F cog26). - i

127 pet+ 7 \ 0 2/ (R+1)? 20

|
|
The sign change fdE, results from the fact that cosfp Y
has to be replaced by cos@{m/2)). For E;=\2E,, the
interface distortion is canceled and the circular cross section (©) (d)
becomes an equilibrium shape of the interface. An experi-

mental check of20) was carried by Helleet al.8 who dem-  F'G: 3: (8 and(b): When two cross fields(,=Eo andE, =E, cosot) are
applied to a perfect cylindrical column, the stress associated to each charge

OnSt_ratEd tha_t th's method .Of using of a SeFO”d trans‘_/ersﬁstribution compensates each other wigrs y2E,. (c) and(d): When the

applied electric field allows improved separation by continu-section is initially slightly elliptic, the charge distribution lying near the

ous flow electrophoresis. largest curvature points is amplified. The resulting stress excess should tend
The cancellation of flattening can also be directly pre_to increase further the ellipticity of the fluid inclusion.

dicted from Eqgs(12) and(13), by calculating the new elec-

trical stress distribution applied at the interface:

P T
2

- - - =

E

0
El cos(o t)

ing the mechanism of this instability in the caSe- 1, and
=20y, we develop the exact calculation for the general case in the
(21 following sections. We should emphasize that in a time-
averaged sense the effect of the two fieldee steady and
) ) T the other time periodicis to produce a base state with zero
0= 01 SIN(26) + o sm( 2( - E) ) =0. 21D fyig velocity but with nonzero steady components of elec-

. . trical stresses.
For E; = \2E,, the electrical forces reduce to an isotro-

pic contribution, hence only affect the pressure jump acrosé- Instability under cross fields: A simple argument
the interface, and thus no flattening should occur. It is, howin the case S=1

ever, necessary to note that the internal pressure will differ The mechanism of the expected |nstab|||ty is Suggested

o,=204+ 0, C04260)+ o, COE( 2

from the external one, by a factor: in Fig. 3. If two cross fields€E, = E, andE,=E, cost) are
K.E2R-1 applied to a circular inclusion, both fields will induce surface
[pl=pe— pi=200=26—0 RT1" (22)  charges, but with different azimuthal distributions sketched
aa

in Figs. 3a) and 3b). Charges associated witfy, are pre-

This maodification to the pressure field will be important dominantly located neap=0 and 6=, while those in-
in the two-dimensional stability of the circular section dis- duced byE; are near=* 7/2. As explained above, each
cussed in the next section and for future calculations of poseharge distribution induces surface stresses that tend to in-
sible three-dimensional instabilities. duce two opposing shape changes. The equilibrium between
these two effects is established 1= \2E,.

If we suppose now that instead of being circular, the
perimeter of the inclusion is initially slightly flattened, say in
the x-direction[see Figs. &) and 3d)], the curvature of the

We now discuss the stability of the equilibrium obtainedsurface will be larger neap=0 and 6= than near6
in the caseE; = \2E,, with respect to weak elliptical pertur- = * /2. We therefore expect that the electric fields will be
bations of the interface. As we shall see, the circular crostarger neard=0 and #=, and that the first charge distri-
section can in fact be unstable with respect to small perturbution (associated withEy) will be amplified compared to
bations of the perimeter, and a flattening of the column carthe second onéassociated withe;). As a result, the distor-
occur even with the two cross electric fields, but the timetion (flattening induced by E, is expected to increase
dependent shape changes occur on a comparatively long tinséightly and so exceed the distortion induced By. The
scale. We begin with a simple qualitative argument explaininitial flattening perturbation of the circular cross section

Ill. TWO FIELD PROBLEM ON A PERTURBED
CIRCULAR SECTION
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Elcos(u) t) e N (72Vg é// &VS

E, Fe| 5 TRE T T 4 56
) &vi é" (9V|O t _ 25b
y =M G @ g ATTR (259

where!’ =d¢/96. The first condition(258 ensures the con-
tinuity of the tangential component of the electric field, while
the second conditioi25b) expresses the continuity of the
normal component of the electric current. Both conditions
are written at ordek, the trivial condition at ordee® being
subtractedthe calculation at ordee® leads to the “unper-
turbed” base potential given in Sec. I)BThe symmetries
FIG. 4. Geometry of the stability calculations. The stres8€s and 6T, of the problem suggest solutions of the formr)cos(a)
must now be evaluated on a deformed interface, submitted to both transla{_g(r)cos(ag) After some calculationgsee Appendix A
tional and local rotational motions. U .

these solutions can be written as

R—-1 a
should therefore be amplified by a slight residual electrohy- v.=akE, R+ D) (R-1) T cosé

drodynamical flow. Intuitively, this argument is valid f&

>1, as well as foR<1, and one may therefore expect that as
the circular cross section should be always unstable when +(R+1) 75 cod36), (263
S=1, except of course for the trivial cage=1.
Just as for the qualitative discussion of flattening with a R—1 r
single applied electric field discussed in Sec. I, the physical v;=—2akE, R+1Za cos 6 (26b)
situation becomes more complicated wigh1 because of (
thg dipolar effects. As the smglg field flattening can be Si9%or the perturbation of the electric potential, and
nificantly affected by a permittivity contrast, we expect that
stable equilibria exist for given values BfandS. We there- R— a2
fore present an exact calculation of the stability problem in  (0E;).=€Eq (RT1)2 (R-1) 7z cos
the general case.
a4
+3(R+1) —4cos{30)], (260
B. Electrical potentials for an elliptical cross section r
Consistent with the azimuthal form of the electrical R-1 a’
stresses acting at the interfafggs. (13)], we consider a (6Ej)e=€Eq (RT1)2 (R=1) 7 sin 6
slightly elliptical section described by the equati@ee Fig.
4): at
) +3(R+1) —4c0330)], (26d)
r=af[l+e(t)(6)]=all+e(t)cog26)], (23 r
in which the “eccentricity” e is a small parameter that mea- R—1
sures small departures from the circular shape. At first order (8E,);=2€E, (R¥1)2 08 0, (269
in €, the application of the fiel& leads to the appearance of
the inner and outer electric potentials given by: _
Vi=VX(r,0)+evi(r,0) for r<a, (243 (5E9)i:_26E0m5m9 (26f)
_\/0 . . .
Ve=V(r,0) +evg(r,0) for r>a, (24D for the perturbations of the electric field. We note that the

whereV? andV? are the zeroth order potentials inside andinner potentialV; =V + ev; still remains associated with a
outside, respectively, calculated in Sec. Il B for a circularuniform electric field inside the inclusion, which could be
inclusion, whilev;(r,6) andv(r,6) are the perturbations expected because of the ellipsoidal shape of the interface.
(calculated at ordee) induced by the slight ellipticity of the The potential associated with the second oscillatory field
cross sectionv, and v; are calculated using the Laplace could now be deduced very easily from that calculated for
equationAv=0, with the conditions that, is uniform at  the first field. It is only necessary to repladg, with
infinity and v; is regular atr =0. In addition, the interface E1 cos(t), € with —¢, and 6 with 6—(=/2) in Eqs.(5) for
conditions are obtained by performing a Taylor series expanthe base potential an(6) for the perturbation. It will be

sion aboutr =a: simpler, however, in the next sections, to apply these sym-
\O \O metries to the electrical stresses rather than to the field, keep-
e i _ ing in mind that the cross product terrfiavolving E, and
vetal ar Ul a¢ ar atr=a, (253 E,) vanish when averaged in time.
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C. Electrical stresses on an elliptical cross section where hereE,=— V% ar and E,=—(1/r)dV° 360 are the
and induced hydrodynamic flow components of the base state electric field, whilE,

The instantaneous hydrodynamic flow induced by the= —v/Jr and 5E0:0_(_1/r)‘9”/‘90 are the perturbation
slight ellipticity of the cross section can be treated in thefi€lds. The last terfip”] in Eq. (30D represents the redis-
same spirit. One considers a velocity fielt, 6) and a pres- tribution of the pressure stresses in the azimuthal direction

sure field given by: due to the local inclination of the true normal to the surface
r=a.

u(r,0)=0+4éu(r, ), (273 Using the expression of the potential calculated in Secs.

o(r,8)=p°(r,8)+ 5p(r, 0) 27h) II B and Ill B, we have calculated each term for the constant

field Ey. As the cross termEgE; cos(t) vanish upon time

in which we have distinguished an equilibrium base stateaveraging, we have then simply added to the result the aver-
(zero velocity, but nonuniform pressure fieldgs# p2), and aged contribution arising from the second oscillatory field
two perturbation fieldssu(r,0) and p(r,6) of order e. E; cost) deduced from theE, field by symmetry argu-
These perturbation fields should again satisfy Stokes equanents. More precisely, any stresses can be calculated by the
tion and the incompressibility condition in the bulk of both transformationsE2— E2/2=E2, e— — ¢, 6— 0— /2. After

fluids: some calculationgsee Appendix B the effective electrical

V.6u=0, 7V28u=Vép (29) stresses are found to be

Just as for the electric potential calculations, at first order 6T, =(bay,)cod26), (333
?n €, the true “jump” conditions thgt should be written at the 5T y=(8ay)sin(20) (33b)
interface (=a(l+ €{)) can be written at =a: "

wit
[Sull;=a= dUe— 6U;=0, (293
) KeEZ R- ,
[60%]|,=at+ 6T, =0, (29b 50’n=ET(R+1)3 (R°+1-25S), (344
[807p]lr=at 6T4=0, (299 KeEZ R-1
So=—2€ (R-9). (34b)

where do7j; designates the total Newtonian viscous stresses
and (6T, ,d0T,) are the perturbation stresses, which are all of
electrical origin, including one term which enters owing to b Fiow calculation: Stability of the equilibrium
the base state having(alectrically producedpressure jump

across the interface. These stresses may be rewritten using a N order to evaluate the stability we again have, as in
Taylor series about=a as Sec. Il, to solve a Stokes flow problem induced by surface

stress distributions exhibiting the azimuthal dependence

7 (R+1)°

o_eI(O) . : . .
_ el r i el0) cos(2) and sin(d). The solution can be obtained without
oTi=[00or]lr-at+ael a l,_, 'Ly Nli-a. any more calculations, by simply using H48a that relates
(309 the interface radial velocity to the effective electrical stress
o0) distribution. The radial velocity calculated Bt a is simply
el Tro given by
5T0_[50-r0]|r:a+ ael ar
r=a
, , U, =———— (280,— S0)c0g20) (359
— &[5y i -a— elP%li-ad (30D T B(petp) T T
in which o(*) designates the electrical stress associated witMith
the base electric field&alculated for the circular sectinn 2K ES R
€ e

. . e _ _ -1
while 50’ijl designates the variation in electrical stresses in-  25¢,— do=€ Tm (RIS (R*+R+1-39).

duced by the perturbation of the field associated with the

ellipticity. These stresses are (35D
K These results may be expressed as an evolution equation
Uﬂ(o):% (E2-E2)=— %0 (319 for the degree of ellipticity:
de_<€ R71  Re4R+1-39) (363
K TS Br13 -
oy’ =7 EEy, (31b) dt 7o (R+1)
in which 74 is a typical time scale given by
and
Met Wi
K To=31 -, =2 - (36[))
Soft=7— (E.OF,~E,0E,), (323 ° KEd
As discussed in the Introduction, we observe that the
K flattening stability of the circul ti d
el _ y of the circular cross section under cross
=— + o L T )
00wy A (BB +E40Ey), (320 electric fields depends on the new discriminating function
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5 was summarized and we have given simple physical inter-
pretations of the flattening of the filament cross section,
44 which is due to electrical stresses that arise because of free
charges in the immediate vicinity of the interface.
34 unstable stable Furthermore, we have discussed the stability of the equi-
S librium obtained by the cross field technique proposed by

Heller et al.® which provides a possible method for control
of the electrohydrodynamical distortions observed in free-
flow electrophoresis. We have shown that the equilibrium is

1'/ unstable not always stable, and that the stability depends on the sign
stable of a discriminating function involving the permitivitys) and
0 : 1 7 2 conductivity (R) ratios. For typical experimental conditions,

the stable regions in thRS plane are not attained, though
even in the unstable case, and by comparison with the single
FIG. 5. Linear stability diagram obtained from our calculator® ( field case, the growth rate of filament distortion is reduced by
= wil pe conductivity ratio,S=K; /K, permittivity ratio). the second electric field of optimized amplitude. The separa-
tion conditions are therefore expected to be improved by the
addition of the second oscillatory field.

Various directions could now be explored. From an ex-
perimental point of view, the results obtained by Heller
et al® suggest a complete cancellation of the flattening effect
and do not seem to reveal the “flattening instability” studied
in Sec. lll. This observation may be due to the range of flow

We present in Fig. 5 the stability diagram in tfie,9  velocities of the carrying fluidthe imposed Poiseuille flow
plane. Two stable ranges are observed and should be recotin-Fig. 1) studied in the experiment: the transit time of the
mended for improvements of separation by continuous flowcharged species is reduced when the velocity is increased
electrophoresis. Unfortunately, for the usual experimentafnd the instability could require more time to be observed
conditionsSis close to 1, and, as described in Sec. Il A the (exponential growth from very small perturbatipn prac-
circular filament is always unstable. It is, however, importanttical situations, however, a better separation is presumably
to note that even for the unstable configuration, the separabtained when the flow rate is reduced in order to maximize

R

D{,=(R—1)D;=(R—1)(R?>+R+1—3S) introduced in
Eq. (2). For D4,>0, the circular cross section is unstable,
while for D,<<0, the circular shape is stable.

IV. DISCUSSION

(39)

tion remains greatly improved by the use of a secondaryhe deflection of the charged patrticles. One can therefore not

oscillatory field. This result may be verified by writing an exclude the possible appearance of this instability in the fu-

equivalent of Eq.(36a for the single field case, deduced ture development of such cross-field techniques. In such a

from the results obtained in Sec. Il case, it would then be interesting to study the possible spatial

de 1 R24R+1-3S dependence Qf the flattening effect in HerIraI.; experi-

it —_— (37) ment by varying the flow rates in order to devise a simple

dt/ g 470 (R+1) criteria for the optimum velocity. From a more fundamental

The ratio of the two growth rates is given by point pf view, thi; spatia}l dependence may present some in-
teresting connections with the absolute and convective insta-

_ (de/dVgfenss_  R—1 . bility criteria involved in open flows?

P (de/dt)1fienq R+1 % Concerning the details of our calculations, it would cer-

wheree is taken to be an order of magnitude of the poss;ibletalnly be interesting to extend the analysis to more complex

. . . erturbations of the filament shape, such as more general

flattening perturbations introduced at the chamber entranc® : ; )

g . ) . cosfhd) dependence of the filament perimeter. Unusual fila-

by experimental imperfections. For representative vaRes oo

o _ . : ment shape&ourfold symmetries instead of the twofold one

=4 and e=0.05, one obtains a ratio of growth rates about . : . .

\ . . . discussed in the present paper or highly nonlinear deforma-

0.12, i.e., the filament deformation rate is reduced by an. . :

. X S ion of the sectiopare perhaps to be expected at very high

order of magnitude by the use of cross fields. This 'mprovei‘ields

ment comes from the fact that in the two-field case, the per- ' . N

) L Another possible direction would be the study of three-

turbations have to grow from guinstable equilibrium state, . . . ot ;

o ) ‘ . : dimensional instabilities that could be related to the electrical

while in the single field case, the circular shape is an out-of- . . i

equilibrium configuration pressure jump across the interface. Recent observations made

' by Sanchez and Cliftdn show a breaking of the filament

into droplets although capillary effects should not be in-

V. CONCLUSION volved (zero surface tensignOn the other hand, similaré);—

In summary, we have investigated the electrohydrody-servations were also reported by Kurowski and Petitjgans
namic flows induced by a single electric field or by two on a liquid column flowing inside a miscible fluid without
mutually perpendicular electric fields on a conductive col-any electrical effect. The stability of such fluid columns in
umn of electrolyte lying inside another electrolyte. In therelation to the possible existence of weak effective transient
single field case, the approach developed by Rhedes®  surface tensiortdis now under way.
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A last improvement to be considered would be the re-which lead to the potentials given if5). In the perturbed
placement of the sharp interface assumed in the present peasep= eal( )= ea cos(d), and at ordek, (A3) and(A4)
per by a more realistic diffuse interface. Such extensions ofeduce to(25). After eliminating the terms of order one, we
surface instabilities have been recently studied in the casknd:
of Saffman-Taylor instabilities or Rayleigh-Taylor o B T—(P_ _ _
instabilities'® Concerning the electrohydrodynamic effect in vemvi=all(Br)e~ (B)i]=(R=1)(Eias at r(AZZ':\)
CFE, an attempt in this direction has been recently published
by Savill€ in the single field case, who suggests that $he dve _ vy d , B
dependence of the electrohydrodynamic effect could be gr or Calor (Eet (R=1)I7(Ey)i atr=a,
modified. The extension of this study to the two-field case (A6b)

would be interesting. in which E, and E, designate the components of the zero

order electric fieldunperturbed potentialsthe perturbations
of the electric potential being, respectivelyy (r,6) and
ACKNOWLEDGMENTS ev;(r, ) outside and inside the inclusion. Using the expres-

) o ) _ ) ) sions(6a) given in the text fofE, andE,, one can solve the
This work was initially motivated by a discussion with J. proplem seeking solutions:

Prost. We thank M. Clifton and V. Sanchez for valuable 3
discussions and for giving us recent information on the in- _. 8 a

I . =aq — C0g0)+ cog36), A73
stability phenomena observed in CFE. Pem 1y 40)+ as r 36) (A73)

3
r r
vi=,315005{0)+,83¥cos(30). (A7b)
APPENDIX A: ELECTRIC POTENTIAL AND ELECTRIC . . .
FIELD CALCULATIONS Straightforward calculations give the constaats «»,
_ _ B andB,:
The electric potentiaV(r,6) obeys the Laplace equa- R_1
tion: ay~ 1= az= Bs=aztRBs=— (a1 *RB1)=(aEy) g7
19/ oV 1%V A
Lo 2L AR, - )
rory orj r°ae which lead to
The solution forr>a andr<a can be developed over the (R—1)2 R—1
cylindrical harmonics as a=(akEy) (R+—1)2 B1=—2(aky) m (A9a)
Ve=| —Eqr +A; 2 A 2 2 R-1
e=| ol t AL T|cot0)+ A, 17 cos26) az=(aBo) o—=, Ba=0 (A9b)
R+1
3
+A, a_3 cog36)+--+ for r>a (A2a) in agreement with the expressio(&6) given in the text for
r )

the perturbed electric potentials.
r r2 r3
Ve=B; - cog6)+B, — cog26)+B; —3 cog36)
a a a APPENDIX B: CALCULATION OF THE ELECTRICAL
STRESSES EXERTED ON THE PERTURBED
+--- for r<a. (A2b) INTERFAGE
The constant$A, ,B;} are given by the continuity conditions

written for r=a+ p(6): Each term involved in Eqg30), which give the normal

and tangent component of the stress, has been first calculated
Ve(atp,0)=Vi(at+p,0), (A3a)  from the field expressions given in E¢$) and(26) for the
continuous fieldE,. The results for the second field were

Mer_\/e_ p_zﬂ_\/e} then deduced from this first calculation by using the trans-
o (@+tp)” dd .., formation{E2—E2/2, e— — ¢, 6— 60— m/2}, and then added
, to the first result. For instance, the first term for the first field
= a_v'+p—5_v' (A3p) Eolis
Klor Ta+p)? 0|
(r=a+p) | Ke ) R_ 1
(] —
For the unperturbed casp£0), these conditions reduce to [60r]ieo)=€ A Eo (R+1)3
—Eoat+A;=B;, —Eca—A=RB, (A4) X {R2—1+4(R%+ R+ 1—S)cog26)
or equivalently to +3(R2—1)cog46)}. (B1)
R-1 —2 As the cross terms vanish when averaged on one cycle,
A=Riy Bod Bimpig Bod B the E2 contribution is
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o Ke El R-1 [ _, B __Eec 147
[50'”.]“51):(—6) E?(R—F—lf R°—1 (E¢)9—R(E¢)i—RTmSlﬂl’((ﬁo)COia),
™ EoCc 1+ 7 .

+4(R2+R+1—S)CO{2 60— E” (EH)GZ(Eg)iZ—TmCOSH({)g)SIﬂ(@) (C3)

+3(R2_1)C0{4( o g)“ 82) with  h2=c?[sint( )+ Sin(6)]
) 5 in which 7= ay,,/anin=1+2¢ is the aspect ratiog<1). We

For E1=2Eg, one gets have used these expressions to calculate the normal and tan-

R—1 gent components of the stresses, respectively, given by

el —o_® p2_" =
[60r]Eo+en) =2 €Ep (RT1)3 K, E2c2 (14 7)

el 1_ 2_ i
X (RE+R+1-S)cog26).  (B3a [7561= 167 2 (R 2 (R~ S)sinF(do)
The same method was applied to the other terms, leading at —(1—S)cost(pp) + [ (R>— S)sin( ¢o)
first order in the small eccentricity parameteto:
“(0) , +(1—S)cost( o) Icog 26)}, (C4a
do _ Ke e R?-1 , - ,
al ar —_?6 Omcos( 0), [ el]__EEOC (1+7)
o (B3b) 70617 " 87 Th?Z (Rt 17)?2
—{'[0% ] (g0+£1)=0, (B30) X (R—=S)sinh( ¢o) coshi ¢)sin(26). (Cab
| Ke , R-1 One can eliminate the two variablesand ¢, that can be
[d07s)e0+e1) =2 €Eg RT1)° expressed as functions efby the relationships:
X (R?+R+1+S)sin(26), (B3d) , 1 c? -1
sin = and = - .
7510 o) 21 h? 1+ (r*—1)sirf(6)
0‘[’6’ _ (CS)
af|— =0, (B3e)
(FO+EDL After replacing these quantities by these expressio€4a
o el0) o el0) Ke ,R-1 | and(C4b), one obtains the stresses as functions of the aspect
{'loge 1= =Mo" 1=2— eBp g7 sin(20), ratio:
(B30) Ke (1+17)? 1
Ke oR™1 (56~ T6m B0 (Re 12 1 (2 Dysi(e) (RS
071 —o__F : -
[p"]¢'=2 - eEg RT1 sin(20). (B3g)

—(1-9) +[R?-S+(1—-9)7%]cog26)},
The two last terms are equal because of the normal stress

equilibrium under cross fields obtained for the unperturbed (Céa
interface, which implie§ 0®(®]—[p°]=0. Combining the | Ke , (1472 .
three nonzero contributions, one finally gets the results dis- [034,]: —5—Ep > 5 -
) + +(7m°—
played in Eqs(33) and(34). 87 0 (Rt 7)* 1+(r—D)sim(0)
X (R—S)sin(26). (C6b

APPENDIX C: CHECK OF ELECTRICAL STRESSES . . .
BY ELLIPTICAL COORDINATES One can now develop these expressions at first ordet in

. _ . adding the contribution to the stresses induced by the second
_ Inview of the complexity of the calculations presentedggiq As for the calculations developed in the previous ap-
in the previous appendix, we have checked our results by gopix one can simply deduce this new contribution from

different method, using the elliptical coordinatésand ¢ the first one by using the transformatior%e EE/Z, 09— 0

defined as —7/2, e—— €. Ultimately, one gets
Xx=c cosh{¢)coq h), y=c sinh ¢)sin(H) (Cy K R—1
in which c is related to the major axisaZ,,,=2a(1+¢) and [09,]= ?e €Ej RT1)° (R?+1-2S)cog26), (C79

minor axis A,,=2a(1—¢), by the relationships:

. K R-1
ama_x__c (-:osf( ®o), | amin.—c sinh( o). (czi [o%,]= —zf €E3 ®IT® (R-S)sin(26),  (C7b
The elliptic interface is defined a$= ¢,. Rhodeset al.
calculated the components of the electric field at the interwhich coincides exactly with the stress&§, and 6T, cal-
face, for single field casEy=Eye, applied at infinity. These culated with the method developed in the text and in Appen-
components are given by dix B.
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