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A method based upon Taylor dispersion theory is used to determine the shear-induced diffusion
coefficient in concentrated suspensions. The experiments are performed in a cylindrical Couette
device with a suspension consisting of polystyrene spheres in a density-matched solution of glycerin
and water. A sequence of several hundred transit times for a single tagged sphere to complete
successive orbits within the device is measured. The data are analyzed to compute the azimuthal
Taylor dispersion coefficient from which the coefficient of shear-induced diffusivity is obtained. In
our experiments the particle Reynolds numbers areO (1021). The experimental results are
compared to the existing measurements of the shear-induced diffusion coefficient obtained at lower
particle Reynolds numbers and based upon short-time data. We find a shear-enhanced diffusion
coefficientD' /ġa25O (0.1) for a volume fraction off'0.25; this is comparable to existing results
from previous low particle Reynolds number studies (R,1023). © 1996 American Institute of
Physics.@S1070-6631~96!01508-5#

I. INTRODUCTION

When a viscous suspension of neutrally buoyant par-
ticles is sheared, the particles move on average with the local
fluid velocity, but also undergo seemingly random move-
ments, both parallel and perpendicular to the direction of
flow, owing to hydrodynamic interactions with the many sur-
rounding particles. Shear-induced diffusion refers to the
characterization of these motions via a traditional random
walk description. One expects on dimensional grounds that
the self-diffusion coefficientD scales asġa2 for a particle of
radiusa experiencing hydrodynamic interactions in a flow
with local shear rateġ.

The first measurements of the cross-stream, or lateral
shear-induced diffusivityD' as a function of volume frac-
tion f in a sheared suspension with low particle Reynolds
numbers (R5ġa2/n,1022, wheren is the kinematic vis-
cosity of the suspending fluid! were conducted by Eckstein,
Bailey and Shapiro.1 The experimental procedure was im-
proved by Leighton and Acrivos2 and recent work by Phan
and Leighton3 has extended the measurements to higher con-
centrations,f,0.5 (R,231024), and to diffusion perpen-
dicular to the plane of the shear. In particular, experimental
measurements of successive transit times required for a
tagged sphere to complete an orbit in a Couette device are
used to calculate the in-plane lateral~i.e., radial! shear-
enhanced diffusivityD' . Measurements ofD'(f) have
been based upon short-time data because the method of
Leighton and Acrivos approximates the Couette flow as a
simple shear flow and wall effects are not taken into account.
The effect of shear-induced migration on the variation of
particle volume fraction in a wide-gap Couette device has
been studied using NMR by Abbottet al.4 Brady5 has used
numerical simulations based upon Stokesian dynamics to es-
timate the shear-induced diffusivity over a wide range of
particle Peclet numbers and the limiting result for large Pe-

clet number can be compared to the values reported below.
Recently, Nadim6 proposed a theoretical scheme based

upon Taylor dispersion theory to measure using long-time
data the shear-induced self-diffusion coefficient in concen-
trated suspensions sheared in a Couette device. In this paper,
we report experimental measurements of this diffusivity, cal-
culated using the theory of Nadim, for particle-laden suspen-
sions with finite particle Reynolds numbers. Direct compari-
sons with published results will be made, however, it should
be born in mind that our experimental data have particle
Reynolds numberO (1021) whereas for the earlier measure-
ments~e.g., Leighton and Acrivos2! the corresponding Rey-
nolds numbers were typicallyO (1023) or smaller.

II. METHODOLOGY

In this section, we present a brief review of the Taylor
dispersion analysis which permits the determination of the
shear-induced diffusivity to be made using long-time data of
the successive transit times.6 We also give a procedure for
the data analysis that provides an effective means for estab-
lishing the correspondence between the experimental results
and the theoretical predictions.

A. Background

Consider the transport of a single tagged sphere in a
neutrally-buoyant suspension which is sheared in a cylindri-
cal Couette device by rotating one of the cylinders with an-
gular velocityV. By using generalized Taylor dispersion
theory,7 Nadim6 demonstrated that, after a time long enough
for the particle to have sampled many times all available
radial positions between the cylinders, the transport in the
azimuthal direction can be described by the one-dimensional
convective-diffusion equation:
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Here,P(u,t) is the probability density for finding the par-
ticle in an infinitesimal neighborhood of the azimuthal coor-
dinateu at time t regardless of the particle’s radial position
at that time. Also,u is regarded as ranging from2` to ` so
that its expected value, modulo 2p, is a measure of the
number of orbits the particle has completed in the device.

The transport coefficientsV* andD* appearing in~1!
are constants which depend on the geometry of the device,
the angular velocity of the rotating cylinder and the actual
value of the lateral shear-induced diffusion coefficient, the
physical parameter which is being sought. Nadim’s original
analysis assumed that the outer cylinder rotates. Since the
experiments reported in this paper are performed in a device
in which the inner cylinder rotates with angular velocity
V, and the outer cylinder is held stationary, here we provide
the corresponding expressions for the effective transport co-
efficients:
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In the above equations,R1 andR2 denote, respectively, the
radii of the inner and outer cylinders, anda is the radius of
the tagged sphere. In addition,D̂' represents the dimension-
less lateral shear-induced diffusion coefficient, defined in
terms of the dimensional diffusivity,D' , and the average
fluid shear rate in the Couette gap,ġ, by

D̂'5
D'

ġa2
, where ġ5

VR1

R22R1
. ~5!

Expression~2! for the mean particle velocity in the azi-
muthal direction is somewhat different from the case in
which the outer cylinder rotates;6 however, the mean azi-
muthal dispersivity~3! is exactly the same, which is not sur-
prising since the resulting laminar flow fields created by the
rotation of the inner or the outer cylinder differ only by a
rigid-body rotation that does not contribute to the Taylor
dispersion coefficient. To obtain~3! we have neglected the
direct contribution to the effective dispersivity by the azi-
muthal component of shear-induced diffusivity,D i , since

D i is assumed to be small compared to the terms which have
been retained;6 previous experimental studies have all made
this assumption.

The above Taylor dispersion results are based on several
assumptions: The velocity profile in the gap between the
cylinders is assumed to be identical to that for laminar flow
of a viscous Newtonian fluid. The equation describing the
detailed transport of a tagged sphere is assumed to be a
convective-diffusion equation, with the convective term
given in terms of the known laminar velocity profile, and
with the diffusive term characterized by a constant~shear-
induced! diffusivity, D' , in the lateral direction. Since the
shear-induced diffusivity is known to be proportional to
shear rateġ and the latter varies across the Couette gap, the
use of a constant diffusivity in~1! requires the gap to be
narrow so that a nearly uniform shear rate is attained. Fur-
thermore, the particle volume fractionf is assumed to be
uniform across the gap. Hydrodynamic interactions of the
tagged sphere with the wall are neglected in the derivation,
although the excluded volume effect, due to finite particle
size, is taken into account so that the center of the tagged
sphere is not allowed to approach closer than one particle
radius to the wall. With the above assumptions, the particle
center samples with equal probability all allowed radial po-
sitions r within the gap. Thus, for times longer than the
lateral diffusion time,O ((R22R1)

2/D'), the probability for
finding the particle center at any radial position between
R11a,r,R22a is constant.

From the cylindrical Couette experiments, the values of
the mean angular velocityV* and the mean azimuthal dis-
persivity D* can be obtained. Since the geometric param-
eters of the apparatus and the particle size are known, as is
the angular velocityV at which the inner cylinder is rotated,
comparison of the experimentally determinedV* with the
predicted value~2! provides a check on the validity of the
assumptions incorporated into the theoretical development.
The measured values of the mean dispersivity,D* , are used
in conjunction with the theoretical prediction~3! to obtain
the dimensionless shear-induced diffusivity,D̂' , which ap-
pears in the denominator of equation~3!.

In our experiments the data collected are the transit
times for the tagged sphere to complete successive orbits
within the cylindrical Couette device. Typically, several hun-
dred such times are measured during each experimental run.
Therefore, it is necessary to devise a scheme to obtain the
mean transport coefficientsV* andD* from these measure-
ments. For this purpose, starting with the mean convective
diffusion equation~1!, which describes the long-time trans-
port, we first derive an expression for the expected probabil-
ity density of the transit times.

B. Probability density function for the transit times

Consider a particle which is released atu50. After some
time, by combined mechanisms of diffusion and convection
governed by~1!, the particle makes one complete orbit, pass-
ing u52p. The probability density for this transit time is
obtained by solving~1! subject to the initial condition

P~u,0!5d~u!, ~6!
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indicating that the particle starts atu50. When the particle
passesu52p ~in the direction of increasingu) the ‘‘first
passage’’ event has occurred and it is no longer necessary to
follow the particle. Therefore, we impose an absorptive
boundary condition,

P50, at u52p, ~7!

which is equivalent to stating that the particle is destroyed as
soon as it passesu52p. Since the range ofu is now re-
stricted to2`,u,2p, the total probability at any given
time that the particle has passedu52p is given by

12E
2`

2p

P~u,t !du. ~8!

This probability is initially equal to zero@by substitution of
~6! into ~8!#, but increases thereafter toward unity so that
after an infinite time, the particle is certain to have passed
u52p. The derivative of~8! with respect to time, therefore,
represents the probability density,f (t), that the transit time
is betweent and t1dt:

f ~ t !52E
2`

2p]P

]t
~u,t !du. ~9!

After solving ~1! for ]P/]t, substituting the result into the
integrand of~9!, integrating by parts and applying boundary
condition ~7! and decay conditions at2`, we arrive at the
alternative expression:

f ~ t !52D*
]P

]u U
u52p

. ~10!

An equation for f (t) is obtained by solving the original
convective-diffusion equation using Laplace transformations
in time ~see the Appendix!; this leads to the explicit formula
for the probability density function,

f ~t!5
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1
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wheret is the dimensionless transit time, i.e., the time re-
quired for the particle to complete one orbit in the Couette
device,

t5
D* t
4p2 , ~12!

andq is the Peclet number,

q5
pV*

D*
. ~13!

The theoretically predicted probability density of transit
times, f (t), can be compared to a histogram of measured
transit times, which serves as a further check for consistency
of the original assumptions. Such a comparison of theory and
experiment is provided in the discussion of the experimental
results.

The mean and variance oft, based on the probability
density~11!, are computed explicitly to be

^t&5
1

2q
and ^t2&2^t&25

1

4q3
, ~14!

where^•& denotes the usual time average. Converting these
results back to dimensional form, we arrive at the final work-
ing equations:
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From a long sequence of experimentally measured transit
times, the mean and the variance are computed. The mean
transit time,̂ t&, provides the value of the mean angular ve-
locity, V* , of the tagged sphere via~15!. Then, the variance
of the measured transit times,^t2&2^t&2, determines the
mean dispersion coefficient,D* , according to~16!. Once
these values are known, the dimensionless shear-induced dif-
fusion coefficient can be calculated using~3!.

As we shall see later, the data collected in our experi-
ments indicate that the time it takes the particle to complete
a single orbit in the Couette device is not long enough for
Taylor dispersion theory to become applicable. Since from
the collected data, it is easy to measure the time it takes for
the particle to complete two or more complete orbits in the
device, the above analysis is now generalized so as to be
applicable to such cases. If the transit time for completing
n orbits in the device is denoted bytn and its dimensionless
counterpart is denoted bytn5D* tn /(2np)2, the probability
density for this multiple-transit time can be shown, using an
analysis identical to that in the Appendix, to be

f ~tn!5
1

2Aptn
3
expS qn2qn

2tn2
1

4tn
D , ~17!

in which qn5npV* /D* . Starting with this result, the coun-
terparts of Eqs.~15! and ~16!, based upon transit times for
n complete orbits, are found to be
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Settingn51 reproduces the previous results.

III. EXPERIMENTAL PROCEDURE

In the Couette flow experiments a single red particle is
observed as it moves relative to a density-matched solution
containing neutrally-buoyant, identical particles. Transit
times for successive complete orbits of the marked particle
are measured; the transit times are representative of the av-
erage radial location of the particle. The shear-induced dif-
fusivity is calculated from the distribution of transit times as
described in Sec. II. In this section we describe the experi-
mental apparatus, particle preparation, the experiments and
typical observations.

A. Couette cell

The experiments were performed in a circular Couette
apparatus~see Fig. 1!. The inner cylinder was rotated while
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the outer cylinder remained fixed, and rotation speeds were
always lower than the critical rotation rate at which the
Taylor-Couette instability began. The white delrin inner cyl-
inder had an outer diameter equal to 6.53 cm625 mm and
provided a uniform background against which the red col-
ored particle was identified easily. The transparent outer cyl-
inder was made from cast Lucite and had an inner diameter
equal to 7.62 cm675mm. The nominal width of the Couette
gap was 0.546 cm with an available working height of the
annular gap equal to 18 cm. The ratio of the gap width to the
inner cylinder radius was 0.167, which is smaller than that
used in the Leighton and Acrivos experiments and is less
than one-quarter the value reported in the wide-gap experi-
ments of Abbottet al.,4 where volume fraction variations
across the gap were measured for cases where the nominal
volume fraction was 0.5. The inner cylinder was located in a
close-fitting teflon bearing anchored in a base plate, guided
at the top in a split bearing, and driven by a vertically
mounted reduction drive whose torque and rotation rate were
controlled via a servo-controller~ElectroCraft Motomatic-II,
Waltham, MA!.

A line marked on the stationary outer cylinder served as
a reference for the completion of an orbit by the marked
particle. Transit times were recorded by an operator striking
the return key on the keyboard of a laboratory computer,
which utilized an internal reference timing clock to time the
transit interval and created a data record of the transit times.
We typically used two parallel reference lines marked 90
degrees apart on the outer cylinder. Thus, for each complete
orbit of the particle, two measurements for the transit time
were obtained. Since the two transit times thus obtained are
likely to be correlated, the data were analyzed in several
ways, keeping or discarding the data from the second refer-
ence line. No effect was found on the final values of the
diffusivity. Moreover, since successive transit times obtained
from the same reference line are possibly correlated as well,
in the analysis we tested the experimental results by discard-
ing up to ten transit time values between the ones that were
retained. Again, the final calculated diffusivities were not
affected. However, it will be seen in Sec. IV that the transit
times for completing a single orbit are not long enough for
the establishment of the Taylor dispersion limit. Thus, al-
though possible correlation between successive,single-orbit
transit times does not affect the results, ultimately it is the
transit time for completingmultiple orbits which must be
used for measuring the Taylor dispersion coefficient.

B. Particle preparation

The particles used in the experiments were colorless
polystyrene beads~manufactured by Maxi-Blast Inc., South-
bend, IN; grade PB-2; sieve size 30/45! with radii 0.025
cm625 mm and density 1.045 g/cm3 It was a challenge to
color the particles and the only attempt that was successful
was to color them using a waterproof marker pen. Marking
the particle did not measurably affect the density or radius.

A solution of water and glycerine was prepared which
matched the density of the particles. Most of the particles
would remain suspended for at least two to three hours, a
duration longer than a typical test run. The viscosity of the
glycerin/water solution was 1.5 centipoise and so the particle
Reynolds numbers, at the rotation rates described below,
were of order 1021.

The principal difficulty using the polystyrene spheres
was that they were difficult to wet with water. An effective
way of wetting the particles was by first spraying the par-
ticles with steam and then immersing them in water, where
they remained stored prior to the experiments.

To determine the volume fraction of solids in the sus-
pension, the wetted particles were weighed after blotting out
the water adhering to a wet clump of particles, and then the
particles were added to the host liquid. The wet particles
upset the neutral buoyancy. Hence, glycerin was added drop-
wise until density matching was restored. From these proce-
dures the water content of the wetted particles was deter-
mined. The desired volume fraction was achieved by adding
additional density matched host liquid. Typically the cell was
filled to a working height of 16 cm and the marked particle
introduced at mid-height using a syringe. Transit times were
recorded only after the cell was mixed thoroughly.

FIG. 1. Schematic of the Couette apparatus.
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C. Experiments performed

The alignment of the device was checked by placing a
single particle in the cell and rotating the inner cylinder at
rotation speeds between 8 and 32 rpm. The variation in suc-
cessive transit times was within a few tenths of a percent.

Invariably, upon adding the suspension to the Couette
cell, bubbles were observed on the walls. The bubbles were
easily removed using a piece of tygon tubing. The inner cyl-
inder was first rotated at 4 or 8 rpm for about ten minutes in
order to allow any air trapped in the lower bearing to bubble
away, thus completely wetting the cell. The cell was then
emptied and filled with a known concentration of suspension.
The colored tracking particle was added, the suspension
mixed, and the inner cylinder was rotated at the desired rpm.
Typically, transit times were measured for about 45 minutes.

At a given particle concentration, experiments were con-
ducted at 2, 4, 8, 10 and 12 rpm, as indicated by the servo-
controller. The actual rpms were measured directly~these
deviated slightly from the nominal values! and used in all the
data analysis. The critical rpm for the onset of the Taylor-
Couette instability was also measured—above 30 percent
concentration a critical rpm was not obtained. Experiments
were performed at various particle concentrations, but in this
contribution we focus on the results obtained at a volume
fraction off'0.25. The resulting diffusivities at other con-
centrations~ranging from 13% to 35% by volume! were all
of the same order of magnitude and the experimental error
bounds did not allow us to distinguish a clear dependence on
volume fraction.

D. General observations

At both the top and bottom of the cell a dense concen-
tration band with height about 5 mm formed. The banding
was observed at all concentrations, though was more evident
at the lower concentrations, and is presumably due to the
small density variations that are inevitable in any batch of
particles. The bulk of the cell displayed a uniform concen-
tration. The observation of a small degree of band formation
was used to estimate the error in the reported volume frac-
tion. The formation of such dense bands may not be easily
detected if the host solution is refractive index matched with
the suspended particles.

At concentrations abovef'0.25, it was at times diffi-
cult to see the marked particle when it moved close to the
inner cylinder. The sighting problem was accentuated at
higher rotation rates. While transit time data were being
taken, if the operator thought that a missed reading had oc-
curred, the data file was marked~by two rapid clicks on the
keyboard! and in the subsequent data analysis, the transit
times in the vicinity of that point were discarded.

IV. RESULTS

In the subsequent discussion, in order to illustrate the
method, we first present the results based upon transit times
for single orbits within the device. The analysis is then re-
peated using transit times for multiple orbits; it is thus found

that one should allow multiple orbits to be completed be-
tween transit time measurements in order for Taylor disper-
sion theory to become applicable.

For a given suspension, the Couette experiment was per-
formed many times~between 5 to 15!, typically at five dif-
ferent rpms. The particle Reynolds number based on radius,
the average shear rate and the viscosity of the suspending
medium ranged from 0.05 to 0.3 in our experiments. In each
run, several hundred transit times were obtained. Analysis of
the data from experiments at different rpms did not reveal a
clear trend with varying rpm~i.e., with varying particle Rey-
nolds number!; the calculated values ofD̂' were compa-
rable. Since there seemed to be little hope of distinguishing
the dependence on Reynolds number~or rpm! over the nar-
row range of values studied here, we combined the data sets
for the same volume fraction. Thus we report a single value
of the shear-induced diffusivity, which represents an average
value for particle Reynolds numbers 0.05,R,0.3.

In order to combine the data sets which were obtained at
different rpms, the first step in the analysis was to scale all
measured transit times by multiplying each with the value of
the angular velocity,V, at which it was obtained. As an
example, Fig. 2 presents an entire set of dimensionless transit
times^Vt& for ten different experiments at a volume fraction
f'0.25; a total of 2181 transit times were obtained by com-
bining observations at 2, 4, 8, 10 and 12 nominal rpms.

The mean and variance of the collected data are com-
puted easily, providinĝ Vt& and ^V2t2&2^Vt&2. From
these, the mean angular velocity,V* , and Taylor dispersiv-
ity, D* , can be obtained using equations~15! and~16!. Since
the Taylor dispersivity~16! involves the product of the cube
of the measuredV* with the measured variance, it is rather
sensitive to errors in either of these quantities. By examining
the ‘‘running’’ values of the mean and the variance~i.e., by
successively including additional data points! we estimate a
five to ten percent uncertainty in the final values of the mean
and variance of transit times. Hence, the final measured

FIG. 2. Measured dimensionless transit times. Experimental data from ten
separate experiments atf'0.25 and five different rpms have been com-
bined, as discussed in the text.
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value ofD* and the resulting shear-induced diffusivityD̂'

may have as much as forty to fifty percent uncertainty asso-
ciated with them. This is exacerbated by the fact that the
coefficient which relatesD* /V to D̂' in ~3! is itself a sen-
sitive function of the particle radiusa. Therefore, any uncer-
tainty in the particle size, coupled with the fact the suspen-
sion is not truly monodisperse, introduces additional errors in
the measured values ofD̂' . Similar uncertainty inD̂' has
been reported in the literature~cf. Fig. 5.1 in Phan and
Leighton3!.

The results obtained from combining all the data at
f'0.25 are reported in Table I where the dimensionless
shear-induced diffusivity is reported to beD̂''1.2. How-
ever, as will be shown below, this result is found not to be
accurate since the Taylor dispersion limit is not established
during the time it takes the particle to complete asingleorbit
in the device. It should be noted that discarding the data
obtained from the second reference line on the Couette de-
vice changes the diffusivity to about 1.35. Also, as a test of
whether the possible correlation between successive transit
times has an effect on the final result, the analysis was re-
peated after discarding up to ten transit times in between the
values that were kept. The diffusivity continued to have a
value ofO (1). For completeness, in Table II we also tabu-
late the experimental results at different rpms before they
were combined to produce the results in Table I. No trend in
the variation ofD̂' with rpm ~i.e., Reynolds number! is dis-
cernible.

The third column of Table I which reports the measured
value of the dimensionlessV* can be compared with the
theoretically predicted value of 0.45, obtained by evaluating
the right hand side of~2!. The agreement is reasonable and
within the estimated uncertainty.

Once the mean and variance of the transit times have
been measured and the long-time transport coefficientsV*
andD* calculated, an additional check on the consistency of
the data with the proposed theory can be performed by com-
paring the histogram of measured dimensionless transit times

against the predicted probability density functionf (t). A
single parameterq, which is the Peclet number for the mean
transport that depends on the measuredV* andD* , fully
characterizes the probability density. Figure 3 provides a
typical comparison of the two quantities, again for the
f'0.25 data. Of course, the visual appearance of the bar
graph representing the histogram is affected by the size and
number of ‘‘bins’’ which are taken in the interval between
zero and the maximum observed transit time. Also, the con-
tinuous curve which represents the probability densityf (t)
must be properly scaled by adopting the same nondimension-
alization for time as in the data, and by scaling its height so
that its integral is consistent with the area under the bar
graph. These operations do not introduce any fitting param-
eters, however. While the visual appearance of the continu-
ous curve and the bar graph is encouraging, a chi-square
‘‘goodness-of-fit’’ statistical test indicates that the probabil-
ity that the two distributions agree is rather small.

Taylor dispersion theory applies only after a long time
when the particle has had ample opportunity to sample all
radial locations within the Couette device. For a given Cou-
ette device, one may need to wait for a particle to complete
several orbits in the device, before this long-time limit is
achieved. To test our measurements in this way, using the
data from just one of the reference lines on the device, we
calculated the transit time for completing two, three or more
complete orbits and used the successive values of these, in
conjunction with the working equations~18! and~19! to cal-
culate the dimensionless shear-induced diffusivityD̂' again.
Figure 4 presentsD̂' as a function ofn, the number of orbits
for each transit time. Forn51, the value is 1.35 as reported
above. Asn is allowed to increase,D̂' decreases until, after
about 8 or 9 orbits per transit time, it attains a relatively
constant value of about 0.13. Note that of the approximately
2200 transit times for single orbits originally measured,
about half remain when data from the second reference line
are discarded, and by taking the transit times for completing

FIG. 3. A histogram of the measured dimensionless transit times. The solid
curve is the theoretically predicted probability density function,f (t), given
by equation~11!.

TABLE I. Experimental results based upon single orbits.

f N V* /V D* /V D̂'

0.25 2181 0.40 0.36 1.18

TABLE II. Breakdown of thef'0.25 data.

rpm N V* /V D* /V D̂'

1.79 82 0.472 0.102 4.24
1.79 106 0.622 0.347 1.24
3.59 90 0.285 0.269 1.60
3.59 94 0.220 0.205 2.10
7.79 344 0.414 0.322 1.34
7.79 259 0.512 0.477 0.90
9.84 314 0.437 0.360 1.20
9.84 250 0.360 0.241 1.79
11.11 425 0.395 0.346 1.25
11.11 223 0.378 0.378 1.14
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14 orbits~the last point in Fig. 4! roughly 75 transit times are
available for the calculation.

The dimensionless shear-induced diffusivity measured
here at a volume fractionf'0.25 and a particle Reynolds
number of about 1021 has been found to beD̂''0.13 with
an uncertainty of about 40%. This result can be compared
with the previously reported value ofD̂''0.04 measured by
Leighton and Acrivos2 at this volume fraction but at a much
lower particle Reynolds number, and with the Stokesian dy-
namic simulation by Brady5 who reports a value of
D̂''0.055 atf50.45 ~the diffusivity is reported to be un-
changed at a volume fraction off50.32 as well5!. Also, if
one uses the best fit parameterKc'0.4 of Phillips et al.,8

obtained at a volume fraction off'0.5, the resulting dimen-
sionless diffusivity isD̂'5Kcf'0.2, at a particle Reynolds
number less than approximately 1023.

V. DISCUSSION

The principal result of this contribution has been to il-
lustrate the possible use of Taylor dispersion theory, as ap-
plied to the cylindrical Couette device by Nadim,6 for the
measurement of shear-induced lateral self-diffusivity in con-
centrated suspensions. The detailed procedure for making
such a measurement has been outlined, relying on the newly-
derived probability density function forn-orbit transit times,
cf. Eq. ~17!, which yields explicit results relating the mean
and variance of such transit times to the mean angular veloc-
ity and Taylor dispersion coefficient for azimuthal transport;
cf. Eqs.~18! and ~19!.

The procedure has been applied to a concentrated sus-
pension at a volume fraction of approximately 0.25 for
which the shear-induced diffusion coefficient at a particle
Reynolds number ofO (1021) has been found to be
D' /(ġa2)'0.13. To obtain this result, it has been found
that transit times for completing more that about 8 or 9 orbits
in the device are required in order for the particle to be able
to sample all radial locations sufficiently for Taylor disper-

sion theory to become applicable. Although the current un-
certainty in the measurement is fairly large, further refine-
ment of the method may permit more accurate measurements
of shear-induced diffusivity to be achieved. Our early results
suggest that, at larger particle Reynolds numbers, the shear-
induced diffusivity is somewhat larger than those obtained at
very low Reynolds numbers. In a suspension for which the
particle Reynolds number is finite, we might expect even
small inertial effects to influence processes such as shear-
induced dispersion which rely on many hydrodynamic inter-
actions among the particles. Inertia will affect every ‘‘colli-
sion’’ and hence after many such collisions small inertial
influences may produce a measurable effect. Our measure-
ments are consistent with this idea. We believe that these
first-of-their-kind measurements of shear-induced diffusivity
using long-time Taylor dispersion data can provide a novel
basis for further experimental investigations in this area.

It should be noted that as the volume fraction of particu-
lates tends to zero and the mechanism of lateral migration
through collisions or hydrodynamic interactions disappears
~thereby causing the shear-induced diffusivity to tend to
zero!, the Taylor dispersion-based method of analysis loses
validity. The reason is that the Taylor dispersion analysis is
based on the assumption that there is sufficient time for the
tracer to sample all radial locations within the Couette device
many times during the experiment. As the lateral diffusivity
tends to zero, however, it takes a prohibitively long time,
O ((R22R1)

2/D'), to reach the Taylor dispersion limit. It is
thus impractical to use Taylor dispersion ideas to measure
the lateral diffusivity in very dilute suspensions.

Since the particle Reynolds number is not vanishingly
small in our experiments, inertial migration effects such as
those analyzed by Ho and Leal9 ~who studied the translation
of a single particle near a rigid boundary at small but finite
R) may also be significant. Such particle-wall effects would
tend to concentrate the particles at a radial location nearly
half-way between the two cylinders. Our experimental obser-
vations did not suggest this to be the case, since the variabil-
ity in the measured transit times indicated the sampling of all
radial locations within the gap.
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APPENDIX: DERIVATION OF f (t)

In this appendix, equation~11! for the probability den-
sity of transit times,f (t), is derived by means of Laplace
transformation. Begin with the dimensionless counterpart of
~1!:

FIG. 4. The dimensionless diffusivityD̂' at f'0.25 as a function of the
number of orbits allowed in between successive transits; its value appears to
approach an asymptotic limit ofO (0.1).
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]P

]t
12q

]P

]u
5

]2P

]u2
, ~A1!

whereu has been scaled by 2p, t is defined by~12!, q is
given by ~13! and P(u,t) is the renormalized probability
density. The initial and boundary conditions are

P5d~u!, at t50 , ~A2!

P50, at u51 , ~A3!

P→0, u→2`. ~A4!

Once the solution to the system of equations~A1!–~A4! has
been obtained, the first passage time probability density,
f (t), is determined using the dimensionless counterpart of
~10!:

f ~t!52
]P

]u U
u51

. ~A5!

Taking the Laplace transform with respect tot of ~A1!
and boundary conditions~A3! and~A4! yields the equations
governing the transformed probability density,P̄(u,s):

d2P̄

du2
22q

dP̄

du
2sP̄52d~u!, ~A6!

P̄50, at u51 , ~A7!

P̄→0, as u→2`. ~A8!

The solution to the system of equations~A6!–~A8! is

P̄5H Ael2u, u,0,

Bel1u1Cel2u, u.0 ,
~A9!

where

l15q2Aq21s, l25q1Aq21s. ~A10!

The constants of integration are found by using~A7! and
satisfying the correct ‘‘jump’’ conditions across the origin
@obtained by integrating~A6! over an infinitesimal neighbor-
hood ofu50]. The result is

B5
1

l22l1
, C5

2e2~l22l1!

l22l1
, A5B1C.

~A11!

It is convenient to determine directly the Laplace transform
of the first passage probability,f (t), rather than inverting
the Laplace transform~A9!. In accordance with~A5!, we
have

f̄ ~s!52
dP̄

du
U

u51

52Bl1e
l12Cl2e

l25eq2Aq21s.

~A12!

The Laplace transform~A12! is inverted easily to yield

f ~t!5
1

2Apt3
expS q2q2t2

1

4t D , ~A13!

as the equation for the probability density of transit times for
a tagged sphere to execute one complete orbit in the Couette
device.
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