Added mass of a disc accelerating within a pipe
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The flow of inviscid fluid around a disc in a pipe is computed, and the results are used to determine
the added mass of the accelerating disc in the frame in which the mixture velocity is zero. The added
mass of an array of discs spaced at regular intervals along the pipe is then computed, and is related
to the pressure gradient along the pipe. Some flow profiles are also presented. The results show that
the added mass per particle increases as the pipe diameter is reduced relative to the particle size. The
added mass per particle decreases as the number density of particles increases, but the added mass
per unit length of the pipe nevertheless increases. Thus an increase of either the particle size or
number density leads to a tighter coupling between the liquid and the particles; this result should
hold for other particle shapes and configurations. Results are also presented for the drift, i.e., the
displacement of fluid particles caused by the motion of an isolated disc along the axis of the pipe.

If the diameter of the pipe is sufficiently small, the added mass of the disc is modified from that in
unbounded fluid, and the background drift at the walls of the pipe can no longer be estimated from
the added mass of the disc. ®997 American Institute of Physids$1070-663197)02511-7

I. INTRODUCTION Published results for the added mass coeffic@nvary
) o . slightly, since some authors assume that all bubbles have the
Models of two-phase flow require a constitutive relation ;o me velocity whereas others allow bubble velocities to vary.
for the forces which act between the liquid and gas. An aPHowever, Sangaret al®” concluded that results of their nu-

proximation sometimes employed divides the forces into gyerica| solutions of the full equations were closely approxi-
sum of drag and added mass terin$The added mass of & 4¢eq by the expression

single spherical bubble in unbounded irrotational flow is

well-known; and results are available for the added mass of 1428

a spherical bubble in fluid which is acceleratth§.The ra- Cfr, 3
dius of the bubble need not be constaktowever, few re- B

sults are available for the added mass of non-dilute Suspen ained by Zubérusing a cell model. Ishit al? performed
sions, and fewer still treat flow in bounded geometries. We[ime-dependent computations of bubbly flows assuming an
treat analytically an isolated disc accelerating in a pipe, a3 4ded mas€. =1+ 2 788 due to Van Wijngaardet? Thus
. . ; a . .
;N(.a” as a r_egglﬁi _artra)t/hgf acct;alleratmg discs, in order to Obfhere is a consensus of opinion that added mass increases as
a|n:10re_|n3|gf ";g d IS probiem. dilut . . the volume fraction of liquid decreasésssuming that phase
review ot added mass In non-diute SUSPensIons 19y, sion does not occurThis increase can be thought of in

3 .
presgnted by Sangaet al:, who are concerned with small terms of a tighter coupling between the dispersed particles
amplitude oscillatory motion of bubbles. The average hydro—and the liquid

dynamic force(F) per bubble can be written in the form Many multiphase flows are confined to pipes, and only a

few analytic results are available for such flows. Smythe
computed the streamfunctions for inviscid irrotational flow
in a pipe containing either a sph&ter a spheroitf (includ-
wherep and u are the density and viscosity of the liquid, ing the limiting case of a digcCai and Wallig®* extended
andv, are the radius and volume of the bubhlg, is the this analysis to linear arrays of spheres and obtained added
mixture velocity,v is the bubble velocity, andl) denotes an Mass coefficients; they also fePO'%f‘he added mass of a
averaged quantity. The added mass coeffic@nt and vis- single disc accelerating broadside in a pipe. We reconsider
cous drag coefficier, have been normalized so that they the case of a disc, using methods based on the velocity po-
approach unity as the volume fraction of bubblgs-0. tential, and then study a linear array of discs in a pipe, work-
Equation(1) can alternatively be written in terms of the av- INd in & frame in which the average mixture velocity of the

(F)=3Capv(Um=0) + pvp(Um) + 127 R Cy( Uy 0),

erage liquid velocityu) using the relation fluid and particles is zero. Accgleratiqn of the particles Iea.ds
to acceleration of the surrounding fluid, and this acceleration
(umy=(1—B)(u)+ B(v) 2 reaction, which corresponds to the added mass, creates pres-

sure gradients. The net result is a macroscopic pressure gra-
if the volume fraction of bubblesB, is assumed constant. dient along the pipe. We find that the added mass coefficient
From now on we neglect the viscous drag term, and set th€, (per particlg increases as the particle size becomes closer
viscosity u=0. to that of the pipe. As the particle number density increases,
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T .y B(r,2)=2, bydo(Npr)exp—\,2), (7)
2Ra 2R|—T_>’Z n=1 °

0) where the\,, are chosen to satisfy

Ji(Ap@)=0, ®

FIG. 1. A single disc, of radiuR, on the centreline of a pipe of radiaR. thereby ensuring that boundary conditiédc) is satisfied.
Boundary conditiong6a,b lead to

oo

the added mass per particle decreases, because of shielding, —1= E PrAndo(Apr), Osr<1, (93
but the added mass per unit length of pipe always increases.

As an additional application of the analysis, we calculate *
the drift of fluid markers disturbed by a steadily translating 0= E baApdi(Npr),  1srsa. (9b)

disc in a pipe. We are thus able to study the influence of the n=1

pipe walls on the typical magnitude of marker displacementin order to treat these dual series equations, we follow the
method of Cooke and Trantét,as described by Snedddh.
For completeness we present the most important intermedi-

Il. ANALYSIS ate results, beginning with the identity
We first consider the velocity potential for steady invis- = Jorome1-p(£n)du(Lal)
cid flow around a single disc of radit® moving broadside anl 1-py2 =0, 1<r=a, (10
) ) : : : én Jo+1(8nd)
with velocity U along the axis of a pipe of radiuRa, as
depicted in figure 1; results, calculated using a differentvhere — <ps<3 v>p—1 and the{, are the roots of
method, have been reported by Cai and Waflim Sec. IlI, Ju(afn) 0 The boundary condition represented (8b)
we show how the added mass of an accelerating disc may BBay be satisfied if we take=1 and
evaluated once the velocity potential is known, and numeri- o 3 ()
cal results are presented in Sec. IV. In Sec. V we considera ) b = > ¢, o P70 (11)

one-dimensional array of discs placed at regular intervals m=0 " ApTPIZ(Asa)
along the axis of the pipe. The discs have zero thickness, sq,
that the volume fraction of discs within the pipe is always
zero, even though the particle number density is non-zero. v 2-pq2 4
Nevertheless, a suspension of larger and more numerous by=[Ay "J2(And)] mE=o Cmdam+2-p(An)- (12
discs ought to correspond physically to bubbly flows with

increasing volume fraction of bubbles. Finally, fluid trans-An expression for the unknowry, is obtained by substitut-
port, studied via the concept of drift, is discussed for thising (11) into (9a):

o0

bounded system in Sec. VI. e (Aol

We assume an irrotational, incompressible flow, withve- — —1=" m 2”‘;2:”2 n’wot™n o<r<1.
locity n=1m=0 An PI5(N @)

(13
u=Vveo, 4 . . : :
) o , ) Some relations concerning Bessel functions are now required

where the potentiap satisfies Laplace’s equation, in order to enable us to eliminate thedependence of13).

V24=0. (5)  From Sneddolf (equations 2.1.19 and 2.1)20

Lengths are non-dimensionalized By and velocities byJ.
We use cylindrical coordinates, with=0 as the axis of the
pipe and the disc, and with the disc in the plave0. The

f Uk, omak(U)Jd,(ru)du
0

boundary conditions, assuming no flow at infinity, are T(v+m+1)ri(1-r2)kt )
=1 Fm(k+v,v+1;r9),
a 2 T'(v+1)I'(m+Kk)
== <r< =
u, 9z 1, Osr<1, z=0, (6a) 0=r<1
d = =
u, = f 0, 1<r=<a, z=0, (6b) 0, r=1, (14
r where.7 (a,b;x) =,F,(—m,a+m;b;Xx) is the Jacobi poly-
<9¢> nomial.
u=--=0 r=a alz (60) If we define the Hankel transforrh(p) of f(r) by
Vé—0, 2oz, (69 f(p)= fo rf(r)Jn(prydr, (15)
We consider the regior=0, and look for a solution of the
form then the inverse transform is
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f(r)= f:pf_m)an(prmp, (16)

and the Hankel inversion theorem applied(1d) gives

g ) Jll"(v+m+1)r1+"(1—r2)k‘1
u= J, u)y=
ramrk 0 21T (p+1)T(m+k)

XJ,(ru).Zm(k+v,v+1;r3)dr. (17)

We also require the orthogonality relation for Jacobi polyno-

mials (see, e.g., Magnust all?),

1
fr2V+1(1—r2)k—1.,7n(k+v,v+1?f2)dr
0

_ T(r+1I'(K)
T 2T (v+k+1) O

We now multiply both sides of(13) by r(1—r?) P
X.7;(1-p,1;r?) and integrate to obtain

 T(1-p)
2r'(2=p)

=2 >
n=1 m=0

(18

00j

CmJ2m+2—p()\n)J2j +1—p(>\n)r(j +1- p)
2PT(j+1)N22PJ5(\pa) '

(19
Hence thec,, satisfy the linear equations
2P (j+ )T (1—p)
r(2-p)(j+1-p) ™
. Jomr2-p(An)J2j+1-p(Ap)
=2 2 e (20)
m=0 n=1 N, FIs(hpa)
ie.,
> AmCm=B;, j=012,.., (21)
m=0
where
 Jamr2-p(ANn)Jzj1-p(Ap)
Aim= 2, =g ot @2
n=1 An Jz()\na)
and
Bj=—2""YI(2-p), j=0,
=0 otherwise. (23

The velocity potentialé(r,z) is constant over the plane
=0, 1=r=<a external to the disc. We can evaluate this con-
stant¢g at an individual point, but it is more convenient to
take the average value

1 a
(ﬁo:mfl Ql)(l',O) 27y dr

2 & obdi(ny)
az_ln:]_ )\n

(29)

and to work with the velocity potential
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P, =¢— o, (25

where the subscript indicates that the potential corresponds
to motion of the disc in thez direction. Note that®d,
—— ¢y asz—», and®,=0 over the plane external to the
disc. It is clear, by symmetry, thab,(r,—z)=—d,(r,2).

Ill. ADDED MASS

The added mass of an object moving in unbounded fluid
at rest at infinity is discussed by Batchefowe write the

(dimensional velocity potential in the form
$=RU(1)- D(x—Xo(1)), (26)

wherexy(t) is the instantaneous position of the center of the
body. In the absence of gravitational or other body forces,
the unsteady form of Bernoulli's equatidaquation 6.2.5 of
Batchelof) takes the form

ap Ul
—_ + JR—
a2

p

p

C, (27)
whereu is the (dimensional fluid velocity, andC is a con-
stant, independent of position, if the flow is irrotational.
Let S; be the surface of the body, with outward facing
normaln. Again following Batcheldt (p. 404, the hydrody-
namic forceF acting on the body in an inviscid flow is

dp U2
F=—j pndS=pJ —+ =
s, 5| ot

2

n dS—pJ CndsS
$1
(283

=pr (U-®)n ds+pf [fu?2-U-u]lndS (28b
S, S,

since in(28a the integral ofC over the surface of the body
is zero. The second term on the right-hand side(28b)
corresponds to the force in steady motion, &d) can be
shown to be zero either for steady motion in unbounded
fluid, or for motion parallel to the axis of a pipe. The first
term in (28b) is the acceleration reactiofs. In the absence
of viscous effectsG accounts for the total hydrodynamic
force acting on the body as fluid surrounding the particle is
accelerated. This acceleration reaction is often called the
added mass of the patrticle.

If a disc of unit radius moves broadside with velodily
in unbounded fluid, the velocity potentiaf-¥s-°

~ 2UR
o(r,2)= T(z cot 1 A—¢) (0=<(<1, 0<\<w),
(29)
where the oblate spheroidal coordinateand ¢ are defined
by
z=\¢, r’=(1+1\?)(1-2%. (30)
The region\ =0, 0</=<1 represents the surfaze=0" of

the disc, on whichp= — 2UR(1—r?)¥?/ 7. The reaction on
a disc of radiusR accelerating in the direction is

4pUR3 1 8pUR®
. f (1-r2)Y2 20 dr=— —_ (31)
T 0 3
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as obtained by Lamif (p. 134. 12
If the disc accelerates in unbounded fluid, the pressure ¢ d
infinity is uniform, but if the disc accelerates within a pipe, 10 -
the pressures far upstream and far downstream of the dis
differ. We assume thgb—p,; asz—x, and thatp—p, as

z——o, Evaluating Bernoulli's equatior27) at z==*© N
gives O
&—RU¢O=&+RU¢O, (32
p p
and hence
10
- P17P2
RUg¢y= 2 (33
The acceleration reaction for the disc in a pipe is FIG. 2. The non-dimensional added mass coefficlenbf a single disc in
[ = a pipe of radiusa. (a) Numerical results(b) asymptote(45) for a—1<1,
— 1p3 _ (c) limiting value GZ:8/3 for a disc in unbounded fluidid) A non-
G,=2pUR fo nzl brJo(Anl) = o | 27T dr dimensional added mass of a single sphere in a Fipe.
2 o0
: a b,Ji(N
=47TpUR3< . ) > = 1), (34) : -
a*—1l/a=1 A, small for v large. To avoid numerical underflow these func-
. . . tions are set to zero by S17DEF. Thdunction in(23) was
and the jump in pressure between + o is .
Jump in p * evaluated by means of the NAG routine S14AAF. All the
. 4pRU S, boJi(Np) infinite sums are approximated by finite sums, so tTat
P1—P2=2pRU¢o=— — N becomes
a—1n=1 n
N
__ G (35 B(r,2)= >, bpJo(\r)exp(—\p2), (39
77_aZRZ . n=1

Numerical results will be presented for the dimensionles&Vhere

reaction M-1
bn=[xﬁ‘paé<xna>]‘ln§0 Crmdams 2 p(An),

G,=—G,/pURS. (36)
The acceleratior_1 reactioB, is in the opposite direction to n=1,...N. (40)
tpe acceleratiolJ: the change in sign ii36) ensures that The c,, are obtained by solving the linear equations
G,>0.
M-1
Smythé? and Sangankt al® discuss the relation be- A G =B j=0,.. . J-1 1)
tween computations of added mass and of an analogous elec- = imCm=Bj, J=0, - '

trical conductivity problem. Suppose the pipe is filled with

conducting fluid, so that, in the absence of a disc, the elec?
X i . . . T N

trical potential is¢p=V Rz If an insulating disc of radiuR is Joms2—p(An) 21— p(Nn)

inserted az=0, and the total current remains unchanged, the A,—m=nZl 2202
- n Z(Ana)

ere

(42)
electrical potential becomes
#=VRz-VR®, . (37) Equation (41) repres_ents a set af equations inM un-

- knowns. In practice, if we fiXN and takeM =J, (41) may be
Hence theadditional voltage dropAV betweenz=*x due  solved only for sufficiently smalM: the maximumM for
to the presence of the disc is which (41) may be solved by the NAG routine FO4ATF de-
AV=2VRdgy, (3g)  Ppends upon the dimensionless pipe radiustzgr the casa
. . A . =5.0, if we takep=0.5 andN=1000, thenG,=2.79 for
which corresponds to the resistance of a fluid-filled pipe OfM —112 and the r?watri)A is ill-conditioned for I;rger values
length 2poR. of M. If N is increased to 2000, the corresponding values are
M=156 andG,=2.73, whereas a=5000, M =248 and

IV. NUMERICAL RESULTS G,=2.70. Results were similar for other values pf p
All Bessel functions were evaluated in double precision=—0.5, N=5000 leads tdG,=2.70 for M =248, with A

using the NAG routines S17DEF, S17AEF and S17AFF, andll-conditioned for M > 255.

roots of (8) were obtained using part of a package of Bessel ~ Figure 2 shows values db, as a function ofa, which

function integration routine®-?! Note that, for any given agree with those of Cai and Walf§ All results were com-

value of the argumerg, the Bessel functiond,(z) become puted withN=5000,p= 0.5 and withM equal either to 300,
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or to the maximum value for which equatidsal) could be

solved numericallyG, decreases to 2.7 asincreases from

1 to 6. The numerical predictions then increase slowlhaas
increases further, rather than decreasing towards the vall
8/3 predicted by31). Whena=50 the matrixA is ill-posed

for M>80. Thus the numerical scheme becomes less satit _~ 44 |-
factory asa increases.

Whena—1<1, the flow into the narrow slit between the
pipe and the edge of the disc may be approximated as thi 20 - .
due to a line sink, restricted to an angle #f2. The total
(non-dimensionalvolume flux due to the motion of the disc o .
at unit velocity is 7, and this flows into a slit of length 00 05 10 15
m(a+1), where we have taken the average of the inner an r
outer radii. Hence, close to the slit, the velocity potential has
the form

FIG. 3. The axial velocity profilei, in a pipe of radiusa=1.5 at positions
z= (a) 0.01,(b) 0.1, (c) 0.2,(d) 0.5, (e) 1.0.

=———Inrg, (43
T

wherer  is a radial coordinate local to the slit. If we assumez=0.01 for the velocities presented here. Even so, results

that (43) holds fromr~a—1 out tors=1, we might expect Were poor onr =0, where we cannot rely on the decay of
Jo(N,r) as\,—. Figures 3 and 4 show profiles of(r) at
N 2In(a—-1) (44) various axial positionz. Near the edge of the disc the po-
° ma+l)’ tential gradientV ¢ has anO(r; Y% singularity, wherer . is
and hence, by35), the acceleration reaction should vary asf”1IOCaI cylindrical rgdial coordinaﬁ?.ngce it i? not surpris—
ing that the numerical scheme has difficulty in resolving the
4a? In(a—1) velocity field in this region.
T a+1 (4 If the fluid velocity around a moving body is known, the
viscous dissipation within the fluid may be computed,
This asymptotg45) is shown in figure 2, and appears to be thereby giving an estimate of the viscous dEagn the body
satisfactory. Quantitative agreement is improved if a con{or cases in which viscous dissipation in boundary layers is
stant 1.4 is subtracted froi@5). small (such as clean bubblesFor example, if separation
Also shown on figure 2 are results for the accelerationgoes not occur and flow is irrotational, the potential flow
reaction on a sphere in a pipe, which was shown by Cai anfle|d may be used for such an estimate at high Reynold num-
Wallis*® to be bers. For a spherical bubble of radiRs moving at velocity
Giphe’ez %wR3pU(C§mV‘he— 1), lL)J in Enbounded fluid with viscosity, the drag is fountito
eD=127uRU. However, for the case considered here the

whereC3™™"is a coefficient computed by Smytfe™?The  velocity potentiaig has anO(r?) singularity at the edge of
acceleration reaction on a sphere in unbounded fluid ishe disc: this can most easily be seen in the case of a disc
27R3pU/3, and hence, with the non-dimensionalizationmoving in unbounded fluid(29). Rates of strain are
(36) adopted here3P""e. 2 7/3 asa— . The acceleration O(fe >-), and hence the dissipation at the edge of the disc is
reaction on a sphere increases much more rapidly than that
on a disc as the diameter of the pipe approaches that of the
particle. In the case of a translating disc, rapid flow occurs
only in a singular region around the edge of the disc. In the
case of a sphere, rapid flow occurs along the entire length ¢

G,=27ma%po~

the slowly varying narrow gap between the sphere ant 05 |- -
H 13

pipe:

We may also compute the velocity field, given by “

= 0.0
uz(r,z)z—E b\ ndo(Anr)exp(—ANn2), (469
n=1 0.5 ]
ur(r,z)=—nzl Brhnd (Al )EXP(— A pZ). (46b) o ,

We might expect that46a,h should converge, for reason-

ableb,, whenz>0. However, convergence appears to be

more problematic oz=0. In practice, computations of ve- . 4. The axial velocity profiles, in a pipe of radiusa=4.0 at positions
locity are best performed far slightly greater than 0, and z= (a) 0.01,(b) 0.1, (c) 0.2,(d) 0.5, (¢) 1.0.
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1 a
| | (ﬁoszI ¢(r,0) 27rr dr

4 2 bydi(n
IR —— > il n)sinr()\nZ), (53)
a _1n:1 )\n

and it is again convenient to work with the velocity potential
FIG. 5. An array of discs of radiuR, spaced at intervals2 along the

centreline of a pipe of radiuaR. O,=¢p— b0, (54

with ®,=0 onz=0, and®,=* ¢ on z= = Z.
Note that the mean velocity over the pipe cross section is

not integrable. This serves as a reminder that in practice
separation is likely to occur at the edge of the disc. f 2mru, dr
0
A %
V. A LINEAR ARRAY OF DISCS == fo 477rnzl APnJo(Apr)cosiAn(Z—2)]dr
Suppose we have a regular array of discs, spaced with %
(non-dimensionalseparation Z (figure 5. The radial veloc- =477a2 bpdi(Aya)coshin,(Z—2z)]dr=0, (55)
ity will be zero at the mid-poinz=Z between two such n=1
discs, and hence, instead @, we look for a velocity po-  \yhere we have usetB). Hence, as in Sec. Il, we are in a
tential with the dimensionless form frame in which the mean axial velocity of the liquid is zero.
© The discs have zero volume, and hence the mean axial ve-
¢>(r,z)=22l bpdo(Npr)sinfA(Z—2)], O=<z=<Z. locity of the mixture is also zero.
A=

4 Takingp, as the pressure at=Z, andp, as the pressure
(47) at z=—2Z, then evaluating Bernoulli's equatiof27) at z
We must still satisfy the boundary conditio®a—9, and ==*Z, r=0, gives

hence(9a,b are replaced by ~5
u - . .

= C—{+Uuz=&—Ru¢0:&+Ru¢o, (56)
—1=22, bAJo(Ar)cosiin,Z), O<r<1, (48a P P

=1 ~

" where u, is the (dimensional fluid velocity at r=0,
z=*Z. Hence, as in33),

[

0=2> bAJi(Asr)sinh(N,Z), 1<r<a.  (48b)
n=1

- P1—P2
. e RU¢o= :
In order to ensure thg@8b) is satisfied identically, we take 2p

(57)

o Joms a2 o(Ap) If the array of discs accelerates, the reaction on each disc is
2Nnby, SiNAZ)= D) Cp— (49
o TS AP (a)

. 1 &
GZ=2PUR3f {Z 2b,Jo(Anr)SINN(NZ) — g | 27rr dr
Substituting(49) into (489 we find that(13) is replaced by 0fn=1

o . a2 \ & b,Jy(\,)sinh(A,Z
eSS ch2m+2_p()\n)Jo()\nr)cotI’()\nZ)’ _8mpURY > b 1(Np)sinh(h, ), 59
n=1 m=0 )\rl]fpjg()\na) a‘—1/q=1 An
o<r<1 (50) and the jump in pressure ar=0 betweerz=*7 is
Hence, following the steps outlined i14—19, we obtain P 8PUR & brdi(\p)sinh(\;2)
the linear equations P1~P2=2pURdo 2 An
°° . G
AinCn=B:i, =0,1,2, .., 51 .z
2 AmCn=Bj, | (51) —. (59)
where Figure 6 shows the dimensionless acceleration reaction
" 3y (N1 (A COtH(AZ) G,=—G,/pUR® as a function of disc separatidh for the
Z m--2=p( . , (52 casesa=1.1, 1.5, 2.0 and 3.0. Note th&, decreases a&

)‘ﬁ Zp‘Jg()‘na) decreases, because the discs shield one another. Figure 7
and theB; are given by(23), as before. Note tha62) re- shows similar results for the acceleration reaction per unit
duces to(22) in the limit Z—o. The potential¢, over r length G,/2Z, proportional to the pressure drop per unit
>1 in the plane of the disc is evaluated, as(24), by the length, which increases & decreases. Thus the liquid and
integral discs become more tightly coupled, per unit length of pipe,
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10° ¢

FIG. 6. The non-dimensional added mass coefficfépt as a function of
the disc separationZ2 Pipe radiusa= (a) 1.1, (b) 1.5, (c) 2.0, (d) 3.0.

when either the diameter of the discs increases relative to

a b c
z, 0 —>z

FIG. 8. Computation of drift. The dis@) is shown in its initial positiorz
=2z,; the broken line(b) shows the initial position of the marked fluid
particles atz=0; line (c) shows the final position of the marked particles
after the disc has moved off the figure to the right.

G, ma’

2Z a’-1°
The full numerical results agree well wii{62) in the limit
Z—0, as indicated in figure 7.

(62

VI. DRIFT

If a particle of volumeV moves along a pipe of cross-

that of the pipe, or the number density of discs increases. Weectional area\ filled with fluid at rest at infinity, the mean
would expect this to be a general feature of suspensions efisplacement of the fluid particles will be V/A, as dis-

arbitrarily shaped particles.

|22

cussed by Eamest al?2 and Benjamirf® However, the par-

When the discs are very close together, we might expedicle in some sense carries with itself a volume of liquid

that the fluid between the discs i< 1 will, like the discs,
have acceleratiot, and that the fluid in the annulus>1

R3éz corresponding to the added mass of the particle; the
background displacement of fluid, away from the wake of

will have a mean accelerationU/(a®—1). We assume that the particle, should therefore be(V+R3G,)/A. This line

the disc has no mass, so that the force required to accelerae argument has been used by Koeeal?* to discuss the

the disc is equal and opposite to the acceleration reactiomotion of bubbles relative to the interstitial fluid, and we
G,. Equating the forces to mass accelerations in a unit celbxamine these arguments for the case of a single disc moving

—7<z<Z, for the central core <1,

2ZmpU=—G,—(p;—py), (60)
and for the outer annulus<lr<a,
227l o (61)
—_— e = - ar.
21 P1—P2
Hence
20
a

G, /27

FIG. 7. As for figure 6, showing5,/2Z as a function ofZ. Broken lines
indicate the limitZ—0 given by(62).
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in a tube.

We now change to coordinates fixed in space, rather than
fixed in the disc(as previously. A line of marked fluid par-
ticles is placed az=0. The motion of the fluid particles is
followed while the disc moves from an initial positian
<0 to a final positiorz,>0: a marked fluid particle initially
at (r',0) eventually moves tor(d) (see figure 8 Marked
particles which are close to the axis of the pipe spend a

FIG. 9. The final positions of marked particles=d(r), initially on the
planez=0, after motion of a disc fronz=z,=—max(20,1@) to z=z,
= —2z,. The pipe radius isa) a=4.0, (b) 1.5, (c) 1.1.
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