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Imaging and quantifying mixing in a model droplet micromixer
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Rapid mixing is essential in a variety of microfluidic applications but is often difficult to achieve at
low Reynolds numbers. Inspired by a recently developed microdevice that mixes reagents in
droplets, which simply flow along a periodic serpentine chafielSong, J. D. Tice, and R. F.
Ismagilov, “A microfluidic system for controlling reaction networks in time,” Angew. Chem. Int.
Ed. 42, 767 (2003], we investigate a model “droplet mixer.” The model consists of a spherical
droplet immersed in a periodic sequence of distinct external flows, which are superpositions of
uniform and shear flows. We label the fluid inside the droplet with two colors and visualize mixing
with a method we call “backtrace imaging,” which allows us to render cross sections of the droplet
at arbitrary times during the mixing cycle. To analyze our results, we present a novel scalar measure
of mixing that permits us to locate sets of parameters that optimize mixing over a small number of
flow cycles. ©2005 American Institute of Physid©OIl: 10.1063/1.1929547

I. INTRODUCTION tions associated with steady uniform and linear flows outside
an isolated droplet in an unbounded fluid domain. Bryden
Mixing of fluids underlies such diverse applications asand Brennét* investigated mass transfer for droplet flows
stirring cream into a cup of coffee, tracking pollutants inwith chaotic streamlines, and Ward and Hoﬂﬁsg!ddressed
large-scale river or atmospheric flows, and combining moltemmixing inside droplets due to electrically driven flows, in-
polymers to form industrially useful compounds. Mixing has cluding some aspects of the time evolution of the mixing.
also proven to be a rich subject for theoretical research, an@ur work extends these previous studies in that we investi-
connections have been forged with nonlinear and chaotic dygate time-periodic flows inside a droplet, which mimic sev-
namical systems theofy® Rapid fluid mixing is an espe- eral of the basic features of the serpentine mixer in Fig. 1.
cially important challenge in modern microfluidic The reader may wish to glance ahead to the figures in Sec.
applications' In particular, one approach to small-scale VI to see these techniques applied. The ideas for visualizing
chemistry employs aqueous droplets immersed in an immisand quantifying mixing presented here could also be applied
cible liquid both as reagent transport systems and as isolatetirectly to other mixing flows.
chemical reactor3.The droplet fluid must mix thoroughly We begin by introducing in Sec. Il the model for the
for chemical reactions to proceed efficiently, or to determindime-dependent flow inside a drop, inspired by the serpentine
chemical kinetic rate constants accurately, but diffusionchannel shown in Fig. 1. The detailed equations for the tra-
alone would mix fluids in a stationary droplet very 3|0\R,|y_ jectories of fluid elements and the parameters of the model
The serpentine channel illustrated in Fig. 1, in which aqueare given in Sec. lIl. In Sec. IV, we describe a procedure we
ous solutions are injected as droplets into a pressure-drivef@ll “backtrace imaging” for efficiently visualizing the time
flow of immiscible oil, offers one route to accelerate mixing €volution of a mixing flow. In order to quantify the degree of
in droplets by convectiori’ The varying geometry of the mixing, we introduce a scalar measure, or mixing number, in
channel induces a series of distinct internal flows inside eacfec- V- Finally, in Sec. VI, we use the method of backtrace
droplet that stir its contents. Here we investigate a low-maging and the mixing number to study mixing visually and
Reynolds-number model droplet stirrer or mixer inspired byduantitatively in our model system.
this serpentine microfluidic device. We also discuss a novel
tech_nique of imaging three-d_in"_nensi(_)nal s_,tirring flows and QUALITATIVE DESCRIPTION OF MODEL FLOW
provide a new idea for quantifying via a single scalar mea-
sure the degree of mixing as a function of time in purely  The actual flow field inside a droplet carried by a second
kinematic simulations. immiscible liquid down a serpentine channel with a rectan-
The subject of low-Reynolds-number stirring internal to gular cross section is very complicated, especially when the
isolated liquid droplets was first investigated theoretically bydiameter of the undeformed droplet is comparable to or
Bajer and Moffatf who clearly identified the possibility of ~larger than the channel width. To construct a simple model of
chaotic streamlines in a steady three-dimensional flow interthe flow internal to the droplet, we choose to focus on the
nal to a droplet. Stonet al® and Krouijiline and Storl@  most basic features of the serpentine channel mixer: curves
extended this work to the case of realistic velocity distribu-and straight segments of varying lengths; note that it has
been observed in experiments that the mixing characteristics

Author to whom correspondence should be addressed. Electronic maifi'€ not significantly affected, for example, by whether a tu_m
has@deas.harvard.edu is sharp or smooth Furthermore, we assume that the flow is
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applied to a spherical droplet at low Reynolds number: a

L’ ’ / superposition of uniform and shear flow, a uniform flow, a
\} superposition of uniform and opposite-signed shear flow, and

a uniform flow. Figure 2 compares the serpentine mixer with

our model droplet mixer. As in the serpentine droplet mixer,
FIG. 1. A rapid microfluidic mixing system developed by Song, Tice, andthese external flows in our model induce a sequence of
Ismagilov (Ref. 5. Two aqueous solutions are injected into a stream of steady flow patterns inside the droplet that mix its contents.
immiscible oil (viscosity=5.10 mPajsand pinch off into droplets that flow ¢ js"standard in studies of chaotic advection, our model
to the right down a serpentine channel, which is 28 wide and 45um . . . )
deep. Figure reproduced from Ref. 5. m_clud_es klnemat|c_s only; we do not account for molecular
diffusion. Though it should be possible to simulate the ser-
pentine channel mixer accurately with computationally in-
at low Reynolds number, which is a good approximation fortensive numerical methods, we choose to work with this
the recent experimentsBecause each droplet in the serpen-simple model to explore stirring rapidly and interactively in a
tine channel device in Fig. 1 is created with fluid of one colorthree-dimensional system. A two-dimensional numerical in-

filling roughly half of the droplet and the same fluid of an- vestigation of this system is reported by Muradoglu and
other color filling the remaining half, we use that initial con- Stone'*

dition in our simulation.

The idealized mixer consists of a periodic sequence of
four channel segments connected in the following order: g, EQUATIONS OF MOTION AND MODEL
curve, a straight segment, a reverse curve, and anoth@aARAMETERS
straight segment. Neglecting transitional flows as the droplet
moves from one segment to another, each segment corre- The equations of motion for fluid elements in a droplet
sponds to a particular steady flow pattern inside the dropleimmersed in an external uniform or shear flow are known
We map each channel segment to an unbounded externanalytically. In the limit of zero Reynolds number, these
flow that can be applied analytically to a spherical droplet,flows can be combined by superposition. hetz/ u, where
thus capturing elements of the actual droplet flow. In thisi is the viscosity of the fluid inside the drop apdis the
approximate correspondence between the model and the agscosity of the fluid outside, and lef=x-x, wherex de-
tual serpentine droplet mixer, the durations of the externahotes the position vector relative to the center of the droplet.
flows in the model represent the lengths of the channel segi/e nondimensionalize lengths by the drop radiseloci-
ments in the serpentine device. We choose a uniform externées by the speed of the uniform flow, and time bya/U;
flow to represent the straight channel segments, since tHgéom now on, all variables are dimensionless. Also, we
streamlines induced in a droplet by such a flow are qualitachoose thez axis to be parallel with the direction of the
tively similar to numerically calculated streamlines inside auniform flow. In the case of uniform external flowthe
droplet moving down a straight circular pip&.For the Hadamard-Rybczynski ~ problem the  trajectory
curved channel segments, our main concern was to captub¥(t),y(t),z(t)] of a fluid particle inside the droplet is
some change in velocity across the droplet due to the curvegiven b
and we accomplish this with an external shear flow superim- -
posed on an external uniform flow. The sign of the shear  y=y(x) :L [2r2-1)1 - xx], (1a)
alternates from one shear flow segment to the next shear 2(1+\N)
segment to imitate the sequence of curves and reverse curvgs
in the serpentine channel.

Combining all of these elements, our model mixer con- 5 _ __ 2X (1b)
sists of a periodic sequence of four unbounded external flows 21+N)’
(a) /—\
ON | | .
A~ FIG. 2. A comparison of the serpentine channel mixer
V4 with our analytical model of a droplet mixer. Though
the model does not represent the complex flow in the
serpentine mixer, it mimics the mixer’s four-step peri-
N odic flow pattern(a) The serpentine channel mixer bro-

ken down into a periodic sequence of four segments: a
curve, a straight segment, a reverse curve, and a second
straight segment(b) The sequence of four external
flows applied to a spherical droplet in the model mixer,
illustrated in the reference frame of the droplet: a su-
perposition of uniform and shear flow, a uniform flow, a
superposition of uniform and opposite-signed shear
flow, and a uniform flow. For simplicity, we neglect
transitional flows.
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Imaging and quantifying mixing

FIG. 3. Three-dimensional streamlines of the flow in-
z duced in a spherical droplet immersed in various exter-
nal flows; thez axis is the primary flow direction(a)
Streamlines of Hadamard—Rybczynski flow induced in
a droplet by a uniform external flowb) Streamlines
inside a droplet induced by an external shear flty.
Streamlines inside a droplet induced by a superposition
of external uniform and shear flows. The paramaté
fixed at 1, and the dimensionless parameemwhich
measures the relative strength of the shear and uniform
flows, increases from 0 to 0.6 in increments of 0.2.

zy a constant duratiom, and each uniform and shear segment is
T21+N) (10) given a constant duration,. The sign ofg alternates from
one shear segment to the next, imitating the alternating
1-24 2 curves and reverse curves in the serpentine channel mixer.
= m (1d  Our model can also accommodate nonperiodic sequences of

segment durations.

where dots denote time derivatives dad:—ez. Before providing detailed simulation results, in the next
Next, consider an external shear flow of the foun WO sections we discuss the technique we use to image mix-

=Gy. We nondimensionalize lengths and velocities as aboveNd in the droplet and a method for quantifying the degree of

and we define the nondimensional paramegsrGa/U,  Mixing via a scalar measure.

which sets the strength of the shear flow in comparison with

the uniform flow. The equations of motion for a fluid particle |v. IMAGING MIXING: THE BACKTRACE METHOD

inside a droplet immersed in an external shear floware o _
Although it is common to report suitably chosen

X=u(x) = M[(az —3)l - 2xx] + Ew Ox, (2a) Poincaré sections to characterize the degree of mixing caused
2(1+)N) 2 by a flow, such approaches give no indication of the time
or evolution of the actual mixing proceé%Hence, we render
cross sections of the droplet and three-dimensional grids of
__ pxyz (2b) sample points throughout the mixing cycle. This kind of di-
(1+N)’ rect imaging is often performed in simulations by initializing
large numbers of tracer particles in a flow, propagating them
. B 2 z 2 z forwards in time, and plotting their evolving positions. How-
Y=2a+n (5r°=3)7 -2yz| - B3, (20) ever, direct imaging in this manner has certain drawbacks.
First, a uniform grid of tracer particles is unlikely to stay
. B ) y y even roughly uniform as time progresses, especially not in a
z= 2140 (5r°= 3)5 - 27y +'85’ (2d)  chaotic mixing flow. In a three-dimensional flow this prob-

lem is especially acute, and it is computationally expensive
whereE and w denote, respectively, the rate of strain tensorto increase the density of tracer particles to compensate.
and vorticity vector of the shear flow. By superposition, weThus, we developed a backtrace imaging method to render
may add Egs(1) and (2) to produce an equation for the uniformly sampled cross sections and three-dimensional
trajectory of a fluid particle inside a droplet immersed ingrids at arbitrary times in the mixing process. We have since
combined uniform and shear external flows. All numericalfound similar ideas mentioned in a recent péﬁalnd used
integrations reported in this paper were performed with ay Gilbert in Ref. 18; see also Ref. 19 for a related mapping
fifth-order Runge—Kutta routin€. Streamlines of the flow technique.
induced inside a droplet by this combined external flow at  Using the equations of Sec. lll, Fig. 4 compares an im-
various values of8 are compared with streamlines of the age produced by forward evolution of tracer particles to one
flow induced by uniform and shear external flows in Fig. 3.generated by the backtrace imaging procedure. The two tech-
Several parameters control the model flow in addition toniques required almost identical computational effort since
the viscosity ration and the dimensionless shear rgt€Each  approximately the same number of tracer particles were
of the individual segments in the cycle of flows in the modelpropagated for the same duration of dimensionless time to
must be assigned a duration of dimensionless time. In thproduce each image. Though both images clearly display the
case of periodic cycles, each uniform flow segment is giversame qualitative features, the forward evolution method
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(@) v (b)

FIG. 4. A comparison of cross sections in tkeO plane renderedq) by
forward evolution of tracer particles an@) by backtrace imaging. The
images were produced with nearly identical computational effort, since al-
most the same number of particles were propagated for the same length of
time in each image(The number of particles used to produce the forward
evolution image was 283 032, and 281 760 particles were used to generate
the backtrace imageThe cross sections were rendered at tirrel0 in the
mixing process, and the other parameters wgre3, =3, f=2/3, andA
=1. Image(a) illustrates the nonuniformities that rapidly develop when a
uniform grid of tracer particles is propagated forward in a mixing flow. The
backtracing technique, by contrast, accurately colors every pixel in the drop-
let. This cross section in the=0 plane was chosen for comparison because
it lies along a plane of symmetry in the model, so fluid particles launched inFIG. 5. A step-by-step illustration of the backtrace imaging procedure,
the plane stay in the plane. A grid of particles in any other cross sectiorwhich makes it possible to image any configuration of points in the droplet
would disperse nonuniformly in three dimensions when integrated forwarddirectly at an arbitrary time in the mixing process. Here we apply the tech-
in time, making backtrace imaging the only feasible way to image the crossiique to render a cross section within a droplatA uniform square grid of
section. points is initialized at an arbitrary density in the desired spatial cross section.
(b) Imagining that every fluid particle in the droplet is uniquely labeled,
each grid poini corresponds tX ,(t=7) for some particlex at time 7. We

. . evolve each grid point backwards in time through the sequence of mixing
leaves gaps throughout the cross section, while the backtraggys to find X (t=0). For clarity, only two grid points are shown being

imaging technique colors the cross section uniformly to thearaced backwards in time. The pair of spheres at the lower right of the figure
resolution of the plotter. show edge-on views of the grid to clarify the three-dimensional nature of the

. . . -fwo trajectories shown. Using the initial condition that the droplet begins
Here we eXplam how the backtrace Imaging procedure ! alf black and half white, the color of particle is defined by its location

used to render a cross section through the model droplet at 3¢)(t=0) in the initial distribution, and the two paths shown are colored
arbitrary elapsed time in the mixing cycle. As mentioned in accordingly. Since the grid point corresponds to the particle at a later
Sec Il we use the inlal conditon thal ane hemisphere offe L sceis 1 b 0 omid s P o
th_e dr°P|Et is filled V_Vlth black fluid and the other hemlSpher_egrien‘;ation and resﬁlﬁtion through th)(:, droplet at timen the mixing /
with white. The basic steps in the procedure are illustrated ifyrocess.

Fig. 5. First, a uniform square grid is initialized in the de-

sired spatial cross section with an arbitrary density of points.

These grid points are considered to be Lagrangian fluid parient method for visualizing the time evolution of a three-
ticles in the droplet at time, and the goal is to determine dimensional mixing flow.

their colors as produced by a stirring process acting on the

initial condition described above. The position of the particle

labeleda at timet is denotedX ,(t). We focus on a particular V- QUANTIFYING MIXING
grid pointx, which corresponds t¥ ,(t=7) for some particle It is not obvious how best to quantify the extent to which
a. The second step in the backtrace imaging procedure is tiwo fluids are mixed or stirred; for example, consider the
evolve the grid pointx backwards in time through the se- cross section shown in Fig. 4. However, for purposes of com-
guence of mixing flows to findX,(t=0). Third, since the parison and, by extension, optimization, it is highly desirable
distribution of each color of fluid in the droplet attime0 is  to have a simple scalar measure of mixing. Many measures
known, the color of particler is assigned based on the loca- of mixing have been proposed in the past century, with early
tion of X_(t=0) in the initial distribution. This also estab- references dating back at least to the work by Gibbs. Kras-
lishes the color of the corresponding grid poigtwhich is  nopolskayaet al. present an excellent historical discussion
just the particlea at a later time. Applying this procedure to on the subject of quantifying mixing qualif)();see also the

all grid points efficiently yields a uniformly colored cross work by Bigio and Str)?.l A recent issue ofPhilosophical
section of arbitrary resolution through the droplet at timie Transactions of the Royal Society of Londot\Valume 362,

the mixing process. Furthermore, this procedure naturalll2004 is devoted to mixing, and the papers therein illustrate
generalizes to color any distribution of points in the dropletthe variety of current approaches to the problem.

at any elapsed time; for example, we later use it to color a It should be noted that the challenges of quantifying
three-dimensional grid within the droplet. Thus, for a studymixing are somewhat different in experiments than in nu-
of kinematical features, backtrace imaging is a general, effimerical studies of kinematical mixing. Images of mixing in
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experimental systems often range continuously in intensity 1
between two extremes, and techniques of quantifying mixing
in experiments commonly rely on this continuous distribu-
tion of intensities. In our model system, however, the back- os|-
trace imaging process introduced in the preceding sectio
produces grids of points that are labeled with one of two_, [
colors. To use quantification techniques akin to those frorrgn B
experiments, these grids have to be converted into intensitg,
profiles, which can be accomplished by dividing the grid into# |
small volumes and calculating the proportion of one color ofg.
fluid in each volume to produce an intensity value. Mixing § %4
can then be quantified, for example, by the intensity of seg™
regation defined by Danckwerwhich is discussed in de-
tail in the context of kinematical mixing by Krasnopolskaya o2}
et al?° However, using the flows in Sec. lll, our preliminary
implementations of measures of this sort appeared to deper
strongly on the size of the averaging volume chosen. Fo o . A . A X
kinematical studies of the type reported here, we sought . 0 20 40 60 80
quantitative scalar measure that did not require the specifi Dimensionless Time

C_atlon of an averaging V_Olume_ Size a_nd could be_app“eq:IG.ﬁ. The evolution of the Danckwerts intensity of segregation measure in
directly to two- or three-dimensional grids labeled with two time as applied in two dimensions to the central cross section of our model
different colors. In this section, we first illustrate the box-sizedroplet. This measure requires the specification of an averaging volume size,

dependence of the intensity of segregation measure as agj'_“qu size,” and we plot the intensity qf segregation fqr several choices of
lied to the droplet svstem. and we then introduce a scal ox size. The model parameters used in this computation wer®, r,=3,
p p y ! a;§=2/3, and\=1, and the dimensionless timeranges from 0 to 80. The

measure that does not require the specification of an averagisual time evolution of the central cross section for this set of parameters
ing volume size. through7=40 can be seen in Fig. 7 below. The backtrace imaging grid used

To test a Widely used mixing measure in the context O1here contained 300300 points, and the box sizes used were 1%, 2%, 4%,
and 8% of 300. Though the intensity of segregation follows the same quali-

Fhe dr_oplet system, \_Ne chose to_ |mplement the Daanwert%tive trend for all box sizes tested, the quantitative variation of the measure
intensity of segregation measffén the form presented by over different box size choices is substantial.

Krasnopolskaya&t al®we apply the intensity of segregation
measure in two dimensions to the central cross section of the
droplet. We begin with a uniform Cartesian grid of a fixed al., e.g., Fig. 11b of Ref. 20. We desired a mixing measure
density colored by the backtrace imaging procedure, wherghat did not depend on the choice of an averaging volume
the coloring corresponds to a particular set of model paramsize, and we will now present such a measure.
eters and a given time. Using the notation of Krasnopol- The qualitative idea behind our mixing measure is to
skayaet al, we divide the central cross secti@into N5 rank configurations of fluids in the droplet by how rapidly
nonoverlapping square boxes of a side len@tigiving each  diffusion alone could homogenize them. To apply the mea-
box an areas;=&°. The box sizes is specified as a percent- sure, we begin either with a uniform two-dimensional Carte-
age of the side length of the uniform backtrace grid. Wet letsian grid of points in a cross section of the droplet or with a
S" represent the area of black fluid inside bwxwhich we  uniform three-dimensional Cartesian grid of points that fills
approximate by counting the number of black grid points inthe entire droplet. Since the time it takes a particle to diffuse
the box, and we compute the “density of distributioD},  a distance’ is proportional tos?>, we compute the minimum
:SJ“)/S(; for each box. Finally, we compute the intensity of square Cartesian distance from each grid point to another of
segregatiorl, where averages are computed over all boxes:the oppositecolor and average this quantity over all grid
points in the two- or three-dimensional region of interest to
(D -(DY)?) define a “mixing number.” Though we do not implement
=" (3 diffusion in our simulations, diffusion is ultimately the pri-
(D) ~(D) mary mechanism of mixi lecular scale, which i
y mechanism of mixing on a molecular scale, which is
Figure 6 displays the behavior of the intensity of segrewhy we choose this?” criterion to quantify mixing.
gation through time for a variety of different box sizes. The Here we define our mixing measure more formally. Con-
model parameters used in this computation weyre3, sider a two-dimensiondRD) or three-dimensiondBD) uni-
=3, B=2/3, and\=1, and the dimensionless timeranges form Cartesian grid colored by the backtrace imaging proce-
from O to 80. The backtrace imaging grid contained 300dure defined above. Let the grid points N.be labeledx;,
X 300 points, and the box sizes used were 1%, 2%, 4%, anand let Opfix;) denote the set of all grid points of color
8% of 300. The intensity of segregation decreases in timegpposite to the color of poing. Also, letd(x;,x;) denote the
and the qualitative trend of the measure is the same for dif€artesian distance from grid poirtto grid pointx; (in 2D
ferent box sizes, but the actual value of the intensity of seger 3D), and if S is a set of grid points, letd(x;,S
regation depends heavily on the box size chosen; these resming{d(x;,s)}, wheres; e Sand mir indicates a minimum
sults are consistent with those reported by Krasnopolskaya taken over alls;. We define the mixing measura(t)

T I T I T

—¢ Box Size 1%
A—A Box Size 2% | 1
B8 Box Size 4%
©—® Box Size 8%
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FIG. 7. The evolution in time of the central cross section and the normalized 2D and 3D mixing numbers, plotted with four sets of model paraméters. In eac
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(d) 7 = 5,7 = 5,8 =2/3,A=10

sequence of cross sections, dimensionless timens from 5 to 40 in increments of 5.

m(t) =

% &*(x, Oprx))

(4)

i=1

N

If grids of finer and finer resolution are used to represent the
same distribution, it is desired that will converge to some

B Y — 200x2002D Grid | 1 E i — 200x2002D Grid |
g °-8_‘ - 60x60x603DGrd|] g O¥[) ---- 60 x 60 x 60 3D Grid | ]
z b 1 =2 [y ]
En 06 1 zosp -
S 0af A 1 ol N -
82 I 1 & [ 2\ ]
g 02 . g 02 —
N P T e == ' ] PN P o ! ! ]
0 10 20 30 40 0 10 20 30 40
Dimensionless Time Dimensionless Time
a)n=37=33=2/3,2=1 b)T,=2,7=1,8=2/3,A=0.1
B — 200x2002DGrid | 1 _§ . — 200x2002D Grid | J
g 08 —— 60x60x603DGrid[ ] § os| ---- 60 x 60 x 60 3D Grid | ]
z [ 1 z 7} i
o 0.6 — o | ‘\\ i
£ ] é o6 -
= 04l — i R ]
8 I N 1 8 .1 ]
2 a2k Ny 1 &4 =
Y N 1 & |
o-l Ll L a1 1 I 1 I 0 T N T T -l I Ll 1 1 2 1 1 1 I T T T T I- 02 L Lt 1 1 1 1.1 II L 1 1 1 11 I Ll 1 1 ¢ 1 1 11 I L 1 1 1 1 1 11
0 10 20 30 40 0 10 20 30 40
Dimensionless Time Dimensionless Time

value since it represents the degree of mixing in the drople1 ~ 50 x 50 Grid
g == 100 x 100 Grid
and we illustrate this behavior in the following section. In g ——— 200 x 200 Grid
each calculation, we first compute the mixing number for thez, o5l — 300x300Grid] |
initial (t=0) two- or three-dimensional droplet configuration §
and then normalize subsequent mixing numbers by that ini§
tial value. o _
To illustrate the two- and three-dimensional mixing mea- -llo- R, Tt 3’0 —
sures defined by Ed4), we plot in Fig. 7 their evolution in Dimensionless Ti
. . CNS1e €SS 11me
time as our model droplet proceeds through mixing cycles 1k s
representative of.those described in Sec. lll. We alsp preselg E T 50x50Gnd | 3
a sequence of images of the central cross section as & - =~ 100x 100 Grid | -
.. . . .. Z 01 T - 200x200qu -
evolves in time to permit visual evaluation of the mixing. % 3 :
The mixing number does depend on the grid spacing ir; N ]
the droplet, but in all of our simulations, we have found thisg 0.01E -
. . . o F |
dependence to be weak. Figure 8 plots the time evolution ogo F S
the mixing number as calculated in the central cross sectio 0001',,,,,,,,,|,,,,,,,,,,,,,,,,,,,,,,,,,,,,,'
at four different grid resolutions using the parameters from —~ © 10 20 30 40

Fig. 4. The mixing number appears to converge as the der.- Dimensionless Time

sity of grid points in the droplet increases. We also plot theFIG 8. The evolution of the normalized mixing number in time for four
results as logm) versus time to demonstrate that for this setditferent grid resolutions: 50, 100, 200, and 300 grid points across the drop-
of parametersm decays approximately exponentially in let. The value of the mixing number only weakly depends on the grid size,
time. Investigations are currently underway to determmea”d its behavior in time is qualitatively the same at each resolution. The

. . model parameters atg=3, ,=3, 8=2/3, and\=1. The second plot, which
whether the best-fit linear slope wit) on a semilog plot can

= 7J is on a logarithmic scale, indicates that (og ~ —ct for this particular set of
serve as a robust scalar quantifier of thge of mixing. parameters.
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Ts

FIG. 9. The central cross section of the model droplet-=40 for various pairs of and 7. The first line under each cross section is the 2D mixing number
computed on a 108 100 grid, and the second line is the 3D mixing number computed ornxe66< 60 grid. The parameter; runs from 1 to 6 horizontally

in the chart, and; runs from 1 to 6 downwards. The other model parameters are fix@d 2t3 and\=1. The cross sections that appear well mixed visually
also generally have the lowest mixing numbers.

VI. RESULTS AND DISCUSSION we render charts of cross sections and their associated 2D

. . . ... and 3D mixing numbers at time for a range of model pa-

It is generally important for mixing to proceed as rapidly . . .
as possible. To address the question of optimization in Ourrameters. We do not attempt o fm(_j g'o_ba' optima smc_e the
model droplet mixer, we first fix some elapsed tim@ the full parameter space. fqr our model is quite large; even in the
mixing cycle at which to evaluate the extent of mixing. Next, ¢@se of a periodic mixing cycle, the parametegsr, 8, and
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3D 0.0395 0.1704 0.1064 0.0420 0.1000 0.0430
2D 0.0234 0.0991 0.0851 0.0343 0.0278 0.0134
3D 0.0498 0.0961 0.0784 0.0344 0.0301 0.0303

»

0.0402 0.0260 0.0201
0.0425 0.0278 0.0332

2D 0.0323 0.0294
3D 0.0601 0.0413

@

2D 0.0378 0.0182 0.0169 0.0287 0.0470
3D 0.0687 0.0262 0.0321 0.0358 0.0469

0.0152 0.0145 0.0175
0.0253 0.0278 0.0272
2D 0.0768 0.0118 0.0163
3D 0.0920 0.0187 0.0258

Ts

FIG. 10. Cross sections of the model droplet-at0 for several pairs of; and . The first line under each cross section is the 2D mixing number, and the
second line is the 3D mixing number. The parameteruns from 1 to 6 horizontally in the chart, angdruns from 1 to 6 downwards. The other model
parameters are fixed =5 and\=1.

\ can each be varied independently. If global optima were In Fig. 9, we show the degree of mixing in the central
desired, it would be possible to use Newton’s method or dx=0) cross section of the droplet aE40 as we systemati-
similar algorithm to find minima of our mixing measure in cally vary 7 and  between 1 and 6, fixingg=2/3 and\
the full four-dimensional parameter space. We choose to fo=1. It is evident by visual inspection that the flows that mix
cus on approximate optimization of pairs a@f and r, for  best byr=40 are in a diagonal band that runs frqm, r)
given values ofg8 andA\. =(4,1) to (75,7)=(2,3), as those cross sections are filled
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2D
3D

FIG. 11. Cross sections of the model dropletra40 for several pairs of; and 7. The first line under each cross section is the 2D mixing number, and the
second line is the 3D mixing number. The parameteruns from 1 to 6 horizontally in the chart, angdruns from 1 to 6 downwards. The other model
parameters are fixed @#=2/3 and\=0.1.

with narrow striations of alternating color. The numbers un-mixing are smallest in the band of cross sections that appear
der each image represent the degree of mixing, and they ateest-mixed visually.

calculated as described in Sec. V: the first value is the 2D  The effect of increasingd (the dimensionless sheao
mixing number evaluated directly on the cross sectionB=5 is illustrated in Fig. 10. All other parameters are the
shown, and the second value is the 3D mixing number evalusame as in Fig. 9. In this case, the valuesroihdicate that
ated on a 6 60X 60 grid. Smaller values oi represent the best mixing occurs when, 7) =(2,5) and(2,6). A com-
better mixing, and by inspection, both numerical measures gbarison of mixing numbers indicates that mixing is not as

Downloaded 22 Jul 2005 to 128.103.60.225. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



063103-10  Z. B. Stone and H. A. Stone Phys. Fluids 17, 063103 (2005)

®
D
N
&
(o
>

2D 0.5385 0.3860 0.2957 0.2507 0.2079 0.2226
3D 0.4467 0.3137 0.2479 0.2199 0.2012 0.2172

®
Y
N
(&
>
(4

2D 0.5287 0.3639 0.2866 0.2336 0.2364 0.1837
3D 0.4391 0.2996 0.2415 0.2120 0.2186 0.1974

®
Y
&
&
(4
(4

2D 0.4928 0.3557 0.2704 0.2467 0.1946 0.1688
3D 0.4215 0.2817 0.2287 0.2169 0.1936 0.1946

»
v
&
v
<
&

2D 0.4932 0.3188 0.2613 0.2147 0.1707 0.1949
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2D 0.4209 0.2827 0.2100 0.1852 0.2187 0.2451
3D 0.3341 0.2264 0.1799 0.1795 0.2201 0.2298

Ts

FIG. 12. Cross-sections of the model droplet-a40 for several pairs ofs and 7. The first line under each cross section is the 2D mixing number, and the
second line is the 3D mixing number. The parameteruns from 1 to 6 horizontally in the chart, angdruns from 1 to 6 downwards. The other model
parameters are fixed @#=2/3 and\=5.

good as that in Fig. 9, which demonstrates that greater sheamaller values of, which correspond to smaller relative
strength does not necessarily produce better mixing. droplet viscosities, promote better mixing.

It is also of interest to study the effect of changing the  Finally, it is important to note that rankings of cross
viscosity ratio\. In Fig. 11 we seh=0.1, and in Fig. 12 we sections by the two-dimensional mixing humber may not be
sethA=5. All other parameters retain their values from Fig. 9.identical to rankings by the three-dimensional mixing num-
Considering Figs. 9, 11, and 12 together, it appears thater. For example, the 3D mixing number of tlie;, r)
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