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A solution using biorthogonal eigenfunctions is presented for viscous flow caused by a piston in a
two-dimensional channel. The resulting infinite set of linear equations is solved using Spence’s
optimal weighting function methodMA J. Appl. Math. 30, 107(1983]. The solution is compared

to that with a shear-free piston surface; in the latter configuration the fluid more rapidly approaches
the Poiseuille flow profile established away from the face of the piston20@0 American Institute

of Physics[S1070-663000)00805-9

We present a solution for the viscous, low-Reynolds-dimensional problem that captures the important physical
number flow generated by a moving piston in a semi-infinitefeatures. Also, in many applications the plunger of the sy-
channel. The solution represents the two-dimensional analognge drives fluid into a small tube and flow near this outlet
of flow in a syringe for the case that the tube length is severainay in some circumstances be treated analytidally., Ref.
times the radius so that a fully developed Poiseuille flow8).
evolves. The analysis uses biorthogofRhpkovich—Fadle We first describe the solution for a translating rigid pis-
eigenfunctions that arise in solutions to the biharmonic equaton and then compare with results for a shear-free piston
tion for strip problems in two-dimensional or axisymmetric surface. The latter models the case of a bubble translating in

geometries. This solution has not, to our knowledge, beed narrow channelHele-Shaw cel)l In particular, we are in-
applied to the familiar syringe configuration. terested in the detailed flow field as well as the transition
Given the linearity of the Stokes equations applicable'ength between the_ uniform f_Iow near the piston and the fully
here and the simple geometry of the syringe, it is surprisindjevel‘?ped parabolic flow. Since t_he solut|_on methpd is well
that an analytical solution to this flow has not been presente@Stablished, we tersely summarize the intermediate math-
(see the interesting discussion in FdbeThe axisymmetric €matical steps. o
rigid piston problem has been treated using a finite- COnsider flow in a semi-infinite channe®0, —H<y
difference method. In fact, the analytical solution of the <H (Fig. 1). The boundary ak=0 moves at constant ve-

biharmonic equatior(Stokes flowy is quite complicated in locity u=U, such that the Reynolds numb&=pUH/u
finite domains. Meleshkoand Krasnopolskayet al? used a <1 wherep and . are, respectively, the density and viscos-

superposition method involving dual Fourier series to solv%it:h‘;fdthseofﬁi:ﬂ Assﬁ—[foy (?//ﬁ?gfy Poiseuille flow is estab-
, —3U[1- :

the biharmonic equation in finite rectangular and annular do- : : .
g g We present a solution using the method of biorthogonal

mains. Their solution exhibited good convergence properties,. . = .
but seems applicable only to finite strips. The method Ofé|genfunct|on§. We scale velocities by the piston spedd

Joseph and co-worker®.g., Ref. % is apparently suitable lengths by the channel half-widti, and pressures by

. e o U/H. The velocity field (1,v) can be constructed from a
but ignores the convergence difficulty indicated by Spéhce.’“ . - -
The flow near the piston can, in principle, be treatedStreamfunCtlon p(xy), where (1.v)=(09ldy,=dylox),

: . . . .~~~ "and hence we consider
analytically using eigenfunctions developed for cylindrical

coordinates. Here we treat the less cumbersome two- VA(x,y) =0, (1a
dCorresponding author. Telephon@17) 495-3599; fax:(617) 495-9837;

electronic mail: has@stokes.deas.harvard.edu 4 (0y)=0, (1c
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u
v

Unfortunately, the above sets of functiof®, (6) do not
y=H appear in the same biorthogonality relation and the conse-
quent difficulty distinguishes the rigid piston from the stress-
free one. We define two new functions:

o o

u=U [u=3/2U(1-(y/H)>) 2 4(1) i
=0 v=0 ¢(2):)\—2d ¢n (1 _ 2 SINkny (73
; n n Tyr n N,COS\,’
26 (1)
- oy 2 COS\ Y
u=0 y=-H =1, Z_dyi +q)§11):)\ncos7\n' (75
v=0

Then, the matrix construction given by Ref. 7 shows that the

FIG. 1. Schematic of flow induced by a moving piston. ) ’ .
biorthogonality relations of use fap) are

Py (0y)=1, e, @(0y)=y, (1d) 1 2 sirP A
)33y o TR a0y 7
P(0,y)—3(3y—y~), € n "
(8a)
in which derivatives are denoted by subscripts. L i
Using separation of variables, we describe the transition f [<I>(2)<I>(1)+<I>(l)<1>(2)]dy= _ M Sin (8b)
of the flow from the piston surface to the downstream profile o M moen \; COS \,

(16) with for non-zerom,n. The first of these relations identifies the
1 “ g pair[ ), (M7 as the adjoint of #{" , #{?)] with respect to
pxY)=5@y=y)— X elyle™ (@) the matrix(g, '],
(n£0) n In some cases, the boundary data are such that one bior-

thogonality conditione.g.,(8a)] suffices to solve explicitly
for the coefficient§c,} in (2). Such “canonical” problems
include the case where the normal velocity and shear stress
are applied ak=0, as these conditions are related by a sec-
SiN\,y Y COSA,y ond derivative. For “noncanonical” pro_blems, as occurs
= - (n#0). (3 here where the two components of velocity are prescribed at
x=0, an infinite set of linear equations must be solved nu-
The complex-valued eigenvalugs, ;n=1} are the zeros of merically to determine théc}.
sin2\,— 2\, in the first quadrant, arranged in order of an ~ However, a naive application of the biorthogonality clo-
ascending real part. The asymptotic form for large sure procedures leads to convergence difficulties. As dis-
cussed by Spenddref. 6, Sec. 3.1 the convergence crite-
_Inf(4n+1)7] (@ o SURnS | Fmnl<1—€e(e>0), for the solution of the
(4n+1)m7 truncated system of equations,=2>F,.c,+d,, [see(10)
_ i i ) i below], cannot be negotiated by redefinifg,}. Spence
is readily established, and very few Newton iterations, eveR. . quced an “optimal weighting” procedure to make the
for n=1, are needed for sufficient accuracy. Negative valuefﬁnear system diagonally dominated, which ensures that the
of n correspond to the complex conjugates, and tBu§  avix to be inverted is well conditioned. Spence also dem-

=c_n(n>1), WT]'_C?] yleldsha Ireal—\r/]alueelj/. Thed_real part of h onstrated that the eigenvalues of this matrix have a limit
A1 is ~3.73, which sets the length scale of adjustment to the, int equal to 1, which leads to minimal truncation errors.

parabolic flow. The corresponding even functions fay Following Spencé,we apply Galerkin weighting func-

have a lowest eigenvalue with real par®.1, and henceina .. (1) 2) (1) (2)
: . ' . tions [A +B and[C,®+D,® to the re-
purely numerical solution, small errors could trigger a more, [Andr 4 [Crnr mPr’]

. . . . ~spective equation&) to obtain
slowly decaying, incorrect component. It is worth keeping P d ®)

where the eigenfunctions satisf§a), (1b) and vanish ax
—o, Thus Rek,,)>0 (n#0) and the resulting odd functions
of y are given by

¢n(¥)

n

sin\, COSA

7-r+izln[(4n+ 1))

1
)\n~ n+ Z

this point in mind when considering direct numerical solu- 1
tions. 2 e f S0 [Andln +Brry]
The complex-valued coefficientsc,} are determined
from the end conditionglc), (1d) that yield (0<y<1) +orc @V +D 02 dy
1 11
2 g (=0, 2 c®(y)=5(1-3y%), (5 =3 fo (1=3y)[Cr®y+ D ®]dy  (M#0). (9)
where The coefficient ratios are chosen to eliminate inverse powers

of (\y—A\,,) that appear in the coefficient matrix when

#m and areA,,:B,:C,:Dn=2:—1:—-2:1, i.e,, indepen-

(n#0). dent of m. After much algebra, we find that the coefficients
(6)  {c,} are determined by the linear system

doy _ysinkpy—tank, cos\y
dy cos\,,

1H_y -1
=)
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+ S 2)\m ()\mtan)\n_)\ntan)\m) ! iz
c c |
m n=—%.n+0m “tar\z)\m ()\ndl_)\m)3 E
3 "I

_ )\_m+cot)\m (m#0). (10 0.5 ';‘

This system of equations is well conditioned and, after
truncation N=<n=N), is solved using the IMSL routine
DLSACG. Though there are oscillations in matching of values
to the boundary conditions a&t=0, convergence occurs rap-
idly with increasingN; e.g., for streamline plots, results are
essentially unchanged witi= 20.

It is interesting to compare these results with the flow
obtained when the boundary conditionsxatO are changed
to represent #flat) shear-free interface. This case is a model
for the fluid motion when a liquid is displaced by air, as
when a bubble translates in a narrow channel or t(dfe
course, the real interface would not be ldh this case the -1 - T s >
boundary conditions ax=0 are dv/dx=0 or ,,=0 and X
(1d). We note that though th& velocity imposed on the ) )
bondary is the same as before,there can nowbestociy 1o 2 orio's f he uesrunclon 80 showr wih espect 1o e

along the boundary. at all walls and along the centerline, and incredgesreasedy increments
Bhattacharji and Savi presented a solutioffin the  of about 0.032 away from the walls in the upgtawer) half.

moving frame in terms of a Fourier sine transform,

solution for the coefficients may be shown to g
’ sinkxdk. =cot\,, so thaty(x,y) follows from (2) and(3).
k(coshk sinhk—k) Streamlines for the rigid-piston and stress-free cases are

(11 given in Fig. 2, in the moving reference frame. There are no

corner eddies and the local flow problem near the corner is
simply the “G.l. Taylor scraper.” Note that the decay of the
0velocity toward a Poiseuille flow is set by the real part of the
largest eigenvalue, which is the same for the two cases. In
the shear-free case, however, there is flow inythirection

However, the correct procedure here is to rewrite theX" )_(:O’ W_h'Ch a_IIows_ more ra_p|d adjustment to the Poi-
integral in terms of residues at the zeros of the denominato?‘euIIIe profile. This adjustment is controlled by the value of
and retain those with the slowest decayxas. This rear- the first coefficientc,;, which is smaller for the shear-free
ranged form can also be obtained by the eigenfunction excase. Along thg cgnterlmej,=0.991max at x~1.25 for.the
pansion method since the problem is now canonical. A corS3S€ of the solid piston, whereas for the shear-free interface

rect evaluation occurs after it is observed that, due to th«%h!s c(;ccurr]s ati<hw1.0. tﬁ"g'larf r\1]umer|k<]:al rgsults Wire ob-
velocity discontinuity at the corners, one must sgf, ained when the method ot Joseph and CO-WOrkers was

——5(y—1+¢€) at x=0(0=y<1), for arbitrarily small implementedthis required taking a derivative ¢1d)], with
0. wheres is the delta function ’ the most noticeable deviations between the two solution
We first write the conditiong,,=0 and(1d) as methods occurring clo_se o t_he bouno!ar;xaio. . .

In the corresponding axisymmetric flow with the pipe
wall atr=1, (1a is replaced by 2 =0, whereL? , is the

2 (= coshk sinhky—y sinhk coshky
lﬂ(X,Y) = ; f

An approximate(though unfortunately incorrecexpression
for this integral was found by expanding the hyperbolic
functions into power series and using an integral identity t
obtain ¢~ 3(y—y®)(1—e *®) in the moving frame, which
purports to show the tendency to Poiseuille flow for laxge

r;O NnCaébi (¥) =0, (128 axisymmetric operator obtained from the Stokes equations,
and(3) by
G0 (Y) = i (y)= —3y+d(y—1+e). (12 30ur) 1200
n#0 4 n (nl) ): 1( n ) 2( n ) (n#O), (14)

. . . . Jl()\n) Jz()\n)
However, to apply the appropriate biorthogonality relation to

determine thee,, we add these two boundary conditions to \yhere {\,:n=1} are the zeros in the first quadrant of

arrive at the system J3(s) —Jo(8)J(s)=0. Thus
0 oh _ _
sy 5(y—1+6))_,;0 )‘”C”(d)f) , (13 N1=4.463+1.468, A\,=7.693+1.7217, (15
since this form of the boundary conditions corresponds to _ E '_ .
one of the two canonical forms described by Spean?fee ANt 2 T 2 In[(4n+2)m], as n—c. (16
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The ensuing adjustments to the above calculation can be in-Meijer, “Steady Stokes flow in an annular cavity,” Q. J. Mech. Appl.
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elasticity were discussed by Duncan Fatha. 5D. D. Joseph and L. Sturges, “The convergence of biorthogonal series for
biharmonic and Stokes flow edge problems. Part II,” SIABoc. Ind.
Appl. Math) J. Appl. Math.34, 7 (1978.
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