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Flows driven by a transverse, small amplitude traveling wave propagating along the boundary of a
closed rectangular container are examined. High-frequency motions are the primary focus of
interest, although low-frequency results are discussed also. Using asymptotic analysis appropriate
for high frequencies, the steady, time-independstreaming flow is computed analytically and
compared with results of the exact calculation. The boundary-layer structure is delineated and
average Eulerian and Lagrangian flow characteristics are compared. Experiments confirming the
major qualitative high-frequency findings are reported in an Appendix. The results could be useful
for modeling peristaltically operated microelectromechanical systems devices where fluid motion
needs to be produced without internal moving mechanical component200@ American Institute

of Physics. [DOI: 10.1063/1.1377616

I. INTRODUCTION ements placed along the surféceTypically, the driving
The rapid advances in making microelectromechanical'2V€ 'S of §mal| amplitude compared to the channel he|.ght, a
case that is relevant to MEMS because large amplitudes

systems(MEMS) have produced a variety of devices and . : .
new applications that involve basic mechanical and fluid dy-brlng the boundaries close together and might cause them to

namical design consideratioh&/iscous effects are typically stick 1o eac_h other, which can permanen_tly dlsablg a device.
very important on the smalll—100 xm) scales being con- In :[tge devices con§tructgd fo date, Eyzplcal amphtgd'es are
sidered and there is a need to produce fluid motion in MEMS10 cm, channel dimensions afe-10 chn and driving
without utilizing the familiar mechanical elements present infrequen_czles(u range between £0-10° Hz."” For water, v
common pumps and valves. In particular, fluid motions~ (10 2) crr122/s, and thergfore .the dimensionless fTe'
driven by small amplitude displacements of a boundary hav@U€ncya”=h/»>1, which is an important parameter in
been demonstrateédf Alternative methods foflaminar flow) f[he a”a'YS'S reported below. W(_e will thus be "_‘OSF mterestgd
mixing and transport at the microscale are being developelf! the h|gh—frequency case. Slnce one gpphcatlon of this
also? Motivated by these experimental demonstrations andnechanism for ggneratlng ﬂu'd motion is to small scalg
possible applications to mixing in small geometries, we havéransport and mixing, we will assume that the channel is
examined flows driven by transversely oscillating boundarie§'0S€d at both ends. _

in a closed two-dimensional rectangular geometry. The abil- ~ Similar fluid dynamical studies have been performed
ity to generate directed transpéice., a mean flowover time pre\(lously in an a}ttempt to _underst:?md the. details of .ﬂUId
was investigated, and the influence of inertial effects wadnetions involved in peristaltic pumping, owing to applica-
examined. Particular attention was given to the high-t'ons to transport processes in biological fluid dynamics and

frequency limit that is representative of the prototype MENMSacoustic streaming. For peristaltically driven motions, limit-
devices. ing cases that have been studied analytically and numerically
The confined fluid motions that we have examined ardnclude long wavelength motioris® zero->1° small-* or

ini 11,12 ,9-12
driven by a peristaltic wave—a progressive wave of area{!mte;l;%eynpldg-number_ flows; and smal or
expansion or contraction propagating along the length of gllp!te *© oscillation amplltudeiseg the next section for defi-
flexible boundary. A preliminary version of our study was hitions. Our work has elements in common with these stud-
presented in thSME Mechanical Congress and Exposition '€S; but in addition to including inertial effects throughout,

in 19988 In published experiments, the wall motion was pro-We focus on the high-frequency limit and, in general, are
duced with the help of arrays of alternating piezoelectric el-2bl€ to obtain analytical expressions using asymptotic analy-
sis. The spirit of the analysis also has features similar to

o ) _ studies of acoustic streamirig.g., Riley®® see also Rile}/

,With Appendix C by F. V. Katopodes, G. H. McKinley, and H. A. Stone. ang Nyhord®), which normally refers to time-independent
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1070-6631/2001/13(7)/1837/23/$18.00 1837 © 2001 American Institute of Physics

Downloaded 29 Oct 2001 to 140.247.52.166. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



1838 Phys. Fluids, Vol. 13, No. 7, July 2001 K. P. Selverov and H. A. Stone

ol

motion of the boundary. Finally, our analysis of the
boundary-layer near the fixed boundary shares elements i
common with studies of wave-driven mass transport near the y=h
sea bottom and sea surfa¢e.g., Longuet-Higgin$ and y ¢h
Meil’). These studies consider a known potential flow field, ]_ )
and examine the net Lagrangian transport near the bound—, —
aries. Our results are consistent with these studies in that
transport near a fixed boundary is in the direction of theFlG_- 1. Qne of th_e walls_ofalong.(h»l) rectan_gular channel undergoes_
criving wave, which is the case for high frequencias (ari=0H oselaton e for o o rauelng wave, i e anas
>1). We also provide a detailed description of the
boundary-layer structure and the velocity field both near and
far from the boundaries for the case of the dimensionlesfiux behaviors may be observed for a channel closed at both
frequencya>1 (which is relevant to MEM§ and explicitly ~ ends: net Lagrangian transport near the channel wall may be
indicate the dependence of all quantitiesanviscous flow  opposite to the wave at certain positions along the channel,
near the oscillating boundary constitutes the dominant flowindicating that reflux occurs near the oscillating wall, while
whena>1. Thus, our investigation provides a link betweenat other positions along the channel reflux could be occurring
studies of peristaltic pumping, acoustic streaming, and wavedear the channel center. The former behavior is observed for
driven motions. most positionsx along the channel; thus, for low-frequency
In the biofluids literature, peristaltically driven motions flows, reflux is mostly near the channel walls. Only at very
have been examined many times. One of the important trangew positions along the channel, due to a standing wave es-
port questions concerns “reflux,” which refers to net fluid tablished by the presence of rigid side walls in our problem,
motion opposite to the direction of the traveling wave. Fungreflux occurs near the channel center, causing the flow to
and Yih!! motivated by questions of fluid transport within have a cellular structure with cells of width one wavelength
the ureter, found that peristaltic pumping against an adversef the driving wave. When our work was near completion,
pressure gradient may result in a negative Belerianve-  we learned of a related recent study by Yi, Bau, and*Hu.
locity near the center of the channel. Weinberg, Eckstein andhese authors primarily present a numerical investigation
Shapird® and Jaffrin and Shapitd later argued that reflux valid for arbitrary surface amplitudes, and investigate some
should be defined not in thulerian, but rather in theLa-  aspects of mixing patterns.
grangiansense as a net displacement of a material particle in  We begin with a dimensionless problem statement in
the direction opposite to the traveling wave. In particular, forSec. Il. The leading-order, high-frequency analytical solution
peristaltic flows, Shapiro and Jaffffhshowed that net Eule- is given in Sec. Il and the time-averaged streaming flow is
rian and Lagrangian velocities can differ significantly. Theydetermined in Sec. IV. The main features of the flow are
studied low-Reynolds-number flowsx& 1) and concluded summarized in Sec. V and a comparison of the time-
for a certain range of parameters that reflux should occuaveraged Eulerian and Lagrangian flow characteristics is
near the channel walls rather near the center. Yin and Bunggiven in Sec. VI. Some remarks about mixing effectiveness
also employed the Lagrangian view of reflux and showedf these flows are given in the conclusions. The appendices
experimentally for low-Reynolds-number flows that materialprovide intermediate details of some of the calculations.
particles near the oscillating wall travel in the direction op-Also, experiments that confirm, at least qualitatively, the
posite to the wave. Subsequently, Takabatake, Ayukawa arahalytical results are reported in Appendix C.
Mori?! used a numerical study of two-dimensional peristaltic
transport to show that reflux defined in the Lagrangian sensg. PROBLEM STATEMENT
occurs near the channel walls for low-Reynolds-number We consider the incompressible flow of a Newtonian
flows. For high-Reynolds-number flows, however, net La-, . &~ . cOmpressi
grangian transport near the channel walls is in the directioﬁIUId with densityp and viscosity. in a rectangular channel

of the traveling wave and reflux occurs near the channeff Ien_gth L. and heighth (see Fig. J'. Th.e two-dimensional
center. low is driven by transverse oscillations of ong=0)

Our asymptotic study of peristaltic pumping agrees Withbour;.d ary in the form of a trg veling, or p.er|sta!t|c, wave.of
all of the results above, providing in addition an analyticalamp'tudeeh (e<1). In particular, mate_rlal points on this
description of the resulting net flow with clearly indicated boundary are assumed to move according to
dependence on the pumping frequency. When characterizing y=eh cogkx— wt). (1)
reflux, a Lagrangian descr!pno_n IS necessary as has been ttf%e governing equations are the Navier—Stokes and continu-
more generally adopted view in recent literature. We ShOV\IIty equations
that at high pumping frequencieg>1 (corresponding to '
high-Reynolds-number flows in the studies mentioned au )
above, which are the main focus of this paper, net Lagrang- Pl 7 TU VU=~ VP+uVu and V-u=0, 2
ian transport near the channel wall is in the direction of the . .
traveling wave, with reflux occurring near the channel centewhereu: uec+vey, subject to the boundary conditions,
in the case of a channel closed at both ends. At low pumping  u(x,y=eh cogkx— wt),t)=(0,ewh sin(kx— wt)),
frequenciesp<<1, or low-Reynolds-number flows, both re- (3a

y =¢h cos(kx- ax)
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u(x,y=h,t)=0. (3p)  absence of rigid side walls, but a presence of an adverse
) . ) pressure gradient allowing fluid to freely move both horizon-

If a progressive wave is |rr_1poseq simultaneously on.the UPgally and vertically atx=+L/2, but working against the
per boundary as well, it is straightforward to modify the , \nhing o as to cause a zero net flux across a vertical cross
analysis below. . ) 1 section of the channel. As we present our findings, we will

We scale lengths by, velocities byewh, time byw ™, ,mment on the distinction between the “underlying” flow
pressure byeuw, and define the dimensionless parameters i, yonandent of the existence of side walls, and the additional
wh? standing wave flow set up by such walls.
4 There are many papers in the peristaltic flows literature

that study analytically the low-Reynolds-numbex<€1),

representing, respectively, the dimensionless wave numbegng-wave (<1) limits, but only a few that consider the
and frequency. It is common to refer 4G as the Womersley role of inertia, and there is no work to our knowledge that
number. Equation$2) and (3) can then be rewritten in di- has established analytical results for the high-frequency,

x=kh and a?="

mensionless fornfusing the same variables as abpas >1, limit (of most interest to MEMSin a closed domain.
ou We provide such results below. These results may be espe-
azﬁ+ea2u-Vu=—Vp+V2u and V-u=0 (5) cially useful since numerical calculations for this kind of
problems often have computational difficulties whenis
subject to large??
U(x,e cog kx—t),t)=(0,sin kx—t)), (69
u(x,11)=0. (6b) I1l. ANALYTICAL SOLUTION FOR HIGH FREQUENCIES
AND e<1

Since e represents the dimensionless amplitude of the driv- ) ] o
ing wave, small amplitudes hawe<1. Consider Eqs_(5)—(6) in the limit e<1,x=0(1) and
We note that other authors have chosen nondimensiond™> 1- Als0, consider the channel to be long compared to

parameters somewhat differently. In particular, it is commorPOth the channel width and the wavelength of the driving
to utilize €, k, andR=hc/v=hw/ vk, wherev=u/p andR wave,L/h>1, L>2m/k, so that the direct effect of the side

is a Reynolds number based on the wave speedy/k. walls x=*=L/2 can be neglected. We seek the steady, time-
Here R k= a2, independent mean flow generated as a result of the oscilla-

We wish to indicate also that alternative formulations ofion of the boundary, though if we are interested in following
darticle trajectories, it is necessary to know the detailed time-

such traveling wave problems are possible and have be : X _
employed previously by some authors. In particular, E5js. dependent motion. We use the perturbation expansions

above could be written in the reference frame of the traveling  u=uy+ eu, + €?u,+ O(€%)

wave. We have found it convenient to account for the time-

dependence in a different, but related, fashion, as describéll!

in Sec. IIl. pP=po+ ep;+ €2p+O(€d), (8

If the channel is closed, an additional integral constraint .
over a cross section of the channel must be imposed, whereu;(x,y,t) andpi(x,y,t) areQ(1) and independent of

€, but depend ok and a. Also, via a Taylor series, we
1 cog kx—t)—coqt) expand the velocity at the moving wall around the equilib-
f u(x,y,t) dy=— : () tium positiony=0,

€ Cos(kx—t) K

Constraint(7) is obtained by integrating the continuity equa- U(x:Y = € COSxX—1),1) =u(x,01) + € cOg kX —1)

tion across the channel and using the fact that the horizontal au

velocity u(x,y,t) is zero on all walls, including the side Xﬁ—(X,OI)JrO(eZ)- C)
walls atx=*L/2. We thank Yi, Bau, and Hd for indicat- y

ing the necessity of this integral constraint which had beerFor a>1, which is the main focus of this paper, there are
overlooked in the initial draft reporting our results. The boundary layers of thicknes®(a ), so in addition toe
x-independent part of this constraint necessitates the exis<1, expansion9) requires thaka<1, i.e.,e<a '<1.Ina
tence of anx-independent leading-order solution, which in similar manner we expand the integral constraif

turn causes the time-averaged net flow in the channel to have,

x-periodic structure. We also note, that if a different bound—T u(x,y,t) dy— eu(x,0t) cog kx—t)+O(€?)
ary condition is applied at the side walls=*+L/2, the
x-independent part of this integral constraint can differ sub- cog kX—1) —cogt)
stantially. In particular, if the side walls are allowed to be =-— .
flexible with certain prescribed motion, it is possible that this

x-independent part is identically zero, causing thgeriodic
component of the time-averaged velocity field computed i
this paper to be identically zero as well. An absence of the The dominant flowu, satisfies the unsteady Stokes equa-
x-independent part of this constraint can also be due to ations and boundary conditions

(10

K

nA. The structure of the leading-order solution
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Ju
V2Uy—Vpo=a?—2, V-uy=0,

g (118
Ug(x,01) = (0,siMkx—1)), Ug(x,11)=0, (11b
with the integral constraint
1 cog kx—t) cogt
f g dy= — XY cost) (12)
0 K K

This problem is similar to Stokes’ second problem and the

Womersley problentpipe flow driven by a periodic pressure
gradient, e.g., Le&). We note that Eqg11) and(12) imply

a leading-order velocity, consisting of two linearly inde-
pendent parts—a part periodic ix—t and a part periodic in

t and independent of Both parts have zero average in time.
It is straightforward to solvég11l) analytically, both for an
arbitrary « and asymptotically foww>1, and we have com-

pleted both calculations. The detailed solution for an arbi-

trary « is given in Appendix A and was originally presented
by Fung and Yih' While the solution for arbitrarya is

K. P. Selverov and H. A. Stone

Near the walls, within boundary layers of thickness
O(a™1), velocity gradients are large and the neglected
O(a~?) viscous term in(14) becomes important. To con-
sider these boundary layers we rescaleythvariable as

y'=ay, (17)

for the boundary layers near=0 andy=1, respectively.
We thus obtain the boundary-layer equations,

y*=1-a(l-y),

aulhy  av!

a-lﬁ—x" — =0, (183

ay

Uy apyt dulb

PYER (18b
vl apy v

-1_ v v _ -1_"Y

a PYE ay,—a e (180

wherey’ is replaced byy* when discussing the boundary

more general, it does not clearly show the dependence of thﬁyer neary=1, a superscript I’ denotes that this is the

velocity on a—indeed, this dependence is complicated.

“inner” solution to a boundary-layer problem, and terms

Thus, fore>1, it is advantageous to construct an asymptotico(a—z) and smaller are neglected.

solution which will be useful for determining the analytical
structure of theD(€) correction to the flow. The method of
matched asymptotic expansions is ugedy., Ref. 24, and

since the overall expansion involves two small parameters,
and a1, as well as “inner” and “outer” representations,

the notation is somewhat complicated. We have tried to sim
plify it as much as possible in order to maintain focus on the

physical results of interest.

For a closed channel the pressure gradient has to scale

the dominant term in Eq11). Thus, we rescale the pressure
as

Po=Po/a”. (13)
For a>1 we then consider
Ju
a‘2V2u0=(9—to+Vp6, V-Uy=0, (14)

and so we expect that the dominant floy= (ug,v) has a

boundary-layer structure. Throughout most of the channel,

away from the walls, we can neglect the ter@x~2) and
seek a solution obeying the inviscid equations

ug  dvg
W_l—W:O’ (15a
Jug  Ipg°
Ttttk O (150
g Ipg°
7 WZO, (150)

where a superscript0” indicates that this is the “outer”
solution to a boundary-layer problem, subject to

v3(X,0t)=sin(kx—1), vg(x,1t)=0. (16)

We impose conditions only on the normal component of ve-

locity since Eqs(15) are first order.

Equations(18) suggest a solution of the form

Up=Ugot+ @ tug+h.o.t,, py=pgota *py+h.ot.,
(19
whereug(x,y,t) andpg;(x,y,t) are independent of. The
next two sections describe the solution to the outer and inner
problems stated above, both at leading order @fd 1).
hese solutions are then used to compute the time-averaged

ow (uq).

B. The leading-order velocity u g

The leading-order outer velocity, is the solution to the
system(15) subject to(16). These equations are solved to
obtain

u80(x,y,t):_C0$KX S)i,:isgl(( y))“LCOj), 208
[ —t)si 1—
vgo(X.y,t)Zsm(KX S)i:::tf)"( y))’ 0b
cog kx—t)cos 1— sin(t
(200

wherePy(t) is a reference pressure. Plots of this solution are
given in Fig. 2. We note that thecomponent of velocity is

in general nonzero at=0, which violates no-slip and pre-
supposes the existence of boundary lay@sms., the inner
solutions. We also note that thg-independent part of the
horizontal velocity,Ug,= cost)/x, is due to the presence of
rigid side walls in the channel; if an adverse pressure gradi-
ent causing zero net flux across a cross section of the channel
is imposed instead, this part would be identically zero.

The boundary-layer equations that the leading-order in-
ner velocityug, satisfies are
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Uge 00 —5 Voo
2
0.2
04 - B A5 o FIG. 2. Velocity profiles according to Eq&0) of the
00 02 04 06 08 1.0 00 02 04 06 08 10 time-dependent, traveling-wave-driven, leading-order
y y outer flowug, in a long, closed channel, at fixed=0
andx= /4, away from the wallst=n/6; k=1. ug,
x=m4 x=m4 denotes the component along the channgj,denotes
15 15 - o s - - the component across the channel, andenotes the
coordinate across the channel.
1.0 9 1.0 2
—
05 _7 e 0.5 - nd
Ug~ 0.0 g Voo, 0.0 2‘
05 71 05 &
S
-1.0 3 -1.0 74
15 15 : e
00 02 04 06 08 10 00 02 04 06 08 10
y y
i —it
v, B e’
—2=0, (21 Ugg(X,y' 1) = RE[ e Yeoth(x) - —
ay’
X (e( V2121 —1)y" _ 1)]
#Ug PGy g
2 - ’ (21b =coth k)| e~ 22Y'cod kx—t+ \/—E !
ay' Ix ot > Yy
Py —cos(Kx—t))
720, (210
y 1 \/E
— 2| e~ 212y’ oy —t|—
e co t cogt) |,
K( 3( 2" ) s ))
which are obtained froni18) by neglecting term®(a 1) (239
and smaller. The boundary conditions are determined by ,
matching the inner with the corresponding outer solutions v'o%(x,y’.t)=sin(;<x—t), (23b)
given by (20) (e.g., Ref. 24 In the boundary layer near n( )
= i t
0 we thus require that pébo(x Y’ 1) = Po(t) — k~Lcog kx—t)coth
(230)
u(x,y’ =0,t)=0, (229

We have given the expression far) also in terms of
_ Re[€(* Y—g(---)} since this form emphasizes that the
lim ul= limuS,= — cog kx—t)coth k) +cogt)/x, (22b)  time-average of this solution is zero.
y'—o y—0 In a similar manner, the flow in the boundary layer near
y=1 must satisfy the boundary conditions

UOO(X y'=0,t)=sin(kx—1t), lim v = limvgy=sin(kx—t), uoo(x y*=11)=0, (243
y — o0 y—0
(229 lim ulh=limu$y= — cog kx—t)csch k) + cogt)/ x,
y*——e y=1

. . . (24b)
where a superscripd denotes the solution to the inner prob- _
lem in the boundary layer negr=0. Equationg21) subject vh(x,y*=11)=0, lim v5=limv5,=0, (240
to (22) have the solution Vi — y—1
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x=0 x=0
04 - 0.4 oo e
6
0.2 0.2 n=0
4
0 il 2
Uso 0.0 3 Yoo 0.0
4
0.2 2 0.2 - g
04 T n=0 04 e FIG. 3. Velocity profiledEgs. (239 and(253] of the
00 20 40 60 80 100 90 -70 50 -3.0 -1.0 10 time-dependent, traveling-wave-driven, leading-order
y v inner flowug, in a long closed channel, in the boundary
layers near the walls, at a fixed=0 andx=w/4; t
X =wé X =1/4

=n/6 andk= 1. ul, denotes the component along the

1.5 15 . —_—-- channel ang’ andy* denote the boundary-layer coor-
10 ' ‘ dinates across the channel.
' ]
0.5 7
0 6 1
Yoo 0.0 5 Yoo
n=
-0.8 1
-1.0 3
-1.5 : 15 - TR
00 20 40 60 80 100 9.0 -70 -50 -3.0 -1.0 10

where the superscriptl stands for the inner solution near The outer and inner solutions obtained above can be

y=1. Solutions to(21) subject to(24) are given by used to construct leading-order velocity and pressure profiles
. et valid uniformly across the channel by adding the outer
u'O%(x,y*,t)=Re{(e“"X_t)CSCKK>_ —) and inner expansions and subtracting the overlap paes
K Ref. 24

X(e(‘zlz)('l)(ly*)_l)] _ 0 i0 i1
Ugo= Ugo(X,Y,t) +Ugg(X, ay,t) + Uge(X,1— a(1—Y),1)

=csch K)( e~ ((212)(1-y*) — U80|y:0_ U80|y:1 , (263
\/E — 0 i0 i1 _ _
X CO Kx_t_f_?(l_y*) pOO_ pOO(Xiyvt)+pOO(Xaayvt)+pOO(X11 a(l y)at)
- p80|y:0_ p80|y:1- (26b)

—Ccog kX—t)

1 = %
— 2| e (22(1-y*) . . : :
K The composite solution has a particularly simple form,

V2 ) ) . .
X cog —(1—y*)—t|—cogt) |, 25 e —OA e ''B
| s( 5 (1Y) qt) (259 UOO(X,y,t):Re{ Smm;y) . K(y) o
Vg%, Y* 1) =0, (25h)
: sin(kx—t)sinf(x(1-y))
PHE(X,y* 1) =Pg(t) — k ~*cog kx—t)csch k) + ﬂkt)x. Vool XY, 1) = sinh( k) ~Voo: (27b)
(250 , coq kx—t)cosi k(1—y))

As with the outer solution, the presence xsfndependent Poo(X.Y,t)=Po(t) = k sinh(k)

components in the horizontal velocities is due to the rigid )
side walls in the channel. Plots of the leading-order sin(t) _ o

b o + X=Pg, (270
oundary-layer velocities along the channg},, are shown

in Fig. 3 for each boundary layer. The boundary-layer veloci-Where
ties perpendicular to the channe},, do not vary across the

boundary layers, i.e., they are independentybfor y* at A(y) = cosh k)e® DR01-1)y  ga (2)2(1-1)(1-y)
leading-order ina~ !, as required by(213. The velocity
fields computed above are similar to the ones for the —coshix(1-y)),
well-studied Womersley problem of oscillatory, pressure- B(y):1—e“(\’?m('*l)y—e““i’z)("l)(l’y). (28)

driven pipe flow,(e.g., Ref. 23 though here they are ob-
tained by oscillating a boundary transverse to the usual flowhe existence of th&-independent component afy is due
direction. to the presence of rigid side walls in the channel. It is evident
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x=0 x=0
04 -
N \ e \
Uo 0.0 # ‘ Ugy
A FIG. 4. Velocity profiles[Egs. (27) and (28)] of the
04 - ) o a5 . ) leading-order, uniformly valid flowuy, in a long closed
‘00 02 04 06 08 10 “00 02 04 06 08 1.0 channel, at a fixed, t=n/6 andx=1. uy, denotes the
y y component along the channely, denotes the compo-
nent across the channel, agddenotes the coordinate
x=n/4 x=w4 across the channek=70. Note that the plot is only for
15 - 1.5 B half a period of the oscillation. Representative curves
: from the other half behave in a symmetric way and are
omitted for clarity.

Ugg

15 15 S

00 02 04 06 08 10 00 02 04 06 08 10
y y

from (27), and expected, thaty, and pyy are periodic int, S, apgs
with zero average in time. The leading-order flawy, is e WZO’ (30b)
O(1) in dimensionless units everywhere in the channel.
Typical velocity profiles are shown in Fig.@or =70 and WS Ipe
xk=1) and illustrate the boundary-layer structure of the 2, "0 _gq (309
dominant flows. at. oy

C. The analytical correction to  O(a™) to the leading- where again a.superscrlptserves as a reminder that this is
; the outer solution to a boundary-layer problem. The bound-
order velocity 5 o L
_ . o ary conditions tauy, cannot be stated priori and need to be
Ultimately, we are interested in finding a nonzero netdetermined by matching the outer and inner representations.

flow. We will show that this requires the computation of the |n the boundary layers near the walls, the correctigy
first-order (in €) velocity u; which in turn relies on the opeys the equations

knowledge ofuy. While u, is dominated by the leading-

order(in @~ 1) contributionuy, computed above, we find that aub,  dvl,

to computeu; with consistent accuracy and not neglect ———+—=0, (319
. g . . . IX &y/

significant contributions, we must also take into account the

O(a™ 1) correctionug, to the leading-order velocity,,. The

computation of this correction follows. 52”51_ 3P6i1_ Uy (31b
The O(a™1) correctionug, [i.e., Egs.(14) and (19)] to gy'2  OX gt
the velocityu, is subject to the integral constraifgee(7)],
2 i 7i i
Jl 4 V2 sin(rx—t) —cos kx—1) " 9000 IPo1_ Moo (310
0 Uoz y_7 Sinr(K) (COS“K) ) ﬁy’z (yy’ ot

2 where a superscriptindicates that these are the inner solu-

+——(sin(t)+cost)), (29 tions to a boundary-layer problem. Note the coupling in
(313 and (310 of the leading-order flowiy, and thea ™!

which, again, suggests a solution consisting of two linearlycorrectionu, . _ .

independent parts—a part periodic irkx—t), and a In particular, sinceuy, and vy, are known near each

part periodic int and independent ok. Away from the boundaryEgs.(233), (23b), (25a, and(25b)], Egs.(31) can

walls, ug; obeys the same equations as the leading-order sde solved analytically. We are only allowed to impose

lution, boundary conditions on the boundary-layer solutions at their

corresponding walls,
ugy, vy

x oy O (309 US(x,y’ = 0)=Ugi(x,y* =1)=0. (32
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The behavior of these solutions away from the walls is determined by matching. The matching procedure is algebraically
complicated and so details of the solution as well as the expressions for the boundary-layer velocities and pressures are given
in Appendix B. Here, we provide only the final velocity expressions for both the inner and outer approximations,

ud(x,y,t)= gx(cos(;cx—t) —sin(kx—t)) X[ coth( k)sinh ky) — (cscH(«) + cott?(k))cosh ky) ]+ \/TE(COS(t)

+sin(t)), (333
va(XY,1) = = K(COg kX~ 1) +sin(kx—1)) X [coth k) cosH{ ky) - (cschf( k) + coth?(«))sinh(ky)], (33b)

ud(x,y' )=« cog kx—t)y’ — \/TEK(CSCH(KHCOH"F(K))(COS{ KX—t) —sin(kx—t)) — gx(cscﬁ(x)

+ coth(k))e™ (ZRY' %
. V2
—sin| kx—t+ -y

. 2 2 I
vy’ t)=—«k sin(kx—t)coth k)y’ + \/T—KCOU'( K)(sin(kx—t)+cog kx—t)) — gxcotr( k)e (22y

o)
+cog kX—t+ Ty’

ubi(x,y* ,t) = V2 kcoth k) csch k) (cog kx—t) — sin(kx—t)) — y2kcoth k) csch k)e™ (ZR2A-y")

2 = " 2
c05< kX—t+ \/7—(1—y*)> —sin( rX—th —(1=y*) | |- —e” V2l2(1my )(cos(g(l—y*)—t)

o]
co Kx—t+7y’

2 2 2
_\/_—e—(v2/2)y (COS(\/?_y'—t) —Si”(%—y’—t

P + g(cosmsin(t)), (339

X | sin

2
KX—t+ \/T_y’ , (33d

X

+ \/7§(cos(t)+sin(t)), (339

—sin(\?(l—y*)—t
i1 ; \/Z i
vo1(X,y* 1) =k csch k)sin(kx—t)(1—y*)— 5K csch k) (sin(kx—t)+cog kx—t))

+cos(xx—t+§(1—y*))). (33f)

2 ‘ N 2
+ <« cschix)e” (V22(1-y )< sm( KX—t+ \/7—(1—y*)

Similarly to the leading-order solutionug,, we  results will now be useful as we construct t©ée) correc-
now construct a representationf; uniformly valid every-  tion to the flow, which incorporates the nonlinear terms
where in the channel by rewriting the boundary-layer(u-Vu).
solutions in terms of the outer variablg adding the
outer and inner representations, and subtracting the overlap
parts: IV. THE TIME-AVERAGED O(€) FLOW FOR a>1

Uoa(X,Y, 1) = UGy(X,y,t) + Ugy(X, ay, t) At O(e) inertial effects become important and the flow,
” while still periodic, no longer has zero mean in time. In this
tUg(X,1=a(1-y),t) —Uo(X,y,1). (34  section, we compute analytically the mean drift due to iner-

tial effects. The time-averaged horizontal Eulerian drift ve-

Here Ugy(X,y,t), which is straightforward though tedious to locity (u,) is given in Eqs(65), (68), and (70) below.

derive from(33), represents the sum of all the overlap parts
accounting for necessary contributions from gL) solu-
tion. All components ofuy; are periodic functions ot
with a zero time-average, and consequently sougs, To determine a flow with nonzero time average, we con-
which is consistent with the fact that the leading-orderin sider the first-order correctiom, in expansion8). We need
flow, Uy=uUgo+a uy, is periodic int with a zero only consider the time-averaged equations and boundary
time average as Eq$ll) imply. These detailed analytical conditions

A. The structure of the solution
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V(ug) = V{(p)=a*(Uo-Vup), V-(u)=0, (353 9% (Uy)  (Py) 5
2 ax @ ((ug—Up) - V(ug—Up)) &y,
IUo g 38b)
<u1(x,0,t))=—<cos{;<x—t)W(x,0,t)>, (uy(x,11))=0, (38b)
NP
(35b) - <(9—y1> = CY2<(UO_ Uo) . VUO> . ey ' (38C)

where(-)=1/2[27(-) dt denotes the time average of)(
over one period of the wave motion. A corresponding inte-
gral constraint,

1
fO<U1> dy=0, (380

1 1 (2m whereUy= (Uy(y,t),0) is thex-independent part afiy [see
f (uy) dy= 2—[ Up(x,0t)cogkx—t) dt=0, (36)  (27) and(33)], and wheree, ande, are unit vectors in the

0 mJo directions along and across the channel, respectively. It is
natural to decompose the forcifgy- Vug) as given in(38h)
Bhove, with the additional terms entering the flow periodic in
x in Egs. (42) below. Contributions that average identically
to zero have been omitted. The corresponding boundary con-
dition at the moving wally=0, is the part of(37) indepen-
dent ofx,

must also be applied; the vanishing integral above is exact
Uo(x,0t)=0.

Sinceug is known analytically fora>1 as described in
Sec. 1l1,{u;) can be calculated. For the case of arbitrary
we use the results in Appendix A to calculdte,). Here,
instead, we focus on the analytical structure availableafor
>1. We will find (see Sec. Ythat the high-frequency ana- 2
lytical results remain in good agreement with the full nu-  (U1)(0)= a—-coth(x) + « csch(x),0]. (39
merical results even fos~ 10.

To proceed, usingﬂoo, the boundary-layer velocity near At the stationary wally=1, the no-slip condition remains
the moving boundary =0, the boundary conditio(85b) can trivial,
be shown to simplify to

(Up(1)=0. (40)
\/5 Sin( kX) — cog kX) From (38a), (39), and(40) it follows that
(u)(x,0)= @ coth(k)+
“ (V1)=0 (41)
COS KX) . . . . _
+x csch(k)— 0 3 everywhere in the channel, i.e., there is only a nonzero time
) averagedx-independent velocity along the channel. The

x-periodic part of the first-order time-averaged velocity sat-
which consists of a part independentoénd a part periodic isfies
in X, and shows that the dimensionless velogity units of
ewh) near the moving wall i©(a). Neglected terms if37) U1 N iV _
are O(a™1). For k=0(1), we thus expect that the time-  dx ay
averaged velocity is only weakly dependent enWe note
that expressioli37) is positive for almost all values ofand ~ d%(U1)  d%Uy) _KPy)
k, indicating that in almost all cases, on average, the fluid g2 ay? ax
moves in the direction of the traveling waa¢ the moving (42b)
wall y=0. We will show, that even when gt=0 the time-
averaged velocity is opposite to the direction of the wave, th&?(V,)  d%(V,) K Py)
“bulk” net flow in the boundary layer near the moving X2 ay? N ay -
boundaryy=0 will always bein the direction of the waye
i.e., for a>1 net motion opposite to the wave will be con- (1
fined in a very narrow region within this boundary layer and fo (Uy) dy=0, (420
will be insignificant in terms of fluid transport.

The nonhomogeneous terms of E(R5) as well as the subject to the boundary conditions

boundary data consist of two kinds of terms—terms indepen- ]
dent ofx and terms periodic i. We, therefore, expecu;) (U)(x,0) = ( a\/_E sin(«x) —cog KX)) ~ COg KX) O)
to consist of two linearly independent parts—a part indepen- 1A 4 k )
dent of x, (Up)(y), and a part periodic inx,

0, (429

CY2<U0'VU0+ Uo'VU0>'eX,

a®(Ug-Vug) -y, (420

K

(U (x,y), so that{uy)=(U)(y)+{U)(xy). Solutions (U (x,1)=0. (43
independent ok obey the equations and the integral con-The existence of this-periodic component of the first-order
straint, time-averaged velocity is solely due to the presence of rigid

side walls atx=*L/2; if an adverse pressure gradient is
(V1) -0 (389 applied against the pumping instead, so that net flux across a
ay ' cross section of the channel is zero, thperiodic velocity
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(U,) will be identically zero. The next section examines the AV AV AP

. . . _ 2 o o]
x-independent and thg-periodic problems away from the > 2 oy =a*(Ug-Vug) -
channel walls. X ay

cog kx)sinh(k(1—vy))
B. The outer time-averaged, first-order flow for a>1 =a? 2 sinf(x) ,

For a>1, the secondary time-averaged fldw,) has a (460
boundary-layer structure with boundary layers of thickness
O(a1Y). Throughout most of the channel, tkéndependent  with boundary conditions to be determined by matching with
flow obeys the outer equations the corresponding inner solutions. We note that the right-
hand side of(46b) and (460 is curl-free, so that the stream
072(U§) 0<P1) 5 o o function W (x,y) for this two-dimensional flow satisfies the
Jy? a*((ug=Ug)- Vug) - &=0, (443 homogeneous biharmonic equatiSi¥ =0. Consequently,
the general solution t¢46) is given by

¥(P1)
=5

= a?((u3—UZ)-Vul)- df
TS <u‘£>=—Re{e'“@], (V)=Re(ixe"t(y)}, (473
K sinh(2x(1—y))
2 sinkf(«) <Pg>:azcos<f<><)00_shx(l—y))
2k sinh( k)
+ a((ugo—Ugo) - VUoy) - &
i 0 1J2).Vud)-e, 44b where f(y)=C,coshky)+Cssinh(ky)+Cgy coshiy)+Cy
(U~ Uoy) - Vo) & (440 xsinh(xy). The complex constants,, Cs, Cs andC, are
where the right-hand sides have been compute@®¢er)  determined by matching with the inner solutions in Sec.

using the outer solutiomg=ugy+a 'ug,. Equations(44) IV D. ' . o
can be solved to arrive at the form of the velocity and pres- ~ The outer time-averaged first-order velocity is the sum

+0(a), (470

sure profiles, of its x-independent andx-periodic parts, (u9)(x,y)
=(UN(y) +{U(x,y), where the last term is the result of a
(U9)=C1y*+Cpoy+Cs, (453  standing wave established by the presence of rigid side
walls.

(PO =2C,x+ Py— a2 2TV o) sy

4 smh’-(K) C. The inner time-averaged, first-order flow for a>1

To solve for{u,;) and{p,) near the walls, we rescale the
transverse coordinatg as in (17), y' =ay, y*=1—a(1
—vy), and evaluate the nonhomogeneous right-hand side
. (up- VUug) using the inner representationsigf. From (45h)
given by aey- [#((ugo—Uge) - Vugy + (Ug;—Ugy) - VUi (Y)  we expect the pressure to Béa?) and we rescale it accord-
dy [see(44b] is a function ofy only and so does not affect ingly, (p})'=(p})/a? Neglecting termsO(a"') and
x-variations in(45). The x-independent time-averaged outer smaller we obtain the boundary-layer equations <fU[10

flow (U7)=(U?)e, is in the direction along the channel only and(U'}), thex—lndependent parts of the boundary-layer ve-
and has a parabolic profile. The pressure distributief) is Iocmes(u ) and(u

linear inx and has a-dependence associated with the back-
ground fluid acceleration produced by the transversely oscil- J(UI0y B a(PI0y/ - < &(u uio >
Voo
(? !

whereC;,C,,C3, and P, are constants that cannot be de-
termined before finding the behavior of the solution in the
boundary layers. The neglect&d(«) term in (P}) above

lating boundary. The “bulk” parabolic profile is to be ex-

. . . 2
pected, though a detailed calculation is necessary to 9y’ X

determine its exact shape. Ui
The x-periodic component of the outer time-averaged + voo(um—
first-order velocity(U?), satisfies the equations, ay'
KUY KV 19(U Uto
x oy O (463 +u 01—3y, , (483
AU KUY HPS
) U _KPD_ pviee, oy
ax ay 2 =0(a™7), (48b)
ay’
B 2sin(xx)cosf(x(l—y))
- 2 sinf(x) ! XU (P 3(uge— Uy
P = vm— , (480
(46b) ay* X ay*
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07<Pi1>/ time-averaged velocity in the boundary layer nga#O0,
l* =0(a"?), (48d  (U'P), consists of a dominar®(a) part and a smalle®(1)

ay contribution,
where all quantities in brackets on the right-hand side are (Ui10>:a<ui1%>+<uiﬁ>_ (54)

O(1) and can be evaluated analytically, though the expre
sions are long and cumbersome to write. Si{\¢¢)=0 and
(U,) is independent af, the continuity equation is automati-
cally satisfied. The right-hand sides @) are functions of
y’ or y* only, since time-averaging eliminates the
x-dependence from the expressions above as well. At leadi
order, the pressurd®!’)’ and(P'!)’ are at most functions
of x. However, since far from the walls, we require that the
boundary-layer velocities are finite, we conclude that

SBoth terms are important for calculating the net parabolic
outer flow and constructing a solution valid uniformly every-
where in the channel. _

The first-order time-averagedperiodic velocity(24'°)
satisfies the boundary-layer equatiof@gain, the pressure

"Was been rescaled as indicated at the beginning of this sub-

section

@) v

APY) Py ey O .
X _0, X _0, (49) 2 i0 i0\ s
AU (PP
or aylz X
iO\7/y,7\ _ pi0 -1 i1\ _ pil -2 i i i i
(PO (y)=PP+0(a™h), (P (y*)=P}'+0(a )(,50) :a<v5%aug%> +<ug%‘9ul°ol+vgg‘9ub% Ug%aub%
oy’ ax [’
where PI° and P! are constants. We require that each (55b)
boundary-layer velocity satisfies the appropriate boundary
condition at the walls, (9<73i0>r
17 _ -1
=0, (550
. V2 , y
(U'10>|yr:0=aTCOt|’(K)+K csct(x), (Ui|yx-1=0. _ _
5y AUT) VY
(52) +a =0, (550)
X ay*
Equations(48) can be integrated with respectyo or y* to
arrive at boundary-layer velocities of the form 32<ui11> 3<Pi11>, e auiolo . é,uiolo
3 oy 2 T Tax \Po 00 5y | (558
(UP)(y") =a| HiG(y")+ —cothlx) | + HiG(y") |
P’ >
+ k csch(k), (52a e =0(a™?), (55f)
<Ui11>(y*):|-|ixll(y*), (52b) where, again, the right-hand sides can be evaluated analyti-

cally and we have done so using the symbolic package
where theH’s are functions that can be calculated explicitly Maple The time-averaged right-hand sides are functions pe-
(we accomplished this using the symbolic mathematics packdodic in x and consist of two types of terms: terms indepen-

ageMaple), dent ofy and terms exponentially small nas we go far
from the walls. Since the fluid velocitie€/)(x,y) and
, v (v 5(U5%_Uio% . (U'M(x,y) must be finite away from the walls, the terms
H'%(y’)=f f v'o%—’ (s)dsdy, (533 independent of/ on the right-hand side can only contribute
0 Je ay to the pressure gradient. Conversely, since at leading order

- - the pressure¢P'?)’ and(P'!)’ are functions of at mos, it
HIO (1) = fy/ Jy< Jio (ug— Uy 00 (up— U > must be true that the pressure gradients above exactly equal
(y')=
0 0

00 ay’ Vo1 ay' the terms on the right-hand side that are independegf of

_ i0y\ s
X(s)asdy, (53D (9<7;; = —% coth( k)sin(kx)+O(a 1),
i1 e [V [y ila(ui)%)_ui)l — pilys (56
Hualy )_L f—m<v°1 ay* (s)dsdy. (539 X a;> =-3 csch k)sin(kx)+O(a?).

The time-averaged-independent velocite$U”)(y’) and  We thus have for the pressure distribution in the boundary
(Uh(y*) are completely determined k$2) and(53). The layers,
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FIG. 5. Velocity profiles given by Eqs(52a, (54),
(599, and (61) of the O(«) steady, traveling-wave-
driven flow in a long, closed channel in the boundary
layer near the oscillating walf=0. (ul%) denotes the
velocity component along the channel ayddenotes
the inner coordinate measured from the moving bound-
ary. Several representative choicexafre shown in the
upper figure:x=0, w/2, 37/4 and 7x/4; k=1. The
schematic below shows the behavior of these velocity

profiles at different positions along the channel over
one wavelength of the driving wavpositivex is to the
right).

(PO —i coth( k)cog kx)+O(a~ 1),

(57)

(Ply = i — csch{x)cos kx) + O(a” 2),

x-periodic horizontal velocity in the boundary layer ngar
=0 has a similar structure to theindependent velocity
there—it consists of a dominaf®@(«) part and a smaller
O(1) contribution,

UL = a(Up +U). (61)

We require that each boundary-layer velocity satisfies the

appropriate boundary condition at the walls,

<Ui1°>|yr=o=ai—f(sin(KX)—cos(Kx))— COS(KKX) :
UD)yr=1=0, (589
(VD)yr=0=0{Vi)Hlyr=1=0. (58b)

Equations(55b) and (556 can then be integrated with re-
spect toy’ andy* to arrive at boundary-layer velocities of a
form similar to thex-independent solutiofU', ),
_ | 2
(UDXY" ) =a| HQ(x,y")+ 2 (Sin(kx) —cog kX))
. coq kX)
H;g_(xly, ) - ’

K

(59a

(UDXY*) =H Gy, (59

where theH'’s are functions that can be calculated explicitly,
and we have done so usildaple,

Xy )—f f < >(x s)dsdy, (609
Ul il
(X y )—f IT<U00 ) Uool (?y(,)O+U|0% (9;0>
X (X,8) — —cotr( )sin( kX) dsdy, (60b)
. |l
H‘xll(x,y*)=fly f_yva'ollﬁy* 00 >(x s)
— 5 csch{x)sin(xx) dsdy. (600

The time-averaged-periodic velociteg2/'°) and (1/}!) are
completely determined bgs9) and(60). The time-averaged

The corresponding transverse velocit{@a”) and(V'!) can

be computed by integrating the continuity equation in each
boundary layer. Since the transverse velocities are an order
of magnitude(in @) smaller than the corresponding longitu-
dinal velocities, only the transverse velocity in the boundary
layer near the moving boundary is significa@(()),

VXY= fy Gl < x,8) ds+0O(a™b),
0
(62
(VH(xy*)=0(a™ ).

The time-averaged first-order inner velocities are the
sum of theirx-independent ana-periodic parts{u’)(x,y)
=(Up(y) +({U} )(x.Y).

Graphs of(u},(ul9), and(u'!) are shown in Figs. 5
and 6. They clearly show that the domin@¢«) net Eule-
rian velocity in the boundary layer near the oscillating wall is
in the direction of the driving wavéAlso, the dominant flow,
(u%, is confined near the moving wall and is zero away
from it. TheO(1) correction to this flow(u}), displays an
oscillatory behavior near the moving wall and may be oppo-
site to the wave—insufficiently so, however, to cause net
“bulk” fluid motion opposite to the wave in this boundary
layer. The net flow near the stationary walyy'), is, for
most positionsx along the channel, in the direction of the
wave (see also the discussion in Sec. IV,but may run
opposite to it at some positioxsalong the channel. The flow
in this boundary layer displays typical boundary-layer
behavior—a uniform flow away from the wall decreasing
quickly to zero as we approach the waji*(=1).

D. Completing the solution

Having determined the boundary-layer behavior, we re-
turn to (4538 and (473 and evaluate the undetermined con-
stants. These are determined by matching the outer and inner
velocities. We do so separately for tkéndependent and the
x-periodic velocities.
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30 - - 30 e
5 FIG. 6. Velocity profiles given by Eq$52), (54), (59),
2.0 20 - and (61) of the O(1), steady, traveling-wave-driven
5 flow in a long, closed channel in the boundary layers
(u,,” 10 2 <u,'> 10 3 near the two walls{u;) denotes the velocity compo-
7 nent along the channel ang’ and y* denote the
00 . 0.0 7 boundary-layer coordinatessi=1. We have plotted
) ' — these velocities at different positions along the channel
10 n=1 10 : S (x=nm/4) to demonstrate the difference in fluid behav-
“700 20 40 60 80 100 90 70 -50 -30 -1.0 1.0 ior for different longitudinal positions:.
Yy y"
The boundary conditions that the-independent net 1 C, 5 1
outer velocity(U$) must satisfy are fo (Un)(y)dy=— &+ g« csctf(x) + g xcott?(x)
(U2)(0)= lim (U'®)= txcothP(x)+ 3k cscH(k), 1 )
y' = + =zcoth(k) +O(a™ *)=0, (66)
(633 2
(U(1)=lim (UYy=2x cscl(«), (63p  Where we have used the results
y*ﬂ—w
. . . ” i0 V2 1
which establishes two of the three unknown constants in thg @ Hio(ay)+ - coth(x) |dy = 5 coth(x), (673

expression for the outer velocit@5a),

Cs=zCOttP(k)+ 3k csct(k), C,=— 7xk—Cy. (64) J:(H‘ﬁ(ay)—%xcotr?(x)—%K csctf(x) ) dy=0(a"?),

Finally, the constan€, can be found by imposing the zero (67b)

flux condition(36) (the channel is closed at both endi$ is 3

necessary first, however, to compute a representatiod gf f“( H1(1—a(l=Vv))— -k csch )d —O(a?

valid uniformly everywhere in the channéfig. 7). xall=a(l=y) 4" (1) Jdy=0(a ).
Adding the outer and inner representationgdf;) and (670

subtracting the overlapping parts, we obtain L
These results allow us to solve for the remaining constant

(U (y)=(UD(y)+ (U (ay) +(UT)(1—a(1-y)) C;. We obtain

— lim (U (y")— lim (U (y*) C,=3coth k) + 2k csch(x)+ 2 coth?(x), (683
y' —e y* -
C,=—3coth k) — Zx csctf(«k)— k cothP(k), (68b)

1 2
=C,y°— ZK+ Cl)y+ a\/T_ coth k)

where contribution®(« ') and smaller are neglected. We
note that the constants;,C, and C; describing the para-
bolic outer flow areD(1). In other words, the-independent
FHE(1—a(1-y))— 3k csch(x). (65  return flow in the middle of the channel is independentrof
and the velocity profile approaches a parabola.
The condition of zero net flux across a cross section of the Finally, thex-periodic net outer velocity is subject to the
channel requires that boundary conditions

+k csch (k) + aHQ(ay) +HS(ay)

FIG. 7. Velocity profiles given by Eq$453 and (473

for the parabolic outer return flow away from the walls.
(U))=(UY+(U3)y denotes the velocity component
along the channel ang denotes the coordinate across
the channelx=nm/4, k=1. The schematic shows the
y distribution of the horizontal outer velocities as a func-

tion of the longitudinal coordinat& over one wave-
| |
i | | | |
| | | | |
H | |
| H

length of the driving wave.
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55.0

Asymptotic solution
——~ Arbitrary o solution

FIG. 8. Velocity profiles for the steady, traveling-wave-
driven flow in a long, closed channek=70; x=1.
(u;) denotes the velocity component along the channel
andy denotes the coordinate across the channel. The
plot above shows the asymptotic solution fas1
(solid curve, as well as the complete solution for an
arbitrary o (dashed curve The two superpose on the
large graph, and the inset illustrates the small differ-
ence. Several characteristic valuesxofre shown,x

(OB

50 R ‘ _
00 02 04 08 08 0 =0, x=m/4 andx= /2. The schematic below illus-

trates the behavior of this velocity in the boundary layer
near the oscillating wall at different positions along the

LN U

lim U9 (x,y)=lim Y (VDG = (VDY) + (V) (ay) + (Vi (1-a(l-y))
y—0 y'—ee oy TN I i1\ %
= — Jcoth( k){cog kx) + sin(«xx)}, (69a yl,lTle)(y ) y*|LTm<V1>(y )
lim U (x,y)=lim (Ul ay (U
y—1 ' P ! =Re{|;<e"‘xf(y)}+JOy <ax10 (X,S) ds+ 3( kX)

= — jcsch k){cog xkx) +sin( kx)}, (69

lim (V) (x,y)= lim (V — 3rcoth x){cog kx) —sin(xkx) }y
m (Xy)=Iim 1

Yoo y' — 3k csch{k){cog kx)—sin(kx)}(y—1)
= — Lsin( kx) + 2kcoth( k){cog kx) +0(a™), (70b)
—sin(kx)}y, (690
. o . i1 wheref(y) is given in(473. The first-order, time averaged
Ilrrl(Vl>(x,y)— *I|m VD) velocity is the sum of its time-independent and time-periodic
y— y*——o

\ , parts,(uy)(x,y) =(Up)(y) + (U)(x.Y).
= 7k csch k){cog kX) —sin(kx)}(y—1). A graph of the first-order, time-averaged veloc{ty;)
(690) valid uniformly everywhere in the channel is shown in Fig.
o o 8, superimposed on the graph of the exact solution that is
These are sufficient for determining the four unknown CONhymerically calculated for any as described in Appendix
stants C,—C; of (478. We have computed these using o The asymptotic solution closely approximates the exact

Maple, but since they are long and cumbersome to write, Weg|ytion for the chosen value=70. The analytic results that
do not present them here. The flux integral constriéi@t) is 40w the construction of Fig. 8 are one of the main contri-
automatically satisfied. Adding the outer and inner represeny jtions of this paper.

tations of (U;) and (V;) and subtracting the overlapping
parts, we obtain

(Ur)(xY) = UDOGCY) + UT) (y) +(UT) (1~ a(1-y))
= lim @) (y") = lim Uy
y - y* ——oo Several features of the net floju;) should be empha-
sized. Fora>1:

V. SUMMARY OF IMPORTANT FLOW FEATURES

df .
= —Re{ e'“@ +a| Hig(x,ay) (i)  The time-averaged net Eulerian velocity consists of
two components—an “‘underlying” component inde-
2 0 pendent of positiork, and a superposed component
+ 1, (Sin(kx) —Cos kX)) | +Hia (X, ay) periodic inx; the latter is a standing wave flow result-
ing from the presence of rigid side walls in the chan-
Cog kX) nel.

i1,y 1_ _ 3
THa 1= a(1=y) + a{cothi) (i)  The x-independent flow is dominant for a driving

wave with a short dimensionless wavelengtk (
>1); the x-periodic flow is dominant for a driving
(709 wave with a long wavelength«<1). The two com-

+ csch{ k) Hcog kx) + sin(kx)} + O(a ™ 1),
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o =30 a=10

50 50

—— Asymptotic solution === Asymptotic solution
40 === Arbitrary o solution 40 == Arbitrary a solution

30 30

) 20 W) 20
10 10
240 0.15 0.20 . . .
s FIG. 9. Velocity profiles of the steady, traveling-wave-
0.0 0.0 S — . .
Namen = driven flow in a long, closed channel far=30, 10, 5
10 0 and 1;x=0, k=1. (u;) denotes the velocity compo-
00 0.2 0.4 06 08 10 0.0 0.2 04 06 0.8 10 .
y y nent along the channel anddenotes the coordinate
across the channel. The first three graphs compare the
a=5 a=1 exact solution to the high-frequency asymptotic solu-
50 | , 50 tion developed in this paper. The last graph compares
: e Asymptotic soution | = Hoh reuency asympsotc sokon (= 1 the exact solution fora=1 to a low-frequency &
40 ——- Ay o soution L2 S Lowmuymrr(‘mm(a-m =0) asymptotic result, Eq71).
30 1 30 0138
0.134
W) 20 W) 20 0183 |_ommmmm—
0132 ’,_——‘
10 10 0.131
0“3%.04 0.05
0.0 prarme ™SS0 0 0.0
1.0 1.0

00! 0.2 04 06 08 10 o0 0.2 0.4 c6 08 10

ponents are comparable for moderate wavelengths wavelengthy is dominant and imposes a spatially-periodic
~0(1). structure of the flow. Near the stationary wall which is par-
(i)~ The(Eulerian time-averaged velocity along the chan- allel to the moving wall, the fluid responds to the motion in
nel in a boundary layer of thicknes3(ha™") near  the bulk by generally going opposite to it to try to locally
the oscillating boundary ig the direction of the trav-  conserve mass; this results in its net motiorthe direction
_ eling wavefor x=0(1) and iso(afz‘f’h)- _ of the wave i.e., opposite to the return flow in the bulk.
(iv)  The return flow in a closed channelapposite to the s response is not necessarily always present, however:

dlrect|on of the driving V\./aveand. COOS'StS of an for some positionsx along the channel, the net flow
x-independent pressure-driven Poiseuille flow super-

- in this boundary layer may be in the direction of
posed to acperiodic return flow caused by the pres- the bulk flow, which is a consequence of the standing wave
ence of rigid side walls in the channel. Fe® 1, the ' g g

return flow is independent ofr and has velocities flow. , ) . .
O(e2wh). The asymptotic solution described above, while devel-

(v) A boundary layer of thicknes®(a~h) near the sta- oped for the high-frequency limit>1, gives correct net
tionary boundary may exhibit a sma&@l(e2wh) rever- velocity representations even for relatively small Com-
sal in the local fluid speed directed opposite to theparison of this asymptotic solution with the solution for ar-
bulk return flow away from the walls. bitrary « is shown on the first three graphs of Fig. 9 fer
=30,10, and 5. The high-frequency asymptotic solution ap-
Features(i)—(iv) are consistent with a laboratory scale ex- proximates the exact solution closely for values as low as

periment, which was designed to examine 1, as described ,,— 10 for x=0(1). Forlarger x, the asymptotic solution

in Appendix C. requires higher values af to provide a good approximation

It is appropriate to attempt a physical explanation of theto the exact solution. The lowest value @ffor which the

net veIo.C|ty d|str|bqt|qn obtameq above. O.n average, ne.aﬁigh—frequency asymptotic solution is valid scales roughly
the moving wall, fluid is trapped in the traveling wave and Islinearly With x for k>3

consequently propagating the direction of the waveThis i , , .

net flow is similar to a shear flow due to a boundary trans- At low frequenc_les_,, the net Eulerian vgloc(tyﬁ IS In-
lating with a constant velocity. Due to the small amplitudedePendent ofa. It is important to recognize that the net
motion of the wall and the high frequency® 1), this ef-  Eulérian velocity can differ substantially from the net La-
fect takes place only in a thin boundary-layer region near th@rangian velocity of a fluid particle; the latter indicates the
moving wall. Since the channel is closed, there is a returrctual transport of fluid particles and is discussed in Sec. VI.
flow in the bulk opposite to the driving wavdue to mass A good approximation to the exact solution for low values of
conservation. The rigid side walls in the channel cause the is given by the low-frequency«=0) result[solve Eq.
establishment of a standing wave which, for smalflarge  (11) with «=0]
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K(SINR( k) + K2 It should be noted thaf75) requires thata<1 to correctly
(ul)(y):+2(3y2—4y+ 1) represent the behavior af(X(t),Y(t),t) in the boundary
2(sinkf(x) = k%) layers, where velocity gradients aB{ a) whena>1. This

3 cog kX) requirement can be relaxed away from the walls, where
—  _{(«k?—sink(k))cosh ky) <1 is sufficient. Using8), the perturbation expansion af
k(sink?( k) — k?) previously employed, and keeping terms upQ¢e), EQs.

— k sint?(k)y sinh(ky)+ (sinh k)cosh k) — ) (75) becomes

X sinh( ky) + (x cosh{ x)sinh x) U(X(1), Y(1),t) = Uo|x—x,+ €Us|x—x, T X1 VUo|x—x, ()

— k)y coshiky)}, (719 +0O(e) - . (76)
3 sin( k) Equation(76) is then used ir{72) and the resulting problem
(V1) (X,y)= ———————}« sinh( KkYy) —sint?(k)y is examined separately at each ordekirAt leading order,
(sintP(x)— x?) we use(19), so the Lagrangian problem is
X cosh{ky) + (cosh x)sinh ) — k) . dX, .
Xy S|nr(Ky)} (71b) ul(t):W:(UOO(X01YOIt)+a uol(XOIYOIt))I (773
The last graph of Fig. 9 shows a comparison of the exactL dy;

solution for @=1 with this low-frequency asymptotic solu- v1(t)= W=(voo(X0,Yo,t)+0171001(X0,Yo1t))- (77b

tion. For 0= a <1, this low-frequency asymptotic solution is

in excellent agreement with the exact numerical solution. Since the right-hand sides 6f7) are periodic functions of
with zero mean, time-averagin@7) confirms the expected
result that at leading order a particle will follow a closed

V1. PARTICLE PATHS: EULERIAN VS LAGRANGIAN orbit and not translate on average irrespective of its initial

VELOCITIES position:

Ly _
In this section we supplement our discussion of the Eu- {up)=0. (78)

lerian description of the peristaltically driven motion with & \we note that, while related, this statement is different from
Lagrangian description of the average velocities of indi-the statement that the time-averaged Eulerian velocity at a
Vidual f|UId partiC|eS. The Ca|Cu|ati0n iS Sim”ar to the corre- given position in the Channe' is zZero. The time_averaged Eu-
sponding analysis for the paths of particles in water-wavgerian velocity represents an average of the velocities of all
problems. With the Eulerian velocity(x,y,t) known, the  particles passing through a given position in the lab reference
position X(t)=(X(t),Y(t)) of a given fluid particle as a frame, while the time-averaged Lagrangian velocity is the

function of time can be found by integrating the differential ayerage velocity of a given fluid particle over time. In gen-
equationsfthe choice of dimensional scales was given ingra|, these quantities diffé?.

Sec. Il and explains the appearancesah Egs.(72)], Using (27) and(33), Egs.(77) can be integrated analyti-
dX(t) cally to find an exact expression for this closed orbit,
——— =eu(X(t),Y(t),t), 72

§r = €ulX(),Y(1),1) (72 eoarYy  B(Ye)
. " " X ()=Re 1(1—e )| —

subject to the initial condition sinh(«) K
X(0)=Xo=(X0,Y0)- (73 +a X (1), (793

If the initial positionX, of a particle is used as a label, then (cog kXo—t) — cod kXo))SiNh k(1—Yo))

the path of a particle will be given bX(t|X,), and itsLa- Yi(t)= sint(x)

grangianvelocity will be given byut= (dX/dt)(t|X,).

It is clear from(72) that X(t) can be written as a power +a Y (1), (79b)
series ine and so can the Lagrangian velociiy-(t) i . _ )

= dX/dt, where the functions giving th®(a ") corrections,

_ 2 3 t
X(t)=Xo+ eXy(t) +X,(1) +O(e) .. ., (743 Xoy(t) = fouOl(Xo,Yo,S)ds,
ub(t) = euk(t) + €2us(t) + O(€®) - . (74b) (80
Sincee<1, |X—_Xq|=O(e)<1 at all times during one pe- You(t)= ftv01(XO,Yo,s)ds,
riod of the oscillation, and we can expand the Eulerian ve-

locity u(X(t),Y(t),t) in a Taylor series around the initial

position X, have been explicitly calculated usiidaple but are compli-

cated and not given here.
U(X(1),8) =Ulx=x,+ (X=Xo)- VUlx=x,+O(€?) ... . To determine the nonzero “drift” we need to consider
(75  the Lagrangian problem at ordef,
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X,=0 X, = 372
0.6 [ ----- a=0 . T a=0
A {h a=10
26 i ———-a=30
0.4 i —_— 70
18 S a=150
(uy 02 @) 10 §f N

0.0 F

FIG. 10. The time-averaged Lagrangian velodity)

-0.2 given by (82) of a fluid particle as a function of its
initial position Y, across the channel. The top two
'0'40.0 02 04 06 08 1.0 graphs displayus) for =10 (solid thin curve, «
Y, =30 (long-dashed curye a=70 (solid thick curve,
a0 @m0 «a=150 (short-dashed curyeand a=0 (dotted—dashed
curve; Xo=0 andXy=37/4; k=1. Thea=0 result
3.4 T xe0 was computed using E@71) and the analysis outlined
' — Xp=n2 in Sec. VI. The lower two graphs displdys) for dif-
24 — %= ferent initial positionsX, along the channely=70 and
a=0.
{u, wh 14
041 AN
06 |~
16
00 02 04 06 08 10
YO
X5 positionsX,: it may bein the direction of the wavésee Fig.
uz(t)= —5¢ dt _ul(XO’YO’t)+X1(t) (XO Yo.t) 10 for X,=0) or it may beoppositethe wave directior{see
Fig. 10 for Xo=3m/4). It can be shown that unlike the net
4 Yl(t) (Xo Yout), (819 Eulerlan velocity, the net _Lagrang|an velocityGg1) every-
where in the channel. Figure 10 clearly shows thateas
Y, —, the Lagrangian velocity profilgus), converges to a
v'é(t)z __vl(XOrYOrt)+x1(t) (Xo,Yo,t) universal profile similar to the curve af=150.
dt We note that this high-frequency velocity profile differs
qualitatively from the corresponding low-frequency La-
+Y1(t) (XO Yo.t). (81h  grangian transport resulseea=0 curve in Fig. 10 which

Time-averaging81), we obtain the mean Lagrangian veloc-
ity of a particle starting ak,,

L dug
(uz)=(u)(Xo,Yo) + XlW(XOrYOrt)

U
+<Y1W(X01Y0-t)>r (823
L (900
(v3)=(v1)(Xo,Yo) + XlW(XOvYOrt)
+<Y1 ayo(Xo,Yo,t)> (82b)

The time averages were computed usMgple, but again,
due to their complexity, are not presented here.

A graph of the time-averaged Lagrangian velodity;)
of a particle as a function of its initial positiory, across the
channel is shown in Fig. 10 fax=0,10,30,70 and 150 and

=0, Xo=3mw/4. For largea (approximatelye>10), the

was computed using the low-frequency asymptotic velocity
profile (71) and the analysis employed in the present sec-
tion], for which the net flow isn the direction opposite to
the wavenear the walls, and in the direction of the wave in
the bulk for almost allX,. The low-frequency calculation
confirms the particle trajectory conclusions of Shapiro and
co-workerst®!® Yin and Fung!? and Takabatake and
Ayukawa?!

VIl. CONCLUSIONS

We have calculated the time-independent streaming ve-
locity field in a rectangular channel, whose boundary under-
goes transverse traveling-wave displacements. The analysis
was performed analytically for arbitrary frequenci@égpen-

dix A), and asymptotically for the case of high frequencies
(a>1), which is the relevant case for small geometries, as is
the case for MEMS3:3 The dependence of the velocity field
on «a at different locations across the channel is clearly
shown, which is a result that cannot be obtained simply from
the exact solution for arbitrarw. The resulting flow has a

mean Lagrangian velocity mimics, qualitatively, the meanboundary-layer structure, with maximum pumping occurring

Eulerian velocity. Near the oscillating wall, the net flow is in
the direction of the wave, while in the bulk, the flow is a

near the moving boundary. Near both walls the net flow is in
the direction of the traveling wave. Away from the walls,

return flow opposite to the wave. Near the stationary wall thehere is a return flow in the opposite direction due to the fact
Lagrangian flow can display different behavior at differentthat the channel is closed. These features are manifested both
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in the Eulerian and the Lagrangian description of the flow foris gratefully acknowledged. We thank H. Bau, H. Hu and
high frequencies, and are consistent with a laboratory scal®l. Yi for sharing a preprint of their work after our paper had

experiment(Appendix Q. At low frequencies, however, the been accepted and for pointing out an error in our analysis.
Langrangian behavior of the flow is qualitatively different;

net Langrangian transport near the walls is in the direction
opposite to the wave, while in the bulk it is in the direction APPENDIX A: ANALYTICAL SOLUTION FORALL  a

of the wave for most positionX, a_long th_e channel. _ This appendix discusses the solution to Ed), (35),

_ The high-frequency asymptotic solution for the Eulerian ;4 (36) for arbitrary values of the dimensionless frequency
time average provides a good approximation of the exadh,rametera. An analogous solution was first presented by
solution even ate>10. For low values ofa, the low- g and Yint! As described in the Introduction, the prob-
frequency asymptotic formulér1) can be used to approxi- jem at hand can be solved using a perturbation expansion in

mate_ the veI(_)(_:ity distribution. N_evertheless,_ particle_z trans- At leading order, we solve the unsteady Stokes equations,
port is quantified by a Lagrangian calculation, which for

ime- itati i au
these time-dependent flows can lead to qualitatively different V2u— Vpo= az_o, V- Uy=0, (Ala)
results. at
One application of surface-driven flows is to transport. i
Uo(X,0)=(0,siMkx—1)), Ug(x,1t)=0, (Alb)

In very small channels, such as microdevices under develop-

ment, mixing will eventually occur through diffusion even with the volume flux constrainf7). We seek a solution con-

without any circulation present. Mixing times across chan-sisting of a part periodic ikx—t and a part independent of

nels with characteristic length will be O(h?/D), whereD x and periodic irnt.

=kgT/6mpa is the Stokes—Einstein translational diffusion To find the part periodic inrkx—t, introduce a stream

coefficient, wherekg is the Boltzmann constanf is the  function ¥ y(x,y,t) such that

absolute temperature a@ads the radius of the diffusing mol- . P

ecule. To transport material along the length of the channel Uy=— _0' O:_O,

requires time©((L/h)?) longer. Typically,D=10"° cn?/s ay IxX

for most small molecules in water and can be a factor ofyhich ensures that the continuity equation is satisfied. The

10-100 times smaller for large globular protein moleculesfynction ¥, satisfies

To transporiand ultimately mix efficiently by stirring using 5

Fhe peristaltic motlo_n method and device c_JIescrlbed _aboye, it V4P = 0 — V20, (A3)

is necessary to achieve shorter transport times. Typical times at

for such convective transport a@(1/e’w), wheree is the

dimensionless amplitude andlis the frequency of the oscil-

lation of the wall(see Fig. 1, since convective velocities are Wo(x,y,t)=Re{x e~ 0w (y)}, (A4)

O(e®wh). This implies that wave frequencies should beyphere the complex functiol (y) is the solution to the or-

O(D/€?h?) or larger, which is certainly reasonable in small dinary differential equation

devices>® For larger molecules, even smaller frequencies

will produce convective flows that enhance transport above & L\ 5

that from diffusion. Typical MEMS applications, for ex- w2 —; ~m|¥=0, (AS)
> A . dy dy

ample those using piezoelectric driving, will have small sur-

face oscillation amplitudese<1, and h= 0(10—2 cm). with m2= k2—1a2, and must satisfy the boundary conditions

(A2)

We seek a solution in the form

Thus, in dimensional quantities, convective transport in p W
aqueous solutions requires frequencies 10° Hz (corre- ¥(0)=1, ¥(1)=0, W(O):O’ W(1)=O. (AB)
sponding toa>1), which is reasonable given existing dem-
onstration devices. The solution to(A5), (A6) is

= i — + —
ACKNOWLEDGMENTS W(y)=A sinh(x(1—y))+B coslix(1-y))

We thank Roger Brockett for helpful conversations. Sup- +C sinh(m(1-y))+D coshm(1-y)), (A7)

port from the Army Research Offid®AAG 55-97-1-0114  where

sinh( k) — gsinr(m)
A= o p , (A8)
sinh( k) — ?sink(m)) ( sinh( k) — Esinr(m) —(cosh k) — coshim))?

cosh{ k) —cosim K
B=—A L A , C:_AE' D=-B.

m
sinh( k) — P sinh(m)
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Knowing W(y), the leading-order velocity and pressure The first-order time-averaged velocify,) consists of
fields periodic inkx—t, Uy, Vy, andP,, can be computed two linearly independent parts: a part independentxof
for any k, a, though concise analytic expressions are difficult{U;)(y), and a part periodic inx, (U;)(x,y). The
to write since this involves taking the real part of a compli- x-independent partU,)(y) satisfies the following equations
cated complex quantity. in terms of ¥ (y) computed above:

The x-independent part afi, satisfies the equations

VAU = V(Py)= (1 d (d¥,
AV 1 1 i
N, (A9a) dy | dy
ay
— av; P22 Al7
PUg Py ,dU, “ay ) ( +¥7) |, (Al78)
e Y a (ASh)
% 1w,
ay =a (A9c)

whereV, and V¥, are, respectively, the real and imaginary
parts of ¥. The right-hand sides qfA17) are functions ofy
only. EquationgA17) can thus be integrated and the solution
found to be

subject to boundary conditions and integral constraint
coqt)

1
Uo(0)=0, Ug(1t)=0, fOUo(y.t) dy=
(A10)
0. We seely(y,t)

dP; 1 d?v,
(Up(y)=(1- y)(2 OIXy FPay 5 (0 ))

Sl Lal s

From(A9) and(A10) it is clear thatV,=
and Py(x,t) of the form

—u, ) () gy
"y (s)dsdy

Uo(y,) =Rele"f(y)}, Po(x,t)=x Refe"g}, (All)
whereg is a complex constant. q.
The unknown complex functiof(y) satisfies _y_f f & ( ‘I’rd—l)(s)dey,
g o kK dy y
oy 2if=g, (A12) (A183)
. 1 (V1)=0, (A18b)
f(©=0, 1n=0, [fyay-7 (A13) )
0 a
_ o (P1)=P1(x)— = |¥]% (A180)
The solution to(A13) is easily found to be
_ , here|W|=(¥?+W¥?2)2 s the absolute value oF.
f(y)=E +F -~ A1q) W ¥
) cosk(a\ﬂy) smr(a\/Ty) (A1) The x-periodic part of the first-order time-averaged ve-
where locity, (U;)(X,y), satisfies Eqsi42) subject to the boundary
o conditions
_ a(e”'+1)
K(e”“z'(a-l—l\/— \/—)+a—|\/—+ \/—) (Uy)(x,1)=0, (A193
- 1 (2= du
ea\e‘2| -1 —_ _J _ _o
_ _ a( )  (A1s (U)(x,0=~5— ; cog kx—t) d (0}) dt
k(e (a+1 V2= \2)+a—12+2)
Knowing f(y), the leading-order velocity and pressure fields = Ca(K)cog 1) + Cr)sin(xx), (AL19b)
Uo(y,t) andPy(x,t) can be computed for any,«, though (V)(x,00=0, (V1)(x,1)=0. (A19¢)
again concise analytic expressions are lengthy to write and
will not be disclosed here. We use a stream functioff 1(x,y) such that
It is clear that the leading order velocity(x,y,t) is v, o,
time-periodic with zero average in time. To determine the — Ui(X,y)=— oy Vi(xy)=—-. (A20)
nonzero mean flow, we consider the time-averaged first-
order equations and boundary conditions, The stream functionV ;(x,y) satisfies
V2(u)— V(py)=a*uyg-Vug), V-(u;)=0, (A163d) VA = — a?V/\(Ug- VUg+ Ug- VUp), (A21)

where the right-hand side is a function periodicxin

(u1(x,04))= < —cog kx—t) (;—ljlo(x,o,t)> . {ui(x,11))=0,

VA4, = a?(f1(y)cog kx) + fo(y)Sin( kX)). A22
(AL6b) 1=a( 1.(Y) LX)+ fo(y)sin(«x)) (A22)

where (.)=(1/2m) [27(-)dt denotes the time average of We seek a solution of the form
(-)- W1(X,y) =W 15(y)cog kX) + W 1(y)Sin(kX). (A23)
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The two functions¥,,(y) and¥ 1,(y) satisfy the nonhomo- ug(X,y,t)=cog kx—t)(E cosh ky)+F sinh(xy))
geneous fourth-order ODEs,
+sin(kx—1)(G coshky)+H sinh(ky))

52 2
<_2_K2> q’ll(Y):azfl(Y), \/5 )
ay +7(cos(t)+sm(t)), (B3a)
9 2 . .
(P—KZ) W y) = a?fy(y), (A243) vou(X,Y,t) =sin(kx—t)(E sinh(ky) +F costixy))
y
—cog kx—1)(G sinh(ky)+H cosh ky)),
av ., dv .,
W11(0)=0, ¥14(1)=0, W(O):Cl('()’ dy (1)=0, (B3b)
(A24b)  where the constants are to be determined by the matching.
Near the walls, the correctiom,; obeys the equations
‘lflz(O)—O, \Iflz(l)—o, W(O)—Cz(K), dy (1)—0 (9UI00 (9U|01_
(A240) Xy 0, (B4a)
We solve Egs.(A24) using the symbolic manipulation _ _ _
package Maple These allow us to compute the first- PPugy &p(’,'l_ dUgy
order x-periodic time-averaged velocitie€/;)(x,y) and ay'? T ax gt (B4b)
(V1)(X,y). The results cannot be disclosed here, since the
expressions are long and cumbersome to write. aZUiOO gpéil (9Uioo
The first-order time-averaged velocify,)(x,y) is the Rt (B4o)
sum of its x-independent and-periodic parts,{u;)(X,y) ay Iy
=(Up)(y) +{U)(Xy). where a superscriptindicates that this is the inner solution

A graph of this exact solution is shown in Fig. 8, which to a boundary-layer problem. The inner solutions must sat-

also shows the asymptotic solution developed in the maifsfy homogeneous boundary conditions at their correspond-
body of the paper. For the high-frequency range 1, the  ing walls. That is,

two solutions are in a good agreement. 0 ) i1 .
Upy(X,y' =0)=ugi(X,y*=1)=0. (B5)

APPENDIX B: DETAILS OF THE MATCHING The behavior of the inner solutions away from the walls is

PROCEDURE FOR THE O(a~1) CORRECTION TO found by matching.
THE LEADING-ORDER SOLUTION Sinceugy, andvy, are known, Egs(B4) can be solved.

Neary=0 the general solution satisfying boundary condi-
Consider the velocity contribution, at leading-order in  tions (B5) can be written in the form
€. Fora>1 we confront a boundary-layer problem and con- ;, , , _
sequently divide the problem into an outer and inner partUoi(X,y",t) =K COSkX—1)y’ — (A sin(xx—1)—B cog kX

The form of the inner Egqs(18) suggests a solution of the 2
form, —t))+e<‘7’2)y'<A sin( KX—t+ Ty’)
Uo= Ugot &~ *Ugy, (B1) 7z
2
where theug’s are independent of. The solution to the —B cos( KX—t+ 7y’)>
leading-order ina problem,uq, is outlined in the body of
the paper. This appendix treats the correctign 2 2
Away from the walls, the correctiony; obeys the equa- - 767 (212)y’ COS( 7y’ —t)
tions,
2 2
Moy ey _ (B2 —sin(7y’—t +\/—_(c0£(t)+sin(t)),
x oy K
B6
o8, aps (eea
pm o =0, (B2b) _ 2
v,y ,t)=—k sin(kx—t)coth x)y’ + —- Kcoth k)
v IPos
— WZO' (B2¢) X (sin(kx—t) +cog kx—t))
where a superscigi indicates that this is the outer solution 2 — 22y o
to a boundary-layer problem. The boundary conditions can- — - «cotitk)e Sinj kx—t
not be state@ priori and need to be determined by matching
the outer solution with the inner solutions. A general solution " \/_E 4 cod kx—tt E , (B6b)
to (B2) is given by 2y PR
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In a similar manner, the solution near the boundasyl is 2 2
given by E=-— 7K(cscl?(x) +cotht(k)), F= - K coth( ),
Ugi(X,y*,t) (B9a)
G=-E,H=-F, A=E,B=E, (B9bh)
=(C sin(kx—t)+D cog kx—t))
C=\2kcoth(k)cscik), D=-C. (B9

_ V2
—e (220 ¢ sinl kx—t+ —(1— , : . .
e ¢ (C S'”( kx—t+ —-(1 y*)) The resulting outer and inner representations are given in

Egs.(33). The corresponding pressures are

+D cos( KX—t+ g(l—y*))

2 _ . 2
—£e*<v“2’2><1*y )<cos(£(1—y*)—t) X (coth( k)sinh ky) — (csch( k)

K

2
Po3(X,Y,t) = %_(COS( KX—1) —Sin(kX—1))

2
+g(005{t)+8in(t)), +COch(K))COSf'(Ky))—\/T—X(COS(U

—sin(@(l—y*)—t

(B7a) —sin(t)), (B103
UiO]i(X,y* ,t) p(/)!LO(X,y,t) — gCOiKX—t)y, _ g(CSCH(K)

= K esctl)sin(ex—1)(1-y*) +COth( 1)) (CO xx— 1) +Sin( kX —1))

2 .
— 7 K escht)(sintrex =) - \/TEX(cos(t)—sin(t)), (B10b)
2 - . )
+cog kx—t))+ \/—_K csch k)e™ (2RA(E=y™) poit(x,y,t) = v2coth k)csch k) (cog kx—t)

2
—sin(kx—t))— \/TEx(cos(t) —sin(t)).

(B10o

X

sin( KX—t+ g(l—y*))

. (B7b)

V2
+cos< KX—t+ —(1—y*))
2 APPENDIX C: EXPERIMENTAL DEMONSTRATION OF

. . . PERISTALTIC TRANSPORT AT HIGH
We note that the inner representations of the velocities acrogfMENSIONLESS) FREQUENCIES

the channelyg andvl:, are completely determined by the o
homogeneous boundary conditions at the walls, and thus db Description of the apparatus

not contain any unknown constants. An apparatus was designed and constructed to model
To construct a representation ofy; valid uniformly  microscale flow in a MEMS mixing device, such as de-
throughout the channel, we must match the outer and innejcriped in the main body of the paper. Qualitative results
representations. In doing so, we must take into account thRom the experiments using small amplitude traveling waves
leading-order velocityugy. Since the boundary-layer thick- indicate good agreement with the theory developed. As ex-
ness scales witky, there is a coupling betweeny,; andugy,  pected, there are qualitative differences with trege am-
requiring that matching is done directly omp=Ug  plitude) results of the experiments of Yin and Fdfgvhich

+a” 'ug;. We rewrite the outer representationugfin terms  are performed at low pumping frequencies and therefore ex-
of the inner variabley’ andy*, and require that the behav- pected to exhibit opposite reflux behavior.

ior of the outer representationg=ugy+a”*ug, near the The mixing chamber measured 10 cm square, with a

walls matches asymptotically the behavior of the correspondhejght h=1 c¢m, and was made of acrylic except for the

ing inner representationsiy’=Ugy+a Uy and Ug'=ug  lower boundary which consisted of a thif.02 cm thick-

+a ug; away from the walls, nes$ latex sheet, as illustrated in Fig. 11. Fluid motion was
o 1, [0, s driven by a traveling wave generated on the flexible latex
lim ug(e ™"y ) ~ug (Y)]yrs1, boundary by the teeth of a timing belt, which created in the

a—

latex sheet depressions approximating a sine wave. The belt
(B8) was mounted on pulleys driven by an adjustable speed mo-

tor, so that a range of traveling wave frequencies could be

obtained. The oscillatory motion in the latex sheet was easily
The constants in the above solutions can then be determinexdbservable, and found to be regular by using a strobe light.
to be The wavelength of the traveling wave was determined by the

lim ug(1—a~H(1—y*))~ug (y*)|_yxs1.

a—
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Acrylic vall Latex membrane
V4
Z
) / «— Needle for dye o )
Double-sided injectimn FIG. 11. Schematic diagram of the experimental appa-
timing belt \‘ - g ratus.
L7 Delrin plate S
e Drive pulley 4— N

Direction of belt motion

pitch of the timing belt, which here was 0.508 cm. The work-therefore goes to zero at the upper boundary. This results in
ing fluid was an 80 wt % mixture of glycerol and water. a pressure-driven Poiseuille flow profile in the upper region
In the experiments reported here, the wave had a dimeref the box. We note that a brief examination of the dye
sionless amplitudee=b/h~0.01 and the frequency was  profile near the upper boundary did not reveal evidence of a
~90 rad/s(about 15 timing belt teeth passing by per segond boundary layer with forward flow to the left, as predicted by
which corresponds to a dimensionless wave numbekh  the analytical results in Sec. lll. The velocity near the lower
~12, and dimensionless frequeney= wh? v~200. These boundary can be estimated from Fig. 12 and compared with
values correspond to the case considered analytically in Secsrder of magnitude estimates obtained from the analytical
l1I-IV for large «, and present a reasonable laboratory scalénodel. Measurements from the figures indicate a streaming
model of a MEMS device in which wave amplitudes areévelocity u. approximately 104 m/s. This value is in very
small. This motion, however, is unlike typical peristaltic good agreement with the velocity estimated using ewb
pumping in biological systems where wave amplitudes are<9x 10-> m/s for the parameters in this experiment.
large and the channel walls actually come ifiteay contact. The experiment could be run continuously, and circula-
Flow visualization was achieved by injecting dye into tjon was observed in the closed chamber by placing dye at
the mixing chamber with a 20-gauge needle through a rubbehe pottom of the chamber and following its path. The dye
septum mounted on the side walthich allowed a range of streak created did not diffuse very much in the glycerol-
motions for the need)e The injection point was near the \ater solution and was still visible when it completed a loop
center of the box, so that side-wall effects were minimizedjn the chamber. It took approximately 5 min for the dye to
Laser light sheet illumination of neutrally buoyant hollow aqverse the length of the box along the bottom. We note that
glass spheres was also used for flow visualization. The moz—q g1 gives a time of about 13 min to traverse 7 rom
tion of the glass particles indicated the velocity of the fluid atyhe injection point along the bottom of the box, while
each point in the chamber. The results from dye injection_q g15 gives approximately 5 min. The time for the dye to
were most easily visible, and will be discussed here, whereaggye| along the upper surface to the right was much longer
the particle tracking method potentially provides more quantyan the time it took to travel along the bottom, as the veloc-
titative information about the velocity throughout the mixing ity in the lower boundary layer was much faster than else-
chamber. where in the box. After approximately 50 min, the dye had
completed a loop around the whole chamber.
The flow profiles observed agree qualitatively with those
Figure 12 shows the deformation of a vertical streak ofpredicted by the analysis in the above paper. As discussed
dye injected into the middle of the mixing chamber. Thepreviously, they are quite different from those obtained by
velocity profile obtained in the lower half of the chamber Yin and Fung?in a similar experiment, performed, however,
matches at least qualitatively that predicted in Fig. 8. in a different parameter space. In the present case, the
Near the lower boundary, it can be seen that there existgoundary-layer region was confined to a very narrow region
a narrow boundary layer where the velocity is in the direc-near the moving boundary, and only in this region were there
tion of the wave motion, i.e., to the left. This is the streaminglarge velocities observed. Above this boundary layer, a re-
velocity with order of magnitud®©(ewb). Above this nar- verse pressure-driven Poiseuille flow was observed, where
row boundary layer, the flow is towards the right, so there isvelocities were much smaller. Yin and Fung studied flow
no net flow over any cross section of the box. The velocityinduced by a low-frequency traveling surface wave in a long
satisfies the no-slip condition at the sides of the box, and¢hannel with different applied pressure gradients, and also

2. Results and discussion

~S:0p:3s.2a

FIG. 12. Deformation of a vertical streak of dye in-
jected from the needle tip. Fluid at the bottom of the
picture moves rapidly to the left, in the direction of the
traveling wave, while a slow flow to the right exists
above this narrow boundary layer. The clock shows the
time elapsed.
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