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Fluid motion of monomolecular films in a channel flow geometry
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Surface pressure-driven flow of a monolayer in a channel flow geometry is studied and exact
representations for the monolayer and subphase velocity fields are given in terms of solutions
involving dual integral equations. The monolayer velocity profiles are examined as a function of the
viscosity contrast between the monolayer and the subphase and the effects of a finite depth sublayer
are investigated also. The calculated velocity profiles may prove useful for determining the effective
surface viscosity of monolayer films from comparable experimental measurements. © 1995

American Institute of Physics.

I. INTRODUCTION

The fluid dynamical properties of monomolecular films
and other fluid-like membranes at the air-water interface, or
other fluid-fluid interfaces, have been the subject of both
classical analyses as well as many recent experimental and
theoretical studies. An excellent survey of the field is pro-
vided by Edwards et al.' Modern investigations of monolay-
ers and bilayers have been motivated by both biological and
materials applications and have been accompanied by an im-
proved understanding of the physicochemical properties of
these systems.” In particular, it is known that as the surface
pressure is varied the structure of the monolayer may change
with domains of higher molecular concentration existing in a
continuous phase of lower molecular concentration. Hydro-
dynamic issues that are discussed in recent research include
measuring the effective viscosity of surface films,** calculat-
ing the diffusion coefficient for membrane-bound
proteins.s'8 and determining the shape changes of lipid do-
mains imbedded in monolayers.>'® In all of these studies the
thin molecular surface film is modelled as a distinct Newton-
ian fluid layer with a flow resistance characterized by an
effective viscosity.

An important, and unusual, feature of the flow properties
of these surface films is that a significant, and in some cases
dominant, contribution to the resistance experienced by a
surface motion is provided by the subphase liquid (usually
water). The earliest method for measuring the surface, or
effective, viscosity of a distinct monomolecular film utilized
the so-called canal surface viscometer'!' whose fluid flow
behavior, accounting for coupling of the surface film and the
subphase, was first analyzed by Harkins and Kirkwood!?
with details provided by Hansen.'? In this paper we discuss a
modern relative of these earlier studies. In particular, we
present an exact solution for the velocity fields in the mono-
layer and subphase liquids for a recent laboratory experiment
described by Schwartz et al.,4 which involves pressure-
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driven channel flow of a monolayer over a subphase of finite
depth and infinite horizontal extent. We suggest that this ana-
lytical solution may be used to determine the effective vis-
cosity of the film, the subphase layer thickness, or the vis-
cosity of the subphase liquid. As we shall see, however, for
typical material properties and experimental configurations
the subphase resistance is dominant and the extraction of the
surface viscosity from experimental measurements is very
sensitive to small variations in the data.

In the classical canal surface viscometer, there is a nar-
row fluid-filled channel on which a monolayer is floated and
forced to flow by applying a surface pressure gradient, ™!
Experimental measurements verifying the original theory of
Harkins and Kirkwood were apparently first reported only
recently by Sacchetti et al.® An alternative, boundary-driven
version of the canal viscometer, utilizing a Couette arrange-
ment, was analyzed and implemented by Mannheimer and
Schecter' and is discussed further by Edwards et al.’

Using a variant of the original canal surface viscometer,
Schwartz er al.* recently reported experimental measure-
ments for the monolayer velocity profiles in the channel flow

Barrier floating on surface
Moving barrier creates surface flow.

FIG. 1. The channel flow experiment of Schwartz et al.* A monolayer that
exists in the two-phase (liquid-expanded/liquid-condensed) region is forced
by a surface pressure gradient to flow through a channel that lies on the
surface. The subphase is therefore forced to move also.

© 1995 American Institute of Physics 2931

Downloaded 02 Aug 2002 to 131.111.145.33. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



of liquid monomolecular films set into motion by applying a
surface pressure gradient. Unlike the original canal surface
viscometer, the subphase liquid is not confined to a narrow
channel but rather is contained in a trough much wider than
the surface channel (see figure 1). The fluid motion in this
flow apparatus is the subject of this paper. It should also be
noted that in the experiments of Schwartz et al. the mono-
layer existed in the two-phase region with one phase broken
into a large number of separate domains each of which is
surrounded by the second continuous phase. The monolayer
flow was observed by simply following the motion of one of
the domains. Thus, for this phase-separated state we treat the
monolayer as a distinct fluid phase with an effective New-
tonian viscosity and assume a surface pressure-driven flow
with constant pressure gradient (throughout the channel the
surface pressure is such that the system remains in the two-
phase region).

The simplest description of the fluid dynamics of a sur-
face film treats it as a Newtonian fluid with a surface viscos-
ity my=pmmh, where w,, is the equivalent shear viscosity of
the bulk membrane material and % is the (average) film
thickness. When the surface film overlays a Newtonian fluid
of viscosity u, motions in the two layers are coupled and
may be characterized by the dimensionless ratio

Mmh s
Here R is the characteristic length scale of the flow which is
simply the channel width for the canal surface experiments.
Schwartz et al.* demonstrate that the observed unidirectional
surface pressure-driven monolayer velocity profiles, v ,(x),
for the apparatus shown in Figure 1, agree with a theoretical
calculation based upon the limit that the drag provided by the
subphase liquid exerts the dominant resistance to flow,
A>1:

R R
J (1)

X
Um(-x)OC 1_(E) . (2)

This elliptic velocity profile is broader and blunter than
the parabolic Poiseuille profile which would be otherwise
expected if the pressure-driven monolayer motion were inde-
pendent of the subphase. This example clearly illustrates the
significant dynamical influence of the fluid surrounding the
membrane. The hydrodynamic influence of the subphase
fluid had been discussed previously by Saffman® and Hughes
et al.® in studies of the Brownian motion of protein mol-
ecules confined to bilayers, by Klinger and McConnell"” in a
study of the Brownian motion of lipid domains at the air-
water interface, and by Stone and McConnell® in a study of
shape instabilities of lipid domains.

In this paper we analyze as a function of the viscosity
ratio parameter A the velocity fields for the channel flow
apparatus shown in Figure 1. In Sec. II the governing equa-
tions for the subphase and surface monolayer are presented.
The unidirectional velocity fields are represented using Fou-
rier cosine integrals. A system of dual integral equations is
derived, recast into a form involving Bessel functions ker-
nels, and solved numerically. Thus, the velocity fields
throughout the system are established. A simple analytical
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result valid for thin sublayers is given in Sec. IIL In Sec. IV,
the monolayer velocity profiles are studied as a function of
the dimensionless subphase depth and A. Finally, in Sec. V
some implications for laboratory experiments are discussed.

l. PROBLEM STATEMENT AND SOLUTION

Consider the channel flow geometry illustrated in Figure
1. In the experiments described by Schwartz ef al.* the chan-
nel was about 1 cm in length and 300 wm in width. A mono-
layer resided on the surface of a water layer which was 3—4
mm in depth. The monolayer existed in the so-called liquid
expanded—liquid condensed region so that the surface film
actually consisted of domains of higher surfactant concentra-
tion (liquid condensed) in a continuum of lower surfactant
concentration (liquid expanded). The monomolecular film
was forced by a surface pressure gradient (magnitude less
than 107° mN/cm) to flow slowly; typical velocities were
smaller than u,= 0(200— 300) um/sec. The surface velocity
profiles measured by Schwartz er al. were independent of the
area fraction of the liquid condensed domains.

Denote the cross-channel direction as x, the axial chan-
nel direction as y, and the vertical direction into the sub-
phase as z. The channel width is denoted by 2R and the
subphase, with depth H, is assumed to be unbounded in the
x-direction. In the classical canal apparatus geometries the
channel boundaries extended throughout the entire depth of
the subphase. The viscosity of the (Newtonian) surface film
is denoted u,,, while the shear viscosity of the subphase
liquid is denoted x with the associated kinematic viscosity
denoted v. Motion of the surface film and subphase are
coupled owing to viscous stresses exerted across the inter-
face. The combined surface pressure-driven fluid motion is
thus somewhat more complicated than the textbook ex-
amples of single-phase Poiseuille flow in a pipe or channel,
which is obtained here in the limit of vanishing subphase
viscosity. Nevertheless, as we shall now see, a relatively
simple description of the entire flow field is possible.

A. Reduction to dual integral equations

The governing equations for the subphase fluid are the
Navier-Stokes equations while the planar monolayer is de-
scribed by a modified version of the Navier-Stokes equations
which accounts for the viscous coupling of the surface film
and subphase.™'? Away from the channel entrance and exit,
we assume that the surface pressure gradient is constant in
the y-direction and that the flow is steady and unidirectional.
Thus, we seek a surface layer flow u,(x)=uv,(x)e,
and a unidirectional two-dimensional sublayer flow
u(x)=v(x,z)e, (a subscript m is used to distinguish mono-
layer properties). Consequently, the nonlinear convective
terms in the equations of motion are identically zero and the
solution we construct below is therefore an exact solution to
the Navier-Stokes equations for the given boundary forcings.
For possibly more complicated surface film motions, we note
that the Reynolds number characterizing the flow is small,
u .RlIv=0( 10'2), so that viscous effects dominate every-
where and the linear equations solved here are the appropri-
ate starting point.
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We begin with the sublayer flow which is surface driven
and invariant in the y-direction, hence satisfies V2u=0. As
there is a plane of symmetry v(x,z)=v{(—x,z), and the
sublayer is unbounded in the x-direction, a Fourier cosine
representation of the velocity field is appropriate. In order to
satisfy the no-slip condition on the lower boundary
v{x,H)=0, we may take v(x,z) to have the form

(= sinh[k(H—z)]
U(x’:)_fo A(k) cosh(kH)

where A (k) is to be determined. For |x|> R, the no-slip con-
dition on the upper surface, v(x,0) =0, must be satisfied.

The monolayer is assumed to remain planar and is mod-
eled as a separate three-dimensional planar viscous Newton-
ian fluid phase of constant thickness h.® There is a constant
surface  pressure  gradient, dp, /dy= (1/h)(dIl/dy)
= constant where Il is the usual surface pressure measured
in a Langmuir trough; for flow in the positive y-direction,
dT1/dy <0. The surface film experiences an additional body
force owing to the molecular structure resisting out-of-plane
distortions. This additional force, exerted by the subphase
motion, is distributed throughout the layer thickness 4 and is
equal to (u/h)(dv/dz)|,=. Thus, the membrane velocity
v,,(x) satisfies the ordinary differential equation

os(kx)dk, (3)

d’v,, 1dIl pov
—_——— =] _a= <R.
Hm dxj h dy + h (9Z|g-0 0 for |.X‘ R (4)

The surface viscosity u,, which is often used to describe
monolayers, is given in our notation as p;= y,h.

Continuity of velocity at the monolayer-subphase inter-
face requires that

Up(x)=v(x,0)= ij(k)tanh(kH)cos(kx)dk. (5)
0

Substituting (5) into (4) and using (3) to evaluate the addi-
tional surface force term we arrive at

x /.Lk

f A(k)[kz,umtanh(kH)+ W cos(kx)dk

0
__ldl fi <R 6
“Tnid or |x . (6)

For |x|>R, no-slip on the upper apparatus boundary requires
f A(k)tanh(kH)cos(kx)dk=0 for [x|>R. )
0

We thus have a system of dual integral equations (6 and
7) for the unknown function A(k). It is convenient to scale
all lengths by R, let x=x/R, s=kR and define

R3

k)=A il 8
A(k)= (s);,,,—hd—y' (8)

Therefore, the function A(s) is defined in terms of the dual
integral equations
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f:ﬁ(s)[stanh(sH/R) + A]scos(sx)ds

=—1 for |x|<I, )

f:fi(s)tanh(sH/R)cos(s,\?)a's=0 for |x|>1, (10)

where A is given by equation (1) and denotes an effective
viscosity contrast between the surface layer and subphase.

The mathematical problem has been reduced to solving
for A(s) from which the velocity profiles can be determined.
The two dimensionless parameters that appear are A and
H/R. Typical values of the material properties are
u=10"2 gr/cm-sec and u,= 1073—10"7 gr/sec, while
R~150 um so that A=0(10— 10*); for narrow channels
A=0(1) is possible.

B. Solution of the dual integral equations

Dual integral equations with trigonometric kernels are
discussed by Sneddon'® (Sec. 4.5). Here we have found it
convenient to use an analytical approach due to Tranter.'18
To begin with, since

2
J_1plsx)= \/—ﬂ-_;;cos(si) (11)

where J_, is the Bessel function, then (9) and (10) may be
written

J‘ A(s)s¥stanh(sH/R)+ A)J _o(sx)ds
0

2 -
=—\/— for |x|<1, (12)
mx

fA(s)s”ztanh(sH/R)J_m(sf)ds=0 for |¥|>1. (13)
0

Tranter'® (Chapter 8) describes a straightforward procedure
for constructing analytical solutions to this form of dual in-
tegral equations with Bessel function kernels. The solution
method is motivated by the identity (the Weber-Schafheitlin
discontinuous integral)

fSI_BJZm—(1/2)+ﬂ(S)J-1/2(Sf)d5=O for ¥>1(8>0),
0
(14)

which suggests that we may automatically satisfy equation
(13) by representing the unknown function A(s) as the series

A(S)S”ztanh(SH/R)=Sl—ﬂ2 Ay 2m—(12)+ (). (15)
m=0

The constant 8 may be chosen later to simplify evaluation of
integrals which appear below. Tranter’s procedure is to sub-
stitute  (15) into (12), multiply both sides by
21 -3)F 7 (B—1.5x%), where .7, is a Jacobi poly-
nomial, integrate both sides from x=0 to 1, and then use the
two identities (take v=—1/2):
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s Pl o+ e p(s)

= I(pvtnt1) e =2\ 41
_2;3—11“(1;+1)F(n+,3) ()x (1=+5

XFZ B+ v, v+ 155D (sX)dx (16)

and
1
fo 2 1=)P L # (B v, v+ 1;7))dx

_T(v+1)T(B)
=T (vt B 1) don- a7

We thus arrive at an infinite linear system of equations
for the constants a,, :

> ay, G(s;AHIR)s 2P 5 (11214 5(5)
m=0 0

20 -5
XJon—(172)+g(s)ds=— T+ (172) n=0,1,2,...
(18)
where
G(s;A,H/R)=s(s+ Acoth(sH/R)). (19)

The constant 8 is chosen in order to guarantee convergence
of the integrals in (18) and so we take =2 for the numeri-
cal calculations reported here. All numerical calculations are
performed in double precision. The integrals in (18), which
involve products of Bessel functions, are evaluated using the
numerical routines developed and described by Lucas.'® The
a,, are then determined by truncating (18) at N terms and
solving the NXN linear system using the IMSL routine
DLSARG. Typically N=11 terms in the equations are re-
tained; numerical calculations with more terms demonstrate
that the results presented here are accurate to within a few
percent. In the integration routines, the absolute and relative
error bounds are set at 10™% and 1078, respectively.

Once the a,, are determined, A(k) is known from (8)
and (15), and the velocity fields may be calculated using
equations (3) and (5). For example, with 8=2,

Um(X)
ol
smh) \ dy

Hmh

w©
xR
=—2 a, s_3/212m+(3/2)(S)Cos(si)ds
m=0 0

for |x|<1. (20)

The centerline velocity v,,(0) may be evaluated explicitly as
(Gradshteyn and Ryzhik,? p. 684, equation 6.561.14)

on(0) T(m+ (1/2))
(Rf)(dn)“,,,zfoam mr Dl @1)
N umh)\dy

where I' is the Gamma function. Evaluation of the velocity
fields, e.g. (20) with (11), also requires integrations which
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involve products of Bessel functions. Although some analyti-
cal simplification is possible in terms of a reduction to a
series of hypergeometric functions, it is simpler numerically
to evaluate the original integrals directly.

The limit of an infinitely deep subphase is obtained by
letting H/R—o which corresponds to setting the hyperbolic
tangent terms to unity. In practice, the effect of H/R is sig-
nificant for H/R<1 as the numerical calculations in Sec. IV
demonstrate.

lll. THIN SUBLAYERS

In the thin sublayer limit, H/R<1, we expect that the
viscous coupling experienced by the surface film is given by
assuming that the sublayer flow is very nearly a linear shear
flow.’ Thus, &v/az|z=0~ —v,(x)/H and so equation (4) be-

comes
v, u 141
Em i T RECTR dy (22)

The solution to this equation which satisfies the boundary
conditions is

AR x
cosh _——
H dIl H R (H )
Vpx)=———| | ————— —<€1}. (23)
" u dy AR R
cosh —
- H -

We shall see in Sec. IV by direct comparison with the
exact solution that in practice the above approximation is
quite useful provided H/R<1.

IV. RESULTS

We begin by noting that two simple limits exist, as men-
tioned by Schwartz et al.* For the case that A <1, the mono-
layer provides the primary resistance to flow and the velocity
profile is clearly a two-dimensional Poiseuille channel flow:

Um(x) 2
W—l—(ﬁ) (A<1). (24)

On the other hand, for A>1, the subphase provides the
dominant resistance to flow and the velocity profile has the
distinctive elliptic form given explicitly by

Um(x) (x)z A
E— 1— E (A>1). (25)

wody
A derivation of this result utilizing the dual integral equation
approach of Sec. II is given in the Appendix. Schwartz et al.
present experimental results that are in excellent agreement
with (25). We also note that in the limit A> 1, the boundary
value problem reduces to VZy =0 with dv/dz=constant on
z=0,jx|<1 with v=0 on z=0,|x|>1. This problem is
equivalent to that of potential (ideal) fluid flow through a slit
which has been studied by Hasimoto?' and for which the
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FIG. 2. Monolayer velocity profiles as a function of A; H/R=100. The
square symbols correspond to the Poiseuille profile, equation (24), and the
dashed curve is the square root profile, equation (25).

velocity profile in the plane of the slit corresponds to (25).
(We thank Professor A. Acrivos for pointing out this anal-
ogy.)

In figure 2 we show the monolayer velocity profiles
v,(x) as a function of A for H/R= 100 which corresponds
to a very deep subphase. Each of the curves is normalized
with respect to the centerline velocity v,,(0). Also shown in
the figure are the limits of a two-dimensional Poiseuille
channel flow, equation (24), denoted by the square symbols,
and the square root velocity profile, equation (25), repre-
sented by the dashed curve. As A increases we span behavior
from the Poiseuille profile to the square root profile. The
effect of increasing the viscosity of the subphase, i.e. larger
values of A, leads to a broadening and blunting of the ve-
locity profile. The results indicate that at x=0.75 the veloc-
ity, relative to the centerline velocity, is increased by nearly
50 percent as A increases from 1072 to 102

An effect of increasing A for a fixed value of the sub-
phase depth and applied surface pressure gradient dI1/dy is
to substantially decrease the magnitudes of the monolayer
velocities. This effect is shown by the solid curves in figure 3
where the centerline velocity v,,(0) is given as a function of
A and H/R. The dashed curve is a prediction from the thin
sublayer analysis (23). As A increases from 1 to 107, the

v.(0) -1.4
‘0 —
“FEo
p.h dy

-2 -1.2 0.4 0.4 1.2 2
loge A

FIG. 3. Centerline velocity as a function of A and H/R. The dashed curve
is calculated using (23).
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FIG. 4. Monolayer velocity profile as a function of H/R; A =1. The dashed
curve is the square root velocity profile representative of the limit A> 1. The
square symbols are the predictions of the thin layer analysis (23) for
H/R=1.

centerline velocity drops by a comparable factor of 100,
which clearly illustrates the large and dominant resistance
offered by the subphase; for A>0(1) the velocities de-
crease as O(A ~!). We also observe that the effect of varying
the depth of the sublayer becomes noticeable when H/R
=< 5. For A>0(1), decreasing H/R from 1.0 to 0.3 de-
creases the centerline velocity by more than a factor of two.
For even thinner sublayers the velocities decrease as
O(H/R) owing to the large viscous stresses in the thin sub-
phase. As illustrated in figure 3 by the dashed curve, the
simple prediction given by (23) is in excellent agreement
with the numerical results for H/R=10.3 though for A>10
and H/R=1 (not shown), the thin layer approximation devi-
ates by more than 25% from the numerical results. For
A<O0(107"), changing H/R has only a small effect for the
range of values considered since the monolayer properties
control the resistance.

In figure 4 we investigate the effect on the monolayer
velocity profile caused by changing the sublayer depth for
fixed material properties (A=1). For H/R>1, the velocity
profile is practically unchanged. As H/R decreases below
unity, the velocity profile broadens (and the typical speeds
decrease as illustrated in figure 3). The effect of decreasing
H/R is not equivalent, however, to simply increasing A since
the velocity profile is not identical to the square root velocity
profile, equation (25), obtained in the limit A> 1 and shown
as the dashed curve in the figure. In fact, for H/R<1, the
velocity profile becomes almost uniform across the channel
and the centerline velocity (scaled by (d11/dy)R?/u,,h) has
magnitude O(A ™ 'H/R) as may be obtained from (23). Also,
in figure 4 the detailed predictions of the thin layer analysis
(23) are shown for H/R=1 by the square symbols and are in
excellent agreement with the numerical resuits. This agree-
ment becomes less good as A increases since more of the
sublayer fluid, away from the channel region, flows owing to
viscous stresses.

V. DISCUSSION

The principal contribution of this research is an exact
solution for the unidirectional velocity fields consistent with
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FIG. 5. The normalized monolayer velocity at x=10.8 (solid curve) and at
x=0.6 (dashed curve) as a function of A; H/R=1.

the channel flow apparatus described by Schwartz et al.* It is
apparent from the numerical results presented in Sec. IV that
a parabolic monolayer velocity profile is obtained provided
A=<0(107") and H/R=O(1). The square root velocity
profile, equation (25), characteristic of the dominant resis-
tance originating in the subphase is expected for
A>0(10%) for H/R=O(1). For thin sublayers,
H/R<0.05, the monolayer velocity profile becomes more
uniform and, at least in a qualitative sense, behaves similar
to a more viscous subphase.

Finally, we should like to address the use of these results
for determining the effective surface viscosity of a mono-
layer from a series of experimental measurements of the sur-
face velocity profile. The numerical results suggest that such
a measurement is susceptible to small measurement errors
for large A since there is little difference between the square
root profile (25), which is independent of u,, and the results
for A>0(10%), at least for H/R>1 (e.g. figure 2). For such
cases only an order-of-magnitude estimate of the surface vis-
cosity will be possible.

However, for A<{10, it seems possible to determine a
reliable value for u, provided the subphase viscosity u and
channel width R are known and H/R> 1. For example, the
velocity, normalized to the centerline velocity, at a given
x-position, is a unique function of A for a given H/R. In
figure 5, we thus plot with a solid curve v,,(0.8)/v,,(0) ver-
sus A for H/R= 1. For comparison, v,,(0.6)/v,(0) is shown
with a dashed curve. Results calculated for H/R =100 differ
by about two percent.

One way to use the numerical results is to measure
v,,(0.8)/v,,(0) and obtain from the curve in Figure 5 the
corresponding value of A (the normalized velocity at any
other x-location could be measured instead; the author will
happily make available the computer programs which per-
form the desired calculations). The surface viscosity follows
from ;= u,h=uR/A. As an example, we can examine the
data reported by Schwartz eral*® who measured
v,,(0.8)/v,,(0)=0.60, which corresponds to A=200. Al-
though this value of A is in the range where small measure-
ment uncertainty produces significant errors in u,, we may
nonetheless estimate u,=8X 10~ "gm/sec, which is about 10
times smaller than the value estimated by Schwartz er al.
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APPENDIX: THE LIMIT A>1

In the limit A> 1, the subphase exerts the dominant re-
sistance to motion of the monolayer. Thus, at leading order,
in equation (4) we neglect the w,V?u,, term. We are thus
dealing with a singular perturbation problem which gives
rise to narrow boundary layers” O(RA ~%3) in the neighbor-
hood of the channel boundaries at x=*R. We will, how-
ever, be satisfied with deriving the leading order solution
valid throughout the majority of the channel. Also, we will
only consider the deep channel limit H/R— .

Neglecting the monolayers’ viscous contribution and
taking H/R—, the Fourier cosine transform solution out-
lined in Sec. II B, equations (12)—(13), leads to the dual
integral equations

©_ _ 1 2
f A(s)s*PI_ p(sX)ds=— — \/ —
0 AN gz

fﬁ(s)s”z.l_ 12(sx¥)ds=0 for |x|>1. (A2)
0

for [|<1, (Al

We seek a solution

x

/i(s)=5(1/2)_ﬁmz=o Amlam- (112) +8(s)  (B>0), (A3)

and by following the steps described in Sec. II B obtain the
linear system of equations

> a, Sz_wfzm—(1/2)+5(5)-]2n—(1/2)+3(S)ds
m=0 0

2(1/2)“ﬁ50"
= T AT(B+ 1/2)

If we choose 8=3/2 the integral on the left may be evaluated
t:xactly18

n=0,12. (A4)

fo S—1J2m+I(S)JZn+l(s)ds=(4n+2)_lgmn’ (AS)
and so we find

—— and q,=0 for n=1.

ap= A (A6)
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Finally, evaluating the velocity field we have (see for ex-
ample Watson**)

U,,,(.X) _ > * -1
R 4l mZzo W | S Jom+1(8)
Mmh dy

Xcos(sx)ds for |x|<1, (A7)

- 1
- _ 1=
mE=0 Am s ¥ 1° os((2m+1)sin™ 'X)

(A8)
=—aqgJ1—%° (A9)
or
Om(x) 1_({) (A10)
R dIl R

uody
as given in equation (25) and stated by Schwartz et al.* As
mentioned earlier this mathematical problem corresponds to
the potential flow through a slit geometry whose solution
using complex variable methods is summarized by
Hasimoto.”!

Finally, we note that it is also possible to argue that for
A<1 the dual integral equation formulation leads to the
Poiseuille profile (24). Set A=0 in equation (18) and con-
sider the deep subphase limit H/R—<. Taking =2 the in-
tegrals can be evaluated analytically and the velocity profile
can be written as a hypergeometric series which truncates
after the second term to give a Poiseuille profile.
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