Available online at www.sciencedirect.com

d JOURNAL OF
sc|ENcECDIRECT Colloid and
Interface Science

. &5
ELSEVIER Journal of Colloid and Interface Science 276 (2004) 420-438

www.elsevier.com/locate/jcis

Foam drainage on the microscale
|. Modeling flow through single Plateau borders

S.A. Koehler*, S. Hilgenfeldf, H.A. Ston€

@ Physics Department, Emory University, Atlanta, GA 303022, USA
b Faculty of Applied Physics, University of Twente, PO Box 217, 7500 AE Enschede, The Netherlands
C Division of Engineering and Applied Sciences, Harvard University, Cambridge, MA 02138, USA

Received 14 July 2003; accepted 20 December 2003
Available online 15 June 2004

Abstract

The drainage of liquid through a foam involves flow in channels, also called Plateau borders, which generally are long and slender. We
model this flow by assuming the flow is unidirectional, the shear istense to the flow direction, and the liquid/gas interfaces are mobile
and characterized by a Newtonian surface viscosity, which does not depend on the shear rate. Numerical finite difference simulations ar
performed, and analytical approximations for the velocity fields inside the channels and the films that separate the bubbles are given. W
compare the liquid flow rates through interior channels, exterior channels (i.e., channels contacting container walls) and films. We find
that when the number of exterior channels is comparable to the number of interior channels, i.e., narrow container geometries, the exteric
channels can significantly affect the dynamics of the drainage process. Even for highly mobile interfaces, the films do not significantly
contribute to the drainage process, unless the amount of liquid in the films is within a factor of ten of the amount of liquid in the channels.
0 2004 Elsevier Inc. All rights reserved.
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1. Introduction previous work[6,7] focusing on the influence of surface
shear viscosity by presenting both numerical and analytical
Foams have numerous applications in the food, construc-models for the manner in which surface shear ViSCOSity im-
tion and chemical industries, and their properties frequently pacts drainage rates in the long slender channels, or Plateau
are of interest to chemists, engineers, mathematicians andorders, that form the interconnected fluid network of a
physicists[1-5]. To better understand fundamental mecha- foam. In a similar spirit, we model the flow through the
nisms that influence the processing steps of foamed mate-hin films that separate the bubbles. While several simplifi-
rials, as well as to potentially suggest new uses of foams, cations are necessary to obtain a tractable model, we seek to
requires a more complete description of the flow behav- understand foam drainage on the microscale by providing a
ior at both the microscopic and macroscopic scales; not detailed description of the effects of interfacial mobility and
surprisingly, the latter depends on the former. Such inves- film thickness. As experiments on the micro-scale become
tigations naturally offer ingjht into fundamental questions more sophisticated, the assumptions made in these models
concerning the flow, rheology, and response of other com- can be checked and refined. We refer to the studies at the
plex liquids (e.g., emulsions, colloids, suspensions, surfac-scale of a single channel ascroscopi¢which is to be con-
tant solutions, etc.). One aspect of the dynamics of foamstrasted withmacroscopiaescriptions at the scale of at least
concerns drainage, which refers to the motion of liquid rel- several bubbles.
ative to the bubbles that make up the foam. Here we extend |n recent years, there have been many studies of the foam
drainage process. A wide variety of questions have been
mspon ding author. asked including characterizindifferent types of drainage
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of container shapgl3], the influence of bubble size on face viscosity. Later Desai and Kumar developed analytical
drainage[14,15], the impact of different surfactants on the approximations for the microscopic model introduced by
drainage procesfl6,17] and the influence of suspended Leonard and Lemlich and coraped this model with mea-
polymers in the foam solutiofil8]. The thickness varia-  surements of the average velocity of liquid draining through
tions of the films that separate bubbles have been investi-a foam[24]. Recently Nguyen improved on the numerical
gated[15], possibly suggesting that these films may play an calculations of Leonard and Lemlich and numerically de-
important role in foam drainaggel9,20] In several cases, termined correlations between the surface viscosity and the
guantitative comparisons have been made between the reflow velocity [7]. In this work, we extend the basic micro-
sults of macroscopic experiments and corresponding macro-scopic model in several ways: (i) we consider flow through
scopic, mean-field, drainage models. Often the agreement isexterior channels (at the container wall), (ii) we consider
reasonable, but quantitative discrepancies, both within theflows through films, (iii) we fi scaling behavior for the
results from a given laboratory as well as between different flows, (iv) we provide analytical formulas for the flow rates,
laboratories performing similar experiments, have encour- and (v) we compare the flow rates through exterior chan-
aged attempts for more rational modeling by more closely nels and films with that of interior channels. This treatment
examining the microscopic assumptions that form the basisof foam drainage on the micro scale should prove useful for
of the macroscopic models. The flow behavior of the lig- understanding and further developing more realistic models
uid/gas interface of the bubbles in a foam appears to play of foam drainage on both the microscopic and the macro-
a prominent role and hence wesent a theoretical study scopic scales.

(Part 1) and experimental investigations (Part 2) at the scale

of a single Plateau border with the aim of providing more

insight into one aspect of the potential role of interfacial rhe- 2. Geometry of interior and exterior channelsand films
ology.

Although it has been known for several decades that sur- Foams are composed of gas and a small volume of liquid
factants affect many properties of foams, only recently has that separates the bubbles. A useful geometric idealization is
there been research that strongly suggestsrtti@oscopic to consider the foam composeflidentical tetrakaidecahe-
mechanisms may influenaeacroscopicdrainage rates in  dral bubbles as shown IFig. 13 along with its surrounding
foams. Most experiments have been performed with low lig- channels and nodes. We shall consider foams with low lig-
uid volume fractions where most of the liquid exists in the uid volume fractiong < 0.05, where the channels are long
narrow Plateau borders which are connected, via nodes, toand slender. We denote the channel lengtiibwhich also
form a network through which fluid flows owing to gravity sets the scale of the lateral dimensions of the films. In this
and capillary action. Thus, the idea of channel-dominated paper, we will focus on the fluid dynamics of two simpler
[21] as contrasted with node-dominatddl] drainage was  elements of the continuous phase, which are the films and
suggested as a way to explain different types of observedthe channels, and do not consider the nodes, which are the
foam drainage behavior. Durand et §16] showed that intersections of four channels and have flow that is far from
both limits were accessible imé same experimental con- unidirectional.
figuration by changing the amount of dodecanol in an SDS  Foams are often inside of containers, and therefore it
surfactant solution, which is known to strongly influence the is necessary to distinguish betwegntterior and exterior
interfacial rheology. Furthemore they showed that macro- channels as distinct pathways firainage. Interior channels
scopic drainage rates were influenced in a manner consistenare the interstitial regions between three touching bubbles
with the channel-dominated versus node-dominated para-as shown inFig. 1b whereas exterior bubbles are the re-
digm. To further investigate the dependence of the interfacial gions between two touching bubbles and a container wall, as
rheology on the macroscopic dnage rates, Koehler et al.  shown inFig. 1c The container wall is treated as flat. For
[17] used confocal microscopy to directly measure the ve- small foam containers, the relative number of exterior and
locity profiles in individual Plateau borders. The velocity interior channels is significanand macroscopic drainage
profiles found for foams stabilized by small molecule sur- experiments have been performed indicating that container
factants differed from foamstabilized by high molecular  size can affect foam drainag@5].
weight surfactants. These studies of the rheological impact We are interested in calculating the flow through chan-
of the surfactants used to make the foam are consistent withnels and providing estimates of flows through films, which
studies showing the influence of surfactants on the inter- in turn depend on the cross-sectional areas of these different
facial mobility of isolated soap films suspended on wire geometric elements. The natural length scale for channels
frames[22]. is the transverse radius of curvature, or more precisely the

An important step in the microscopic modeling of the radius of curvature of the section across the channel’s mid-
rheological impact of the stactant in a foam was made dle, which we shall denote by. As shown inFig. 2, the
by Leonard and Lemlich6,23], who developed a micro- edges of the channels are connected to the edges of the films,
scopic model for uniaxial flow through channels based upon of half-thicknessw, and when the films are thin, the domi-
velocity gradients transverse to the flow direction and sur- nant contribution to the channel’s cross-sectional area comes
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Fig. 1. (a) Drawing of a tetrakaidecahedral cell, agaiized bubble in a foam with liquid volume fractier= 0.005 (courtesy of A. Kraynik). The bubble has

14 films, 12 nodes and 36 channels that have leigttb) Sketch of an interior channel (solid lines), which is the interstitial space between three neighboring
bubbles and has radius of curvatureThe dotted lines indicate the three films separating theetbubbles. (c) Sketch of an exterior channel, which is the
interstitial space between two neighboring bubbles and the containerWaalldotted line indicates the film, and the dashed line with dots indithtes
container wall.

from a. We assume that the film thickness does not vary 8 —— by
much, due to capillary forces within the film that tend to uni- —
formly distribute liquid and remove curvature on the films. .
The half-width of the film is denoted b (w < H), which o2r e
depends on the number of sides of the film and the channel < o |: ------- AMiors R TP R ETERTTEE Izw
length L. For example a hexagonal film has a full-width of - -
about 24 ~ 2./3L, depending on the orientation for a reg- 25 1 2
ular hexagonal face, whereas for a square fages2L. For xH
the purposes of providing upper bounds on the flow through ow
thin films the approximatio/ ~ L is adequate. osl B N

The symmetry units of the three geometric elements un- s ,./',.' ,.-'
der consideration are indicated by the shaded regions of - ...\5"".‘ :
Fig. 2 The cross-sectional areas of the symmetry units for = © E'..:_',: .o |
the films, interior channels and exterior channels are e T \

0.5 \.";5

Afilm (wv H) = va (1a) m m
Aint(w; a) = (V3(a + w)* — wa®/2) /6, (1b) X/a x/a
Aext(w; a) = (a + w)z - 7”12/4- (1c) Fig. 2. The cross-section of (a) a film, where the film half thickness is

F ligible fil hick h | w = 0.1H (notdrawn to scale), (b) an interior channel and (c) an exterior
or negligible film thicknessesy < a, the total cross- channel, wherav = 0.1a. The shaded regions are symmetry units, which

sectional area of the exterior channeki®.43¢2, and the have dimensional areay,, Aint and Aext for the films, interior, and ex-
total cross-sectional area of the interior channet@s1642, terior channels respectively. The dashed lines show the symmetry of the
which is a noteworthy difference for small containers where Velocity fields where the shear stees are zero, the solid lines show the
the number of exterior channels is significant. As we show rigid boundaries, and the dashed lines with dots show the free surfaces. The
| ins . 5.2the i h h e h arrows indicate the daction of the unit normag, which is directed out-
ater in Section 5.2the flow ra.te t rougn an exterior C' an-' ward, and the tangems at the liquid/gas interface.

nel can be as large as seven times the flow rate of an interior

channel of equivalent width.

The geometry of the elements varies with the liquid vol-
ume fraction, and if the contribution of the films is included,
the liquid volume fraction of an idealized Kelvin foam can
be approximated bj26]

3. Governing equations

In order to describe flow in channels, we make use of the
assumptions originally proposed by Leonard and Lemlich
[6], which are in agreement with experimental observations

a\2 a\3 w of velocity profiles across single channglg]. At low liquid
€~ 0.171(—) + 0.20(—) + 2.4(—). (2) volume fractionsg < 0.05, the channels are long and slen-

L L L der, so neglecting axial variations is expected to be a very
The second term is the contribution of the nodes to the liquid good assumption. Furthermore we limit the description of
volume, and often has been neglecfgd], which is valid the velocity distribution to a purely axial flow so the liquid
provideda « L. The last term is the contribution from the velocity depends only on the position within the channel's
films, and has generally also been neglected, which is valid cross section. Second, we assume that the interfacial rheol-
provided thatw <« 10~ 1a?/L [15]. ogy is entirely determined by a Newtonian surface viscosity,
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and neglect other effects such as Marangoni forces due toThe boundary conditions on the fldar the interior channel

variations in the surfactanibacentration at the interfaces.

Third, we assume that the velocity is close to zero where 9

the channel merges into the filf@8]. Finally, we assume

that the flow is viscously dominated so that Stokes equa-

tions can be used. We align theaxis with the direction
of the flow, and denote the angle to the verticalthywith

0 < 0 < /2. Because the flow is essentially unidirectional
through the channels, the axial (scalar) velogityside the
Plateau border is related to the driving forcg,by

uV2u+G=0 whereG = —03p/dz+ pgCosd, (3)

wherep is the liquid pressurey is the bulk viscosity angg

is the gravitational force per unit volume. The choice for the
direction of thez axis is axially along the direction of flow,
with the z axis pointing downward at an angle éfto the

vertical. Since the cross-sectional area does not vary signif-

icantly in the flow direction, capillary forces, which depend
on the curvature of the liquidas interface, are negligible

are[29]

M _0 atjy=0, for0< i <1+ w)//3, (62)
dii i i ~

8_=0 aty =14 w — V3%, (6b)
n

u=0 atx=0, forO<y<w, (6¢)

3\? it
T =M aty = him(F; W), for 0< 5 <1/2,
as on
where
m=" (6d)
s

The surface velocity is explicitly denoted ag(x) =

u(x, hint(x; w)). The first two conditions indicate symme-
try of the flow across the boundaries on the bottom and right
side, respectively. The third boundary condition is the as-
sumption that the velocity is zero at the edge of the Plateau

and we can assume that the driving force for the flow is also border, where the film is connected, and will be discussed in

not changing significantly with.
In Fig. 2 the cross-sections of a film, interior and ex-

more detail below. The last conditigéc)is the coupling be-
tween surface and bulk layer, which is set by the interfacial

terior channels are drawn using a dimensionless Cartesiamrmobility A [30].

coordinate system. We defer the treatment of the films to

Appendix A and focus on the interior and exterior channels
drawn inFigs. 2b and 2cThe shaded regions Bfgs. 2b and

2c (also reproduced ifigs. 5 and Pare the symmetry units
of the interior and exterior channels, with the origin placed at

the corner to the left. The velocity fields are symmetric about o
the dashed lines, so the shearing stresses along the dashe;fth(x’ w) =

lines are zero. The characteristic length scale,iand the
characteristic velocity scale nanne= a2G /1. Quantities

rescaled by the channel’s radius of curvature carry the super-

script”, for example the film’s dimensionless half-thickness
is w = w/a. Thus we need to solve Poisson’s equation,
V2ii = —1, which requires numerical treatment owing to the

For the exterior channefig. 2¢ the boundaries are sim-
ilar to those of the interior channel, and the top boundary
is
y = hext(X; w) where

(1+w)—+/1-3%2 for0<i <1,
{(1+111) forl<xi<1+4w.
Also the Neumann (zero stress) boundary condition at the

right that is used for interior channels has been changed to a
Dirichlet (zero velocity) boundary condition

(7)

unusual geometries; however we present analytical approxi-and the boundary at the top supports no stress,

mations inSection 4

To describe the boundary conditions on the velocity fields
we define the normal and tangent vect&sande, respec-
tively, to a surface given by = i(x) (seeFig. 2),

1 /
& =—=(¢& —h'e,) and
V1+h?
1 /
€ = 7(%( +h ey), (4)
V1+h?

where primes denote differentiation with respectto

For the symmetry unit of the interior channel, $6g. 2h
the bottom boundary is gt= 0, and the top boundary, which
consists of a left and a right region, is at

y = hint(X; w) where
A+w)—/1-%2 for0<i<1/2,
1+ ) — /3%

for1/2< 5 < (1+ w)/V3.

()

hint(X; W) =

G=0 ati=1+w, ®)
.
M_0 atj=1+w. )
ay

Aside from the driving forceG, the dynamics for both in-
terior and exterior channels depend on the four parameters
with dimensionsus, i, w, a, which can be combined into
two dimensionless parameteké$ and w. We show below
that these two dimensionlesanameters can further be com-
bined into a single composite parametar,that describes
the dynamics.

A description of the flow in the films is far more compli-
cated. Unlike results for channdlk7] which show that the
flow is essentially unidirectional, experiments have shown
that for films there is substantial circulation. The flow along
the edges of films is typically upwards, whichagposite
to the flow in the channels and the middle of the films
where the direction of the flow is downward. These mo-
tions are likely due to Marangoni forces which generally
produce surface pressure gradients that oppose the flow.
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For obtaining estimates we apply the same treatment used
for channels for a simplified model of unidirectional flow
through films neglecting Marangoni forcesAppendix A
Including Marangoni forces for a more realistic scenario
should lead to an opposing secondary flow. Thus the sim-
plified model for films should prove useful for setting upper
bounds on the flow through films, which in turn sets upper
bounds on the possible contribution of films to the macro-
scopic drainage process.

4. Analytical and numerical results

The original numerical computation of the flow field in-
side a Plateau border with the realistic shape shown in
Fig. 2bwas performed by Leonard and Lemli§s], who
used a finite-difference approach and fully implemented all
of the boundary conditiong). Most importantly, the au-
thors recognized the potential importance of interfacial rhe-
ology, which they incorporated by accounting for the shear
viscosity of the surfactant layer. Nguyen recently reported
similar numerical work using improved numerical resolution
and also presented several correlations that fit the numericakig. 3. Numerically computed velocifjelds for (a) an interior channel and
results[7]. In Appendix B we present a convenient pro- (b) an exterior channel, for the case of semi-mobile interfatgs; 1 and
cedure app”cable for thin surface films for Converting the f-ilm-thickn(‘essﬁ; = O.-FOI’ semi-mobile interfgces, the |IC|LIId velocity at the
top-most boundary condition at the interface with the gas liquid/gas interface is comparable tiee maximum veloqty at the centgr

. of the Plateau border. Three evenly spaced contour lines are shown in the
phasey = h(x), into a Neumann (zero stress) boundary con- @, 5)-plane.
dition, while retaining the effect of interfacial shear in the
surfaces of the Plateau borders. This approach allows for
successful simulations of the flow using standard software
packages, such as MATLABrig. 3 shows calculations of 10°
the velocity fields of interior and exterior channels using this
procedure. In the following, the numerical results are com-
pared with asymptotic descriptions of the flow field that aid
in developing physical intuition for the ways in which sur-
face mobility impacts the bulk flow.

Before going into details a few general remarks should be
useful. From the standpoint of a mean field theory for macro-
scopic foam drainage, the quantity of interest is the average
liquid velocity in the channels, which depends on the interfa-
cial mobility, M, and the film thicknessp. Shown inFig. 4
is the dependence of the average dimensionless velocity of
interior and exterior channels on the interfacial mobility for
a variety of film thicknesses. The velocity fields monotoni-
cally increase with increasing interfacial mobility. However
for interior channels increasing the film thickness can either
increase or decrease the average velocity depending on the
interfacial mobility. In this section we develop analytical ar-
guments to describe the dependence of the velocityfon
andw. In particular we find that for both types of channels
there is a dimensionless parametee wa/(us + pw) =
M/(1+ M), which allows for rescaling of the average 10° 10° 10°
velocities for all the simulations onto master curves (see M
Fig. 12in Section 4.3. We discuss the physical meaning of g 4. The dependence of the average velocity on the interfacial mobility

this parameter and present analytical arguments for the ve-for (a) interior channels and (b) exterichannels with different edge thick-
locity profiles. nesses as indicated in the legends.

a) interior channel
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4.1. Anintegral method for establishing the variations in 01 a) 04 b)
surface velocity s e

Although the detglled velocny fields of the Pla_tea_u bor- % 02 _04 06 % 0z 04 08
ders require numerical calculation, certain quantitative and X X

qualitative features of the flow can be established using an _ . . ,

. . . Fig. 5. Schematic diagrams of the caitregion for calculating the force
elementary physical argument. This a_rgument is based Up_onoalance on an interior channel, whehe film thickness is zero. The shaded
a force balance for a control area, which involves the gravi- region is Asupp Whose “weight” is supported by shearing at (a) the left
tational force that drives the flow, and is opposed by shear edge, = 0 (and soAsupp= Aint), and (b) at the dashed ling,= 1/4.
stresses along the periphery of the control area that ariseThe arrow in (b) shows the orientation of the shearing plane at the left-
from both the rigid boundaries and the surfactant-laden in- hand boundary of the control area.
terfaces. The flow in channels is unidirectional, and we apply
the force balance to interior and exterior channels. An analo- componenty,
gous treatment for the idealized thin film problemis givenin _ _ .

Appendix A which provides an estimate of the upper bound #¥: ) = its (X) + i1 (X, ¥), (12)
for the volumetric flow through the films due to gravitation- where i1 (%, hint(%; w)) = 0. For a completely rigid inter-

ally driven drainage. face,M = 0, the surface velocity is zero anid is the fluid
_ _ o velocity that solveg3).
4.1.1. Asymptotic estimates for interior channels A simple expression for the surface velocity is obtained

Consider a control area for the cross section of an inte- py replacingi in (11) with (12),
rior channel with a certain film thickness. Two examples are o
shown by the shaded regionsfif. 5. Since the Reynolds - . hi”t(x;“’)aﬁl(i V)
number is small, the gravitational force on the fluid is bal- — = (Asupp(i; W) — / 7jdy’>
anced by shear stresses (both from the bulk and the surfacedx 0x
film) which act at the periphery of the control area. There
are non-zero shear stresses only at the left edge of the con- /(hint(f; W) + M), (13)
trol region, because of the symmetry condition on the flow
at the bottom and right sides, and at the curved interface
the shearing of the fluid against the gas inside the bubble is
negligible. Thus the “weight,” which is the area of shaded re-
gion, A~supp(5c; w), is supported by the shearing stress along
the left edge.

The area of the fluid inside the control area, extending
from some value oft to the edge on the righ = (1 +

y'=0

The height of the channels is smally(x; w) <« 1, be-
cause the films are thin, and so the dominant variations
of the internal velocity component are alofig making a
lubrication-theory approach useful (s@ection 4.2 The in-
ternal velocity component increases with increasingnd
neglecting it in(13)leads to an approximate equation for the
variations of the surface velocity that dependswrand the

w)//3, is shape of the Plateau border:
) (1+1)/v/3 d_l/z < MAsup;{i:ﬁ)z ' (14)
At = [ bt o) 4%~ 1H Mhin( )

For small values of, a good approximation for the shape
v~ariation is the~parabolic profilent(X; w) ~ w + £2/2, and
AsupgX; w) & Ajnt(w) [31].

ThenEgq. (14)simplifies to

X
The two-dimensional “weight” of this control area is entirely
supported by shearing &t which is the left side of the con-
trol region, and leads to the force balance

diig < AAint(w)

) ———— —wAx + (9(}5)3 where
3 b < U
AsupgX; w) = / (e - V)ii(x,y)dy' dx (;;r A%2/2)
- =1+ Mo 15
- 1+ M (15)
+M ey - V)is(3) =0, (11)

The dimensionless composite parameter can also be written
where —e, is the unit normal at the left-hand boundary of as A = ua/(us + pw), showing that this is a ratio of the
the control surface pointing out of the control area, as indi- product of the bulk viscosity and the characteristic size of
cated by the arrow ifig. 5h The first term on the right-hand  the channel to the combined surface viscosity and product
side is the opposing force from shearing the bulk liquid,at  of the bulk viscosity and the edge thickness. A large value of
and the second term arises from shearing at the free surfaceA corresponds to both small edge thickness and low surface
(X, hint(X; w)). viscosity, so the velocity increases rapidly from the edge,

The velocity field of the channel can be represented asbecause the shear stresses in the thin bulk region have to
the sum of the surface velocity,, and an internal velocity ~ support the “weightAint (@) (cf. Eq. (14). A small value of
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A corresponds to either a large surface viscosity or relatively w as

thick face, which in turn leads to a slower increase in the
velocity with increasing distance from the edge. Integrating
the leading term fronkq. (15)with i,(0) = O yields (here
we have not included the inequality)

i (X)

Aint()

~ (2A)Y?arctanx/A/2). (16)

max(iis) & (2A)Y? Aint(w) arctariy/A/8).

For the caséb = 0 and large interfacial mobilities and with
(1b) the maximum surface velocity is mék) ~ (v/3 —
7/2)(7/6)(M/2)Y? ~ 0.060M /2. We point out that this is
compatible with the numerical results for tawerageve-
locity found by Nguyer{7] in the limit of large interfacial

17)

This result illustrates that the scale of variation of the di- mobilities[32].

mensionless velocity as well as the maximum dimensionless

surface velocity is set by the weight of the cross-sectional
area,Ajnt(), and the single parameter.

Fig. 6ashows the numerically computed surface veloci-
tiesii; (X) as a function of position in the channel, rescaled
using the result fronieq. (16)as a guide, and compared di-
rectly with the prediction 0o{16). The agreement between
the approximate formula and the numerical results is very
good, with the approximation being somewhat larger for
three reasons: (i) the contribution of the internal velocity
component in(13) was dropped, (ii) the higher-order terms

from (14)have been dropped, and (iii) the area of the channel

is overestimated by settingsupg¥; @) = Ajnt(1b) in (16).

By symmetry considerations, the maximum surface ve-
locity is located at the upper right-hand corner of the sym-
metry unit drawn irFig. 5, at(1/2, w + 1— /3/4). Together
with (16) the maximum surface velocity varies with and

10° a)
12
1‘.—':§
L .2
=10
o
- — 2" arctan(ipA/2)"%}
< ""M=ID§,W=O.1
o s - =« M=10°, w=0
!3.‘/10 - = M =1, w=0.1
lbm — M=l W=0
.= Mo 7=01
= M=10% =0
-6
10
10" 10% 10°
A1J'2 %
10°
b) 2\
—_
ts
158 107
o
=~ 1 ------
=) » v = M=10% w=0.1
ity 10 = = M=1, w=0,003
l\-.1_ = M=1, w=01
b J RN A PP M=10, w=0.003
== M=10, w=0.1
’
10—
102 10° 10°
Xrw

Fig. 6. (a) Simulations for interior channels of the rescaled surface veloc-
ity, ii5(%). The asymptotic solutio(il6) is indicated by the solid thin line.

(b) The internal velocity componentsealed by the channel height is plot-
ted against the position along the centerline rescaled by the film thickness.

We now explore the behavior of the internal velocity
component by focusing on the centerline velodityx, 0),
which should be small because the symmetry unit is narrow.
For points on the centerline further from the rigid bound-
ary, and closer to the free surfadgx; w) < X, we expect
that velocity gradients along the-axis dominate, which
is the lubrication-theory approackig. 6b shows the in-
ternal velocity component along the centerline normalized
by the channel heightj1 (%, 0)/h(%; w)?, plotted against
X/ for a range of different film thicknesses and interfa-
cial mobilities. It can be seen that (%, 0) ~ h(F; w)? for
pointsw < x; however the scaling predicted by lubrication
theory only holds roughly due to the complicated geome-
try of the channel. For points close to the rigid boundary,
X < w, the centerline velocity scales linearly with position:
ii1(x,0) ~ x/. Close to the rigid boundary, the geome-
try resembles that of a thin film, and the internal velocity
component of thin films has similar scaling behavior (see
Appendix A).

In Fig. 7a the rescaled maximum surface velocity,
max(iis), and the average channel velocity), are plotted
againstA for two film thicknesses) = 0 andw = 0.1. In the
limit of large M, the maximum surface velocity, maximum
bulk velocity and average velocity approach each other,
since the velocity variations in the-direction are small
compared with the velocity variations in thedirection. The
maximum surface velocities collapse onto the analytical ap-
proximation(17). The average channel velocityi), also
collapses; however it only agrees with the surface approxi-
mation(17)for A = 1, where both the interfaces are mobile,
M > 1, and the films are thinp « 1.

Variations of the channel edge width, also have impor-
tant qualitative and quantitative effects on the flow that are
coupled to the interfacial mobility/. Fig. 7bshows the av-
erage velocity rescaled by the channel af@#/Aint (), as
a function ofw for different interfacial mobilities. For larger
mobilities, M > 1, increasing the film thickness leads to
adecreaseén the channel velocity, because the length of the
rigid boundary increaseg&or small mobilitiesM « 1, the
ratio (i1)/Aint(w) is essentially independent @f, because
the boundaries are basically rigid, which makes the flow
Poiseuille-like, and the fle roughly scales with the cross-
sectional area.

It is also informative to examine the relative amounts of
energy dissipated per unit height of the channel at the inter-
face and in the bulk. The dimensionless bulk dissipation and
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Fig. 7. (a) Simulations for the rescaled velocities plotted againsThe
asymptotic solution(17) agrees well with the simulations for the maxi-
mum surface velocity, ma#;). The average channel velocity), also
collapses well using this scaling.)(fbhe effect of the channel edge width,
w, on the average channel velocity for different interfacial mobilities,

M =10"21,10%, 10%.

surface dissipation are, respectively,
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Fig. 8. (a) Simulations of the reseal power dissipated in the surface
plotted against the rescaled interfacial mobility for the film thicknesses
w=0,10"3,10"2,10"1. The results are superimposed on the estimate
(29) which is indicated by the thin solid line. (b) The dependence of ratio
of the power dissipated in the bulk to the power dissipated in the surface is
plotted againsti.

The key difference between thetérior and exterior chan-
nels is that the exterior channel hag rigid boundaries, at

X =0 andx = 1+ w, as compared with only one for the
interior channel; compare€igs. 2b and 2cWe consider the
“weight” of a control area that is entirely supported by shear-
ing at the left edge of the control area. This control area
extends to the right and ends where the shear stress in the

Fig. 8ashows that the surface dissipation results collapse y_girection is zero. The zero-stress line depends on the ve-

onto a universal curve as a function affor different film

locity field, which in turn depends oM and, so we need

thicknesses. The thin solid curve in the figure shows the three parameters to describe the area supported by shearing

estimated dissipation calculated usifig), where velocity
variations along th@ -direction are neglected, and is

Sl 1)) 52

Agreement with theaumerical result$33] is good.Fig. 8b
shows that for most values of the dissipation in the bulk
dominates. Only for a certain range of values 4f> 1
and® < 102 does the surface dissipation become signif-
icant[34], which is experimentally realized for certain soap
foams (see Part 2).

2A2

ﬁsurf” {8~|—A

4.1.2. Asymptotic estimates for exterior channels

atx, which has “Welght"Asupp(O, M, w).

We proceed by locating the positidinax of the maxi-
mum of the centerline velocity, which is where the shear
stress is zero (i.e(9i/9x) (Xmax, 0) = 0). Because the chan-
nels are slender, the component of the shear stress normal to
the linex = ¥max should be close to zero. The “weight” of
the supported region approximately is

imax
Asuppfﬁa M, w)~ / hext(x"; ) dx’, (20)

X

and inFig. 9three examples of estimates for the region sup-

For exterior channels, a similar integral approach with ported att = 0 are shown with different choices of film
some modifications can be taken as for interior channels.thicknesses and interfacial mobilities. Unlike interior chan-
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Fig. 9. Estimates oﬁsupp(o; M; w), the “weight” of the control region supported by shearing at the left cofnerQ, shown as shaded. This weight is used

for calculating the force balanq@0) and depends o/ and 1. The shaded region in (a) is far = 0 and rigid interfaces, (b) is fab =0, M = 10?, and
(c)isforw =01, M = 10%. Note that the “weight” of the unshaded region be tight is supported by shearing at container wa 1+ .

—_—
to w (compareFig. Swith Fig. 9). =
We can apply arguments similar to those for the interior E_
channel (se&qgs. (13) and (16) to estimate the interfacial E’m o® —
velocity, kﬁ ceet IO 0"
B = M=10%, % =0
ditiy;,  AAsupgX; M, W) L o8 = = M=, =10
PE A Tm for x < Xmax- (21) \j{ 10 v :;:;32:;):10"
= c= e M=10P, W =0
This can be integrated to obtain a result nearly identical to Z‘E'a, o M
16): 10-&
(16) 10" 10° 10° 10°
i 112 -
—  ~@A)Y?arctani/A/2) for ¥ < Imax AX
Asupx; M, w)
(22)

Rescaling the surface velocity 0supg0; M, ) AY/? and

the position byA'/2 collapses the numerical data for a large
range of parameters; results are showfim 10a The thin
solid curve for the approximatiof22) agrees well with the
collapsed data. Using the same approximations as with inte-
rior channels, the weight of the region supported by shearing
atx < Xmax can be approximated b&supp(o; M, w), and in

the limit of large A the right-hand side of22) approaches
w(A/2)Y2. This gives an asymptotic result for the maxi-
mum surface velocity similar t@L7):

max(its) & 4/ A/ZASUPp(O; M, w). (23) Fig. 10. Numerical simulations for exterior channels. (a) The surface veloc-

. ) . ity rescaled b)Asupp(O; w), which is the area “supported” at the left corner,
For different film thicknesses the supported area and theis plotted against the position from the corner rescaled witt? for dif-

position of the maximum centerline velocity also depend on ferent values of the film thickness. (b) The position for the maximum,

A as shown irFig. 10bfor three different values of the film  ¥max and the supported aredsupp(0; M, ). The solid line shows the

thicknesses. The estimated area supported by the left edgead-hoc function A2+ 0.41 arctai6A~/2) which is in reasonable agree-

A p(O' M ﬁ)) is scaled by the total area of the symmetry ment with the numerical data faimax. The dashed line shows the ad-hoc
S - - . function given in(24), which is in good agreement with the supported area.

unit (see(1c)), and collapses for different film thicknesses

when plotted against. We thus identify the area of the sup-

ported channel by the left edge as a functior4f ) and which turn out to be quite similar to the results already
provide an ad-hoc estimate found for interior channels. The computed maximum surface

velocity compares well with the analytic estimd?) as
shown inFig. 11a For the estimaté22), the location of the
Aext(®) maximum velocity is estimatednax = 1/2. The figure also
1/2 shows that the maximum bulk velocity is close to the maxi-

g(A) = O.S{arctar(\/i/A)} : ’ (24) mum surface velocity for mobile interfaces<lA, which is
which is indicated by the dashed line, and is in good agree- expected when the internal velocity component is less than
ment with the numerical results (Fig. 10H. the surface velocity1 < ;. Theaveragdlow velocity turns

Next we consider the dependence of the maximum in- out to be about half of the maximum bulk velocity, and will
terfacial and bulk velocities of the exterior channels.tn be discussed later iBection 4.4

A oM, u
M ~ g(A) where
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Fig. 11. Collapses of the numericatmilations (indicated by symbols) for
exterior channels. (a) The maximum bulk and surface velocity normalized
by the supported aredsupp(o; M, W), as a function ofA for different film
thicknesses. The thin solid line shows the approximaf&®) with ¥ = 1/2.

(b) The effect of the film thickness on the average channel flow velocity is
shown.

Fig. 11bshows the dependence of the average veloc-
ity, scaled byAey() plotted againsty, which shows very
different behavior from the corresponding plot for interior
channels,Fig. 7h Unlike interior channels withi = 0,
where the velocities diverge with increasing, here the

429

We first restrict ourselves to the left part of the symme-
try unit of the interior channel, whereQ x < 1/2. Given
the geometry of the cross section, we observe that both
hint(X; ) < 1 anddzhint(X; w) < 1. Hence, on the basis of
previous success with the lubrication approximation applied
to narrow geometries, we seek the velocity field in the form

(%, 9) = dio(®) + (h&(F; W) — 72)i2(X) + - (25)

Note that this functional form automatically satisfi@za),
the bottom boundary condition &= 0, and identifiesig
with the surface velocityi, defined inSection 4.1.1The
following computation will result in a formula faig that is
slightly different fromi,, which is due to different approx-
imations in the current (differential) and previous (integral)
approaches.

The boundary conditio(6c) at the liquid/gas interface is
the most complicated and has the form

(a+h/a) 1 (aJrh/a)~
8)6 int ay /1 + (hl/nt)z 8)6 int ay

d

5 (26)

_ M(
Substituting(25) into Poisson’s equatioiV?i = —1 and
(26), and specializing the former th= hint(%; w), leads to
the system of equations

i+ 1 — 2iip + 2(hinthiy; + (hjn)?)ii2
+ 4hinthfmﬁ’2 =0, (27a)

i+ 2Mhinhfyitz + 5 (M = Diiy=0, (27b)

Expanding the prefactors of the unknown functiomnsi>
(viewing 2 as a small parameter) lets us combi2@a)and

velocities are always bounded. The reason is that as the inter{27b)t0 a single ODE foiio, namely

facial mobility increases, the weight supported by shearing
at the left edge approaches zeﬁcgupp(o, M — oo, w) — 0
(seeFig. 9 andFig. 10h, and so the weight of the exterior
channel is entirely supported by the container wall where
shearing in the bulk is dominant.

4.2. Analytical results for the velocity field of
interior channels

In the previous sections we showed how integral force

balances applied to the governing equations in the actual
geometry of the Plateau border can be used to develop use-

ful approximations for the variation of the surface velocity
with M andw, or the composite parametar Here we show
how further analytical progress is possible using similar as-

%’(1 -4 %#) + (A = DXty + %iz =0. (28)
Here, we have substituted for M and suppressed fur-
ther dependencies oft. Equation (28)has a complicated
analytical solution involving hypergeomettié functions.
However limiting cases of the solution turn out to be consid-
erably simpler.

4.2.1. Large interfacial mobility
For large interfacial mobility, i.e.A > 1, (28) reduces to

A A
iy (1 + E#) + ARy + Eiz =0. (29)

The solution to this equation has to satisfy the boundary

sumptions, and how approximations not only for the surface conditionsiig(0) = 0 from (6d) and it;(1/2) = 0, which
velocity, but also for the bulk velocity distribution can be es- is a direct consequence of requiridgi = 0 at the point
tablished. (1/2, hint(1/2; W)). Thus we obtain the surface velocity for
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mobile interfaces as
~2

1 1
ﬁg")(i) = _% -~ 31 N2+ 3 In(2 4 A%?)

VA r( [A )
+ arcta —X whereA > 1. (30
242 2" (30)

This recovers the salient behavior of the integral approxima- _ .. 1, -
Uright(X, y) ~ Ehint(l/Z; w)

tion (16), justifying the identification ofig andii;.
Using(27a)and(27b), ii2 can be calculated frorag. For

large A, this is a very small contribution, and it stays small

for A = 1. In this regimeji(x, y) ~ io(x) is a reasonable

approximation for the flow field. Consequently, the average

To continue this solution into the rang@2l< x < (1+ w)/
/3, we keep the requirement of parabolic profiles in ke
direction and assume that along the boundayx; w) (the
diagonal betweeiil/2, hint(1/2; w)) and((1+ w)/+/3, 0))
the velocity grows linearly from O t@eft(1/2, 0). We thus

X<1_<1+a}—f3~> 52 )
14+ —+/3/2) b (%: )
forx >1/2. (34)

velocity, (1), in the Plateau border with mobile interfaces Both (33) and(34) can be directly integrated over their re-

is simply obtained as
1/2 1/2

(@)= [ s 013" ax / [ by as
0 0

~{A%2(3(—4+V3) +27)) "

V2 , ﬂ
X {%(512—/1 )arctar( §>

(@)= Aiml(w) (f

spective areas, giving rise to an average velocity for the
entire Plateau border with rigid interfaces

1/2 hint(x;0)

uleft(X, y) dy dx
0 0

(1+0)//3 hint(Z;)

+ / / angmoz,y)dydf)

JA , 1/2 0
A x {(1980v3 — 3449 + (5549/3 — 95407
_12AIn<2+ Z)))} (31a) + 15043 — )12
N ™ - + ((2248/3 — 3886) + 8(1243/3 - 21487
96v/2(12— 33+ 27) + 24043 — )m?)w }
=0.044443 . VA, (31b) =0.00352 ..+ 0.03303...1, (35)

to the same order of approximationa®" itself [32]. With where we have included the leading-order influencevof
(™), we have also identified the (dimensionless) perme- For smallis < 0.1, this approximation reproduces the small-
ability of the Plateau border at high mobility. A value of (@) quite well (cf. Fig. 123. Because of the
smallness ofiig(x) for small A and of iy for large A,
adding(31a)and (35) yields an approximation for the av-

! _erage velocity in a Plateau bord€ig. 12ashows that this
(28) can be expanded witih as a small pargmeter. Again approximationi™) + (i) is in good agreement with the
requiringio(0) = 0 andiip(1/2) = 0, one obtains full numerics and the integral approximation over the whole

N _ range ofA.
g (¥) = 75(6%% + (27 — 3V3) arcsint ’

4.2.2. Small interfacial mobility
For nearly rigid interfacesA « 1), the full solution of

B 6(arcsin>€)2), (32) 4.3. Algebraic expressions for the drainage velocities
of channels

which vanishes linearly imt asA — 0. This contribution to
u for small A is generally negligible. It is interesting to note We conclude this discussion of the flows in interior and
that it agrees with a formal expansion of the mobile-interface exterior channels with a final comparison of the numeri-
result(30)for small A up to about 8% (maximum deviation)  cal simulations with analytical results and approximations.
throughout the range of € ¥ < 1/2. It is therefore hardly  Having algebraic expressions for the average velocity that
necessary to define two different functions for an accurate are in good agreement with the numerics over a large range
description of the surface velocity. of interfacial mobilities as well as film thicknesses should

As ﬁg) vanishes withA — 0, Egs. (27)show that the prove helpful in developing and evaluating models for foam
leading-order solution fai in the case of rigid interfacesis  drainage.
iz = 1/2, so that the velocity field in the left region is For interior channels we have three approximations for
the average flow. Two approximations have been analyti-

... 1 o N
Uleft(X, y) ~ i(hﬁn(x; W) —3%) for¥ <1/2. (33) cally found for small and larget in the previous section;
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Fig. 12. Numerical results (symbolahd approximations (curves) for the
average velocity of interior chanise(a) and exterior channels (b) with
varying film thickness. For the interior channel, the solid curve is the ap-
proximation (36), and the dashed curve shows the analytical results from
Section 4.2 which is the sum of31a)for large interfacial mobilities and
(35) for rigid interfaces withwo = 0. For the exterior channel the approxi-
mation fext(A) is given, sedeq. (37)

see equationg35) and (31b). Furthermore we provide one
ad-hoc approximatior(ii'™), that is in good agreement with
the simulations over thentirerange ofA:

(i@"™)/ Aint() ~ fin(A) where
fint(A) =~/2Aarctan/A/8
—arctan{A/2r) + 3/25, (36)

and Ajne() is given by(1b). The first term is the contribu-
tion to the velocity for large values of, the last term is the
velocity for rigid interfaces, lad the second term is a correc-
tion for the cross-over regime @t~ 1. In Fig. 12awe have
plotted the average flow velocity normalized by the cross-

sectional area of the symmetry unit against the composneqlnt ~ 6A|nt(w)fnt(A)

parameterA for various film thicknesse®. The numerical

results, shown as symbols, collapse well and agree with the

sum of the two analytical estimatdsgs. (35) and (31bjhat
give the flow in the limit of small and large interfacial mo-
bilities. The ad-hoc fitting functio36) is drawn as a solid
line, and agrees very well with the numerical simulations;
for w = 0 the agreement over the entire range is within a
few per cen{35].

Likewise, we provide another ad-hoc formula that fits the
collapsed simulations for the exterior channel:

(@Y ) Aext(0) ~ g(A) fext(A)  where
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enhancement of flow along mobile interfaces. The agree-
ment with simulations is good to within a few per cent. The
functional forms of the rescaled approximations for interior
and exterior channels are qualitatively quite similar, as are
the shapes of the curves—deg. 12

Finally we return to an interesting feature in the sim-
ulations of the average channel velocity for different film
thicknesses shown iRig. 4a The figure shows a¥f ~ 20
there is a crossing point, whet&) is roughlyindependent
of w. For channels with low interfacial mobilitys < 20,
increasing the film thicknes® leads to an increase in the
channel velocity,(iz), however forM = 20 increasingw
decreasegit). This can be understood by considering the
analytic expression of the average veloqi86), which is
the product of the cross-sectional aréai(w) that grows
with @ and the self-similar functiorfin:(A) that diminishes
with @ (seeEgs. (1b) and (15)espectively). Solving for
a(ir) /0w = 0 yields the condition
D) i~ 220 ) =

Jw
In the limit of small values forn, solutions to(38) give an
interfacial mobility in the rang@/ ~ 20.

A (38)

4.4. Estimates for the flow rates through channels and films

We next present estimates for the flow rates through the
three geometric elementsvhere the flow can be treated
as unidirectional. Combining the cross-sectional aféa}
and (1c) with the approximation36) and (37) gives the
flow rates though interior and exterior channels respec-
tively. In Appendix Awe estimate an upper bound for the
velocities through filmg(A.8), which combined with the
cross-sectional areg¢la) provides an upper bound on the
flow rate through the films as well. Simple analytical esti-
mates for the dimensionless flow rates through films, interior
and exterior channels are

4w, ~ «
gfim < ?w (A+ @ - A)i?), (39a)
(39b)
Gext ~ 2A54(1)g(A) fext(A). (39c)

The superscript has been introduced inteq. (39a)for the
films to denote quantitieaon-dimensionalized by?, the

film half-width which is necsesary because the film geom-
etry does not involve the length scaleSimilar to channels
there is a composite parameter for films that describes the
dynamics:A = pw/(us + pw).

5. Discussion

Generally when studying foam drainage, researchers have
neglected the influence of both exterior channels and the thin
films that separate the bubbles, and attributed the drainage
behavior to interior channels and possibly interior nodes.

Sfext(A) =+/0.2971A arctani~/0.14814) + 0.1038 (37)

andg(A) is given by(24). The last term o{37)is the ve-
locity for rigid interfaces, ad the first term is due to the
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However liquid drains through both interior and exterior Ingeneralthe film's thickness is small compared to the chan-
channels as well as films, making it is necessary to make es-nel’s thickness, so the fluid velocity in the film is also much
timates of the flow rate througrach of these three elements smaller. Keeping the leading term ¢40) a condition for
individually and then consider the number of these elementsnegligible film flow is

in a typical foam to estimate the net drainage rates. Armed _6

with the results for flow through channels and an estimate € < (10w)7, (41)

for an upper bound on the flow through films from the pre- \yhich generally is easily satisfied considering that the exper-
vious Section 4.4we can investigate the importance of the jmentally accessible liquidalume fractions are bounded:
flow through films and exterior channels relative to interior . > 10-3 [37]. However with increasing interfacial mobility
channels. o the flow through the films increases more rapidly than that
The relative importance of the three structures to the net through channelSyusim) ~ A versus(uing) ~ A2, making
foam drainage process depends on their relative numbers ang possible for film drainage to be important if the films are
their flow rates. The number of films and interior channels syfficiently thick and the intdéaces are sufficiently mobile.
are comparabl{86], whereas the number of exterior chan- 7o make these comparisons more concrete, we consider
nels relative to the number of interior channels depends onthe sjtuation an experimentalist is faced with in the labo-
the container geometry. For foams with immobile interfaces ratory, in which typically the elationship between the net
the contribution to drainage due to the films is negligible drainage rate and the liquid volume fractienis of interest.
unless the liquid content of the films is comparable to the Thuys for the experimentalista more natural choice of dimen-
amount in the channels. On the other hand for rigid inter- sjonless parametersdsand a different form of the interfacial
faces, the flow through exterior channels is about seventimesmob”ity parametei; = uL/u,, Which is independent of
greater than the flow through interior chann@@$), so the ¢ and depends on other parameters: interfacial mobility and
dynamics of the drainage process can be strongly affectedpypble size.
when the amount of liquid in the exterior channels is com-  Experimental observations have shown that the film
parable to the amount of liquid in the interior channels. We thickness generally increases with liquid volume fraction
also find that variations in the film width have small effects [23] In the work by Carrier et a[15] an approxima‘[e lin-

on the ratio of the flow through exterior channels and interior ear relationship between the film thicknegs,and channel

channels. width, a, was found for a sodium dodecyl benzenesulfonate
(SDBS) foam with average channel length~ 2.5 mm,
5.1. The contribution of films to foam drainage which can be expressed as
The relative importance of flow through films depends on w/a Scs(a/L),  with ¢y ~ 1072, (42)

the ratio of the cross-sectional areas and on the ratio of thetp,q experiments by Carrieuggest that the proportionality
velocities of the film to the channel. The cross-sectional areaacior, ¢ 7, depends inversely on the channel length, i.e., the
of the film is less than that of the channel at liquid volume ¢5tor tends téncreasewith decreasingubble size. No ex-
fractions(10w/a)? < . For rigid interfaces the flow rate ra- perimentally observed upper bound for exists, and how
tiols the film thickness is set remains a mystery.
Gfilm 200 Huw? In Fig. 13we explore the relative importance of drainage

= (SA- (0))( ) through films as a function o€ using the approxima-

int tions (39) for the proportionality factors; = 102,107, 1

qint a*

4 2 . . . ayeen _ 2
. {1 V3 <E>+O<w> ] (40) and five interfacial mobilitiesM; = 0,1072,1, 107, co

a

B Aint(0) [38]. Comparing(42) with the criterion for negligible flow

w/a = (all)

10?
0
10 e
. M =102
—2 / B
10 — M=
L 2
— M=10
107 107 10 — M=0
107 107 10 107 107 10° 10 107 10°
a) € b) 2 c) E

Fig. 13. Estimates of an upper bound for the ratio of the flow rate through filnmiveeta interior channels. Three different dimensionless film thedisratios
cp= 1072,1071,1, and the approximatiof = L is used. Five different interfacial mobilities, expressed in term&pf= L/, are considered and the
legend is shown only in (c).
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through films with rigid interfaceg1) shows that contribu-
tion to the flow by films is negligible provided; < 101
(seeFig. 13h. In the case of thick films, as shown in
Fig. 13¢ the drainage contribution due to films may indeed
be significant. The case where the amount of liquid in a film,
~4wH?, exceeds that of a single channel).1642L, is for

cr pe 1071,

In summary, we have presented estimates for upper
bounds on the relative importance of drainage through films.
These estimates show that drainage through films is neg-
ligible for the cases when the films are sufficiently thin, 10
w/a < 102(a/L) or equivalentlyw/H < e provided that
foam is not extremely dry > 10~4. However for thicker
films, i.e.,w/H Z €, or very low liquid volume fractions, =
our estimates allow for the possibility that flow through films g
may indeed contribute in a more substantial way to the foam =
drainage process. _———

-
-
-

oo
-
o
-
-
-
-

5.2. The contribution of exterior channels to foam drainage b)

For foam in a container, the macroscopic foam drainage Fig. 14. Ratio of the flow rates throughtexor channels to interior chan-
process involves flow through exterior channels as well as in- nels. In.(a) a dimensionless pIoF of the flow ratio is plotted against the
terior channels. The numbef@xterior channels depends on composite parametef. In (b) the film thickness is setto zero, and a range

g . of interfacial mobilitiesM is considered. The criterion aNext/ Nint for
the geometry of the foam container; the relative number of ¢qual flow through exterior and interighannels in a cross-sectional area
exterior channels decreases with increasing container size. of the foam is plotted against

First we consider the flow rate of an exterior channel rela-
tive to an interior channel that is identical in all other respects flow through this cross-section of the foam is
(i.e., width, height, orientatin, surfactant, etc.). Numerical
results for the ratio of the flow rates as a function/ofire O = Nintgint + Nexext. (43)

shown inFig. 14 As can be seen frof89b)and(39c)thera- oy rigid interfaces, the flow rates through both types of
tio of the flow rate through an exterior channel relative to an cnannels are equal when thember of internal channels
interior channel scales with the square of the relative cross-js ahout seven times greater. In situations where the ratio
sectional areas. The cross-sectional areas in turn depend 0gf the number of exterior to interior channeMext/ Nint, is
the film thickness, and for immobile interface$ « 1), the larger than the curves drawn Fig. 14h the total flow is
ratio of the flow rates decreases S||ght|y with increasing film dominated by the exterior channels. For foams with r|g|d in-
thicknessgext/gint ~ 6.91—168w. Evenif the interfacesare  terfaces inside a tube, the net flow through exterior channels
mobile, for small values ofo < 102, the ratio of the flow s smaller provided thatB < R, and as the interfacial mo-
rates does not deviate significantly from the céise 0, see bility increases thisondition relaxes.
Fig. 14a So in general it suffices to only consider the case  Experiments by Brannigan and Bonf@5] have shown
w = 0 for comparing the flow rates of interior and exterior that at a given liquid volume &ction, the drainage rate in-
channels. creases with decreasing tube diameter, which may in part be
As the interfacial mobility increases, the liquid flow explained by considering the increasing contribution of exte-
through the interior channel increases more rapidly than therior channels for small tubes. However a full understanding
flow through the exterior channel. The crossing point where of the drainage process requires the inclusion of nodes, and
the flows are comparable is 4t~ 10, seerig. 14a Thus for it may be necessary to even distinguish between exterior and
very mobile interfaces, it is unlikely that the exterior chan- interior nodes.

nels play a large role in the foam drainage process.

Next we consider a cross-section of a foam inside a con-
tainer, withNex: exterior channels antiliy: interior channels. 6. Conclusions
For example a foam inside a cylinder of radiisoughly has
Next ~ R/L exterior channels antlin; ~ ((R — L)/L)? in- In this work we used the caept of interfacial rheol-
terior channels. In the case of cylindrical containers that are ogy to theoretically describe unidirectional flow through
only a few bubbles acros® < 4L, the number of exterior  three geometric elements ofdms: interior channels, exte-
channels can be comparable to the number of interior chan-rior channels and the thin films separating the bubbles. For
nels[15]. Leaving out the contribution of the nodes, theal channels this model has good experimental sugp@it and
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for the thin films this model provides an upper bound on ary condition at the channel's edges that are assumed by the
the flow. Our analytical redts agree well with numerical  theory and are found in experimental situations. By simu-
data, and explain some of the numerical trends obtained bylating a region of foam containing several bubbles, a more
Nguyen[7]. We have applied these models to elucidate the realistic calculation of flow through the films should be pos-
importance of drainage through the exterior channels andsible that exhibits circulation as observed in experiments.
films relative to interior channels. If the number of exterior Other new and interesting topics may also include a study of
channels is comparable to the number of interior channels,the mechanisms that set the film thickness, which also has
the foam drainage process may strongly be affected by theinteresting implications for both diffusive coarsening and
exterior channels, depending on the interfacial mobility. On rupture coarsening.

the other hand, the number of films always is comparable to

the number of channels, and if the films are thing 1024,

then they do not directly contribute appreciably to the foam Acknowledgments

drainage process.
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film is slowly flowing downward between two long paral-
lel wires [39]. For films on the wire frame, there are large
regions where the flow is unidirectional and there are no vari- Appendix A. Upper bound estimatesfor films
ations in the film geometry, whereas for films in foams, the
situation is more complex. In order to arrive at an estimate for an upper bound of

We have identified two composite parameters that col- the flow through films, we ignore the effects of Marangoni
lapse the flow rates for films and channels. The composite forces and treat the film in a similar fashion as the chan-
parameters are a fraction composed of the relevant lengthnels described above iBection 4.1 We chooseH , which
scales for the geometric element: for films the composite is the half-width of the cross-section of the film, as the
parameter isA = w/(us /i + w) and for channels the com-  length scale, se€ig. 2a We use the superscriptto de-
posite parameter id =a/(us/u + w). For the case of films  note quantitis non-dimensionalized i/ . The left and right
in foams, our treatment provides an upper bound for the flow boundaries are at = 0 andx = 1 respectively. The top
and therefore suggests that films cannot significantly con- and bottom boundaries areat= 0 andy = w respectively,
tribute to the drainage process in a direct way, unless thewhich simplifies the description of the unit normal and tan-
films are relatively thicky/a > 102 and the interfaces are  gent vectors. The boundary conditions on the flow are
quite mobileua 2 ws. 90

The flow through nodes is far from unidirectional, be- _bf =0 atjy=0, (A.1a)
cause nodes are the convergence of four different flows. dy
For interior nodes the angle between the channels is givendi

i =0 a=1 Al
by Plateau's rule: arccos1/3) ~ 109°. This makes deter- 35 0 2™ (A.1b)
mining the flow field through the nodes quite challenging, §2; 3% o WH
especially if surface viscosity is included in the analysis. 332 = "H 33 aty =w, with My = o (A.1c)
To date the details are poorly understood although order-of-l2 _0 ati—o0 10

magnitude estimates from experimeftgare in reasonable
agreement with simulatiog0]. Once simple expressions The first two conditions follow from the symmetry of the
are available for the flow rates through the nodes, as for flow at the bottom and right edges of the symmetry unit.
the channels and films, creating an effective-medium model The third condition is at the liquid/gas interface, where the
for foam drainage that takes into account exterior channels, surfactant-laden interface has a surface viscogityand is
interior channels and nodes as well as film thickness andsheared by the bulk. The coupling between the surface and
material parameters such as surface viscosity should be realbulk layers is set by the dimensionless viscosity ratio of the
izable. surface to the bulkMy, which is the interfacial mobility
Aside from calculating the flow through individual nodes for films. Recall that the film's width scales with the chan-
using surface viscosity and@irichlet boundary condition,  nellengthH ~ L, and soMy ~ My whereM = L /s iS
future work may include a rigorous inclusion of other sur- the interfacial mobility parameter useful for experimentalists
factant effects such as Marangoni stresses, Gibbs elasticitywho can vary and L (seeSection 5.1 The last condition
and adsorption and desorption kinetics. We believe that theseis the assumption that at the edge of the channel, which also
surfactant properties are responsible for the Dirichlet bound- is the edge of the film, the flow velocity is much smaller
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and effectively zero. The two diensionless parameters that i | B
. .. . . ~ MH_ 2 it
determine the (unidirectional) flow through films abeand = Mngé- :z_:g,
My, which in turn depend on the four-dimensional parame- —_ MH;102.'W/H:_1U‘:
tersyu, s, H, w. We shall show that the two dimensionless 10 zujﬁ' gl
parameters can be combined into a single composite parame- << .
ter that describes the flow in the films. It is straightforward = .
. ; o . <210
to solve Poisson’s equatio,“it = —1, with the boundary <3®
conditions(A.1) exactly using Fourier series. However the
Fourier series solution is cumbersome, and does not give 10°
as simple and intuitive results as the physical argument we
present. = - .
To describe the simplified flow in the thin films, we bal- 10 % 10

ance the gravitational force on the liquid with the resisting
viscous shear from both the surfactant-laden interface and 10°

the bulk. The cross-section of the film's symmetric unit v
has thicknessy and extentH as shown inFig. 2a Let us é“; /

consider a control region inside this symmetry unit which =

extends through a range of positions fréng< £’ < 1. The ;10 /

“weight” of this control region isﬁsuppz (1-X)w, and is z = b-m LI/,
supported by shearing at the boundaries. Of the four bound- “O; o By 102, wh-107

. MH_102 whH=10"

— M 107, wH=10"
o M=10%, wH=10%

- MH—TD W/H—‘ID

aries, only at the left boundary, = x, is there non-zero <
shear: shearing of the liquid/gas interface at the top boundary <
is negligible and the symmetry conditions of the fluid veloc-

ity on the right and bottom boundary impose zero shear—see

boundary condition§A.1). Let iz, denote the surface veloc-

ity of the film, so the velocity in the film can be written as

]
N 10° 10°
b) (1-A) "2 (x /w)

the sum of the surface velocity and bulk velocity (df2)), Fig. 15. Numerical results for the surface velocity and the disturbance ve-
PN PN A~ a A locities. In (a) the simulated surface velocities are plotted on top of the
u(x, y) = us(x) +us(x, y), (A'Z) approximation(A.5) indicated by the thin solid line. In (b) the bulk veloci-
whereii1 (%, %) = 0. For a completely rigid interfacé/y = ties are plotted using the scaling suggested by the approxim@i@h
0, the surface velocity is zero and represents the bulk ve-
locity of the fluid. We now estimate the correction to the velocity, which
Balancing the supported weight of the film against the is due to variations in the-direction. SubstitutingA.2) and
total shear across film dtgives the force balance the approximatioifA.5) into Poisson’s equation gives
diy®) | [ 9815, 5) dity (%) i
A _1dus(x ui(x,y) . Us(x —5 + 1=—(1-A), (A.6)
Asupp= My d A3 ( :2 2>
supp H g% +/ PY y+w PE , (A.3) 0x ay
0 where the boundary conditions @a are identical to those

where the second term is the shearing force of the interface for flow in symmetry unit withrigid boundariesfi1 (0, §) =
and the last two terms are the shearing force from the bulk. 0, 7i1(x, W) = 0, da1(1, $)/d% = 0 anddi1(x,0)/9x = 0.

Neglecting the third term igA.3) yields In the spirit of lubrication theory, we expect that far from
dug(x) < DMy the left .vvall,.)E > w, the vgriations inz1 are primarily along
A(l—3%) whered = Tr oMy (A.4) the y-direction. Thus usingA.6) and the top and bottom

The relationship between this composite parameter and theboundary conditions fay we arrive at

composite parameter for the channelsiist = A. The 1%, ) ~ 0?41 — A)(1- (9/@)2)/2 forx > w. (A7)
inequality arises from the fact th&t is monotonically in- o o
creasing with. Assuming that velocity variations in the ~Cl0se to the left edge, fof 'S w, the rigid boundary con-

y-direction are small, we can drop the inequality(#4) dition introduces anc-dependence ons. In Fig. 15bwe
and use the rigid boundary at the left edgela)to arrive at show that the first-order correct_lon to:[he centerline ve]omty,
an estimate for the interfacial velocity resc_aled usm(}A\I.?), plotted against /w collapses the sim-
ulations for a wide range a¥/y andw. Far from the wall
(X)) ~ <x — })32) (A.5) (* > w) the rescaled correctiom tthe centerline velocity
2 is 1/2, which agrees witl{A.7). Close to the wall we em-

Fig. 15ashows that tr)e numerical simulations of the average pirically find that re-scaling byl — A)~%/3% /% collapses
velocity rescaled byi for films of different thicknesses all  the curves, and to first ordér (£, 0) ~ (1 — A)%/3%%. We
collapse, and agree well with the approximat{érb). merely point out this scaling behavior for the first-order cor-
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Fig. 16. (a) The dependence of theeeage velocity on the interfacial
mobility for an idealized film with different film thicknesses/H =
1073,1072,1071. (b) Collapse of the average velocity in the film for dif-
ferent film thicknessndicated by symbols. The thin solid line shows the
approximation(A.8).

rection in the velocity which is manifest in the numerical
simulations and proceed no further.

To estimate the average flow through a film, we combine
(A.2) with the approximationgA.5) and(A.7):

(dsim) ~ {A + 1 — Ayi?} /3. (A.8)
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Fig. 17. (a) Close-up of the surface layer, which has thickdesslocity u*

and shear viscosity* that is on top of a bulk layer. The normal is pointing
into the gas layer above. (b) Dimensionless plot of evenly spaced veloc-
ity contour lines for the symmetry unit of a thin film, wifl*d = «H and

w = 0.1. Note that the figure is not drawn to scale and that the thickness
here has been exaggerated #yeéor presentation purposed, = 102,
Twenty evenly spaced contour lines are plotted, and the maximum veloc-
ity is achieved at the lower right corner, wiliax~ 5.4 x 1072,

The corresponding velocity field in the surface layer is de-
noted byu*. We use this idea of a distinct surface layer to
develop a numerical description of the flow, which makes
boundary conditior(6¢) amenable to implementation with
MATLAB.

Fig. 17ashows a close-up of a film with a surface layer,
of thicknessi, and viscosity:* on top of a thick (bulk) layer
with viscosity .. The surface layer contacts the bulk layer at
vy = h(x). Using standard numerical routines in MATLAB,
we numerically solve Stokes’ equati@8) for both layers;
we require continuity of velocity and shear stress at the in-
terfacey = h(x), while at the interface between the surface
layer and gas, there is no shear stress. Provitiésl suf-
ficiently small, the velocity in the surface layer becomes
nearly independent of the direction normal to the interface
and, as we will show, the hydrodynamic response is equiva-
lent to a surfactant film of shear viscosjty = u*d.

As an illustration of this numerical method we show the
computed flow field through the symmetry unit of a thin
filmin Fig. 17h The length scale for non-dimensionalization
is H, and the dimensionless film thicknessiis= 10~1.

Here we have neglected the variations close to the left wall For presentation purposes the thickness of the surface layer,

for the regiont < w. The average velocity has been plotted
in Fig. 16afor a variety of different edge thicknesses, and
in Fig. 16bthe numerical data is collapsed, showing good
agreement over many decades.

Appendix B. Numerical method for coupled bulk and
surfactant flow

Consider the liquid/gas interface, which is coated by sur-

which is indicated by the dark region, is greatly exaggerated
(c? = 10~2) whereas more appropriate thicknesses&a;@

5x 10~4. The interface is fairly mobileMy = wH /s = 1.
Even with such a thick surface layer, it can be seen that all
of the contour lines in the surface layer are vertical, indicat-
ing that there are no variations in the surface layer velocity
along the direction normal to the interface, and in the limit
of thin surface layers the surface velocity depends only on
X, i.e.,u*(x). Thus, this approach of a finite thickness sur-
face layer simulates all ohe original boundary conditions

factant molecules. Physically the thickness of this surface (A.1).

is on the scale of a surfactant molecule (for SDS 5 nm is

There is no shearing at the liquid/gas interface, i.e.,

a typical thickness, and at the interface the area per mole-anu*|h(x)+d = 0, and so for thin surface Iaye@fu* A~

cule is about 30 A [41]). The interface resists shear and

—d~Y9,u*|,(x). Consequently, in the limi# — 0, we can

a simple model for the hydrodynamic response treats the rewrite Stokes’s equation for flow in the surface layer as

dynamics as equivalent to that for a Newtonian fluid of vis-
cosity u* and thicknesg, i.e.,us = u*d (e.g., see the work
by Saffman[42] and other recent related studig@8-45).

92U’
+—}+Gmo,

2 (B.1)

au*
* _d—l_
H [ on

h(x)
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<3
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vy 01 0

Fig. 18. Numerically computed velocity fields for an idealized thin film,
w = 0.1, with a semi-rigid interfaceM ; = 0.1. Five evenly spaced veloc-

ity contour lines are shown. Note that for presentation purposes the figure

is not drawn to scale.

whereG is the gradient of the liquid pressure. At the inter-
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