The Impossibility of Consistent
Discrimination between 1(0) and 1(1)
Processes

Ulrich K. Muller
Princeton University

August 19, 2005




Motivation

e Huge literature on discriminating between 1(0) and I(1) processes

e Two approaches:
— Unit root tests: Hy: "processis I(1)" against Hy: " process is 1(0)”

— Stationarity tests Hg: "process is 1(0)" against Hy: "process is

I(1)”

e Why discriminate between the two?
— Subsequent inference depends on right choice (e.g. cointegration)
— Forecasting

— Economic Theory




Definition of 1(0) and I(1) processes

° {yT,t}tT:1 is 1(0): Jo>0:T"1/2 Zgz% YTt = oW ()

o {yT,t}tT:1 is 1(1): Jo0>0: T_l/zyT,[.T] = oW ()

e Comments:

— Number of authors use this definition of 1(0)/1(1) (e.g. Stock
(1994) or Davidson (1999))

— 1(0) equivalent to Functional Central Limit Theorem (FCLT) for
{yT,t}thl

— Deterministics are known




Related Impossibility Literature

Blough (1992), Faust (1996), Potscher (2002)

e Definition of 1(0) time series: stationary with positive spectral density
at frequency zero. Interest in uniform properties of discrimination
procedures over parameter space.

e Example:
Yt = PYt—1 T €t t:]-):T

with ¢ ~ iidN (0, 1).

For any T one can choose |p| < 1 such that distribution of any statistic
of {yt}thl becomes arbitrarily close to the distribution when p = 1.
= Stationarity tests cannot control size uniformly, and unit root tests
have no power against some alternatives.




Related Impossibility Literature

e This result has no implication for whether or not it is possible to dis-
criminate between 1(0) and I(1) processes as defined earlier: For each
T, let pp be such that a given 5% level stationarity test has rejection

probability 90%. Then it is not clear whether YTt = PTYTt—1 T €L IS

1(0) in the sense of T—1/2 27[521 yrt = oW ().

e For subsequent Wiener process approximations or forecasting, defini-
tion given earlier is relevant one. Can one construct valid and consis-
tent unit root and stationarity tests under that definition?




Tests, Consistency and Size Control

A (possibly randomized) test o is a sequence of measurable functions
of R — [0, 1], where SOT({Q?T,t};;r:l) indicates the rejection probabil-
ity conditional on observing {yT,t}?:1 = {xT,t}thl- Unconditional

rejection probability is Eng({yTyt}’le).

Consistent unit root test E@T({yT,t}?zl) — 1 whenever
{yr,}{—1 1s 1(0).

Asymptotic size control of unit root test @7 of level o
ESOT({?JT,t}LTzl) — a whenever {yT,t}le is 1(1).

Scale invariant tests: @T({xT,t}?zl) = SDT({CiUT,t}?Zl) for all
{ZUT,t}?:]_ and ¢ # 0.




Main results

1. There exists a consistent unit root test that controls asymptotic size.

2. There does not exist a consistent stationarity test that controls asymp-
totic size, although there are inconsistent stationarity tests that do.




Consistent Unit Root test

Constructive proof using Breitung's (2002) statistic

o S S

that rejects for small values.

=> Under null hypothesis of I(1), G = fol [/o W (uw)du]®ds/ [ W(s)3ds.
= Breitung (2002) shows consistency against stationary and ergodic al-
ternative.

=> This paper shows consistency against general 1(0) alternative.




No Consistent Stationarity test

Theorem:

Let ypr; = Zle ey, €t ~ 1idN(0,1).

For any scale invariant stationarity test 7 that satisfies SOT({?/T,t};gFZQ 2
1, there exists a sequence of T X 1 Gaussian random vec-

tors Zp = (ar1,-,2r7) satisfying op({zr4}q) = 1 and

sup, [T—1/2 2l o — Wi(s)| %5 0, such that {27, }L , is 1(0).




Idea of Proof

e 1t5 and Nisio (1968): With & ~ iidN(0, 1),

% \/3sin((l — 1/2)rs)
Wis) =
P VAL

since r.h.s. converges almost surely and unlformly in s.

& = Z P1(8)&;

e For fixed n, define
Whn(s) = Z(l —1/2)¢1(s)&; + Z P1(8)&1-
l=n+1

Since  r({W(t/T)}_,) L, 1, must be true that also
or({Wn(t/T)}_;) %, 1, as measures of W, and W are equivalent.

e Carefully pick sequence np — oo so that also w7 ({Whn,(t/T)}_;) LN
1. But with np — oo, Wip(t/T) becomes 1(0).




Implications of Impossibility

Rejections of stationarity tests should be interpreted with care. Prob-
lems cannot be solved by considering alternative tests.

Cannot consistently estimate the fractional parameter d C A D {0,1}
when the fractional process I(d) is defined in terms of weak conver-

gence to a Fractional Brownian Motion.

Scale invariance not necessary if definition of 1(0) and I(1) is altered
to
[T]

10):  I{or> 0}y : T Y2071 yry = W()
t=1

1(1): I {or> 0}7: T_1/20ElyT,[.T] = W()
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Uniform Properties?

Let Gg be the set of all 1(0) processes {{yT7t}g:1}%°:1, i.e. for each

_ _ T
{{yT,t}?zl}%O:1 € Gop, o >0:T 1/25 1Z£:{ yrt = W(-). Then
clearly, for any stationarity test ¢ and given T,

sup Eor({yr}i—1) > Eer({TY2W(t/T)} 1)
{{yT,t}g;l}%jzl €90

= no uniform size control without lower bound of speed of convergence
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Uniform Properties?

o Let Ho({d7}7_1) be the set of all processes {{yT,t}tT:ﬁ%O:l satisfying
7]
J0 >0:sup |T_1/2 Y yrt— oW (t/T)| < ér as. forall T.
t t=1

o Let H1({07}7_1) be the set of I(1) processes satisfying

30 >0:sup |T_1/2yT (7] — oW (t/T)| <dr as. forall T.
t J

e Sequence 07 — 0 describes speed of convergence towards Wiener
process.
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Uniform Properties!

e For any choice of sequence 67 — 0, Breitung's (2002) test statistic G
yields a uniformly consistent unit root test with uniform size control:

. . inf Eor({yrsH=1) — 1
Hyr i1 }7€Ho({67}721)
sup Eor({yritize1) — o

{{yr 3352 1 eH1({67}52 )

e For any scale invariant stationarity test that is consistent for a Gaus-
sian Random walk, there exists {{ZT,t}?:1}%O:1 € Ho({07}7_1) with
07 — 0 such that Eng({zTﬂf}ftr:l) — 1.

e = Need to know speed of convergence for construction of consistent
stationarity tests, but not for consistent unit root tests.
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Constructive Note

e Existence of inconsistent stationarity test that controls size:

_ Tir/g YT

Jr =
1/2
Z£:/1 ! YT ¢t
converges to Cauchy under [(0) and to Jp =

JL2 W(s)ds/ Jg/> W (s)ds under I(1), which is not Cauchy

e Interesting research question of how to construct in some sense effi-
cient stationarity and unit root tests that behave well under the general
1(0) and I(1) definition.
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