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Abstract
We present a simplified energy-conserving approach to incorporate wave–wave nonlinear
effects within the framework commonly used to describe wave–particle nonlinearities. In
particular, the effects of zonal mode (ZM) generation on the determination of the saturation
amplitude of energetic particle (EP)-driven Alfvénic instabilities is studied. The model assumes
that the zonal perturbations grow at a rate twice that of the original (pump) wave, consistent
with a beat-driven (or force-driven) generation mechanism. The evolution and saturation of the
mode amplitude are investigated both analytically and numerically within our reduced model
assumptions, in both the collisionless and scattering-dominated regimes. These studies
underscore the crucial role of sources and sinks in capturing the impact and the role of
beat-driven zonal perturbations on mode evolution. In the realistic case of saturation set by
sources and sinks, we discuss the role of a finite amplitude ZM in reducing microturbulent
particle scattering, thus limiting the energy source for the resonant mode. We then discuss
comparisons between the model’s predictions and simulation results. The model reproduces key
features observed in gyrokinetic simulations as the reduction in saturated mode amplitude and
the onset of wave–wave nonlinear effects as functions of mode growth rate and amplitude.
Thanks to its simplicity, it can be readily implemented into codes based on reduced models,
thereby improving their predictive capability for strongly driven instabilities.
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1. Introduction

Fast ions, produced either by auxiliary heating or fusion
reactions, can drive Alfvénic instabilities that may degrade
plasma confinement and ultimately limit fusion performance
[1]. When these instabilities reach significant amplitudes, they
can drive transport of energetic particles (EPs), reducing their
effectiveness in transferring energy to the bulk plasma for heat-
ing. In addition, this transport may lead to EP losses, which can
be highly localized and, in some cases, pose a serious threat to
the first wall of a fusion device. In this context, understand-
ing the saturation of EP-driven instabilities is a critical issue
in magnetically confined fusion plasmas, as it is directly con-
nected to the level of EP transport that they induce. Over the
past decades, extensive research has focused on understand-
ing and predicting the saturation amplitude of these instabilit-
ies, which is essential for both theoretical studies and practical
applications for reactor design.

A significant body of work has been dedicated to exploring
the role of wave–particle interactions in the evolution of these
instabilities [2]. In this context, the Berk–Breizman model
(for representative work see [3–5]) serves as a cornerstone for
interpreting how the free energy available in the EP distribu-
tion function is gradually depleted through resonant interac-
tions with the unstable mode. This approach provides a quant-
itative framework for describing the nonlinear dynamics of
wave–particle interactions, especially under conditions where
sources and sinks contribute to the overall dynamics of the
EP distribution. Here, the sources can be generally associated
with EP scattering processes, while the sinks correspond to the
mode background damping rates. In the presence of enough
stochasticity, the full nonlinear problem can be reduced [6] to a
quasilinear (QL) formulation [7, 8], where a diffusive transport
governs the resonant particle dynamics. As a numerical imple-
mentation of the wave–particle QL framework, the resonance
broadened QL (RBQ) framework extends these ideas by incor-
porating geometry effects and accounting for pitch angle scat-
tering resonance broadening. The RBQmodel has proven to be
numerically effective in predicting the saturation amplitudes
of multiple EP-driven modes in realistic tokamak scenarios in
both regimes of isolated and overlapping resonances [9].

Despite the success of wave–particle interaction models,
theory and simulation studies have shown that wave-wave non-
linearities can also play a crucial role in limiting the growth
of EP-driven instabilities when they reach a large enough
amplitude [10, 11]. Among these nonlinear effects, the gen-
eration of zonal modes (ZMs), characterized by zero fre-
quency and toroidal and poloidal mode numbers n= m= 0
has emerged as particularly relevant for influencing mode
saturation. These modes have attracted growing attention in
recent works also due to their potential role in suppressing
core thermal plasma turbulence [12–14]. On this note, we
emphasize that the complex system involving EPs, EP-driven
instabilities, ZMs, and turbulence has been recently subject of
numerous studies. While EP-driven modes are typically asso-
ciated with EP losses and confinement degradation, they can
also interact, both directly and indirectly, with turbulence and

turbulence-driven ZMs in ways highlighted by recent works
[15–23]. Although a conclusive picture has not yet emerged,
these results open the door to scenarios in which, despite
EPs destabilizing modes that degrade their own confinement,
their effect on turbulence could nevertheless lead to an overall
improvement in plasma performance.

The theoretical framework describing how ZMs can be
nonlinearly excited by fast-ion-driven instabilities, and their
subsequent impact on mode saturation, has been extensively
developed starting with the seminal works by Chen and Zonca
[24, 25]. Nonideal, compressible or nonuniformity/geometric
effects can lead to the so-called ‘breaking of the pure Alfvénic
state’ [26], i.e. the breaking of the exact balance between
Reynolds and Maxwell stresses. This facilitates self-coupling
and modulational instabilities that, in turn, can lead to the gen-
eration of ZM. Two primary mechanisms have been identified
for the nonlinear generation of ZMs:

• Modulational instability (spontaneous generation): similar
to what has been established for drift wave turbulence
[27, 28], ZMs can be nonlinearly generated by Alfvén
modes via modulational instability mechanisms [24, 25].
Often referred to as spontaneous generation, this mechan-
ism requires the amplitude of the fast-ion-driven mode to
exceed a certain threshold and predicts a ZM growth rate
proportional to fast-ion-driven mode amplitude.

• Beat-driven (force-driven) generation: commonly observed
in numerical simulations [10, 11, 29–33] and described the-
oretically in [33–35], this mechanism involves the gener-
ation of a zero-frequency (n,m) = (0,0) ZM through the
nonlinear beating of a finite-frequency, finite-(n,m) mode
with itself. Unlike the modulational instability, this process
is thresholdless and leads to a ZM growth rate twice that of
the fast-ion-driven mode.

In this work, we focus on the beat-driven generation of ZMs,
as it is the mechanism most commonly observed in simula-
tions and does not require a threshold to be triggered. Our
analysis will thus concentrate on the linear and early nonlin-
ear stages of the mode evolution, where this mechanism is
most relevant. It is important to note that additional nonlinear
effects, such as the spontaneous generation of ZMs and nonlin-
ear transport processes on long time scales [36], may become
significant at later stages and could ultimately influence the
final saturation amplitude. Our model aims to provide a first
attempt to include wave–wave nonlinearities in the perturbat-
ive wave–particle framework, to determine a first estimate of
the wave–wave nonlinearities effect on the mode amplitudes,
thus improving the predictive capabilities of the model.

The challenge, however, lies in developing a unified the-
oretical framework that can capture both wave–particle and
wave–wave mechanisms concurrently. An accurate prediction
of the mode saturation for conditions that would lead to large
amplitudes requires a treatment that self-consistently integ-
rates the contributions from both resonant particle dynamics
and the nonlinear generation of ZMs. Our approach builds on
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the established foundations of wave–particle interaction per-
turbative theory while introducing an intuitive mechanism to
account for the nonlinear wave–wave interactions. By com-
paring the predictions of our model with available simulation
results, we aim to provide insights into the relative importance
of these coexisting nonlinearities and their implications for the
operational regimes of tokamak experiments. Our results will
highlight the crucial role of sources and sinks for the pump
mode resonant interaction to correctly capture the effects of
beat-driven ZM on saturation.

The paper is organized as follows. In section 2, within the
same formalism used to describe the wave–particle nonlinear
behavior, we introduce our reduced model to account for the
beat-driven generation of ZMs. The extended model, consist-
ing of coupled equations for pump and ZM amplitudes, is then
studied to determine saturation amplitudes for limiting ana-
lytic cases in sections 3 and 4 for collisionless and collisional
limits respectively. In section 5, the analytic results are com-
pared with simulations using the BOT code [37], which has
been extended to solve the coupled equation system presented
in the previous sections. Finally, conclusions are reported in
section 6.

2. Reduced model for mode amplitude evolution

We analyze the evolution of a single eigenmode destabilized
by wave–particle resonant interactions under the assumption
of ideal MHD fluctuations, for which the parallel electric field
vanishes, δE∥ = 0. Our focus is on shear Alfvén-type instabil-
ities driven by energetic ions. For these modes, the paral-
lel magnetic perturbation can be assumed to be negligible,
δB∥ ≈ 0, consistent with wave propagation along the equilib-
rium magnetic field direction b0 = B0/|B0|. We focus on a
single mode, referred to as the pump wave, which is assumed
to oscillate in time as e−iωpt, with real frequency ωp. Given
the wavevector k, the dispersion relation is ωp = vAk∥, where
k∥ = k · b0 and vA = B/

√
µ0ρi is the Alfvén speed in a plasma

with ion mass density ρi. For simplicity, we consider a mode
with single toroidal and poloidal mode numbers n and m,
respectively. The electrostatic potential is modeled as

ϕp (x, t) = ϕ̂p (t) α(r) e
imθ+inφ e−iωpt+ c.c. (1)

The slowly varying radial envelope is split into a time-
dependent amplitude ϕ̂p(t) and a fixed radial mode structure
α(r). We also assume that the envelope amplitude evolves
on a slower timescale than the oscillatory part of the wave,
ωp ≫ |∂tϕ̂p(t)|.

Finally, we introduce the perpendicular electric field of
the pump wave associated with the electrostatic potential ϕp
as Ep =−∇⊥ϕp. Neglecting the slow variation of the radial
envelope, the magnitude of the electric field can be approxim-
ated as |Ep| ≈ |k⊥ϕ̂p(t)α(r)|. We can now express the mode
energy density in terms of the electrostatic potential envelope.

The total mode energy density is the sum of kinetic and mag-
netic contributions:

w=
1
2
ρi |up|2 +

|δBp|2

2µ0
, (2)

where up = (Ep ×B0)/B2
0 is theE×B fluid velocity. For shear

Alfvén waves, the kinetic and magnetic energy contributions
are approximately equal [38]. Therefore, the total mode energy
can be written as

Ep =
ˆ

dV ρi
B2
0

k2⊥ |ϕ̂p (t)α(r) |2. (3)

with volume element dV . We define the squared time-
dependent mode amplitude, which is proportional to the wave
energy, as

A2
p (t) = ϕ̂2p (t)

ˆ
dV k2⊥|α(r) |2. (4)

We study the dynamics of A2
p(t) affected by the self-

interaction of the pump mode, leading to the nonlinear gener-
ation of a zero-frequency perturbation with toroidal and pol-
oidal mode numbers n= m= 0. The drive of zonal structures
is accounted as an effective dissipation mechanisms, introdu-
cing the additional damping term γd,ww(t). It represents the
energy transfer from the pump wave to the ZM and accounts
for this wave–wave nonlinear effect. The modified evolution
equation becomes:

dA2
p (t)

dt
= 2 [γNL (t)− γd,p − γd,ww (t)]A

2
p (t) , (5)

where the total growth rate has been decomposed into the
nonlinear growth rate γNL(t), arising from wave–particle
interactions (depending on the mode frequency, structure,
and the evolving distribution function of the EPs), a con-
stant background damping rate γd,p and the additional damp-
ing term γd,ww from nonlinear wave generation. Effectively,
equation (5) with γd,ww(t) = 0 is the amplitude evolution
equation used in the wave–particle interaction framework.

An additional coupled equation is required to describe the
evolution of the ZM amplitude:

dA2
z (t)

dt
= 2 [γz (t)− γd,z]A

2
z (t) , (6)

where γz(t) represents the growth rate of the ZM due to the
nonlinear drive from the pump wave, and γd,z is the damp-
ing rate of the ZM to the background plasma. The ZM amp-
litude is defined in the same way as for the pumpmode starting
from the beat-driven ZM energy that, contrary to the case of
the Alfvénic perturbation, we consider to be stored mostly as
fluid kinetic energy of the poloidal flow:

Ez =
ˆ

dV ρi
2B2

0

k2z |ϕ̂z (t)αz (r) |2. (7)

3
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where we introduced the ZM electrostatic potential amplitude
ϕ̂z(t) with radial structure αz(r) and radial mode number kz.
The amplitude is then defined as:

A2
z (t) = ϕ̂2z (t)

ˆ
dV k2z |αz (r) |2. (8)

To couple the evolution equations of the pumpwave and the
ZM, we impose energy conservation for the beat-driven gen-
eration process, thereby relating the nonlinear damping terms
in equation (5) to the corresponding growth terms in the zonal
equation. The power lost from the AE due to beat-driven non-
linear generation is:

Pp→ww = γd,ww (t)Ep (t) (9)

and must be balanced by the power gained by the ZM
Pp→ww = Pz from which one obtains

γd,ww (t)A
2
p (t) = γz (t)A

2
z (t)/2, (10)

from which it is possible to rewrite the wave–wave damping
of the pump wave in equation (5) in terms of the ZM growth
rate as γd,ww(t) = γz(t)A2

z (t)/2A
2
p(t).

As discussed in section 1, numerous analytical and numer-
ical studies have described possible mechanisms for the gen-
eration of ZM from nonlinear wave–wave interactions. An
important remark is needed at this point. Here, we do not
aim to add to this part of the literature, and to describe
the specific mechanism by which the ZM is generated by
the pump wave. Instead, we seek to leverage the extens-
ive body of research on these processes to, at least in a
reduced way, describe and understand how the nonlinear gen-
eration of ZM can influence the saturation amplitude of the
pump. To do so, we focus on the mechanism that appears
to dominate the early stages of the simulations and is likely
major in limiting the pump amplitude: the beat-driven gen-
eration of ZM. This process is threshold less and leads to
ZM growth following γz = 2 [γNL(t)− γd,p − γd,ww(t)] where
[γNL(t)− γd,p − γd,ww(t)] represents the instantaneous total
growth rate of the pump wave. This mechanism serves as
the primary nonlinear drive for ZM during the linear and
early nonlinear phases of pump evolution. Other nonlinear
mechanisms, such as the modulational instability [24], can
be important in later stages if the pump wave amplitude
becomes large enough. In such cases, these other effects
may significantly impact the mode saturation after the beat-
driven generation ceases when the pump wave stops grow-
ing and [γNL(t)− γd,p − γd,ww(t)] = 0. Only when neglecting
other nonlinear ZM effects, if the pump wave exhibits no
overshoot oscillations, the amplitude at the time for which
[γNL(t)− γd,p − γd,ww(t)] = 0 represents the saturated pump
amplitude. In more general cases the pump amplitude can,
however, continue to evolve significantly after its first peak,
which does not necessarily correspond to the amplitude at
saturation.

In the following, we will assume γz = 2[γNL(t)− γd,p
−γd,ww(t)]. While this limits the scope of the model to cap-
turing the influence of the ZM on the pump wave due to

the beat-driven generation, it allows for simplification of
the model. The resulting amplitudes can be considered as
a zeroth-order estimate of the effect of wave–wave nonlin-
earities on AE evolution. While additional nonlinear mech-
anisms may become relevant at later stages, their impact
will build upon the amplitudes established by this initial
approximation. Within this assumption, using the relation
of equation (10) we obtain the ZM growth rate from γz =
2
[
γNL(t)− γd,p − γz(t)A2

z (t)/2A
2
p(t)
]
:

γz = 2
[γNL (t)− γd,p]

1+A2
z (t)/A2

p (t)
(11)

Substituting relation (11) in the coupled equations (5) and (6):

dA2
p (t)

dt
= 2

[γNL (t)− γd,p]

1+A2
z (t)/A2

p (t)
A2
p (t) , (12)

dA2
z (t)

dt
= 2

{
2
[γNL (t)− γd,p]

1+A2
z (t)/A2

p (t)
− γd,z

}
A2
z (t) . (13)

From these coupled system of equation it becomes apparent
how the generation of a ZMvia beat-driven process will reduce
the net growth rate of the pump wave through the denominator
1+A2

z (t)/A
2
p(t). Moreover, if the background damping rate of

the ZM, γd,z, can be assumed to be negligible with respect to
the nonlinear drive, the two equations are formally the same,
leading to the condition valid at any time

Az (t) = KzA
2
p (t) (14)

where Kz is a parameter that determines the initial condi-
tion Az(0) = KzA2

p(0). In the presence of a background ZM
damping rate γd,z, a similar expression relates Az(t) and Ap(t):
Az(t) = KzA2

p(t)e
−γd,zt describing how the beat-driven relation

in equation (14) is lost over time due to the damping of the
ZM. For the remainder of this work we will, however, neglect
γd,z for simplicity.

While we will considerKz as a free parameter of our model,
it depends on the pump wave characteristics and is essentially
linked with the self-beating of the wave and with the break-
ing of the pure Alfvénic state. The existing analytic theory
describing the beat-driven process [25, 33, 35] can be lever-
aged to obtain a approximate first estimate of the parameterKz.
From the latest work on the subject, we consider equation (31)
of [33]: ϕz ≈ [c(1+ ηi)/B0ω

2
p ]∂r(kθω∗i|ϕp|2), in CGS units,

with ηi = |∇ logTi|/|∇ logni| and ω∗i = (cTi/eB0)(k× b0) ·
∇ lnni. It is worth noting here that the zonal potential and the
squared pump potential are related by the nonuniformity of the
background plasma, which is determining the radial gradient
of the mode structure, and which is one of the mechanisms
that can lead to the breaking of the pure Alfvénic state. From
equations (4), (8) and relation (14), we get

Kz ≈
(´

dV k2z |αz (r) |2
)1/2

´
dV k2⊥|α(r) |2

c(1+ ηi)

B0ω2
p

krkθω∗i, (15)

4
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where we considered ∂r ∼ kr. For a first estimate, we con-
sider the Alfvénic mode in the DIII-D tokamak described
in [11], where also the effects of self-generated ZM is dis-
cussed. The n= 4 RSAE mode under study has frequency
ωp ≈ 4.5 105rad s−1. From figure 3 of [11] the dominant pol-
oidal mode number is m= 12 and the mode is located at r≈
30cm with radial extent∆r≈ 10cm. As a simplified estimate
we take kr ≈ 1/∆r= 0.15cm−1 and kθ ≈ m/r= 0.4cm−1.
We consider the quantity (

´
dV k2z |αz(r)|2)1/2/

´
dV k2⊥|α(r)|2

of order unity. The field on axis is B0 ≈ 2.2 T, the ion temper-
ature at the mode location is Ti ≈ 1 keV, and from figure 1 of
[11] we estimate∇ lnni = (15cm)−1, ηi ≈ 3 andω∗i ≈ 30kHz
we obtain Kz ≈ 2statV−1.

To solve the coupled equations (12) and (13) and describe
the evolution and saturation of the EP-driven instability, one
must solve the kinetic problem to determine γNL. However,
even in the absence of self-generated ZMs, analytic progress
is limited. Theoretical frameworks have been developed [3,
4, 39–42] to estimate the saturation amplitude. From those
works, approximate analytic expressions for γNL have been
derived [43–45]. These results are only valid within specific
asymptotic limits, and more general cases require numerical
investigation.

In the following, we will explore analytically tractable
cases that can provide insight into the primary mechanisms
responsible for the observed reduction in the pump amplitude
in the presence of self-generated ZMs. Building on this ana-
lytical understanding, we will expand our analysis using the
one-dimensional nonlinear kinetic BOT code [37] to numer-
ically compute γNL and compare those results with our model
predictions.

3. Analytical collisionless saturation

The first limit we study is the collisionless saturation of the
pump wave, described in terms of wave–particle trapping [46,
47]. In this scenario, the saturation mechanism consists in the
mode growth until the phase mixing of resonant particles pro-
duces a local plateau in the resonance region of the distribution
function, as proposed in the context of collisionless damping
in [48, 49]. This process effectively depletes the free energy
available to drive the resonant mode, leading to its saturation.

As briefly discussed in [50], the saturated state of the sys-
tem is influenced by the dynamical path taken to reach it. In
this context, γNL(t) becomes an integral functional of the entire
time history and is generally not known in closed form.

On the other hand, following [8], the mode’s saturation
amplitude can be derived using kinetic and wave momentum
conservation. During the nonlinear evolution, the resonant
particles lose their initial momentum to the wave as the dis-
tribution function is flattened. Saturation occurs when the
slope of the resonant particle distribution function at the res-
onance is reduced to zero, indicating that all the available
momentum has been transferred to the wave. In the absence of
self-generated ZMs, external sources, and sinks, the mode is
expected to saturate due to wave–particle trapping, satisfying

the well-known relation ωb ≈ 3.2γL [46]. The particle bounce
(or trapping) frequency of deeply trapped particles within the
phase space island due to the resonance, is given by [51]:

ωb =

[
2Ap (t) Vn,l (Ir)

∂Ωn,l

∂I

∣∣∣∣
I=Ir

]1/2
, (16)

where Vn,l are the matrix elements of the wave–particle inter-
action, and l is an integer. The resonant condition is Ωn,l(I) =
nωϕ − lωθ = ωp, where I=−Pϕ/n|E ′ is the relevant vari-
able describing the dynamics at the resonance (in terms
of the invariants of unperturbed motion—particle energy E
and canonical toroidal momentum Pϕ—at constant E ′ = E +
ωpPϕ/n) and Ir is its value at the resonance. The linear growth
rate of the pump wave is defined as

γL =
ωpπ

Λ

∑
l

ˆ
dΓ |Vn,l|2 δ (Ωn,l−ωp)

∂F
∂I
, (17)

where δ(x) is a Dirac delta function, Λ is the mode inertial
energy over amplitude squared [43], the summation is over
the l integers, the integration is over the phase space with dΓ
denoting the phase-space element and F is the equilibrium
particle distribution function in the absence of the mode. For
our analysis, it is important to note that ωb ∝ A1/2

p . This pro-
portionality is also captured in the simplified 1D bump-on-tail
instability model, where

ωb =
√
qEPAp,1Dk/mEP, (18)

with qEP and mEP being the charge and mass of the EPs, and
Ap,1D and k the electric field amplitude and wave number of
the electrostatic mode.

In order to study the effect of the beat-driven ZMs, we
assume that in our model the only effect of the wave–wave
nonlinearity is the flow of energy from the pump to the self-
generation of the ZMs. The beat-driven generation does not
impact the resonance condition via Doppler shift or the equi-
librium and the presence of a finite amplitude ZM does not
affect the wave–particle trapping. These assumptions may be
overly restrictive in the presence of strong wave–wave nonlin-
earities, but they allow us to consider that the same amount
of free energy is available in the distribution function with
and without nonlinear wave generation, and that this energy
depends solely on the pump wave. Since the presence of the
beat-driven generation does not affect the free energy avail-
able in the system, it is possible to analyze a simplified toy
model of the problem based on the one-dimensional bump-
on-tail instability, extending the analysis of [8, 52] based on
kinetic and wave momentum conservation.

In contrast to [8], in presence of nonlinear wave–wave gen-
eration, the wave momentum at saturation is the combina-
tion of pump and nonlinearly generated waves. Within the
one-dimensional model, it is not appropriate to consider the
momentum gained by the ZM, since we are neglecting all
the information related to the radial mode structure essen-
tial for an appropriate description of the ZM. However, some

5
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qualitative understanding can still be gained by considering
the beat-driven generation of a higher harmonic wave with
twice the frequency and wave number. Although in realistic
scenarios this higher harmonic is typically subject to strong
dissipation [53] and remains at very low amplitude com-
pared to the beat-driven zonal counterpart, in the collisionless
regime, where damping terms are absent, it can play an equi-
valent role to that of the ZM. Specifically, it provides an addi-
tional degree of freedom where the energy extracted by the
pump from the particles can be redirected, thereby limiting the
pump’s growth. The same arguments that we used to derive the
coupled equations (12) and (13) can be used for the higher har-
monic beat-driven amplitude Ahh(t). In the absence of sources
and sinks a relation Ahh(t) = KhhA2

p,1D(t) is then valid at any
time.

Following the same procedure as in [8, 52], the kinetic
momentum available for the waves from the gradient flatten-
ing is ∆Wkin ∝ ω3

b . In terms of the wave amplitude one can

write∆Wkin = cLA
3/2
p,1D with cL being a coefficient that depends

on the linear growth rate of the pump. In the absence of beat-
driven generation, the kinetic momentum is transferred only
to the pump wave. At the saturation, the kinetic momentum
∆Wkin lost from the distribution due to the flattening process
has been gained by the pump wave momentum, which is pro-
portional to the amplitude squared: Wp,sat = kA2

p,1D/ωp. The
momentum balance Wp,sat =∆Wkin gives

k
ωp
A2
p,1D = cLA

3/2
p,1D, (19)

from which, using the definition of equation (18):

ωb =

√
qEP
mEPk

ωpcL. (20)

Knowing that for the collisionless saturation in absence of
nonlinear wave generation ωb ≈ 3.2γL holds [8, 46, 47], we
can determine the coefficient cL such that ωbcL

√
qEP/mEPk≈

3.2γL to reproduce the expected saturation from numerical
results.

In the presence of nonlinear wave generation, the total
momentum balance requires Wp,sat +Whh,sat =∆Wkin, where
Whh,sat is the momentum of the beat-driven wave at satura-
tion. Within our assumption, the kinetic momentum that the
mode can extract can be still written as ∆Wkin = cLω3

b . From
the relation Ahh(t) = KhhA2

p,1D(t) one can write the higher
harmonic wave momentum asWhh(t) = 2kK2

hhA
4
p,1D/2ωp. The

momentum balance reads:

Whh,sat +Wp,sat =∆Wkin (21)

k
ωp
K2
hhA

4
p,1D+

k
ωp
A2
p,1D = cLA

3/2
p,1D. (22)

Defining x= A1/2
p,1D, the relation for the pump at saturation

follows:

K2
hhx

5 + x= 3.2γL

√
mEP

kqEP
(23)

Figure 1. Value of δBr/B at saturation for different values of the
model parameter Khh. The normalized model result are compared
with the data published in Chen 2018 [11] coming from nonlinear
collisionless gyrokinetic simulations using the code GEM. The
non-zonal curve from [11] follows δBr/B= 0.233(γL/ωp)

2 and is
reproduced as expected by the Khh = 0 case. Good agreement
between our model and the GEM simulations is found for Khh = 22.

which can be solved numerically. Equation (23) shows that in
case of no self-generation the standard solution is recovered,
i.e. withKhh = 0we obtain the expectedωb,sat ∝ γL.With beat-
driven generation, Khh ̸= 0, the energy available to the pump
is reduced for two main reasons. Firstly, part of the kinetic
energy available in the distribution is ‘rerouted’ to the beat-
driven mode. Secondly, due to this leak of energy, the pump
wave growth is reduced, and its amplitude at each time is smal-
ler compared to the case with Khh = 0. Therefore, the total
free energy that the mode can extract from the distribution
is also reduced with respect to the Khh = 0 case. The addi-
tional energy lost due to the nonlinear wave–wave interactions,
as any additional damping of the pump wave, could enhance
hole and clumps formation and lead to chirping behavior
[54]. In our perturbative analysis we however focus on cases
characterized by a monotonic growth followed by steady
saturation.

While the toy model based on momentum balance for
the 1D bump-on-tail instability can be extended to include
the beat-driven higher harmonic instead of ZMs, we pro-
pose that the same mechanisms can qualitatively describe
how the ZM reduces the saturation amplitude of the pump
mode in more realistic scenarios. Although a quantitative
comparison with more complete models would require more
investigation, the trend observed here compares favorably
with collisionless simulations that showed the discrepancy in
saturation with and without ZM generation increasing with
increasing linear growth rate. In [11] the threshold in lin-
ear growth rate for the thermal plasma nonlinearities to play
a role was identified as γL/ωp ≈ 3%. In figure 1 we report
Chen’s 2018 [11] GEM results compared with our model for
different values of the Khh parameter. The value Khh ≈ 22
reproduces the GEM results in presence of self-generation
of ZM.

While not rigorous, a first attempt to estimate the effect of
beat-driven ZMs on the pumpwave saturation amplitude in the
collisionless case can be obtained by evaluating the constant
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Kz from equation (15) and solving the quintic equation using
Khh ∼ Kz.

As an example, our estimate of the parameter Kz for the
case of [11], obtained from equation (15), gives Kz ∼ 2, about
an order of magnitude smaller than the value required for the
simple 1D model to reproduce the simulation results. Such an
underestimation is to be expected for the reduced model, since
the analytic estimate accounts only for a subset of the non-
linear dynamics. In contrast, the simulations of [11] capture
both the ZM (n= 0) and the higher harmonic (n= 8) genera-
tions, each influencing the evolution of the pumpmode (n= 4),
along with additional nonlinear effects beyond the beat-driven
ZM mechanism.

In section 5, the analytic model predictions are compared
with nonlinear simulations of the coupled equations (12) and
(13) using the nonlinear code BOT [37].

4. Analytical saturation with sources and sinks

In the previous section, we analyzed the case where saturation
is achieved through wave–particle trapping in the absence of
sources and sinks. However, that scenario is clearly idealized;
in realistic conditions, sources and sinks are essential compon-
ents and must be accounted for when attempting to describe
experimental observations.

The source of resonant particles can be effectively modeled
by an effective particle scattering, νeff, as detailed in [41, 55].
To balance the continuous energy injection from such sources,
a dissipation mechanism, effectively represented by the finite
background damping of the mode, must also be included. The
significance of sources and sinks, and thus of particle scat-
tering, in describing resonant wave–particle interactions has
been recognized since early studies [3, 56, 57], and has been
emphasized more recently in [6, 58–61].

The presence of scattering and dissipation fundamentally
distinguishes this system from the collisionless scenario dis-
cussed in section 3. In the collisionless case, a finite reservoir
of free energy is available to drive wave growth, and satura-
tion occurs once this energy is depleted, enabling a descrip-
tion based on conservation arguments. Such approach is no
longer valid in the presence of sources. With continuous injec-
tion, the available free energy becomes effectively infinite, and
without dissipation the mode would grow without bound. It is
the dissipation that limits this growth, and the balance between
sources and sinks ultimately governs the nonlinear dynamics
and saturation level of the instability.

As briefly mentioned in section 1, wave–particle nonlinear-
ities can give rise to a wide range of complex nonlinear beha-
vior. Depending on the relative strength of sources and sinks,
the nonlinear dynamics may evolve toward either steady-
state or pulsating regimes. In general, even in the absence
of ZM generation, an analytic expression for γNL(t) is not
known. Nonetheless, there exist sufficiently simple limits that
allow for analytical progress. For cases where a steady sat-
urated amplitude is expected, saturation estimates near and
far from marginal stability can be obtained following [3, 39,

40, 44, 45, 50]. A key feature of these estimates is that they
are not influenced by the time history of the mode growth.
This property becomes particularly important when introdu-
cing the effect of ZM self-generation in these regimes. If we
analyze equation (12) in the presence of sources and sinks,
we observe that the self-generation of the ZM enters solely
through the ratio A2

z (t)/A
2
p(t) in the denominator. This term

acts to reduce the net growth rate at each instant due to the pres-
ence of the ZM. However, the saturation condition, defined by
dA2

p,sat/dt= 0, is:

γNL − γd,p = 0, (24)

which is not affected explicitly by the extra term due to the ZM
generation. The reason for this lies in the beat-driven assump-
tion stated by equation (11). The extra damping term intro-
duced by the self-generation of ZM in equation (5) vanishes at
saturation. Within our assumptions, in the presence of sources
and sinks, there is no reduction of the pump saturated amp-
litude due to the self-generation of ZM alone. This does not
mean that the ZM has no effect on the saturated amplitude,
but only that the generation by itself does not, in contrast to
what we discussed for the collisionless case.

4.1. Considerations on the effects of ZM on sources and
sinks

While there have been numerous studies on the different
effects that a finite amplitude ZM could have on the pump
wave, a clear comprehensive picture is still missing. The more
common picture in the literature describes that the presence
of the ZM is expected to reduce the saturated amplitude of
the pump with respect to the case with no generation, as we
obtained in the collisionless model in section 3. For the col-
lisional case, the saturation of the pump is determined by the
balance of sources and sinks. This means that for the beat-
driven ZM to affect the pump saturation it must affect either
the source term in γNL or the damping γd,p. Starting from the
background damping of the pump wave, some possibilities
have been outlined in the literature, starting from [62]. The
presence of the ZM can impact the damping of the pump in
mainly two ways:

• The zonal electrostatic potential induces a radial electric
field and a subsequent E×B sheared flow. This flow can
break and decorrelate the pump mode structure causing the
mode suppression [30].

• The zonal magnetic flux and associated zonal currents affect
the q profile, causing small perturbations at the mode loca-
tion. For cases in which the pump is an Alfvén eigenmode,
these local modifications of the q profile will impact the con-
tinuum damping of the mode [62].

It has to be noted, however, that a detailed description of how
these two mechanisms quantitatively affect the pump damping
rate is still lacking.

The other option for the finite amplitude ZM to affect
the nonlinear saturation in our model is via modifications of
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γNL. Again, different mechanisms that might play a role are
possible:

• The presence of the ZM might induce a Doppler shift of the
resonant condition impacting the wave–particle interaction,
thus affecting the nonlinear growth rate [31, 63].

• The ZM can interact with the resonant particles altering
phase space zonal structures (PSZSs) generated from the
wave–particle resonance. This interaction can modify the
available free energy for the mode to grow, thus affecting
γNL [33].

Both mechanisms allow for some variability in their impact on
γNL as these mechanisms may also lead to an increased pump
saturation amplitude. In [63], the ZM-induced Doppler shift is
shown to influence the saturation of chirping fishbone oscil-
lations by restricting the regions of the distribution function
where the mode can resonate, compared to cases without ZM.
Conversely, for a steady-frequency mode, the same Doppler
shift would expand the accessible regions of the distribu-
tion function, thereby increasing the available free energy and
potentially enhancing the mode’s growth. A similar argument
could apply to the effect of ZM on PSZS. As demonstrated
both analytically and numerically in [33], when the interaction
between ZM and resonant EP is isolated from other effects, it
can enhance the drive depending on the EP distribution func-
tion, leading to an increased saturation amplitude of RSAEs.
When isolated, neither mechanism appears sufficient to con-
sistently produce to the expected reduction of pump saturated
amplitude for a general case of shear Alfvén wave driven by
fast ions.

While the two mechanisms discussed above describe how
γNL can be modified in the presence of a ZM through changes
in the wave–particle resonant interaction, an additional possib-
ility is that the ZM affects the particle source itself, namely, the
particle scattering. Within the wave–particle nonlinear frame-
work, the effective particle scattering rate νeff represents the
source of particles for the resonance. Namely, it restores the
gradients and replenishes the free energy in the distribution
function. This effective scattering incorporates all mechan-
isms that can scatter particles in phase space into and out
of the resonant island. For a realistic mode with finite radial
width, the quantity νeff is an appropriate average over phase
space weighted by the mode structure [64]. In the absence of
ZM, the expected scaling of the saturation amplitude follows
Ap,sat ∝ ν2eff [65]. In general, νeff includes contributions from
Coulomb pitch-angle collisions as well as anomalous scatter-
ing due to turbulence [66]. The latter contribution is partic-
ularly relevant for our model since the presence of a finite
amplitude ZM can reduce the turbulence level, either through
E×B shearing or by influencing the self-saturation of drift
waves. This turbulence suppression in turn reduces anomal-
ous particle scattering and thereby lowers the effective particle
source. Although this effect is nontrivial to quantify, its qual-
itative impact is evident and, unlike the previously discussed
mechanisms, it leads to a reduction of the particle source and
thus a lower saturation amplitude of the pump wave.

4.2. Reduction of particle source due to scattering
suppression

We proceed analytically by first recalling the results for the
nonlinear evolution and saturation amplitude in the absence of
ZM generation. Focusing on the regime near marginal stabil-
ity, i.e. (γL − γd,p)/γL ≪ 1, analytic progress becomes feas-
ible as the nonlinear growth rate can be obtained from a
cubic equation involving time-delayed integrals [4]. To sim-
plify the analysis further we consider the additional expand-
ing parameter νeff/(γL − γd,p)≫ 1, consistent with typical
experimental conditions in conventional tokamaks [67]. In
this regime, as shown in [43], the integro-differential cubic
equation becomes effectively local in time. Under these
assumptions, the analytic expression for the nonlinear growth
rate of the pump wave, in the absence of ZM self-generation,
reads [43, 44]:

γNL (t) = γL

(
1− e−iΦ Γ(1/3)(3/2)1/3

6
|ω2

b (t) |2

ν4eff

)
(25)

where Φ in the term e−iΦ is a measure of the contribution
of the fast particles to the mode frequency [41, 68, 69]. For
Alfvén eigenmodes that can be treated perturbatively, this
phase should be Φ = πN, with N integer. However, for a
more general case Φ ̸= πN allows for a description with res-
onant particles affecting the frequency of the mode. From
equation (25), one can see how the nonlinear growth rate is
strongly affected by the source term, i.e. the effective scatter-
ing νeff. When these assumptions hold, the evolution of the
mode amplitude proceeds through monotonic growth until it
reaches a steady saturated state, which satisfies the condition
given in equation (24). In the absence of ZM self-generation,
this condition reduces to:

ωb,sat = 4

√
6eiΦ

Γ(1/3)(3/2)1/3

(
1−

γd,p
γL

)1/4

νeff, (26)

here, although in general ωb,sat is a complex quantity, in this
work we are only concerned with its amplitude. Accordingly,
we take ωb,sat to be the absolute value of the saturated bounce
frequency.

The first step in incorporating ZM effects is to model its
impact on the time-dependent turbulent scattering rate, νturb(t).
To attempt to describe the effect of the ZM on the particle
source, we express the effective scattering rate νeff as the com-
bination of effective collisional and turbulent contributions
[51, 67]:

νeff = νcoll + νturb. (27)

We then model the influence of self-generated ZM on the
particle source, and thus on the pumpwave amplitude, through
a time-dependent turbulent scattering rate νturb(t). For simpli-
city, and consistent with conditions in conventional tokamaks
[51, 66], we assume that νeff ≪ νturb, thereby neglecting the
collisional contribution and simplifying the notation. To this
end, we recall the form of ν turb as used in [51, 67], based on
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the pioneering analysis of [66], which describes the EP radial
diffusivity due to microturbulence within resonances as:

ν3turb = DEP

(
qEP
mEP

∂ψ

∂r

)2
(
∂Ω

∂I

∣∣∣∣∣
Ir

)2

, (28)

where ψ is the flux function. Here, DEP denotes the EP diffus-
ivity, which is connected to the thermal ion diffusivity Dth,i

through a proportionality scaling, as discussed for instance
in [70, 71]. Consequently, the effective scattering rate scales
as ν3eff ∝ Dth,i.

To describe the suppression, we assume that the influence
of self-generated ZM on turbulence manifests itself with the
same E×B stabilization effect induced by a mean flow [72–
74]. The validity of this assumption corresponds to the situ-
ation in which the pump mode exhibits a global structure and
the associated nonlinearly generated ZM has a radial scale
significantly larger than the characteristic length of turbu-
lence eddies. Under these conditions, analytical progress can
be made without introducing an additional coupled equation
for drift wave turbulence. The scenario in which the beat-
driven ZM directly enters the predator-prey system, used to
describe the self-saturation of turbulence via nonlinearly gen-
erated zonal flows [28, 75, 76], is beyond the scope of this
article and will be explored in future work.

Assuming that the relevant turbulence is driven by
temperature-gradient instabilities, we consider the phenomen-
ological theory framework of [77] to describe the impact of a
shear flow on the diffusion parameterDth,i. Due to the assump-
tion of radial scale separation between the ZM and the turbu-
lence, we assume the beat-driven poloidal flow to be seen by
the turbulence, at least locally, as

vθ = γErθ̂ (29)

where we approximate a spatial constant shear γE of the time
varying E×B flow. For a given pump mode structure, the
beat-driven ZM radial structure determines the radial depend-
ence of turbulence suppression at each location. The global
effect on νeff is then accounted for through an appropriate
phase-space average that depends on the pumpmode structure.
To qualitatively describe the suppression process, and the res-
ulting feedback on the pump amplitude through νeff, we con-
sider here an electric field averaged over the radial structure
based on the ZM amplitude Az(t) (defined in equation (8))
as E2

z,avg = A2
z (t)/

´
dV |αz(r)|2. The constant shear γE then

reads:

γE =
Az (t)

rsB0 (
´
dV |αz (r) |2)

1/2
, (30)

where rs is the radial location of the pump mode peak and B0

toroidal field.
From the classical works on E×B stabilization [72–74],

the shearing flow is expected to suppress the turbulence when
the shearing rate γE is comparable with the linear growth rate

of the instability causing the turbulence. According to the ana-
lysis of [77], two regimes for turbulence suppression due to
flow shear can be distinguished: ‘weak’ and ‘strong’ shear.
Following its notation, a threshold can be qualitatively iden-
tified at γE ∼ γo. Here γo is the linear injection rate, associ-
ated with the temperature-gradient instability growth rate in
absence of shear, being determined by the balance with tur-
bulence nonlinear mixing [78, 79]. It is possible to define a
critical shear value γc ≡Aoγo, with Ao being the elongation
of turbulent eddies in absence of shear. In our model, we will
assume Ao ≈ 1 so that γE = γc represents the critical shear
value for the transition between weak and strong shear sup-
pression regimes described in [77]. An accurate description
for γc is beyond the scope of the present work. It will be used
as a model parameter that will account also for possible pro-
portionality constants not accounted for in the phenomenolo-
gical description of [77]. Under this framework, one can then
obtain relations to describe how the thermal ion diffusivity
Dth,i(γE(t)) can be affected in presence of a shear flow, both
in the weak and strong shear regimes:

Dth,i (γE (t))
Dth,i (0)

∼

[
1+

Az (t)

rsB0 (
´
dV |αz (r) |2)

1/2

1
γc

]−2

(31)

for γE < γc, and

Dth,i (γE (t))
Dth,i (0)

∼ γc
4

[
Az (t)

rsB0 (
´
dV |αz (r) |2)

1/2

]−1

(32)

for γE > γc. Continuity has been enforced and when
γE, defined in equation (30), coincides with γc, then
Dth,i(γc)/Dth,i(0) = 1/4. Using the fact that νturb ∝ D1/3

EP ∝
D1/3

th,i , we can finally describe how the scattering due to micro-
turbulence changes in time due to the beat-driven ZM:

νeff (t) = νeff (t0)

[
Dth,i (γE (t))
Dth,i (0)

]1/3
(33)

where νeff(t0) is the effective scattering due tomicroturbulence
at t= t0, i.e. in absence of ZM induced shearing. If the effect
on νeff(t) is the only modification in the presence of ZMwithin
the time-local regime, then the nonlinear growth rate can still
be described with equation (25), (as shown in appendix) and
the saturation amplitude satisfies equation (26) modified by
νeff(t):

ωb,sat = ωb|nz
[
Dth,i (γE)

Dth,i (0)

]1/3
(34)

where we define

ωb|nz = 4

√
6eiϕ

Γ(1/3)(3/2)1/3

(
1−

γd,p
γL

)1/4

νeff (t0) , (35)

as the saturation expected without ZM effect. Neglecting again
the ZM damping rate, γd,z = 0, and using equations (31)
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Figure 2. Reduction in the saturated amplitude due to ZM
suppression of νeff as a function of the expected saturation in the
absence of ZM for different values of Kz. The other parameters
values are set to γc = rs = B0 = (

´
dV |αz(r)|2)1/2 = 1. The

threshold between weak and strong shearing regimes corresponds to
ωb,sat/ωb|nz = 2−2/3.

and (32) in equation (34), the saturation levels are determined
by:

ωb,sat

[
ω4
b,satKz

γcrsB0 (
´
dV |αz (r) |2)

1/2
+ 1

]2/3
= ωb|nz (36)

for γE < γc, and

ωb,sat = ωb|3/7nz

[
γcrsB0

(´
dV |αz (r) |2

)1/2
4Kz

]1/7
(37)

for γE > γc, where we used the beat-driven relation of
equation (14) to write Az in terms of the pump amplitude.
In figure 2 the reduction for the saturated amplitude com-
ing from the solution of equations (36) and (37) is plotted
against the expected saturation in absence of ZM for different
values of Kz. The threshold between weak and strong shear-
ing regimes γE = γc corresponds to a reduction in amplitude
ωb,sat/ωb|nz = 2−2/3 ≈ 0.63.

While for this analysis we focused on the regime close
to threshold, the same mechanism could be used in the
regime far from threshold ωb ≫ νeff leading to similar res-
ults1. The ordering far from threshold requires that γd,p ≪ γL.
In such conditions, characterized by very small background
damping compared to the linear growth rate, the effects of
finite amplitude ZMs on the sink term should be discussed
more carefully since the additional damping from shearing
or q profile modifications [30] may become comparable
to γd,p.

To conclude this section, we note that we have neglected
the ZM collisional damping rate, γd,z. This simplification
allows us to focus on developing qualitative insights into how
self-generated ZMs impact the saturation amplitude, rather

1 The nonlinear growth rate far from threshold can be approximately
expressed as: γNL(t)/γL = 1.756ν3

eff/ω
3
b(t) [45].

than on quantitative predictions that are beyond the scope
of our reduced formalism. Nonetheless, here we briefly dis-
cuss potential implications of including γd,z, leaving a more
detailed treatment of the fully coupled system to future work.
If γd,z becomes comparable to the net linear growth rate of
the pump wave, γL − γd,p, the ZM will be unable to grow
to sufficient amplitude to significantly influence the pump
evolution or saturation; in this regime, energy is still trans-
ferred from the pump to the ZM, but is rapidly dissipated.
Conversely, if γd,z is sufficiently small, the ZM can grow to
sufficient levels to affect the pump in the ways discussed here.
The impact of γd,z may become more relevant near satura-
tion, when γNL(t)− γd,p ≈ 0. However, under these conditions
also the beat-driven assumption may break down, and addi-
tional nonlinear effects, such as modulational instability, could
become significant.

5. BOT simulation results

In sections 3 and 4 we described analytic models to estimate
the saturated amplitude of the pump wave in presence of self-
generated ZM. In the collisionless regime, due to the finite
energy available to the system, we could determine the sat-
uration amplitude without explicit knowledge of γNL. In the
presence of sources and sinks, the same procedure is not pos-
sible and in order to proceed analytically we restricted our cal-
culation assuming close to threshold and scattering dominated
saturation. Within those assumptions γNL becomes time local
and the evolution of the mode amplitude can be treated analyt-
ically. In general cases, however, analytical progress cannot be
achieved.

In this section, the kinetic problem for the nonlinear
growth rate is solved numerically using the BOT code [37].
It addresses nonlinear wave–particle resonant interactions
within the simplified bump-on-tail geometry. As discussed
in [41, 50], the bump-on-tail paradigm is sufficient to capture
the essential physics required to understand the destabiliza-
tion and saturation of isolated modes via wave–particle non-
linearities for the case of low frequency modes in axisym-
metric devices. The BOT code solves the nonlinear bump-on-
tail problem by evolving the bounce (trapping) frequency, that
within the code normalization follows ωb/γL = A1/2

p , and the
particle distribution function self-consistently. Within BOT,
we include the nonlinear generation of ZMs following the
coupled equations (12) and (13). In this implementation, the
ZM acts as an additional damping mechanism on the pump
wave depending on the evolving amplitude Az(t). It is import-
ant to note that within the code there is no explicit knowledge
of radial structures and of Az being associated to a ZM. Any
direct impact that ZMs might have on the particle distribution
function is also not included. The only retained effects are the
evolution of Az, computed according to our energy conserva-
tion arguments, thus reducing the pump growth, and the sup-
pression of the effective scattering rate νeff due to a turbulence
reduction associated to Az(t).
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Figure 3. In part (a), the normalized amplitude evolution of pump
and associated beat-driven ZM Az(t) = KzA2

p(t) are plotted for
Kz = 22. The analytic solution of equation (23) for the expected
saturation is showed as dashed black line. Part (b) shows the
evolution of pump wave amplitudes for different values of the
parameter Kz. The corresponding ZM amplitude, following the
quadratic relation for each Kz value, is not shown. The expected
saturation for the non-zonal case with ωb/γL ≈ 3.2, is showed as
dashed line. The initial condition for the pump wave amplitude is
ω2
b/γ

2
L = 10−6.

5.1. Collisionless case

We begin by analyzing the collisionless case, in which the
only additional effect considered is the presence of nonlinearly
generated wave introduced as an additional damping term in
the pump wave evolution. When simulating the self-generated
wave dynamics, the initial condition is not arbitrary but must
satisfy the beat-driven relation given in equation (14). The
parameter Kz, which links the amplitude of the self-generated
ZM to the squared amplitude of the pumpwave, varies depend-
ing on the characteristics of the mode and the specific plasma
parameters. It has the dimensions of the inverse of Ap, and is
thus normalized accordingly. However, our aim here is not to
provide a quantitatively accurate prediction but rather to illus-
trate the qualitative impact of ZM generation. Thus, we treat
Kz as an input parameter that effectively controls the strength
of beat-driven ZM generation. We compare the numerical
results with analytic saturation estimates from equation (23)
using Khh = Kz. It is worth noting that, while for the ana-
lytic case of the 1D model we had to consider the toy model
involving the beat-driven higher harmonic, the code solves the
coupled equations (12) and (13) directly.

The results for a range of Kz values are reported in figure 3.
In figure 3(a), BOT results are compared with the ana-
lytic prediction for the saturation coming from equation (23)
using Kz = 22, corresponding to the case showing agreement
between the quintic equation solution and gyrokinetic simu-
lations in figure 1. The analytic model slightly underpredicts

Figure 4. Evolution of pump wave amplitude close to threshold for
different values of Kz compared with the saturation predicted by
analytic theory in absence of ZM generation. Sources and sinks
parameters used are: γd,p/γL = 0.95 and νeff/(γL − γd,p) = 30. The
initial condition for the pump wave amplitude is ω2

b/γ
2
L = 10−6.

the normalized saturation amplitude. It is important to remark
that for the entirety of the simulation the beat-driven relation
of equation (11) is assumed. Thus, the ZM is following the
quadratic relation with the pump even after the first amplitude
peak. This is a consequence of our assumptions and, if the
ZM amplitude becomes large enough, other nonlinear mech-
anisms which are not accounted for here might become dom-
inant. Nevertheless, the model can, at least partially, capture
the reduction in saturation amplitude due to self-generation
of ZM, and, as shown in figure 3(b), the reduction is stronger
when the parameter Kz is increased. The case with Kz = 0 is
reported in figure 3(b) together with the expected non-zonal
saturation value of ωb/γL ≈ 3.2 [46].

5.2. Collisional case

As detailed in the previous section, the collisionless case
provides valuable insights into how nonlinear wave–wave
interactions can reduce mode growth and ultimately lower the
saturation amplitude when the energy available to the mode is
finite. However, the inclusion of sources and sinks fundament-
ally changes the system dynamics. We now present BOT sim-
ulation results in the presence of sources and sinks, where the
only ZM effect retained is the additional damping introduced
by wave–wave generation, implemented under the beat-driven
assumption. We first consider a scenario near marginal stabil-
ity, for which analytic theory predicts monotonic growth fol-
lowed by steady saturation of the pump wave. In this regime,
the expected saturation amplitude in the absence of ZM gener-

ation is given by ωb

∣∣
nz
≈ 1.18

(
1− γd,p/γL

)1/4
νeff, as derived

in [41]. Furthermore, based on the analysis of section 4, we
anticipate that if only ZM generation is included, the final
saturation level should remain insensitive to variations in the
parameterKz. This behavior is confirmed in figure 4. The evol-
ution of simulations with varying Kz shows that ZM genera-
tion slows the initial mode growth, delaying the time at which
saturation is reached. However, the final saturation amplitude
remains unchanged and agrees with the analytic prediction for
the case without ZM generation.

This behavior is not limited to marginal stability case alone.
As shown in figure 5, the same insensitivity to beat-driven gen-
eration is observed far from marginal stability, for a region of
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Figure 5. Evolution of pump wave amplitude far from threshold
with (red curve) and without (blue curve) ZM generation shown in
part (a). Zoom around the early exponential growth is shown in
part (b). Sources and sinks parameters used are: γd,p/γL = 0.01 and
νeff/(γL − γd,p) = 0.55. The initial condition for the pump wave
amplitude is ω2

b/γ
2
L = 10−6.

parameters for which theory predicts a steady saturation [3,
39, 40]. In these cases, ZM generation strongly alters the early
‘collisionless’ growth phase by reducing the energy available
from the distribution function. However, when considering
saturation in the presence of sources and sinks, onemust exam-
ine amplitude evolution on collisional and dissipative time
scales. As collisions act to restore the distribution function and
balance background damping, the final saturated amplitude
converges to the same value regardless of ZM generation. The
BOT simulations corroborate the simplified model’s predic-
tion: if beat-driven ZM generation is the sole additional effect,
then the saturation level of the pump wave set by sources and
sinks remains unaffected by ZM dynamics.

Following the analytic discussion, one mechanism by
which self-generated ZMs can reduce the pump saturation
amplitude is through their impact on the source term, i.e. the
effective scattering rate νeff. In our BOT simulations, we
implement a time-dependent scattering rate that varies with
the ZM amplitude, as given by equation (33). We focus again
on the near-marginal-stability regime, where theory predicts
a low-amplitude saturation. For small values of the parameter
Kz, the turbulence reduction due to the ZM effect is governed
by the ‘weak shear’ suppression formula in equation (36), as
shown also in figure 2.We first present, in figure 6(a), the evol-
ution obtained with νeff(t) for a representative value of Kz = 1
together with the corresponding beat-driven ZM amplitude.
We then perform a parameter scan in figure 6(b), which shows

Figure 6. In part (a) the normalized amplitude evolution of pump
and associated beat-driven ZM are plotted for Kz = 1. The analytic
solution of equation (36) for the expected saturation shown as a
dashed black line. Part (b) shows the evolution of pump wave
amplitudes for different values of the parameter Kz. The
corresponding ZM amplitude, following the quadratic relation for
each Kz value, is not shown. Sources and sinks parameters used are
the same ones of figure 4: γd,p/γL = 0.95 and νeff/(γL − γd,p) = 30.
The initial condition for the pump wave amplitude is ω2

b/γ
2
L = 10−6.

that increasing Kz again leads to a stronger reduction of the
saturated pump amplitude.

6. Conclusion

This manuscript presents a simplified and transparent frame-
work for evaluating how, at least qualitatively, wave–wave
nonlinearities can modify the evolution and saturation of
Alfvénic modes driven by wave–particle resonances. From a
practical standpoint, it is well known that the saturation amp-
litude of EP-driven instabilities is crucial to understand their
associated EP transport and losses. Wave–particle nonlinear
models have been highly successful in predicting the satura-
tion of EP-driven instabilities under a wide range of conditions
[2]. However, as discussed in the introduction, experimental
evidence, for example the TFTR cases described in [10],
shows that for sufficiently large-amplitude modes, the satura-
tion predicted by these models can be overestimated, as wave–
wave nonlinear effects become significant. This implies that
experimental modeling and predictive simulations must, in
such cases, rely on more complete and computationally costly
tools. The simplified model presented here is intended to mit-
igate this limitation by extending the predictive capabilities of
significantly cheaper wave–particle-based frameworks. Such
an approach could be particularly valuable during scenario
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development for future devices, where broad parameter scans
for optimization may be prohibitively expensive with high-
fidelity simulations. In addition, the model yields predictions
for the amplitude of beat-driven ZMs, which could be tested
against experimental measurements when available, providing
further opportunities to benchmark and stress-test the reduced
model capabilities.

Extending the standard amplitude-evolution equation for
wave–particle interactions, we introduced an additional damp-
ing term to account for nonlinear wave generation. We
specifically examined the beat-driven excitation of zero-
frequency (m,n) = (0,0) ZMs, a mechanism observed in mul-
tiple gyrokinetic simulations and supported by analytic theory,
where the ZM grows at approximately twice the rate of the
primary ‘pump’ wave.

Although this beat-driven process is only one of the pos-
sible wave–wave nonlinear effects, we argue that it repres-
ents the leading-order effect during the linear and early non-
linear growth stages. Focusing on it allows us to isolate the
primary influence of ZMs on the pump wave saturation amp-
litude. Rather than attempting to reproduce the full complex-
ity of wave–wave nonlinearities, our simplified model tries to
clarify the key role of ZM generation in energy transfer and
saturation dynamics.

Our analyses highlight that, in the collisionless limit, the
generation of beat-driven waves alone significantly alters both
the growth and saturation of the pump mode. Simple energy-
conservation arguments reveal that no additional ZM specific
physics is required to predict a reduction in the pump satura-
tion amplitude: energy that would have been transferred from
the fast-ion distribution to the pump is instead redirected into
the beat-driven modes. Consequently, not only is the avail-
able energy distributed between the pump and the beat-driven
modes, but the pump capacity to extract further energy from
the distribution is diminished. By introducing a single free
parameter to quantify the beat-driven generation, our reduced
model reproduces the trends in saturation amplitude observed
in more comprehensive gyrokinetic simulations in this colli-
sionless regime.

The more realistic scenario, including sources and sinks,
behaves quite differently. In the presence of particle scatter-
ing and background damping, the energy available to drive
the pump mode is constantly replenished, so beat-driven wave
generation can slow down growth but does not by itself affect
the saturation level. Under these conditions, the specific prop-
erties of the ZM become critical in determining its influence
on the pump evolution. Typically, the collisional damping rate
of the ZM is small compared to its beat-driven growth rate
[28], at least during the pump linear growth phase, allowing the
ZM amplitude to grow sufficiently to impact the pump wave
through various channels. In this work, we have neglected
potential modifications to the pump background damping or to
the wave–particle resonance itself, and instead focused on the
ZM’s effect on particle scattering via turbulence suppression.
By reducing microturbulence, the ZM effectively diminishes
the resonant-particle source that replenishes the distribution
through scattering of nonresonant particles into the resonant
island. This mechanism lowers the saturation amplitude on the

collisional timescale, in addition to the growth-rate reduction
caused by energy transfer into the ZM.

This result underscores the necessity of properly account-
ing for sources and sinks when studying the evolution and
saturation of modes driven by wave–particle resonances. As
noted in earlier works [3, 4, 6, 56–60], within resonances the
effect of scattering is exacerbated, extending the resonance
interaction range. Here, we emphasize that wave–wave non-
linearities also affect the system in a fundamentally different
way in the presence of continuous particle sources and sinks.
While the collisionless case provides valuable insight into how
initial, exponential growth is modified by wave–wave inter-
actions, the lack of sources and sinks leads to a qualitatively
different saturation regime.

The model presented here is highly simplified and does not
capture many important effects that may dominate the influ-
ence of wave–wave nonlinearities on the evolution and satur-
ation of Alfvénic modes driven by wave–particle resonances,
such as modulational instability [24, 35] and other feedback
mechanisms that the ZM can have on the pump wave [31, 33,
62]. On the other hand, by developing our model within the
standard framework used for nonlinear wave–particle dynam-
ics, and thanks to its simple formalism, it can be readily imple-
mented in existing codes based on perturbative models. While
still far from a complete treatment of the fully nonlinear prob-
lem, augmenting a reduced wave–particle code with the mech-
anism proposed here allows, at least partially, for inclusion of
nonlinear wave–wave effects, specifically the beat-driven gen-
eration of ZMs, on mode evolution and saturation.

We also point out that an informative reduced approach
for the coupling between fast-ion-driven modes, ZMs and tur-
bulence has been recently proposed by Yan and Diamond in
[80]. Their model focuses on the characteristics of a beat-
driven ZM and how it can couple directly to the turbulence
through a process known as geodesic acoustic transfer. The
pump mode evolution is, however, limited to a constant lin-
ear growth in the absence of ZMs, not capturing details of
the wave–particle nonlinearities. The reduced model presen-
ted here, instead, focuses on the pump wave evolution and
consequent fast ion transport, highlighting the role of the ZM
in affecting the saturation that can be achieved due to wave–
particle nonlinearities. Although the two proposed models try
to address similar aspects of the fast-ion-driven modes, zonal
modes and turbulence interactions, they focus on different key
features of the problem and can be related in a complementary
way.
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Appendix. Validity of the time-local approximation
for a time-dependent νeff

The nonlinear evolution of EP-driven instabilities in presence
of scattering and damping rates can be described analytically
by the Berk–Breizman cubic equation, introduced in [4]. This
time-delayed integro-differential equation contains rich non-
linear features, and has been applied to interpret a variety of
experimental phenomena including oscillations near the satur-
ation level, pitchfork splitting, chaotic mode evolution, and the
emergence of frequency chirping. As shown in [43, 44], fur-
ther simplification is possible in scattering dominated regimes,
in which the cubic equation becomes time-local. Previous
studies, however, considered a constant νeff. In this appendix,
we derive the condition for which the time-local approxima-
tion holds in the presence of a time dependent νeff(t). We start
from the 1D kinetic equation for the distribution function f in
normalized spatial and velocity coordinates, ξ and Ω,

∂f
∂t

+Ω
∂f
∂ξ

+Re
[
ω2
be

iξ
] ∂f
∂Ω

= ν3eff (t)
∂2 ( f−F0)

∂Ω2
(A.1)

and the power balance equation,

P=−eω
k

ˆ
dξ dΩE(ξ, t) f(ξ,Ω, t)

=
d
dt

ˆ
dξ
E2

4π
+ 2γd,p

ˆ
dξ
E2

4π
. (A.2)

In the kinetic equation (A.1), ωb is the bounce frequency,
νeff(t) is the effective scattering frequency, and F0 is the equi-
librium distribution in the absence of the mode. In the power
balance equation (A.2), e is the elementary charge, ω the res-
onant frequency, k the wavenumber, E the electric field amp-
litude, and γd,p the background damping rate. Following [4]

and [41], we then express f as a Fourier series in ξ,

f(ξ,Ω, t) = F0 (Ω)+ f0 (Ω, t)+
∞∑
l=1

(
eilξfl (Ω, t)

)
+ c.c.,

(A.3)
and expand perturbatively in the small parameter

ϵ≡ ω2
b

ν2eff (t)
≪ 1. (A.4)

We then take the equation order by order in ϵ (the order in ϵ
of each term is denoted by the upper index and the Fourier
harmonic is denoted by the lower index). The first three orders
that contribute to the resulting evolution equation are given by

∂f(1)1

∂t
− iΩf(1)1 =−1

2
ω2
b (t)

∂F0

∂Ω
+ ν3eff (t)

∂2f(1)1

∂Ω2
, (A.5)

∂f(2)0

∂t
− ν3eff (t)

∂2f(2)0

∂Ω2
=−1

2

(
ω2
b (t)

∂f(1)∗1

∂Ω
+ω2∗

b (t)
∂f(1)1

∂Ω

)
,

(A.6)

∂f(3)1

∂t
− iΩf(3)1 =−1

2
ω2
b (t)

∂f(2)0

∂Ω
+ ν3eff (t)

∂2f(3)1

∂Ω2
. (A.7)

It is possible to successively solve equations (A.5)–(A.7)
by Fourier transforming in Ω and introducing an integ-
rating factor. Once f(1)1 , f(3)1 are determined, we can sub-
stitute them into the power balance equation to solve for
the mode amplitude as a function of time. When this is
done, the full version of the cubic equation can be obtained
[4, 41]:

dω2
b

dt
= (γL − γd,p)ω

2
b −

γL
2

ˆ t

0
dτ
ˆ τ

0
dτ1

×
[
ω2
b (τ)ω

2∗
b (τ1)ω

2
b (τ1 + τ − t)

]
(τ − t)2

× exp

(
−
ˆ τ1

τ1+τ−t
ν3eff(τ3)(τ1 + τ − t− τ3)

2 dτ3

−
ˆ τ

τ1

ν3eff(τ3)(t− τ)2dτ3 −
ˆ t

τ

ν3eff(τ3)(τ − τ3)
2dτ3

)
.

(A.8)

To isolate the leading order effect, we expand ν3eff(τ3) as

ν3eff (τ3)≈ ν3eff (t)+ 3ν2eff (t)
dνeff (t)

dt
(τ3 − t) . (A.9)

We may neglect the first-order correction to the integrands
exactly when νeff(t) satisfies the adiabaticity condition

1
νeff (t)

dνeff (t)
dt

(τ3 − t)∼ 1
ν2eff (t)

dνeff (t)
dt

≪ 1. (A.10)

When this adiabaticity condition is satisfied, the time his-
tory of νeff(t) can be neglected, then the modified form of
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the time-delayed cubic equation can be obtained by explicitly
integrating the exponential terms:

dω2
b

dt
= (γL − γd,p)ω

2
b −

γL
2

ˆ t/2

0
dττ 2

ˆ t−2τ

0

× dτ1ω
2
b (t− τ)ω2

b (t− τ − τ1)

×ω2∗
b (t− 2τ − τ1)exp

(
−ν3eff (t)τ 2

(
2
3
τ + τ1

))
.

(A.11)

Equation (A.11) is the time-delayed cubic equation
obtained by [4], with the additional time dependence of νeff(t).
Further simplification occurs in the time-local regime [43],
when

γL − γd,p
νeff (t)

≪ 1. (A.12)

In the time-delayed cubic equation, a large effective scattering
relative to the mode net growth timescale will cause the integ-
rand to damp very quickly away from τ = 0 and τ1 = 0. In this
regime, the time shifts are unimportant and equation (A.11) is
reduced to a Landau–Stuart form:

ω2
b

dt
= (γL − γd,p)ω

2
b −

γL
6

(
3
2

)1/3

Γ

(
1
3

)
ω2
b |ω2

b |2

ν4eff (t)
(A.13)

From equation (A.13), one can obtain the nonlinear growth
rate, equation (25), from the definition dω2

b/dt= [γNL(t)−
γd,p]ω

2
b , as well as the saturation amplitude of equation (26)

with the only addition of the local time dependence of νeff(t).
In the remainder of the appendix, we show that for

time-dependent scattering νeff(t), arising from micro-
turbulence suppression due to the beat-driven ZM
introduced in equation (33), the adiabaticity con-
dition given in equation (A.10) is satisfied. From
section 4.2, recall that the turbulent effective scattering is
given by:

νeff (t) = νeff (t0)

(
1+

Az (t)

rsB0 (
´
dV |αz (r) |2)

1/2
γc

)−2/3

(A.14)

νeff (t) = νeff (t0)

(
rsB0

(´
dV |αz (r) |2

)1/2
γc

4Az (t)

)1/3

(A.15)

in the weak and strong shear regimes, respectively.
Starting with the weak-shear case, we take the time deriv-

ative of equation (A.14). Note that, in our model, the only
time dependence comes from the zonal flow amplitude Az(t),
which due to the beat-driven assumption, grows at exactly
twice the rate of the pump wave. This results in dAz/dt∼
2(γL − γd,p)Az, which allows us to simplify the derivative to
the following form:

dνeff (t)
dt

=−
ν
5/2
eff (t)

νeff (t0)
3/2

4Az (γL − γd,p)

3rsB0 (
´
dV |αz (r) |2)

1/2
γc

(A.16)

For the weak-shear case, we have that the shear
induced by the ZM, defined in equation (30) as γE =
Az(t)/rsB0(

´
dV |αz(r)|2)1/2, is at most γc. It follows from

equation (A.14) that:

νeff (t)
νeff (t0)

∼O (1) (A.17)

Therefore, we have that

1
ν2eff (t)

dνeff (t)
dt

∼
γL − γd,p
νeff (t)

. (A.18)

In the time-local regime, where condition (A.12) is valid,
then the adiabaticity condition for the weak-shear case is auto-
matically satisfied.

In the strong shear case we follow a similar procedure.
Using again that dAz/dt∼ 2(γL − γd,p)Az for the beat-driven
ZM, together with equation (A.15) we obtain:

dνeff (t)
dt

=−2
3
(γL − γd,p)νeff (t) , (A.19)

that, as for the weak-shear case, links the adiabaticity condi-
tion to the time-local regime:

1
ν2eff (t)

dνeff (t)
dt

∼
γL − γd,p
νeff (t)

. (A.20)

Again, if the condition (A.12) is valid, then the adiabati-
city condition is satisfied and the effect of the time-dependent
scattering rate is time-local.
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