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For realistic parameters of magnetically confirmed plasmas the growth rates on internal kink modes,
resulting from the effects of finite electrical resistivity, can be considerably larger than those evaluated
from the idealized MHD theory. In addition, magnetic field lines can reconnect and produce

configurations with magnetic islands.
PACS numbers: 52.35.En, 52.52.Gj

We consider, for simplicity, a magnetically confined,
current earrying cylindrical plasma column of length 27R,
in which Bz(r) and Bg(r) are the axial and azimuthal com-
ponents of the magnetic field. The so-called internal kink
mode is characterized by an azimuthal wave number m = 1

. and by leaving the plasma boundary unperturbed. This
mode can be excited whenever there is a region inside the
plasma column where the value of the quantity g(r) =
rB,(r)/[RBg(r)] falls below unity within the region, and
increases monotonically outside it to a value above unity
at the plasma boundary.!

The experimental work reported in Ref. 2 has con-
firmed that |[m| = 1 oscillations do occur inside a toroidal
plasma column when the value of g(r) falls below unity at
the magnetic axis, and that the radial mode structure is in
reasonable agreement with the theoretical predictions,
However, the ideal MHD treatment of this mode including
a nonlinear analysis of it® is not sufficient to explain other
important features of the cbserved oscillations such as
their frequency and the values of their amplitudes.

We recall that the ideal MHD theoretical growth rate
of the internal kink mode, YMHD, is considerably smaller
than that of the "free-boundary"” kink mode, as ¥pgp ~
(ro/R)Y 7y, where Ty = To/vps, Vig = [B}/(47p)] % (q'r/q),
r = ry is the surface at which q(r) = 1, p is the mass den-
sity, g' = dg/dr, and vag is evaluated at r;. In considering
the effects of finite electrical resistivity n we define a
magnetic diffusion coefficient D, = ne Z/47, a resistive
diffusion time T = r}/Dpy, and & parameter £ = Ty/TR
that is taken to be small, Then on the basis of the gen-
eral results obtained in Ref. 4, we expect the growth rate
of this mode to be of order v ~&/¥ Ty whenever YpupTH

2 €1/3, a condition that is frequently realized in current
expenments.

In addition the effects of resistivity lead to a different
topology of the perturbed magnetic field that is consistent
with the formation of magnetic islands, The linear re-
sistive treatment of this mode is still not sufficient to
account for the frequencies and amplitudes of the observed
oscillations but is the necessary first step in this direction
and in order to establish the relevance of the m = 1 mode’
to the onset of the so-called disruptive instability, 5
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We refer to the following linearized equations for
small perturbations of the considered cylindrical plasma
column:

a 1 i
pa-vl=—-Vp. +TJ|XB e TIXB“

]
57 Bi= VX (v, XB) —ne VX,

where the subscript 1 indicates perturbed quantities, J; =
(¥ x By)e/(4n), J = (V X B)c/4n, and the resistivity nhas
been considered as constant for simplicity. In particular,
we look for normal mode solutions of the form w(t,r, 9, z)
= vy(r) exp [yt +i(mf + kz)], where k = 1/R;R is the major
radius of the toroidal configuration that is simulated.
Then, following a procedure outlined in Ref. 6, in order to
reduce the stability problem to a couple of equations in the
radial components vy, and By, we apply the operator B -
v x to the first of the equations given above and take the
radial component of the second, We recall that (kr)? =
(r/R)* « m?® and obtain

1 d dv,,
dny [——pr"—?‘—— (m? --i)b’,.-] —irF[iiri (rBy;)
d dr
{
2 —_—
—={m G+ (rF)} rB.) |, m
, nert i dB,\ m'—1 :
yB.=iFv, +E T (1" % ) — u] (2)
The quantities F and G are defined as
F=mB,/r+kB,, (3)
et W
GmP "2 (KB~ B). @
m
In the limit of zero resistivity we obtain simply’
d ds
—_ ) — | —gE= 4
— [P tapr+r) == ] - ge=0 @
for m = —1 modes, where we have defined v = V¢, 8 =
FGr,
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. g/By~(kr)’F, F=—B/r[1—q(r)].

The solution ¢ of Eq. (4) is expanded in (kr)% ¢ =
Eg+ &+ . Then & is taken to be a nonzero constant
inside the region where F(r) > 0, [q(r) < 1] and zero in the
region where F(r) < 0, [q(r) > 1]. The discontinuity in &, is
allowed because, neglecting the inertia term py?, the point
ry, where F(ry) = 0, is a singular point of Eq. (4). Th
first order solution £, is made to join smoothly the con~
stant and zero solutions on each side of the surface r =

through an "inner" layer where 47py* ~F?, The solution
outside this layer is
a8 _ ke ¢
E=E.=const; 'd_r- FJ gdr for r<r
and
£o=0; 'ZEI (2 jgdr for  r>r,.

Since the parameter € = 7y/TR is small under real-
istic conditions, the resistive term in Eq. (2) tends to
become important only within the considered "inner"
layer. Then we may write the equations for this layer
in the form

&tz dy
TR =
1(7-"30"‘ 2 g! (6)
where x = (r = rp)/1y, § = iBy,/(F'1f), F' = (dq/dr)By/r,,

and A = YT We notive that the "resistive" ordering, for
which all terms in Eqs. (5) and (6) are comparable, is

Y/E~z~A~e™, (7)

We look for solutions of Egs. (5) and (6) which can
match smoothly the relevant MHD solutions outside the
inner layer. In particular, if we reduce Eqs. (5) and (6)
to a fourth order equation in £, there are four independent
solutions with different asymptotic behavior as |x| — =.
One solution is ¢ = constant, two others behave as exp
[£x%/(4e0)!/2), and the last solution is such that d £/dx =~
(const )/x* as |x| — =, We are interested in the last
solution that we write in the form ¢ = & + ¢oqq(x),
where the function £odd is odd in x. Notice that the form
of the solution outside the inner layer implies that

1 dt 1 Ay
e Mg (@)

where

pym— WJ’ g(rdr< (R ) )

Thus we impose that the inner solution satisfy the condition

= d
—';(IREMJh

1
2 d _?lﬂ (9)
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for x/A ——= as 594 — £x/2.

The solutions of Egs. (5) and (6) that are shown in
Fig. 1 have been obtained numerically, after rewriting the
same equation with the variables x = x/el/3, G = yleth,
and A = A/&l/3, flxing a value of A and imposing the condi-
tions £4gq(0) = 0, $(0) = 1. Then d£oqq/dx for x = 0 has
been varied until the condition (9) has been met, We have
followed closely the procedure described in Ref, 6 and con-
firmed the result predicted in general in Ref, 4, In par-
ticular, we notice that for Ay >» £/ we have A ~ Ay as
Ay is proportional to the purely MHD growth rate. In the
opposite extreme corresponding to MHD marginal stability,
Ag = 0, we have A = 1, thatis, A = €//3, We recall? that the
integral [g(r)dr is nega.twe and, therefore, Ay > 0, for any
current density distribution monotonically decreasing from
the magnetic axis and such that q(r = 0) <L

In Fig 1 we have also reported solutions correspond-
ing to A < 1 and, therefore, to dlngodd/dx >0 for x —
—=, These can be meaningful to the extent that AH can be
made negative, while q(0) < 1, by considering additional
effects that add stabilizing terms to [g(r)dr.

It is possible to reproduce analytically these results
by introducing the even furiction

dy . 98
1(e)mz ¥ g 2

+ ey
where ¥, = const., Then
. e dy 1
E=A ’I dz(x—y«) and w——x—xj de?.
z =

In addition

dx d.t dE y Y
t.o2 j' it A

Thus condition (9) reduces to

doc d.z'
=M—_-[d.r T 8

and Egs. (5) and (6) to

ﬂ?\.[ﬂ

L2, dx — (PN =Ny, 1)
dz x

Thus in the MHD limit, Ag > £V/2,

IzH\,’ and Aoy, (12}

Y o

In the MHD marginal stability case® Ay = 0, X, = 0,

q=— E- exp[—z'/(Ze"")] and )\=g'", (13)

In order to derive a general solution for Eq. (11) it is
convenient to rewrite Eq. (11) as

é[dc= i%]‘[%“]x“‘*“ i
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after adopting the independent variable ¢ = R¥/AY/2. The
solution can be obtained by expansion in Laguerre poly-
nomials®) and is represented conveniently by

(e Edy,ym 5
x %[(1 “"y""“p.[—zc((ii_;;))m' (15)

It is easy to verify by direct substitution that (15) satisfies
Eq. (14) and that the asymptotic solutions (12) and (13)

can be obtained as special cases for A > 1 and ¥, —~ 0,
and A —1 respectively. The complete dispersion relation
can be obtained by evaluating the integral

b ey, -1, ;
e L 2 e ot U (16)
o

in Eq. (10), Then

e
A=hx _8- 145
()

(1m

In addition to recovering the.previously mentioned
limits A = Ag for Ay > Etfs, and A = 1 for Ay = 0, we obtain

& oaa

1 L
10 L5 Ay

FIG. 1. a) Odd part, £ — %¢ .. of the resistive layer solution  as a function
of & = ¢ = 1g)/lrpe™) for different values of the normalized growth rate

X = A/e'®. The eigenfunctions that are represented here have been de-
rived by direct numerical integration of Eqs. (5) and (6) as described in

the paragraph preceding Eq. (9), These agree with the analytical rep-
mEmm'm {15). Notice the change in character of the eigensolutions

as % becomes smaller than unity, corresponding to Ay < 0. b) The solid
curve represents the growth rate as a function of the ideal MHD growth that
is measured by Ay = Am/e¥". This curve has been obtained by the direct
numerical integration of Eqs. (5) and (6) as indicated earlier and the anal-
ytical dispersion relation (17) agrees with it. ]
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e (T (3 [[Mel (=) 1)

for Ag < 0 and A < 1. We recall that this scaling of A, in
terms of €, is the same as that of the well-known tearing
mode® and, as we can see from Fig. 1a, the' function §544
tends to become of the same type as that of this mode as
A goes below unity. We notice that in this limit the ef-
fects of the resistivity gradient are important and should
be considered in order to have a realistic assessment of
the mode stability. We note that Eq, (17) thus gives a
unified description for MHD stable, neutral, and unstable
m = 1 modes, providing a link between the internal kink
and tearing mode theories, Present experiments (the
rapid portion of the sawtooth® oscillations) tend to fall

in the region A 5 1, where the two effects are of com-
parable importance. 3

Finally, it is easy to verify that the considered re-
sistive mode, in addition to having a larger growth rate
than its purely MHD version for A < €V/% generates a
completely different topology of the perturbed magnetic
field within the resistive layer. In particular, while By =
0 at r = ¥, when the effects of resistivity are neglected,
e riow have Byy =0, at T = Ty, and® of order /3 Frode,
This makes the considered instability a natural process
to explain the formation of magnetic islands.
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