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The problem treated is that of the absorption of monochromatic plasma waves of finite (but
small ) amplitude in a rarefied plasma. The nonlinear distortion of the electron distribution
function under the action of the field is obtained. The damping decrement is calculated, and
its dependence on the amplitude &, of the wave is found to be ®53/2,

1. INTRODUCTION

THE damping of longitudinal waves in a plasma
without collisions was first derived by Landau. (1]
The cause of this damping is the strong interac-
tion between the wave and those particles whose
velocities are sufficiently close to the phase ve-
locity of the wave (these particles are hereafter
called resonance particles). Obviously the region
of resonance particles is given in order of magni-
tude by the inequality

vp— A S oS op + Ao, Av ~ (2eMy/m)":, (1)

where &, is the potential-field amplitude of the
wave and vf = w/k is its phase velocity.

The Landau damping decrement is found from
the linearized kinetic equation without the colli-
sion integral and is given by
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where w, is the Langmuir frequency, n is the
density of the plasma, vp = (T/m)i/2 is the ther-
mal velocity of the electrons, and fy(v) is the
distribution function of the unperturbed state of
the plasma with the temperature T (the ‘‘back-
ground’’ distribution function). Here no account
is taken of the inverse influence of the plasma
waves on the ‘‘background.’’

Recently there has been developed a so-called
quasi-linear theory of plasma oscillations (2,3]
which makes it possible to take into account in
first approximation the distortion of the ‘‘back-
ground’’ under the influence of the oscillations.

The main manifestation of this distortion is the
formation of a ‘‘plateau’’ (when collisions are

neglected) on the background distribution function
in the region of the resonance particles. On the
other hand the collisions tend to make the distri-
bution function Maxwellian, and the final form of
the function is determined by the competition of
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these processes (see Fig. 1). In particular, the
linearized theory of Landau, which does not take
into account the nonlinear distortion of the back-
ground, is valid in the case in which the collisions
succeed in making the distribution function com-
pletely Maxwellian, that is, for sufficiently small
oscillations. The region of applicability of the
quasi-linear theory is also confined to small
waves, but here the energy of the waves must be
small in comparison with the thermal energy,
whereas in the linear theory the energy of the
waves must be much smaller than the product of
the thermal energy and a coefficient which de-
pends on the collision frequency and is very small
in comparison with unity (2] (see also the footnote
in the present paper).

There is one more condition limiting the region
of applicability of the quasi-linear theory: this
theory assumes that the average background is
homogeneous in space, and therefore can be ap-
plied only to wave packets that are sufficiently
broad (in k-space), and in particular does not
apply at all to plane waves, for which the spatial
periodicity of the background distribution function
in the resonance region is important.

The present paper deals with this second limit-
ing case, namely the nonlinear interaction of a
plasma with a monochromatic Langmuir wave,
and with the consequent damping of the wave.
Here, just as in the quasi-linear theory, we shall
confine ourselves to the treatment of waves that
are small in the sense that

DT <1, (3)

where @& is the potential field of the wave and T
is the temperature of the plasma.

2. THE FUNDAMENTAL EQUATION

For small waves the absorption coefficient is
determined by the shape of the distribution func-
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tion in the resonance region (1). (%3] Therefore

it is just in the region (1) that we shall be inter-

ested in the nonlinear distortion of f(v). Outside
the resonance region, as in [%3), we can neglect
the deviation of the distribution function from the
Maxwellian form (see Fig. 1). This allows us to
assume that the phase velocity is defined in just

the same way as in the linear theory, namely

(‘%)’ 3 (0% = szfo (v)d®. (4)

In the determination of the distribution function
in the resonance region it is essential to take the
collisions into account. Complete neglect of the
collisions would mean that there would be rapidly
established a state of the plasma (of the type 0f
the “‘plateau’’ in Fig. 1) in which there would
cease to be any damping.2"*) Thus we cannot

neglect the collision integral in the kinetic equa-
tion.

(%) + 3<u2,,

&

R

FIG. 1. Shape of
the distribution func-
tion when the inverse
action of the wave on
the ‘‘background’’ is
taken into account,
Outside the resonance
region the distribution
function is Maxwel~
lian.

The importance of including the collisions in
the resonance region even when the collision fre-
quency is very small can be understood easily
from the following arguments. The time At for
a change of the velocity by the amount of the widt
of the resonance region owing to Coulomb repui-
sions (with scattering through small angles) is
given in order of magnitude by At ~ (Av)?/D,
where D is the diffusion coefficient in the veloc-
ity space: D ~ v;[- /Te. Here 7¢ is the effective
relaxation time (cf. e.g., (%)), and Av is given
by Eq. (1). Thus

At ~ 1, (e®/T). (5)

For sufficiently small values of e®/T this time is
very small, and in particular much smaller than
the time of damping of the wave, which is given
by Eq. (42).

Thus we write the kinetic equation in the form
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where St(f) is the collision integral, written in
the Landau form:

2,
udy — wuy,
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uj =vj-vj. Asin [2], we can linearize the right
member of Eq. (7) by replacing ' = f(v’) by fp(v'),
the Maxwellian distribution function, because we
are taking the deviation of f(v’) from fy(v’) into
account only in the resonance region, and the con-
tribution to the integral from this region can be
neglected because it is small. Thus the linearized
collision integral is obtained in the form %]

. Lot o
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(8)
where L is the Coulomb logarithm.

Substituting Eq. (8) in Eq. (6) and integrating
both members over vy and vz, we get (neglecting
terms that are small for v ~ vf > v, and also
the contribution from the resonance region)

e d® of 3 9 (9]
l v o,\ +mdxw " %, 0 <a.; v + Uf) (9

The quantity 7 is defined by the formula

T, = m*vY/8ne'nL (10)

and has the meaning of the effective collision time
for particles in the resonance region [cf. (%), Eq.
(5.22)].

We note that the term in the right member of
Eq. (9) which describes the collisions has been
used earlier by Lenard and Bernstein. ®] These
authors justified its introduction by the fact that
it is the simplest expression satisfying the dimen-
sional requirements which preserves the main
features of the Landau collision integral —namely,
is of the form of a divergence and describes a
diffusion in velocity space analogous to Fokker-
Planck diffusion; it becomes zero when the Max-
well distribution is substituted in it. We see that
this term can be obtained rigorously from the
exact collision integral of Landau for a sufficiently
narrow one-dimensional region in velocity space
far from the thermal velocity. (The width of this
region is determined by the inequalities Av << vy
=vT, Vf > vp.) At the same time we have ob-
tained the exact value of the coefficient of the col-
lision integral. The value of this coefficient de-
termined in () is not quite exact [it differs from
our value by a factor 3(v¢/vy)®).

Equation (9) becomes much simpler if we go



ON THE NONLINEAR THEORY OF THE DAMPING OF PLASMA WAVES

over to the rest system of the wave and note that
owing to the smallness of the damping of the wave
we can neglect the time-derivative term in this
system (the condition for the applicability of this
approximation will be given at the end of this
paper ). Thus in the rest system of the wave the
kinetic equation takes the form

of

v>6-x.+mq)l() >3 ol(),

- 5% Fe+o)i], ap
where v now means the velocity in the new refer-
ence system, and the resonance region is defined
by the condition

| v | ~ (2eDy/m)". (11a)

We write the equation of the wave in the system
in which it is at rest in the form

E = E, sin kx,

D = @, (1 — cos kx)/2 = D, sin® (kx/2). (12)

We have chosen the arbitrary constant in the po-
tential so that the potential vanishes at x = 0. It
is helpful to change to the dimensionless variables

vlop = u, eD/T=g¢g, kx=y, vlvr =a, (13)

and when we do this the kinetic equation (11) takes
the form

Wy VWG =h g G F wraf],  ae
where ¢ = ¢, sin®(y/2), and
p= 3/2 kUr‘ID. (15)

It can be seen from Eq. (15) that for sufficiently
small collision frequencies ('rD < kvyp) we can
regard the parameter u as small. Besides this,
Eq. (14) contains another small parameter—the
dimensionless wave amplitude ¢, = edy/T. The
solutions of Eq. (14) in the resonance region are
quite different for different values of the ratio of
u and @g.

For ¢y < u (weak waves) we can look for a
solution of Eq. (14) in the form of a power series
in ¢y, and we get the usual linear theory, which
leads to the Landau damping (2). We are here

interested in the opposite case of strong waves
with

< Q. (16)

for which there is a strong distortion of the distri-
bution function in the resonance region and the
damping differs in principle from that found by
Landau.

It is convenient to rewrite Eq. (14) in new
variables y, €, where € is the dimensionless
total energy of an electron and y is the previous
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dimensionless coordinate:

Yy =kx, &= (mv*2 + e®)/T = u?/2 - P. 7
In these variables Eq. (14) takes the form

a 9 f

0{] = v [4 Ve (‘,‘(!/)(f - :;L} ‘f] . (18

where we have used the notations

c=a/}?2

:'["Uf ]'/—i' v l 2 3 V)/\L'TT/) (19

We can regard c as the dimensionless phase ve-
locity of the wave and v as the dimensionless col-
lision frequency. The two signs of the square root
in Eq. (18) correspond to the two possible directio
of the velocity of the particles relative to the wave
for a prescribed energy; thus Eq. (18) breaks up
into two equations which correspond to the two
possible directions of the velocity of the particles
relative to the wave.

3. THE DISTRIBUTION FUNCTION IN THE
OUTER AND INNER REGIONS

We must look for the solution of Eq. (18) sepa-
rately for two regions—the outer (€ > ¢,) and the
inner region (€ < ¢,) (Fig. 2). The inner region
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FIG. 2. The distribution function in the outer and inner
regions: 1—outer region, 2—inner region, 3 —boundary laye

corresponds to particles captured by the wave and
moving along with it. In accordance with Eq. (16)
we can treat v as a small parameter and look for
the solution as a power series in v:

Fw, e = fo(e) + ¥/ e+ . (2(

where fy(€) does not depend on y, since it is the
solution of Eq. (18) for v = 0. Furthermore it is
necessary to note that the small parameter »
occurs in Eq. (18) with the higher derivative with
respect to €. Therefore the expansion (20) will
not describe the true solution in a narrow bound-
ary layer lying between the outer and inner re-
gions. The width of this boundary layer is ~ v,
i.e., much smaller than the width of the resonanci
region (c.f. e.g., (), where the phenomena in thy
boundary layer are analyzed for equations with a
small parameter associated with a higher deriva-
tive). The contribution of the boundary layer to
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the damping of the wave will be examined in
Sec. 4.
Let us find the solution of Eq. (18) in the outer
region. Substituting Eq. (20) in Eq. (18), we get
ofy J

dy ~ Oe

(21)

ODwing to the periodicity of the field of the wave the
listribution function f(y, €) must also be periodic
n y (with period 27). Therefore when both mem-
ers of Eq. (21) are averaged over y the left
nember must vanish, and we get

/@ (f+ %) +cf] =0

\ Ve—q,sin(y/2)dy -

J (e) - 2 VeE®. @2)
lere E(k) is the complete elliptic integral of the
econd kind with modulus k = (¢q/€)2.

It is obvious that for € — = the function fy(€)
nust approach asymptotically the distribution
unction for a Maxwellian plasma moving with
he velocity —v¢, or, in dimensionless variables

fo (€8) — (n/VQ?vT) exp {— (+ V? + €)%}, & — o0, (23)

vhere the signs of the square root have the same
neaning as in Eq. (18). Integrating Eq. (22) with
his boundary condition, we get the following first-
»rder equation for fy(e€):

£ 2 ok (V' 2) o+ B) + cho =0,

ind the solution that satisfies the condition (23) is

a @l o
(B

() = o

Y 2nw, ] - (24)
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It is easy to obtain asymptotic expressions for
this function in the two limiting cases € ~ ¢, and

€ > @

fi (e) = A exp[—e ¥ 3 cnggh(e —q0)],

(& —Po)/po << 1, (24a)
fE(e) = A exp [— e F 22", e> q
A= (n/V 2nvr)e™. (24b)

The next term of the expansion (20) for the outer
region can be obtained from Eq. (21) by an elemen-
tary integration, but in what follows we shall need
only of, /8y, which is given directly by Eq. (21).

The determination of the distribution function
f(y, €) for the inner region is greatly simplified
owing to the fact, which can easily be verified, that
for € < ¢q (i.e., for particles captured by the wave)
f(y, €) must be the same for particles moving in
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the positive and negative directions relative to the
wave; that is, f*(€,y) = (€,y) (see also (4],
This is possible only if the term in the right mem-
ber of Eq. (18) that contains the radical is zero,
i.e., f + 0f/8e = 0. Solving this equation together
with Eq. (18), we get

f (y, &) = a exp (— & — vey) ae=*(l —vey 4+ .. ),

(25)

— 2arc sin ) e < y << 2 arc sin Ve,
where a is a constant.

For the determination of a we note that with
our restrictions (¢, < 1) the distribution function
in the resonance region must differ only slightly

from the Maxwell distribution; the only important

change is in the derivative (see Fig. 1). For
this to be so we must have
P n exp ( - f7' ) O () = —= ___‘ ¢, (25a) i
V 2av, vy |/ 24

We call attention to the fact that apart from terms
that vanish for ¢y — 0 the constant a is the same
as the A in Eq. (24b).

Thus we can write the following expression for
the distribution function in the inner region:

[y =f(e)e
/Y 2 vr) et 4

wey
'

fo (e) = (ne 0 (@), (26)

where fy(€) is the distribution function for the
inner region in the zeroth approximation in ».

It is interesting to note that fy(€) has the form

of the Maxwell-Boltzmann distribution (e is the
energy divided by T) and goes over continuously
into fo(€) for the outer region, as found from the
asymptotic formula (24a). Their derivatives at

€ = ¢y are not equal, however (in this connection
we recall the existence of a narrow boundary layer
for € ~ @, in which there is a continuous transition
between the derivatives of the distribution func-
tions in the inner and outer regions).

4. THE DAMPING DECREMENT OF THE WAVE

The damping decrement of the wave is deter-
mined by the quantity —the mean value of the
time derivative of the energy density of the wave
(to simplify the writing we shall hereafter omit
the bar over W). Obviously W=-E. »j, where E
is the field strength of the wave and j is the cur-
rent density induced by it. In going over to the
system in which the wave is at rest we must note
that j =}’ + vgp, where j’ is the current density
in the rest system of the wave and p is the charge
density. Therefore

W= —{Ey= — v/ (Ep), 27)
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where the averaging is taken over the coordinate
x in the system of the wave. Since in this system
the distribution function can be regarded as sta-
tionary, we have 8j’/0x = 0 (the equation of con-

tinuity ), j’ = const, and the first term in Eq. (27)
vanishes. Consequently
A
: == oD 2
W= —vEp=—3(Ppdr, a=3%  (28)

0
Inserting here the value
o

= \ fdo,
where f(v,x) is the distribution function in the
system of the wave, and going over to the new
variables y, € defined by the relations (17), we
get

wTvp . o
Lol 1
W g _\. dy e

" (u)

T+, 29)

w( e
where f*'(€,y) and f (€,y) correspond to elec-
trons with positive and negative velocities rela-
tive to the wave.

Let us break up the integral over ¢ in Eq. (29)
into three parts corresponding to the contributions
from the outer and inner regions and the boundary
layer:

W/ = W 1 W('.’) + W, (30)

1. Let us calculate the contribution from the
outer region, confining ourselves to the terms of
lowest order in ¢,. We write

n

oTv
1’4 s; g

\ de (e — @ ()14’ () [* (e, 4), (31)
W(l) W(:) + W'(_l).

w 0 L s

(31a)

Changing the order of integrations in Eq. (31) and
then integrating by parts, using the periodicity of
the integrand in y and substituting aff/dy from
Eq. (21), we get (confining ourselves to terms of
first order in the collision frequency )

W= (:,T . V\degdyVe—tv(J)

x 2 [+ Vo9 (1 + %) + 2],

(82)
where fj(€) is the distribution function for the
outer region in zeroth order in v, as given by
Eq. (24). Making some elementary transforma-
tions, we get
< oTope 4,

W= - {(e— 3 )1 @)
1/, 2 . B
+2\dl-l “Fo (@ol) [K(r Y v Bl ;]} (33)
1
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where K(k) and E(k) are the complete elliptic
integrals of first and second kinds with the mod-
ulus k =t~172

In the integral in the right member of Eq. (33)
we can go to the limit ¢y — 0 under the integral
sign, since the resulting integral converges. We
get the result
oTnce® 4
T an'h

X {4_ i; 3 2?—:’,—’ Il\ (£l

WO = wo W =

2 -
TE«M]. 6
Using the properties of elliptic integrals, we can
reduce the integral in the right member of Eq. (34)
to the form

s 92 "‘_!
=n—2—— \

dl x
SECL, Ry
The last integral can be calculated approximately,
for example by expanding the integrand in series.
To 1 per cent accuracy it is equal to 1/2. Putting
this in Eq. (34), we get the final expression for
the contribution of the outer region to the damping
of the wave:

W = — 1 (6 — n) n—"vglice—"wTn. (35)

2. Let us now examine the contribution from the
inner region € < ¢o. Using Eq. (29) and noting that
for € < ¢o we have

[t (e, ) = [~(e, v),

16

we can write

(uTUr c ::".

- d de (e —
Van _S: . \ !
Substituting the expression (26) for f(y, ¢) in Eq.
(36) and confining ourselves to terms of lowest
order in v and ¢, (in this approximation e~ € ~
we get after elementary transformations

we —

| AL eI q" ()] (v, €). (36)

@)

1),

— 22— v wTnc. (37)

Since the contribution to the damping from the

outer region is ~ <p},/2, we can neglect the contri-
bution from the inner region, which is of order

7 o

3. Let us now consider the contribution from
the boundary layer (Fig. 2), where we cannot use
the expansion of the distribution function in powers
of v. Although the width of this region is very
small (~v), as will be*seen below its contribution
to the damping is of the same order of magnitude
as that from the outer region (since the second
derivative of the distribution function with respect
to € takes large values in the boundary layer).
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We shall show that for the calculation of the
contributions from the boundary layer it is not
necessary to know the form of the distribution
function in this layer; it is enough to have the
limiting values, in zeroth approximation in v,
of the distribution function and its first derivative
at the boundaries between the boundary layer and
the outer and inner regions. On the basis of Eq.
(29) we can write

wTo = ©o+-8 oTv
3 ARL0F f e el B
1% = ) B _'\- dy \ ]f oy f ) V&"
- @y 8 > 57
\ de 4 ;i;(.{/))‘ [y, &) + [~(y, e)], (38)

where 26(y) is the width of the boundary layer.
Integrating by parts with respect to y, using
the periodicity of the integrand in this variable,
dropping terms of order ¢}? and inserting af* /gy
from Eq. (18), we get
48

W ® :r 3 \ d”[ \ de Ve
-3

we — w :::) 2 “-‘»(‘3). (39)

In the boundary layer the first derivative af/ge
is of higher order in v than the second derivative.
Therefore we can neglect the first integral in Eq.
(39) in comparison with the second. Using the fact
that to our degree of accuracy the limiting values
of f at the boundaries between the boundary layer
and the outer and inner regions are equal, we can
easily transform the second integral in Eq. (39)
into the form

ukd Put-8 z
o Bt y a FYE
g de (e — @) ‘0/8:_ - .\ de .y [(e — @) _(;?-

" 3 ®y—8

&
( 0s? - y (.I" - 0,6 1
s B G R

). (40)

E=Pe—0

Inserting here the limiting values of the derivatives
afy /o€ at the edges of the outer and inner regions
from Eqs. (24a) and (26), and then substituting Eq.

(40) in Eq. (39), we get

-;_ Vave, e coTn. (41)
Combining the quantities (35) and (41), we get

the expression for the damping decrement vy

= =W/2W (where W = E} /167 = (k®y)%/64r is
the mean energy density of the wave):

_ 12 o )¢ g - ) Do\~ __ Tn46
it ™ (”7‘ ) exp( Tz;-_;._ (‘7-‘) ; O »Wi (42)

w'/(a) A
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For simplicity we have set w = wy and used Eq.
(19). We see that the damping of the wave vanishes

for rp — «, i.e., when the collision frequency

goes to zero.
Unlike the Landau decrement (2), in our case

v depends on the amplitude of the wave through
the factor &7%2. Expressing y in terms of the
Landau decrement (2), we get

or \* 3Va@ 6
7;-3(0—’) By p=3Y20240 30, 143)

where we have introduced two characteristic times:

T4, the time for establishing local equilibrium in
the resonance region Av, Eq. (1), owing to Cou-
lomb collisions (with scattering through small

angles ),
T = 7, (A0)¥/v} = T, (v, /) e®DyT (44)

[ 7p is given by Eq. (10)], and 7, the time of the
nonlinear distortion of the distribution function
under the action of the field of the wave [2+8]

Ty = A (e®y/m)~"r = (2n/kv,) (ePy/T)"" (45)

(A is the wavelength).
In our limiting case of sufficiently large waves

(cf. Eq. (16)) we must take®
T, < 1,e®/T = 71, (v,/v,)2 (46)

e., the time of the nonlinear distortion must be
less than the time for establishing the equilibrium
distribution in the resonance region through colli-
sions. Furthermore the damping decrement (43)
is much smaller than the Landau decrement. We
must also call attention to the fact that it follows
from Eqgs. (43) and (44) that the local equilibrium
in the resonance region is established much more
quickly than the wave is damped.

We point out finally that under the condition
(46) the formula (43) agrees with the qualitative
estimate of the damping decrement for plane
waves obtained in [2) (see page 96) on the basis
of the results of the quasi-linear theory.

Let us now examine the question of the per-
missibility of neglecting the time derivative in
the kinetic equation (11). Assuming that in

Eq. (11)

Of|0x ~ k)2, Ofj0v ~ [ (e®/m)—":

DIt must be pointed out that the inequalities (16) and (46)
are not completely equivalent: (46) is stronger, As an accu-
rate estimate of the two members of Eq. (18) shows, the more
rigorous condition for the applicability of the expansion in
powers of v is (46), and not (16). The physical meaning of the
conditions (16) and (46) is that the amplitude of the wave must

greatly exceed the thermal noise level. In the opposite limiting

case the damping is that given by Landau.
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