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A comprehensive review of spatiotemporal pattern formation in systems driven away from equilibrium is
presented, with emphasis on comparisons between theory and quantitative experiments. Examples include
patterns in hydrodynamic systems such as thermal convection in pure fluids and binary mixtures, Taylor-
Couette flow, parametric-wave instabilities, as well as patterns in solidification fronts, nonlinear optics, os-
cillatory chemical reactions and excitable biological media. The theoretical starting point is usually a set
of deterministic equations of motion, typically in the form of nonlinear partial differential equations.
These are sometimes supplemented by stochastic terms representing thermal or instrumental noise, but for
macroscopic systems and carefully designed experiments the stochastic forces are often negligible. An aim
of theory is to describe solutions of the deterministic equations that are likely to be reached starting from
typical initial conditions and to persist at long times. A unified description is developed, based on the
linear instabilities of a homogeneous state, which leads naturally to a classification of patterns in terms of
the characteristic wave vector g, and frequency w, of the instability. Type I systems (w,=0, g,70) are
stationary in time and periodic in space; type III, systems (w,70, g, =0) are periodic in time and uni-
form in space; and type I, systems (0,70, ¢g,70) are periodic in both space and time. Near a continuous
(or supercritical) instability, the dynamics may be accurately described via “amplitude equations,” whose
form is universal for each type of instability. The specifics of each system enter only through the
nonuniversal coefficients. Far from the instability threshold a different universal description known as the
“phase equation” may be derived, but it is restricted to slow distortions of an ideal pattern. For many sys-
tems appropriate starting equations are either not known or too complicated to analyze conveniently. It is
thus useful to introduce phenomenological order-parameter models, which lead to the correct amplitude
equations near threshold, and which may be solved analytically or numerically in the nonlinear regime
away from the instability. The above theoretical methods are useful in analyzing “real pattern effects”
such as the influence of external boundaries, or the formation and dynamics of defects in ideal structures.
An important element in nonequilibrium systems is the appearance of deterministic chaos. A greal deal is
known about systems with a small number of degrees of freedom displaying ‘‘temporal chaos,” where the
structure of the phase space can be analyzed in detail. For spatially extended systems with many degrees
of freedom, on the other hand, one is dealing with spatiotemporal chaos and appropriate methods of
analysis need to be developed. In addition to the general features of nonequilibrium pattern formation dis-
cussed above, detailed reviews of theoretical and experimental work on many specific systems are present-
ed. These include Rayleigh-Bénard convection in a pure fluid, convection in binary-fluid mixtures, elec-
trohydrodynamic convection in nematic liquid crystals, Taylor-Couette flow between rotating cylinders,
parametric surface waves, patterns in certain open flow systems, oscillatory chemical reactions, static and
dynamic patterns in biological media, crystallization fronts, and patterns in nonlinear optics. A conclud-
ing section summarizes what has and has not been accomplished, and attempts to assess the prospects for
the future.
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. INTRODUCTION

A. General remarks

This article reviews recent progress in our understand-
ing of spatial pattern formation in nonequilibrium fluid
systems such as Rayleigh-Bénard convection or Taylor-
Couette flow, and seeks to compare and contrast these
with other pattern forming systems encountered in solid-
state physics, nonlinear optics, chemistry, and biology.
The study of pattern formation in fluids has greatly
benefited from recent careful and controlled experiments
as well as the development of new concepts and new ana-
lytic and numerical tools. This shifted focus was inspired
by developments in the mathematical study of dynamical
systems on the one hand, and by recent progress in sta-
tistical mechanics of condensed matter on the other. Our
aim is to review the work in fluid dynamics in such a way
as to make it accessible to a broad audience of both spe-
cialists and nonspecialists. In addition, we discuss pat-
tern formation in chemical and biological systems, in or-
der to display the well-known analogies with patterns in
fluid systems in some detail, and in order to provide an
introduction accessible for physical scientists to the vast
literature in these fields. Finally, we also touch on a to-
pic that does not concern pattern formation per se, but
rather the destruction of patterns, namely spatiotemporal
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chaos, since it manifests itself in all the systems under
study.

Our basic point of view is that nonequilibrium spatial
patterns may be classified according to the linear instabil-
ities'"! of an infinite spatially uniform system. These in-
stabilities arise when the system is brought away from
thermal equilibrium by increasing a control parameter.
The interesting linear instabilities are divided into three
broad classes according to the values of the characteristic
wave vector q,, and/or the characteristic frequency w,
which appear at the instability threshold.

Patterns with wave vectors and/or frequencies cen-
tered around these values grow beyond threshold and are
in general found to saturate to finite amplitude. Near the
instability the system may often be described theoretical-
ly by simple equations having a universal form, which go
under the name of amplitude equations (Newell and
Whitehead, 1969; Newell, 1974). Further above thresh-
old, in the strongly nonlinear domain, it is sometimes
possible to derive simple phase equations by perturbing
about an ideal periodic structure (Pomeau and Manne-
ville, 1979; Cross and Newell, 1984). It is also often use-
ful to describe the system using phenomenological model
equations (Swift and Hohenberg, 1977; Greenside and
Cross, 1985; Haken, 1987) that have the same linear in-
stabilities as the experimental system, but are analytically
or numerically more tractable than the starting equa-
tions. The focus on linear instabilities, on amplitude and
phase equations and on simple models illustrates the
similarity between pattern formation in widely different
systems. The degree of universality of the phenomena is
more or less the degree to which they are adequately de-
scribed by such simple theoretical models.

Throughout our article, we will emphasize the role of
quantitative experiments which serve to guide the theorist
in choosing models and approximations, as well as to test
the theoretical results obtained. The experimental in-
terest in pattern formation shown by fluid dynamicists
has certainly been a key contributor to the recent pro-
gress in that field.

In the rest of this Introduction we wish to highlight
some of the concepts we will encounter in the subsequent
sections.

B. Phenomena

We will primarily concern ourselves with systems un-
der constant nonequilibrium external conditions. In such
systems it is possible to have macroscopic spatial struc-
ture in steady state, a phenomenon that goes under the

1.1The general connection between spatiotemporal pattern for-
mation in macroscopic systems and linear instabilities was to
our knowledge first emphasized in the seminal paper of Turing
(1952).
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names of dissipative structures!? (Nicolis and Prigogine,
1977), synergetics (Haken, 1983), and self-organization
(Krinsky, 1984). From a theoretical point of view, since
we are not near equilibrium there is no a priori reason to
suppose that we have a Gibbs ensemble or a free energy
functional whose minima yield the patterns obtained un-
der given external conditions. We must therefore discuss
the system in terms of some appropriate set of starting
equations which we term “microscopic.” By this we do
not mean that the equations necessarily involve atomic
degrees of freedom, just that they represent the elementa-
ry building blocks from which our analysis starts. For
fluid systems these are generally the Navier-Stokes and
other equations of fluid dynamics; for chemical systems
they are appropriate reaction laws.

Since ‘“microscopic” equations are typically nonlinear
partial differential equations, the reliable information we
can extract from them theoretically is quite limited. We
place ourselves under conditions that are natural from a
theoretical physics perspective though somewhat
artificial in many practical cases; namely we consider a
spatially infinite'> uniform system near equilibrium. We
then increase a parameter R, called the control parame-
ter, that takes the system further from equilibrium. Sup-
pose that at some threshold value R =R, the system be-
comes unstable to infinitesimal perturbations with wave
vector g, and frequency w, (either of which may be zero).
For R > R, we expect a pattern centered around g, and
@, to grow and in many cases to saturate to a macroscop-
ic amplitude proportional to some power of R —R..
When wy,=0 we speak of stationary patterns and when
wy 7 0 we have oscillatory patterns.

The mechanism of the instability is expressed in the
starting equations and depends on details of the system.
Nevertheless, since spatial pattern formation usually
arises due to the existence of a nonzero q,, it is useful to
identify generic mechanisms for finite wave vector insta-
bilities. Ome class of mechanisms arises from the ex-
istence of constraints and conservation laws. It is best il-
lustrated by the example of Rayleigh-Bénard convection
of a fluid placed between horizontal plates, where the
buoyancy force attempts to lift the whole mass of the
fluid (conservation of mass) and the top plate provides a
constraint against this motion. Then the most unstable
mode turns out to be on a spatial scale ¢, ! ~d, where d
is the plate separation. Another mechanism for finite
wavelength instabilities is provided by competing interac-
tions between elementary units. This mechanism, well

1.2We shall consider almost exclusively systems where dissipa-
tion is important.

13The system need not be infinite in all three dimensions.
When we speak of the dimensionality of a system, or of spatial
extension, we refer only to those dimensions in which the sys-
tem is large. In practice, a system is d-dimensional if it has
linear dimension Lg, >> 1 in d directions, where go ! is the
characteristic instability length (see below).
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known in magnetic materials where it leads to antifer-
romagnetism, is also ubiquitous in chemical and biologi-
cal systems where it is referred to as “local excitation
combined with lateral inhibition” (Oster, 1988).

A detailed understanding of the instability mechanism
and of its dependence on system parameters can only be
achieved if the system is well characterized by the micro-
scopic equations. Sometimes the phenomena are not well
enough understood to allow a prediction of the exact lo-
cation and parameters of the instability, but the charac-
teristic wave vector g, and/or frequency w, can never-
theless be estimated and related to properties of the sys-
tem. It is then useful to classify the patterns that grow
beyond threshold in terms of the values of g, and w,. We
distinguish three types of instabilities:

e Type I (go # 0, wy=0) instabilities are periodic in
space and stationary in time. Because of the richness of
periodic structures in two or three-dimensional space,
many different ideal patterns may appear above thresh-
old, the simplest one being the so-called roll state charac-
terized by a single wave vector q. Other regular patterns,
such as squares or hexagons in two dimensions or cubes
in three dimensions can be formed by superposition of
elementary rolls. The different structures can be ana-
lyzed with respect to their linear stability, and it usually
turns out that only one type of structure is stable, but a
continuous band of wave vectors g near g, is permitted.
The region in the (R,q) plane where stable patterns exist
is known as the “stability balloon.”

e Type I, (=0, @, #* 0) instabilities are uniform in
space and oscillatory in time. The ideal state does not
display any spatial pattern, just a uniform periodic oscil-
lation whose frequency  varies with R and is equal to o,
at threshold. States with spatial dependence can also ap-
pear, but we consider them as defects of the ideal struc-
ture (see below).

® Type I, (gy # 0, wy # 0) instabilities are periodic in
space and oscillatory in time. The simplest ideal pattern
in this case involves a traveling wave train with a disper-
sion relation w(q). These nonlinear waves are sustained
by a competition between the drive (i.e. R —R,.), the
dispersion and nonlinearity in the medium, and the dissi-
pation. A subclass of such waves occurring in nondissi-
pative (Hamiltonian) systems is the so-called solitary
waves where nonlinearity balances dispersion and the
waves propagate in the absence of a drive. In the general
case, however, effects of driving and dissipation are just
as important. Nonlinear waves (also called “autowaves”
in the Soviet literature, see, e.g., Krinsky, 1984a) have
many distinctive properties. For example, unlike the
linear case, when two wave trains collide they do not in-
terfere. They form a domain boundary, or shock which
may remain stationary or may consume one or the other
wave. Another possibility that occurs even in one-
dimensional systems, is a superposition of right- and left-
traveling waves to form a standing wave. The relative
stability of standing and traveling waves depends on the
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parameters of the system. In two and higher dimensions
all the richness of the type I, systems (different struc-
tures, stability balloons) is added to the basic dynamics of
nonlinear waves, and a complete analysis of even the
ideal structures becomes quite involved.

In attempting to apply these ideas to real patterns (ei-
ther experimental or computational) it is important to
understand the limitations inherent in considering an
ideal pattern, that is, an infinite spatially periodic struc-
ture. The two most important “real pattern” effects we
consider are boundaries and defects. Although finite sys-
tems are often thought to be simpler than infinite ones
from the point of view of bifurcation theory, our focus is
on large systems with many degrees of freedom, and we
consider the boundaries'* to be a perturbation. The
most important effect of boundaries is to render discrete
the previously continuous band of wave vectors inside
the stability balloon. There are, however, more subtle
effects such as further restrictions of the allowed wave
vector band or preferential orientation of degenerate pat-
terns. Defects can be defined as any departure from the
ideal pattern, but the most useful limit is to consider a lo-
calized structure, embedded in an otherwise ideal pattern.
Defects may be stationary or they may move, and their
structure often reflects topological characteristics of the
ideal patterns in which they are immersed. They play an
essential role in pattern dynamics, either in selecting a
particular regular pattern or in the steady-state evolution
of an irregular or chaotic pattern.

The problem of pattern selection arises because under
given external conditions there often exist many stable
solutions of the equations of motion, for example all
states in the wave vector band defined by the stability
balloon at a given R. From a mathematical point of view
we know that for autonomous deterministic equations
the state found at long times depends uniquely on the ini-
tial conditions. Experimentally it is found that often the
state observed is insensitive to the preparation condi-
tions, so we would like to know if one can formulate rules
or criteria for predicting which state will be observed.
Traditionally, a rule of thumb has been that one should
select the state that grows fastest near the (linear) insta-
bility. Although this rule may work under certain condi-
tions, on closer inspection it is found to be too simple-
minded. Instead, we define various mechanisms for pat-
tern selection that restrict the available states. Examples
of static mechanisms are boundaries (as stated above), pa-
rameter inhomogeneities, or distortions of the ideal pat-
tern. Dynamic mechanisms may arise either from exter-
nal noise or from the dynamics of the creation of the pat-
tern itself. For example it is found that if a roll state

L4Just as we consider a system to be d-dimensional if it is large
in d directions, “boundaries” and “finite size” here refer to the
directions in which the system is large.
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grows via a front advancing into an unstable uniform
state, then it has a unique wave vector and velocity in-
dependent of initial conditions, rather than a continuous
band. Generally speaking, a primary mechanism for pat-
tern selection is through the motion and interaction of
defects, since these provide a way for a region of space
with an “unfavorable” pattern to give way to a more
favorable one. Notice that near thermal equilibrium the
above discussion could be greatly simplified by consider-
ing a coarse-grained free energy and selecting the pattern
which minimizes this quantity. In general no such free
energy (or other so-called Lyapunov potential) can be
defined for nonequilibrium systems, though there are not-
able exceptions.

A characteristic feature of the systems we are consider-
ing is the possibility of chaotic states, namely irregular
behavior that persists to long times even under constant
external conditions. This irregularity is a manifestation
of instability in a deterministic system, not of the pres-
ence of external noise. In studying chaotic behavior we
have found it useful to distinguish various regimes de-
pending on the relationship between the size of the sys-
tem L and a characteristic correlation length & for chaotic
fluctuations. For small systems, with £ * L the fluctua-
tions are spatially correlated in the system and the dy-
namics may be described by a model with few modes. In
the opposite case, L >> §&, the system is “large” and it
may be thought of crudely as consisting of cells of
volume 5", whose number (L /& ), is a measure of the
number of effective degrees of freedom for the dynamics.
For large systems we may hope to use a statistical
description of the chaotic states, borrowing concepts
from equilibrium statistical mechanics, e.g. defining
different phases by the long-distance properties of their
correlation functions. In this way we may find phase
transitions as a function of external parameters, and in
particular critical points where correlations have power-
law fall-off. A typical size of the correlation length away
from critical points would be the basic instability length
4o !, or perhaps a characteristic dimension of a dynami-
cally significant defect. Systems that are neither small
(£ ® L) nor large (§ << L) are generally the most difficult
to analyze. There is some hope of describing them using
collective coordinates defined on the scale &, but little
concrete progress has been made in developing this idea.

C. Theoretical methods

As stated above, our approach begins by assuming a
set of equations of motion, the so-called “microscopic”
equations, for which we assume that a uniform solution
exists, and an instability to a spatially dependent solution
arises for certain parameter values. We will consider as
microscopic equations either more or less realistic
descriptions of the phenomena, or mathematical models
chosen so that their linear instabilities and long-time
solutions mimic those of the system under study. The in-
stability of the uniform state is established by a linear
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analysis, which can be carried out even for complicated
starting equations, and reveals the basic physical mecha-
nism leading to pattern formation. Immediately above
the linear threshold perturbation theory in the nonlinear-
ity typically leads to a simplified description in terms of
an amplitude equation (Newell and Whitehead, 1969;
Segel, 1969), whose form is universal and whose numeri-
cal parameters reflect the details of each physical system.
Here we use the word ‘“‘universal” more or less in its
technical meaning in critical phenomena, i.e. that there
are classes of systems all of which lead to the same equa-
tion (see, e.g., Privman et al., 1991, and references
therein). An interesting point is that the simplified mi-
croscopic models mentioned above lead to the same am-
plitude equations as the realistic equations they are
meant to mimic. Further away from threshold a different
type of perturbation expansion is sometimes useful,
namely an expansion in small and slow distortions of a
fully nonlinear ideal periodic solution. This type of ex-
pansion leads to phase equations (Pomeau and Manne-
ville, 1979; Kuramoto, 1984a,b; Cross and Newell, 1984),
which also possess an element of universality, though
their form reflects the starting periodic state somewhat
more closely.

Another general method of analysis uses the qualita-
tive theory of differential equations to find general
features of the solutions. This approach is geometrical
and topological and it can be applied either at the level of
the microscopic description, or to analyze the amplitude
and phase equations that are themselves difficult to solve.

Apart from perturbation theory and qualitative
methods it is sometimes possible to find restricted classes
of nontrivial exact solutions, especially in the case of
model microscopic equations. These solutions can be
very revealing, as they provide firm examples of specific
types of behavior where otherwise only approximate re-
sults are known. We caution, however, that usually the
full dynamical significance of the exact solutions is not
known, e.g. their stability or their basin of attraction, so
their physical interpretation remains a difficult task.

Finally, in reviewing the different theoretical methods
available, we mention numerical calculations, which one
turns to inevitably in the study of nonlinear equations.
Although there have been many improvements in numer-
ical work on the fundamental equations of fluid dynam-
ics, optics, or chemistry, the types of questions we are
asking involve long times and large distances, and are
therefore particularly demanding in computer time.
Thus far, few questions involving patterns in large aspect
ratio convection cells, for example, have been reliably
answered by direct simulation of the Navier-Stokes and
heat equations. This is one reason why we introduce
model systems whose pattern formation properties are
designed to be as close as possible to those of the original
system, but which are significantly easier to simulate nu-
merically.

Another advantage of model systems is that they allow
us to examine difficulties one at a time, so to speak. For
example, as we shall see below convection patterns in a
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large Rayleigh-Bénard cell at R —R,.=3R,, say, are
influenced (i) by the two-dimensional degeneracy of the
orientation of the local roll wave vector, a source of de-
fects in the periodic structure; (ii) by the absence of an
exact Lyapunov function whose minimization controls
the dynamics (though an approximate one can be
defined); (iii) by the possibility of disparate time scales for
certain parameter values (e.g. if the Prandtl number
o << 1; see below); (iv) by subtle boundary effects, such
as heated sidewalls or slightly nonparallel horizontal
plates. Each one of these effects can be either inserted or
taken out by appropriate choice of “microscopic” model,
and their relative importance for different physical situa-
tions can be assessed more easily and reliably in this way
than by attempts at brute force simulations of the correct
hydrodynamic equations for this system.

D. Experimental systems

The prototypical experiment we wish to start from is
that of a large system in d dimensions'? with control pa-
rameter R that can be varied through the first threshold
R,., where the uniform state becomes unstable. Such a
situation can be approximated more or less well experi-
mentally in the different areas we discuss, typically best
of all in simple hydrodynamic experiments. Then the
effects of dimensionality and finite size on regular and
chaotic patterns can be studied systematically.

As mentioned earlier, the bulk of our review will be fo-
cused on hydrodynamic systems which have significant
advantages: the basic equations and parameter values are
well understood, controlled quantitative experiments can
be carried out, and a body of intuition about fluid flow
has been built up over the years. We shall see, however,
that some of this traditional “fluid dynamics” intuition
can be usefully supplemented by bringing in concepts
from condensed matter and statistical physics. By far the
most attention will be devoted to thermal convection in
what follows, since this is the system where a large part
of the recent progress in understanding non-
equilibrium patterns has occurred, and also since both of
the authors have worked primarily in this area. Besides
pure-fluid (Rayleigh-Bénard) convection, interesting vari-
ants involve binary-fluid convection, surface-tension
driven (Bénard-Marangoni) convection, and electrohy-
drodynamic convection in nematic liquid crystals. Con-
vection is historically the system in which many of our
basic notions of pattern formation were developed, e.g.
the stability balloon, the different mechanisms for wave
vector selection, classification and dynamics of defects,
and small versus large chaotic systems. For all these to-
pics important information came to us from carefully
designed experiments, which motivated and in turn were
influenced by the theoretical developments.

Another hydrodynamic system that played an impor-
tant historical role is Taylor-Couette flow between con-
centric rotating cylinders. Both experiment and theory
have exploited the analogies with convection, as well as
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the simplifications arising from the axial geometry. Be-
sides convection and Taylor-Couette flow we also discuss
parametric surface waves, since this system provides a
rich field for study of large nonequilibrium patterns,
though so far most experiments have been on small sys-
tems, and it is not clear how well the external conditions
can be controlled in extended geometries. There are
many other hydrodynamic systems where regular pat-
terns arise from linear instabilities, such as flow between
adjacent rotating cylinders, flow down an inclined plane,
and various magnetohydrodynamic and geostrophic
flows. Only our lack of knowledge of the work in these
fields and the necessity to stop somewhere has led to their
exclusion from this review.

Turning now to nonhydrodynamic systems, we have
chosen to discuss patterns in chemistry, biology, and
nonlinear optics, as well as crystallization patterns in
solids, but to leave out for somewhat arbitrary reasons
patterns in flame fronts, in semiconductors, or in col-
loidal aggregates, to cite only a few of the possible areas
we might have included.

Instabilities and patterns in nonlinear optics are cen-
tral to the study of lasers and many other optical devices,
but the main emphasis of fundamental studies has tradi-
tionally been on temporal chaos in systems where a few
spatial modes are excited, an understandable bias in view
of the above mentioned device applications. Apart from
the nonlinear Schrodinger equations used to describe
pulse propagation in optical fibers, most of the models
employed in studies of chaos and instability were variants
of the famous Lorenz model, where only three modes in-
teract. It is only relatively recently that experimentalists
and theoreticians have turned their attention to systems
with many degrees of freedom, by relaxing transverse
constraints, and bringing in additional modes of a given
cavity. It appears that many of the phenomena that have
been studied in hydrodynamic systems, e.g. pattern selec-
tion, defects, and spatiotemporal chaos, will also appear
in this physical context.

The chemical system we discuss almost exclusively is
the Belousov-Zhabotinsky (BZ) oscillatory reaction, since
this system has been intensively studied experimentally as
well as theoretically, and it bears the closest analogy to
oscillatory hydrodynamic systems. The BZ reaction
presents an additional theoretical difficulty, however,
namely the presence of two vastly different time scales for
the principal pattern-forming constituents. As a conse-
quence the amplitude equation approach has no domain
of quantitative applicability, and alternative methods of
analysis are necessary. Interestingly, the qualitative
properties of the observed patterns, particularly the
behavior of the characteristic target and spiral defects in
two dimensions, are very similar to those deduced from
the corresponding amplitude formalism. This is an ex-
ample of ‘“‘qualitative universality,” a notion that is
difficult to make precise, but that operates here in a con-
crete way. We also briefly mention the recent success in
the long-sought goal of finding stationary Turing patterns
in a chemical reaction.
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The biological patterns we discuss are of two types:
those arising in morphogenesis, i.e. during the growth of
an organism (Turing, 1952), and patterns created by the
dynamics of living systems (Murray, 1989). Our purpose
in including these topics in our review is not to claim that
the vast and supremely difficult problems of biological
pattern formation can be reduced to the corresponding
questions in hydrodynamics or chemistry. The fact is,
however, that most of the literature on biological pattern
formation employs the same mathematical models and
concepts that we have considered in the rest of this re-
view! Under these circumstances it seems to us appropri-
ate to place the mathematical analysis of these models
into a broader context, and to see which of the advances
brought about by recent developments in hydrodynamics
or chemistry might elucidate the behavior of the biologi-
cal models, if not the biological systems. The main
difficulties with this program are that (i) the models often
lack a secure phenomenological base since the systems
they are supposed to describe are highly complicated,
and (ii) controlled, quantitative experiments are extreme-
ly difficult to perform, especially in our “physicist’s lim-
it” of a large system under constant external conditions,
which might indeed be quite absurd in some cases. Nev-
ertheless, we believe that the perspective we bring to the
problems of biological pattern formation may be useful in
further developments of the field. In a sense we attempt
to solve the easy problems, understanding the basic pat-
tern forming properties of the models used in the field,
and how these fit into a broader theoretical context. In
this way the biologists can concentrate on the difficult
problems of elucidating the pattern forming mechanisms
and choosing appropriate models. It is fair to say that
the distinction we are making here between the ‘“‘easy”
and the “hard” problems have not always been appreciat-

ed by workers in the field.
The literature on nonequilibrium patterns is so vast

that it is difficult for us to give a general list of articles or
books related to ours. For each topic discussed we have
attempted to give references to the pertinent literature.
We do not assume any prior knowledge of pattern forma-
tion on the part of the reader, though our paper is not
meant to be strictly introductory. The reader may wish
to consult Swinney and Gollub (1981), Manneville (1990),
Haken (1977, 1983a, 1987), Mikhailov (1991), Mikhailov
and Loskutov (1991), Gaponov-Grekhov and Rabinovich
(1990, 1991), Kuramoto (1984b), Winfree (1987), and
Murray (1989), for general discussions of the topics, some
of them from a different point of view than ours. There
are also innumerable conference proceedings related to
the topics we cover, which the reader may wish to con-
sult. The following is a partial list: Ben Amar et al.
(1991), Bishop et al. (1986), Busse and Kramer (1990),
Coron et al. (1991), Coullet and Huerre (1990), Engel-
brecht (1989), Frehland (1984), Gaponov-Grekhov et al.
(1989), Graham and Wunderlin (1987), Giitinger and
Dangelmayr (1987), Haken (1980, 1981a,b, 1985), Holden
et al. (1990), Kai (1992), Krinsky (1984a), Lam and
Morris (1990), Markus et al. (1988), Meinkohn (1990),
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Pacault and Vidal (1979), Perez-Garcia (1992) Sirovich
(1991), Stein (1989), Tirapegui and Villarroél (1987,
1989), Walgraef (1987), Walgraef and Ghoniem (1990),
Wesfreid and Zaleski (1984), Wesfreid et al. (1988).

An early bibliography of nonequilibrium phenomena
was assembled by Hohenberg and Langer (1982). A more
recent bibliography, going far beyond the subject of
chaos in its title, may be found in Zhang (1991).

Il. BASIC PHENOMENOLOGY

A. Rayleigh-Bénard convection

In its idealized form Rayleigh-Bénard convection in-
volves a fluid placed between flat horizontal plates that
are infinite in extent and are perfect heat conductors.
The fluid is driven by maintaining the lower plate at a
temperature AT above the upper plate temperature. For
small driving the fluid remains at rest, and a linear tem-
perature profile is set up interpolating between the upper
and lower plate temperatures. This is the “conducting”
or ‘“uniform” solution. Due to the thermal expansion,
however, the fluid near the lower plate is less dense; an
intrinsically unstable situation in the gravitational field.
Of course the fluid cannot rise as a whole since there
would be no place for the fluid above it to go. Thus, due
to a conservation law (mass in this case), we encounter an
instability at a finite wavelength — a fundamental pre-
cursor of pattern formation. This instability occurs when
the driving AT is strong enough to overcome the dissipa-
tive effects of thermal conduction and viscosity. The
control parameter describing the instability, the Rayleigh
number R, is the dimensionless ratio of the destabilizing
buoyancy force pyagAT to the stabilizing dissipative
force vip,y/d?

3

R=o8ATd" @.1)

KV

where p, is the average mass density, a the thermal ex-
pansion coefficient, g the acceleration of gravity, v the ki-
nematic viscosity, k the thermal diffusivity and d the
plate separation. The instability occurs at the value
R =R_~=1708, independent of the fluid under considera-
tion (see Chandrasekhar, 1961). The wave vector g, of
the instability is of order d ~!, since d is the only length
scale available in the ideal problem. We thus arrive at
the picture of an instability toward a pattern in which
the fluid rises in some regions and falls in others with a
characteristic horizontal length scale d. For Rayleigh
number R slightly above R. the growth of this pattern is
limited because convective flow transports part of the
heat applied, thus decreasing the temperature gradient
and the buoyancy force. At some point there is a balance
between the applied temperature gradient and the reduc-
tion due to convective motion, and in general the fluid
settles down to a stationary flow regime near threshold.
The simplest example of such a flow is the familiar con-
vective roll pattern shown schematically in Fig. 1, but su-
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FIG. 1. Schematic picture of Rayleigh-Bénard convection
showing fluid streamlines in an ideal roll state.

perpositions of rolls forming hexagons or squares are also
possible.

The critical Rayleigh number R, is the minimum value
of R at which the conducting state becomes unstable to
disturbance of the velocity v of the form

Sv ~exp(iq-x) ,

for some wave vector q in the horizontal plane. As men-
tioned above, the value |q| =g =g, at which the instabili-
ty at R, occurs is of order of the inverse plate separation
(specifically, q,=3.117/d). The instability of the con-
ducting state to disturbances with ¢q, occurs for larger
R. Indeed, when g <g, the rolls are flat and involve ex-
cess horizontal motion with a dissipative contribution to
R_(q) proportional to ¢ ~? at small q. For q>gq,, the
rolls are tall and thin and the excess vertical shear and
horizontal temperature gradient lead to a critical Ray-
leigh number R_(q) growing as g* It is useful to
represent the domain of stability of the conducting state
in terms of the function R_.(q) as in Fig. 2 (dashed curve).
For R > R_.(q) a convecting solution grows, and it turns

R secondary

insta{llity
| T
!

unstable roll
convection ,
\ stable roll /
“ convection /
\
\

_o\
q~

FIG. 2. Schematic stability diagram for Rayleigh-Bénard con-
vection showing the Rayleigh number R vs the wave vector g.
Dashed line: instability of uniform conducting state to growth
of convecting solution with wave vector g (neutral stability, N).
Solid lines: various secondary instabilities of the nonlinear con-
vecting state. Near threshold the Eckhaus (E) and zig-zag (Z)
instabilites are common to many systems. The solid line bounds
the domain of stable spatially periodic ideal nonlinear solutions.
For a more accurate representation see Fig. 32 below.
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Pattern formation outside of equilibrium

out that stationary solutions exist in general for R not
too large. The existence of stationary convecting states
does not, however, guarantee their physical relevance;
they must also themselves be stable to infinitesimal dis-
turbances. Under rather general physical conditions it
may be shown (see Busse, 1978) that near threshold hexa-
gons and squares are unstable to rolls, and periodic roll
solutions remain stable inside a smaller domain, delimit-
ed by the solid curve in Fig. 2. The region of stable roll
convection is often referred to as the ‘“Busse balloon,”
named after F. Busse who identified the many secondary
instabilities, beyond which different types of convecting
states are seen; either more complicated stationary roll
patterns or time-dependent states which may be periodic
or nonperiodic. A simple example of a secondary insta-
bility occurs when the convective flow reduces the tem-
perature gradient in the central portion of the cell, leav-
ing boundary layers near the top and bottom plate which
experience a strong gradient. The thinner layers may
themselves be the source of an instability to convective
rolls at a shorter wavelength, which are generally orient-
ed perpendicular to the original ones.

Figure 2 refers to a laterally infinite system in which a
continuum of periodic states, labelled by the wave vector
g, can be defined. For a finite system, of lateral width L,
the solutions must satisfy specific lateral boundary condi-
tions which greatly complicate any concrete calculation.
Roughly speaking, however, we can say that the effect of
the lateral boundaries is to quantize the wave vectors in
units of w/L, i.e., the continuum of solutions is reduced
to a discrete set.

The spatially periodic stationary roll states we have
discussed up to now are of particular interest because of
their relative theoretical simplicity. Experimentally, or-
dered states are only obtained under special conditions,
e.g. for R just above threshold, or in containers of
prescribed shape. In particular, rolls tend to align per-
pendicular to the sidewalls, so parallel rolls are most easi-
ly obtained in cells which are long and thin. A system
which avoids even the small distortion due to the short
sidewalls is an annular geometry, which is well represent-
ed by a one-dimensional model. In contrast to the above
cases, ‘“‘natural” patterns which arise spontaneously when
R is suddenly raised above R, are spatially disordered.
In Fig. 3 we show examples of such structures obtained
in experiments and in numerical simulations. Some of
these patterns can be thought of as being made up of
domains of periodic structures pieced together by
different kinds of interfaces or defects. Other cases are so
disordered that they bear very little resemblance to a
periodic roll structure. We will see in subsequent sec-
tions that defects play a crucial role in determining both
the dynamics of pattern formation and the structure of
the patterns which are obtained at large times under
steady external conditions.

From a physical point of view, an appealing feature of
hydrodynamic instabilities in general, and convective
flow in particular, is that once quantities are expressed in
terms of dimensionless numbers, such as the Rayleigh
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number R for example, the results obtained are valid for = nisms acting on the fluid, the kinematic viscosity v and
any fluid obeying the Navier-Stokes equations, which in-  the thermal diffusivity x. Fluids with low Prandtl num-
cludes such disparate substances as water, oil, mercury, ber (o 5 3) have a smaller stability balloon for stationary
air, and liquid or gaseous helium. The most important  convection and a larger domain of dynamic behavior.
way in which the specific fluid properties enter thermal Since the size of a convective roll is determined by the
convection is in the dimensionless parameter called the plate separation, the only other important parameters

Prandtl number controlling the pattern are the so-called aspect ratios
o=v/k, (2.2)
which represents the ratio of the two damping mecha- L,=L;/d, (2.3)

>

Nz

(a) (b)

==

FIG. 3. Horizontal spatial patterns in convection with lateral boundaries; (a) and (b) are from experiments of Gollub et al. (1982); (c)
from experiments of Croquette et al. (1983); and (d)—(f) from numerical simulations of the Swift-Hohenberg model equation (3.27) by
Greenside and Coughran (1984).
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where L, is a lateral dimension®! (e.g. the radius for a cy-
lindrical cell). Roughly speaking the largest aspect ratio
L is equal to the number of rolls in the pattern. An im-
portant distinction exists between small and large sys-
tems, according to the number of rolls they contain (gen-
erally a system with L $3—35 is defined as small). The
distinction is relevant in considering the dynamics of
convection outside the region of stable rolls, namely
chaotic dynamics. For small L one can model the system
in terms of a discrete number of degrees of freedom in-
teracting among one another, a situation which is known
to lead to a variety of chaotic scenarios which have been
well studied in recent years (see, e.g. Bergé et al., 1987;
Manneville, 1990). For large systems, on the other hand,
the continuum of states available above threshold must
be taken into account, and the dynamics involves a large
number of active degrees of freedom. The chaotic
behavior of such spatially extended systems is not well
understood at present, but Rayleigh-Bénard convection is
an attractive physical example in which to investigate
this problem (see Secs. VII and VIIL.E below).

If the horizontal plates are made of poor thermal con-
ductors (with conductivity K, small compared to the
conductivity K, of the fluid) the critical Rayleigh num-
ber curve R (g) is modified (Busse and Riahi, 1980). Its
minimum becomes R =720 for K », <<K, and the criti-
cal wave vector behaves as

go=c(K,/K;)'"?, (2.4)

(cy=3) in the thick-plate limit, leading to a pattern with
a single flat roll (see Sec. VIIL.F.1 below).

B. Other convecting systems

1. Convection in fluid mixtures

In a mixture, concentration changes are coupled to
density variations via the quantity p~ ' (3p/dc)s, which
is analogous to the thermal expansion p~ '(3p /3T )p, but
can have either positive or negative sign. There is thus
an additional mechanism which can either favor or
suppress convection. Since the dynamics of the concen-
tration variable is associated with an independent time
scale governed by the diffusivity D,, or the Lewis number
L=D,/k, the behavior of convective mixtures can be
quite rich indeed (Platten and Legros, 1984). The most
interesting new aspect is the appearance, for certain pa-
rameter values, of temporal oscillations at the convective
threshold. This time dependence combines with the spa-

2.1Since we usually express all lengths in units of the plate sep-
aration we do not distinguish between the aspect ratios and the
lateral dimensions, and will henceforth use the same symbol L
for both.
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tial periodicity to create traveling wave states whose non-
linear behavior shows remarkable properties. Among
these we cite interactions between traveling and standing
waves, spatial confinement, and interesting defect struc-
tures involving waves of different velocities. Moreover,
the existence of time dependence near the onset of con-
vection means that this system offers the possibility of
studying chaotic dynamics in a region where nonlinear
effects might be small enough to be calculable analytical-
ly (see Sec. IX.A).

2. Electrohydrodynamic instabilities
in nematic liquid crystals

It is possible to destabilize a nematic liquid crystal by
applying an electric field, the electric force p E acting in a
manner similar to the buoyancy force in thermal convec-
tion (see Dubois-Violette, et al., 1978). The charge p is
coupled to fluctuations in the curvature K =3d,n, of the
director, with the flow velocity following adiabatically in
typical regimes. In order to prevent static charge build-
up at the electrodes an a.c. field is usually applied, and
depending on the amplitude and frequency of this field
different regimes of convection are found. The main ad-
vantages of electrohydrodynamic convection are the abil-
ity to control the flow by electromagnetic means, and the
small spatial scale of the rolls which makes it easier to
study large systems, with 1000 rolls, say. This system is
discussed further in Sec. IX.C.

3. Bénard-Marangoni convection

The original experiment of Bénard (1900) was carried
out in an open dish, and the flow pattern he found was a
regular tesselation of hexagons with fluid rising at the
center and falling along the sides as in Fig.4. The
theory developed by Rayleigh (1916) to explain this
phenomenon involved a driving force due to differential
buoyancy in the bulk of the fluid, but it was Ilater
discovered (Pearson, 1958) that the hexagon pattern re-
sulted from a surface instability caused by a temperature
dependent surface tension. Indeed, if we imagine a fluid
heated from below, and a horizontal temperature fluctua-
tion 8 T at the surface, there is an induced change 8% in
the surface tension 2 which causes fluid to flow along the
surface toward the point where the fluctuation occurred,
and to sink into the bulk at that point. To compensate
this flow, warm fluid must rise in adjacent portions of the
cell, thus increasing the temperature difference and caus-
ing instability. The driving force is now
—(AT/d?)(32/8T)>0, and the control parameter is
the Marangoni number

_ AT(d /po)(—d=/3T)

Kv

’ (2.5)

which does not involve the acceleration of gravity g.
Comparing the Marangoni and Rayleigh numbers, Egs.
(2.5) and (2.1), we see that for a given AT the Marangoni
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instability at M =M _,~80 is reached before the Rayleigh
instability at R =R, =1708 for thin layers,
(AT)y ~1/d whereas (AT ), ~1/d>.

It turns out that for convection with a free surface
even the buoyancy driven instability leads to a hexagonal
pattern, so the appearance of hexagons does not guaran-
tee a surface tension driven instability. A more careful
analysis of the response of the surface reveals that in the
case of a buoyancy driven instability the rising fluid at
the center of the hexagons is associated with a bump,
whereas it leads to a trough in the Marangoni case. In
practice both mechanisms are operative, and the surface
remains flat when they exactly compensate, which occurs
for d =[4(—02/3T)/ap.g1'/? (see Sec. VIILF).

since

C. Taylor-Couette flow

The Taylor-Couette system is another hydrodynamical
example analogous to Rayleigh-Bénard convection, ex-
cept that the buoyancy force is replaced by the centrifu-
gal force due to rotation (see DiPrima and Swinney,
1981). The apparatus consists of two concentic circular
cylinders with fluid confined to the gap between the
cylinders. If the outer cylinder alone is rotated, an az-
imuthal shear flow is set up that is stable. If the inner
cylinder is rotated instead, however, the larger centrifu-
gal force near the rotating cylinder leads to an instability
above a critical rotation rate, towards circulating rolls
(called Taylor vortices) perpendicular to the axis of the
cylinder (Fig.5). The radial coordinate is analogous to
the vertical coordinate in convection, and the azimuthal
and axial directions correspond to the horizontal direc-
tions in the Rayleigh-Bénard system. Note, however,
that there is no symmetry between these two directions in
the Taylor-Couette case: the first instability is to a state
of azimuthal rolls, with no spatial variation around the
cylinders. Until this azimuthal invariance is destroyed,
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FIG. 4. Early experiment showing convection
cells in silicone oil under an air surface. Visu-
alization with aluminum powder. Dark lines
indicate vertical motion. Bright areas indicate
predominantly horizontal motion. (Kos-
chmieder, 1974).

Taylor-Couette flow provides another good laboratory
example for studying ‘“one-dimensional” pattern forma-
tion. Eventually, as the rotation rate is increased, a
secondary instability occurs to a time-dependent flow in
which first one and then a second wavy modulation of the

Q

OOOO0)

FIG. 5. Schematic picture of the Taylor-Couette system, show-
ing fluid streamlines in the Taylor-vortex state when the inner
cylinder is rotated at a rate 2> Q..
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Taylor vortices travel around the cylinder at independent
velocities. The behavior is even richer if the outer
cylinder is rotated in the reverse direction to the inner
cylinder: now the first transition may be to a spiral
(barber’s pole) pattern with the rolls simultaneously trav-
eling up (or down) and around the cylinder, analogous to
the waves in binary-fluid convection (see Sec. IX.B).

D. Parametric waves

The excitation of waves via nonlinear processes pro-
vides another class of pattern forming systems. Again a
spatially uniform driving — now time dependent — leads
via the nonlinear interaction between the wave excita-
tions of the system to an instability toward states with
spatial structure. The simplest situation is where exter-
nal driving at a frequency w excites waves at wave vector
q, given approximately by the resonance condition

ws(q)=ico , (2.6)
2

with o, (¢) the spectrum of the waves in the linear ap-
proximation. For experiments on finite systems we re-
place the plane waves by the linear eigenmodes of the
system consistent with the boundary conditions. The
mathematics of these parametric instabilities is simply
displayed in the much studied Mathieu equation.

One simple experimental realization is known as
“Faraday’s crispations,” after the early experiments
(Faraday, 1831). A shallow disc of liquid is rigidly oscil-
lated in the vertical direction. The acceleration periodi-
cally modulates the effective gravity (i.e. one of the pa-
rameters of the wave equation). At sufficiently large driv-
ing a surface wave instability occurs with frequency one
half the driving frequency. The spatial pattern which is
usually seen initially corresponds to the linear mode most
closely resonant with this subharmonic frequency. (The
details depend on the strength of the coupling to the uni-
form driving, on damping effects, and on geometry.) In-
teresting pattern competition effects occur close to the
frequency at which two modes simultaneously go unsta-
ble.

This type of parametric wave instability has a number
of attractive features for studies of pattern formation; for
example the length scale of the pattern is easily tuned by
varying the drive frequency and may often be made small
compared with the system size, so that a great many spa-
tial periods may be investigated. On the other hand dis-
sipative effects play a secondary role in these systems ex-
cept very near threshold, so that the attraction in phase
space to simple dynamical behavior is relatively weak,
and complicated dynamical effects often occur (see
Sec. IX.D).

An analogous system is the parametric excitation of
magnetization waves in ferromagnetic bodies (often
ytrium-iron garnet spheres) by the spatially uniform
pumping of an oscillating magnetic field. However, the
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spatial structure of the resulting state is hard to detect
experimentally, and attention has mainly focused on the
sequence of dynamic phenomena (see L’vov and Prozoro-
va, 1988). This system is treated briefly in Sec. XII.C.

E. Reaction-diffusion systems

Forces and flows are central to fluid systems; chemical
systems are dominated by reaction and diffusion. In a re-
markable paper Turing (1952) showed that these two sim-
ple ingredients could lead to a wide range of pattern
forming instabilities. This paper opened up an enormous
range of study spanning the fields of developmental biolo-
gy (Turing’s main interest), laboratory chemistry, applied
mathematics, and engineering.

The important feature of these systems for our pur-
poses is the competition between different temporal
growth rates and spatial ranges of diffusion for the
different chemicals in the system. For example the very
simple linear equations for the concentrations u,(x,?)
and u,(x,t) of two reacting and diffusing chemicals in
one dimension,

(2.7a)
(2.7b)

8,u1=Dla§u,+alu1—blu2 s
— 2
o,u,=D,03u,—ayu,+byu, ,

lead to an instability toward a time-independent state
with a wave number

1/2
1

2

a; a
D, D,

90~ (2.8)

In chemical and biological systems the above expressions
have been interpreted in terms of the interaction of an ac-
tivator u; and an inhibitor u,, since for positive a; and b;
the growth of u, stimulates further growth of u,; and u,,
whereas the growth of u, leads to decay of u; and u, (see
for example Murray, 1989). The diffusion constant D,
defines a decay length ¢,=(D; /a,)'/?, and similarly for
D,. The criterion for the existence of a finite-
wavenumber instability of the uniform state u;=u,=0is
seen from Eq. (2.8) to be ¢ <¢,, which means that the
inhibitor has a longer range than the activator. This con-
dition has been expressed as the “principle of local ac-
tivation with lateral inhibition” (Oster, 1988) which is
found to occur in many models studied by theoretical
biologists (see Sec. XI).

For other parameter values the reaction diffusion equa-
tions (2.7) have an instability to a time-periodic state
[wp70] which is spatially uniform (g,=0). The oscilla-
tory instability occurs when there is a large
cross coupling between activator and inhibitor
[byb,>t(a,+a,)?], and when the activator growth
exceeds the decay of the inhibitor (a; >a,). Such an in-
stability occurs in the oscillatory chemical reaction
discovered by Belousov and Zhabotinsky (see, for exam-
ple, Winfree, 1974; Ross et al., 1988). The simplest state
immediately above threshold consists of a uniform oscil-
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lation with no spatial structure. Experimentally, interest-
ing patterns are seen in this system, and they may be un-
derstood as defects in the uniform medium, which are nu-
cleated by imperfections or externally imposed sources.

For chemical and biological systems, the reaction-
diffusion equations (2.7) represent some sort of superficial
description of a complicated set of reactions. For exam-
ple, we have not discussed the mechanism for the pro-
duction of u#; and u,. Moreover, a closed chemical sys-
tem, just as a closed fluid system, ultimately must come
to equilibrium. Nonequilibrium phenomena of interrest
to us either occur as a transient — maybe over long times
— or in response to some external chemical pumping.
We discuss oscillatory chemical reactions in Sec. X.

F. Solidification patterns

The regularity of the shapes produced by crystals
growing into a supercooled or supersaturated environ-
ment is a well known phenomenon. The beautiful feath-
ery patterns with the hexagonal symmetry of ice, photo-
graphed in selected snowflakes, are one example; another
is the disordered pattern of metallic alloys formed from
the melt, whose microstructure is the determining factor
in the resulting material properties.

The tendency towards pattern formation in solid-
ification is demonstrated by the instability of a plane
front of the solid phase growing into the supercooled
liquid. This instability, known as the Mullins-Sekerka in-
stability, can be understood from the enhanced diffusion
in front of a bulge of the surface into the diffusion field of
temperature or impurity concentration that limits the
growth rate. This enhanced diffusion results in a local in-
crease in the growth velocity and in turn to further
growth of the perturbation. In the case of the free
growth of an interface into a supercooled region the in-
stability does not saturate at small amplitudes, so that an
analysis based on the Mullins-Sekerka instability is only
qualitatively useful, for example in identifying charac-
teristic lengthscales. Instead, the resulting state often
consists of needles, known as dendrites, moving out along
crystal symmetry directions. The growth velocity, the
size of the needles (e.g. the tip radius) and the shape of
the dendrites, including question of sidebranching, have
been the focus of much study. In this situation the sur-
face tension serves to control the instability at short
length scales so that regular patterns are observed. On
the other hand in growth processes where the only
short-scale cutoff is the discrete size of the particles, the
random arrival sequence is important and much more ir-
regular structures are observed. These may be fractal in
nature, at least at intermediate length and time scales.
Such growth processes are modelled by the numerical
procedure of “diffusion limited aggregation” or DLA.
We will restrict our attention to regular patterns, and
refer the reader to Vicsek (1989) for a review of DLA
type processes.

An experimental geometry in which the growth of the
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Mullins-Sekerka instability is controlled, known as direc-
tional solidification, was developed by Jackson and Hunt
(1965). In this system the growth rate of solid from a
liquid mixture is limited by the diffusion of the impurity
species away from the interface. The position of the in-
terface is in addition controlled by an imposed tempera-
ture gradient &, and the growth velocity is determined by
physically advancing the solid-liquid system at a fixed ve-
locity v between hot and cold thermal reservoirs. The
values of v and ¢ provide additional control parameters,
and may be used to saturate the instability at small am-
plitudes (in some cases as small as desired). The resulting
cellular pattern across the interface is analogous to the
periodic roll pattern in convection, and many of the same
theoretical ideas can be applied in this case and studied
experimentally.

The literature on solidification and other growth pro-
cesses is vast and we shall only touch on a corner of this
field in order to illustrate the analogies with the other
pattern forming systems which are the focus of this re-
view and to mention some differences. There are in turn
other fluid systems that show strong analogies with
solidification, for example the invasion of a viscous fluid
by a less viscous one, which may be systematically stud-
ied in the Saffman-Taylor geometry. We will not review
this work.

G. Nonlinear optics

Intense electromagnetic waves propagating in various
types of media can have interesting instabilities, the most
famous of which is the lasing instability occurring for ex-
ample in a cavity containing a gas of two-level atoms.
Typically, the laser is operated in such a way that only
one spatial mode of the electromagnetic field is excited in
the cavity, so the interesting variation is in time rather
than in space. Nevertheless, under some circumstances
parameters can be adjusted so that more spatial modes
come into play and spatial patterns also appear.

Besides a laser cavity, one can also consider intense
electromagnetic fields propagating along a glass fiber,
whose nonlinear response leads to a cubic propagation
equation for the envelope of the wave, in the form of a
“nonlinear Schrédinger” equation. This system is known
to possess localized propagating pulse solutions called
solitons in the ideal dissipationless case. Such solitons
are a prototype for many other localized solutions found
in nonlinear optics as well as other systems to be con-
sidered below. The coupling of electromagnetic waves to
atomic degrees of freedom via the Maxwell-Bloch equa-
tions offers many examples of nonequilibrium instabilities
and patterns, which will be briefly discussed in Sec. XII.B
below.
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I1l. GENERAL FEATURES OF PATTERN FORMATION
A. Dynamics and stability

1. Dissipative dynamics and attractors

We will consider dynamical systems, defined by a time
evolution equation for the system variables (see Guck-
enheimer and Holmes, 1983). A typical example is a set
of nonlinear ordinary differential equations (ode’s)* !

o, U(t)=f(U;R) , (3.1)
for the n components of the state vector
Ut)={u, ()} =u(2),...,u,(t), (3.2)

where in general f(U;R) is a set of nonlinear functions
of all the variables (3.2), depending on a control parame-
ter R, which could be a set of parameters
R=R,,... ,Rp. The instantaneous state of the system
at fixed values of R can be represented by a point in the
n-dimensional phase space with coordinates given by
(3.2), and the time evolution by a trajectory in that
space.>2 It is sometimes useful to consider in place of the
continuous time evolution (3.1), discrete dynamics given
by

Um+1)=f[Um);R], (3.3)

with m an integer. Such mappings often arise as approxi-
mations to the continuous dynamics in (3.1). A natural
extension of (3.1), which incorporates the notion of spa-
tial dependence and leads to spatial patterns, is to consid-
er a continuous set of state variables that depend on a
spatial coordinate x,>3 in addition to the time 7. Then
(3.1) becomes a set of partial differential equations (pde’s)

3,U(x,0)=G[U,d,U,..;R], (3.4)

where the right-hand side of (3.4) depends on the gra-
dients and higher spatial derivatives of U. The phase
space is then infinite dimensional, though the trajectory
is still a curve in this space.

An important class of dynamical equations consists of
conservative or Hamiltonian systems that have the prop-
erty of preserving volume in phase space (Guckenheimer
and Holmes, 1983). This means that if one follows the

3.1For notational convenience we shall use the symbol 9 for all
derivatives, both partial and total. In cases where a confusion is
likely we will write the derivatives out explicitly, e.g. U /3t or
dU/dt.

32For a pictorial introduction to phase space dynamics see
Abraham and Shaw (1983).

3.3In the present section we write x in ordinary type though it
is in general a vector in d-dimensional space. In later sections,
when the distinction is important, we will use boldface type for
spatial vectors.
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trajectories of all the points in a subvolume 8§V of phase
space, then 8V will in general be distorted as time
progresses, but its volume will remain constant. Another
type of dynamical system, the so-called dissipative ones,
are of particular relevance to the macroscopic descrip-
tion of physical phenomena. These systems have the
property that arbitrary subvolumes in phase space shrink
to zero at long times. This means that points eventually
end up on a lower-dimensional set called an attractor,
which has zero volume in the original phase space. Not
all points will necessarily end up on the same attractor,
of course. If the system has different attractors then each
one has its own basin of attraction, which is the set of ini-
tial points whose trajectories eventually end up on the at-
tractor in question. As we discuss further in Sec. VII
below, attractors come essentially in two types: regular
attractors correspond to laminar motion and possess a
simple geometrical shape such as a fixed point, a closed
curve (limit cycle), or a torus; the second class of attrac-
tors, the so-called irregular or ‘“strange” attractors, cor-
respond to chaotic motion and possess unusual geometri-
cal properties. It may be noted that even regular attrac-
tors can have basins with very complicated geometrical
structure.

2. Stability and bifurcations

Given a solution U,(¢) of the equations of motion (3.1),
we can examine the stability properties of that solution.
We will distinguish three types of stability (or instability).
To define linear stability we consider a solution U,(¢) and
apply a small perturbation

Ut)=Uy(t)+8U(1) . (3.5)

Inserting (3.5) into (3.1), and linearizing the equation
with respect to 8 U we find

9,0U=Df - 8U , (3.6)
where Df is the Jacobian derivative of f evaluated at U,.

(Df)y;=8f,/8u, : (3.7)

U=u,
Then if all the eigenvalues of the matrix Df are negative

SU(t) decays at long times and U, is said to be linearly
stable. The linearization leading to (3.6) is appropriate
for infinitesimal initial disturbances 8U. For finite U we
are dealing with nonlinear stability, which involves more
complex issues (see for example Sec.II of Normand
et al., 1977). The solution U,(#) is (nonlinearly) stable if
any solution that starts sufficiently close to U, remains in
a finite neighborhood of U, for all time. Thus U, can be
stable by this definition without being on an attractor. If
at long times U(¢) tends back to Uy(t) then the fixed
point is said to be asymptotically stable and U,(t) is an
attractor. Generally speaking understanding the non-
linear stability of a solution involves characterizing its
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basin of attraction. For complicated time dependence
(e.g. chaotic motion) the linear stability properties are
most easily summarized by the Lyapunov exponents,
which will be discussed in Sec. VII.

For spatially extended systems the same concepts ap-
ply if we consider linear disturbances satisfying the same
physical boundary conditions in the finite region. Often
we might want to consider an ideal infinite region, to re-
move complications of arbitrarily shaped boundaries. In
a translationally invariant system it is then natural to
consider the stability of Fourier modes3-3

8 U(x,1)~8 U, (1) e, (3.8)

which represent delocalized disturbances. It is also in-
structive to consider infinitesimal disturbances Uy(x)
which are localized in space. If such a solution, initially

localized around x,, say, grows large at x, then Uy(x) is-

said to be absolutely unstable. If, on the other hand, the
solution grows in amplitude but moves away from x,,
such that its value at any fixed spatial position eventually
decays to zero, we say that the system is convectively un-
stable (see Landau and Lifshitz, 1959, p. 111).

The above concepts of stability and instability have
been discussed here in a qualitative way to give the
reader an intuitive grasp of the richness of behavior
which occurs in dynamical systems. Standard texts on
differential equations should be consulted for precise
definitions of stable and unstable manifolds (Arnol’d,
1988; Guckenheimer and Holmes, 1983) and of different
stability criteria.

As the control parameter R is varied, changes may
occur in the qualitative structure of the solutions for cer-
tain parameter values. These changes are called bifurca-
tions and they involve changes in the number of solutions
as well as their stability. The simplest bifurcations of
fixed-point solutions which depend on a single control
parameter R are of four types, exemplified by the follow-
ing equations (Guckenheimer and Holmes, 1983):

saddle-node: 3,u =R —u?, (3.9a)
transcritical: d,u =Ru—u?, (3.9b)
pitchfork: d,u=Ru—gu?, (3.9¢)
Hopf: d,u;=— u,+Ru,—(u?+u?)u,, (3.9d

du,= u;+Ru,—(ui+ul)u, . (3.9¢)

The first three examples involve fixed points only. The
Hopf bifurcation has a fixed point which loses stability
for R > 0, and a limit cycle (periodic solution) which
appears at R =0 and is stable for R > 0. The stability
properties of the solutions to Egs. (3.9) are illustrated in
Fig. 6.

The differences between the various bifurcations arise
because of differences in the symmetry of the equations.
The pitchfork bifurcation [Figs. 6(c) and 6(d)] is ubiqui-
tous in physical systems, but it depends on the absence of
a quadratic term on the rhs of (3.9¢), or more generally
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on the symmetry
f(=U)=— f(U).

If, as the control parameter varies, one goes continuously
from one stable branch to the other then one speaks of a
supercritical bifurcation. If there is a loss of stability the
bifurcation is subcritical. The pitchfork bifurcation is su-
percritical for g > O and subcritical for g < 0 [see
Figs. 6(c) and (d)]. In the language of phase transitions
these correspond to second-order or continuous transi-
tions as opposed to first-order or discontinuous transi-
tions, respectively.3*

Certain perturbations of the equations will change the
bifurcation from one type to another. To the extent that
the perturbation is small, the original bifurcation is still

(3.10)

(a) (b)

— Vi

Saddle-node Transcritical

(c) ()

Pitchfor
Supercritical Subcritical
(e)

g_{}\"”[\ \
Hopf ;
(1) (@) |

Imperfect Pitchfork

FIG. 6. Simple bifurcations from a time independent state.
Curves show how the solution evolves as a control parameter
(varying along the abscissa) is changed. Solid lines denote
stable solutions, dashed lines unstable solutions. The dotted
line in (e) shows the continuous growth of the amplitude of the
limit cycle.

3-4Supercritical and subcritical bifurcations are also sometimes
referred to as “forward” and “backward”.
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approximately present, and one speaks of an ““imperfect”
bifurcation. For example, generic perturbations of the
pitchfork bifurcation change Eq. (3.9¢) to

d,u=h~+Ru+pu’—g u’, (3.11)

which has two characteristic forms, shown in Figs. 6(f)
and 6(g). In the first case [for example for p =0, h > 0,
Fig. 6(f)] one is left with a smooth transition (no bifurca-
tion), plus a saddle-node. In the second case [for example
h >0,p >0,p > h3/27, Fig. 6(g)] one is left with
three saddle nodes and hysteresis, i.e. a subcritical bifur-
cation.

3. Potential motion and Lyapunov functions

A certain subclass of dynamical systems, namely poten-
tial or gradient systems, are of particular interest because
their behavior is simpler than the general case, and be-
cause they are frequently encountered in approximate
treatments of physical systems. For a gradient®> system
Eq. (3.1) takes the form

5
Su; ’

1

o,u;(t)=— (3.12)
where F[U] is a (scalar) function of the vector U.
[Hirsch and Smale, 1974, pp. 199ff]. More generally, a
system with an attractor U, is said to have a Lyapunov
function V for this attractor if this function satisfies the
conditions

Y(U,) =0,

ayv
dt

and VY is a smooth function of U in some neighborhood
of U, (Hirsch and Smale, 1974). A gradient system,
satisfying (3.12), has a global Lyapunov function if & is
bounded below. For gradient systems the dynamics con-
sists of relaxation toward the minimum in &#. This means
that such functions are strictly only defined when the
corresponding attractors are fixed points and there is no
chaos, nor even any periodic motion at long times. As
discussed further below, Eq. (3.12) can be generalized to
spatially continuous systems and it provides important
examples of pattern forming systems.

Graham and co-workers have introduced a “nonequili-
brium potential” that is formally similar to a Lyapunov
function but can be defined for an arbitrary dynamical
system of the form (3.4) (Graham, 1989; Graham and

(3.13)

<0 for U+# U,, (3.14)

3.5In the mathematical literature systems defined by Eq. (3.12)
are called “gradient” systems, but we shall follow the practice
among physicists and use the terms “gradient” and “potential”
interchangeably. Gradient systems are also sometimes referred
to as “variational”.
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Tel, 1986, 1990a,b). It is a single-valued functional in
phase space ®[U] that is constant on any attractor and
decreases in any dynamics away from the attractors. It is
defined formally as the solution of a complicated
Hamiltonian-Jacobi equation and has an interesting in-
terpretation in terms of the probability distribution of the
system under the influence of weak external noise (see
subsection III.A.4 below). The main differences between
the potential ® and the functions YV and ¥ defined above
are that (i) ® is a highly singular function (only piecewise
differentiable), and (ii) ® does not determine the dynam-
ics. On the contrary, it is usually necessary to know the
solutions U(t) in order to construct ®[ U].

4. Deterministic versus stochastic dynamics

In the foregoing we have considered deterministic
equations such as (3.1) and (3.4), where in principle the
solution is uniquely specified by the initial conditions.
Physical systems, on the other hand, are often best
represented by stochastic equations, where the dynamical
variables U are coupled to a set of random variables &
that are specified by their probability distribution rather
than by their equations of motion (see Van Kampen,
1981; Gardiner, 1983; Moss and McClintock, 1989). The
random force represents a bath of degrees of freedom
which are not controlled in the experiment. These could
involve either noise on a molecular scale, or various
forms of macroscopic noise associated with the ap-
paratus. The prototype equation has the form

3, U=f(U;R)+£(1) , (3.15)

where ((t) represents a set of n random variables. A
similar set of equations apply for the continuum system
(3.4). More general forms have also been introduced, in
which the noise { depends on the variable U, but we shall
not consider them further here (see Hortshemke and
Lefever, 1984.)

The presence of a stochastic force greatly complicates
the mathematical problem of finding solutions to (3.15),
but we shall primarily be concerned with the qualitative
effects of noise. First of all, we can cite the consequences
for the geometry of attractors, both in smearing out the
singular structure of strange attractors (Graham, 1989),
and in providing an ergodic probability measure as dis-
cussed in Sec. VII.B below. Another important effect of
noise occurs in the case where the deterministic part has
the gradient form (3.12), and the stochastic force can
cause the system to surmount potential barriers and to
move from one local minimum to a lower one. Such pro-
cesses are ubiquitous in systems near equilibrium under
the influence of thermal noise (see Hohenberg and Halpe-
rin, 1977). Although considerable theoretical work has
been devoted to the effects of noise on nonequilibrium
systems (see Hortshemke and Lefever, 1984; Moss and
McClintock, 1989) the problems are difficult both
mathematically and physically. In particular, the form
and magnitude of the noise in Eq. (3.15) depend on the
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details of each system under study, and they are difficult
to determine reliably. We shall discuss the effects of
external noise on pattern selection in Sec. VI.D below,
and the connection between such extrinsic stochasticity
and chaos in Sec. VIL.E.

5. Bifurcations versus phase transitions

Sharp bifurcations occur for ordinary differential equa-
tions (ode’s) or partial differential equations (pde’s) on
finite spatial domains when parameters in these equations
are varied. If a constant term, such as 4 in Eq. (3.11), is
added to the right-hand side the bifurcation is rendered
imperfect, i.e. the transition is smeared over a region
determined by the magnitude of 2. Thermodynamic sys-
tems, on the other hand, are known to display sharp
phase transitions only in the thermodynamic limit of an
infinite volume ¥V — 0. For finite V the free energy is an
analytic function of the thermodynamic fields T, H, etc.

In order to reconcile the two different situations let us
consider a simple thermodynamic system such as an Ising
model. From the point of view of dynamics the Gibbs
ensemble can be obtained as the stationary probability
measure of a stochastic equation of the form

az“i=“8§'+§i ’

Su, (3.16)

where F[{u;}] is a free energy functional and § is a
thermal noise term with (£?)~T (see Hohenberg and
Halperin, 1977). This system has an imperfect bifurca-
tion for any finite volume, due to the smearing caused by
£. A sharp phase transition [{u )=0 for T>T,, (u )70
for T <T,] occurs only in the limit ¥ — o, where the
thermal noise & does not lead to an imperfect bifurcation.
The mean-field approximation replaces the system (3.16)
by a homogeneous deterministic equation for a single de-
gree of freedom, which has a sharp bifurcation (Binder,
1973). Besides finite-size effects coupled to thermal fluc-
tuations, phase transitions can also be smeared by imper-
fections. For macroscopic bifurcation phenomena, on
the other hand, thermal noise is usually negligible (see
Sec. VI.D below), so transitions are of the mean-field
type, i.e. they remain sharp in finite systems and smear-
ing is only caused by imperfections in that case. This dis-
tinction has not always been appreciated by workers in
the field.

B. Linear instabilities and basic nonlinear states

1. Linear instabilities

We start from a system consisting of n partial
differential equations (pde’s)
9,U=G[U, 3,U,..., R], (3.17)

for the functions U=u(x,t),..., u,(x,t). We suppose
that the uniform state U =0 is a solution for all values of
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the control parameter R. In order to define the problem
mathematically we must also specify boundary condi-
tions on the domain of definition x € ¥ of (3.17) and ini-
tial values at t =0, say. We will classify systems in terms
of the response to single Fourier mode disturbances in
the ideal infinite system. The basic instability of (3.17) is
found by linearizing G[ U] about U =0 and studying the
evolution of modes of given wave vector (see fotenote 3.3)

9,

uj(x,t)=uj0ei""+"’ . (3.18)
The ensuing linear equations

a,U=]~) - U, (3.19)
with

D,;=8G, /8u, , (3.20)

have a set of eigenvalues o,(q), and we choose to focus
on the one with the largest real part, which we denote as
o(g). It is interesting to remark that in most pattern
forming systems the wave vector g lies in a space of re-
stricted dimension (1 or 2). For example in convection
the periodicity is in the horizontal plane: the vertical
structure is completely determined by the boundary con-
ditions at the plates. Similarly in biology, pattern forma-
tion largely seems to occur on surfaces or membranes.

Now suppose that the dependence of G on the control
parameter R is such that for R < R, Reo(q)<0, and
for R=R_, Reo(q=qy)=0 for some g,. We introduce
the reduced control parameter

e=(R—R,)/R, , (3.21)

(assuming R, # 0), and show in Fig. 7 the dependence of
Reo(g) on g and €. For ¢ < O the uniform state is stable
and Reo < 0, whereas for e=0 the instability sets in
(Reo=0) at a wave vector g =gq,. For ¢ > O there is a
band of wave vectors g_ < g < g (in the infinite sys-
tems we are considering), for which the uniform state is
unstable. The instability of Fig. 7 I can be of two types:
either stationary if Imo(qy)=0, or oscillatory if
Imo(gy) = wy # 0 for e=0.

Another class of instability occurs if for some reason
(usually a conservation law) Reo (g =0)=0 for all . We
then have the situation depicted in Fig. 7 II. The critical
wave vector is g, =0, and the unstable band for ¢ > 0O is
0 < g =< q,, with g, ~€!”? or ¢, so that the pattern
occurs on a long length scale near threshold. Once again
there are two possible cases, steady [Imo(g=0)=0] or
oscillatory [Imo(g =0)=w, 7 0].

In the case depicted in Fig. 7 III both the instability
and the maximum growth rate occur at g,=0. Here
there is no intrinsic length scale. The structure will
presumably occur on a scale defined by the system size,
or by the dynamics. As in the other two cases, this situa-
tion can correspond to either a steady [Im o=0] or an
oscillatory [Im o 7 0] instability.

We may thus divide pattern forming systems into
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FIG. 7. Schematic representation of the linear growth rate
Re o as a function of the wave vector g, for various values of
the reduced control parameter €, showing the classification into
types I, I1, and III.

different classes according to the nature of the linear in-
stability of the spatially uniform state. There are three
types, depending on the value of the most unstable wave
vector g, near threshold: type I is spatially periodic with
qo=0 (1), type III is uniform with ¢,=0, and type II is
intermediate with an unstable band 0 < g < g,
q. ~¢!”2 or e. For each type there are two subtypes de-
pending on the temporal instability: stationary if wy=0
and oscillatory if w,=0(1). Since type II can often be
scaled to resemble type I we will concentrate on three
subclasses:

e Type I, stationary periodic (wy=0, g, 7 0),

e Type I, oscillatory periodic (w, 7 0, go 7 0),

e Type III, oscillatory uniform (0, 7 0, g, =0).

The case III; (w,=0, q,=0) does not involve pattern
formation in an essential way and will not be considered
in what follows.

2. ldeal patterns

In this section we give a qualitative discussion of the
basic nonlinear states, i.e. those characterized by certain
simple symmetries reflecting the nature of the transition
in the laterally infinite system. In Sec. IV we discuss per-
turbation methods to calculate the properties of these
simple states, and in Secs. V and VI we study the more
complicated patterns encountered in realistic situations.

Since we are interested in pattern forming systems i.e.
systems that spontaneously form spatial structure not im-
posed by external constraints, we will assume the system
to have translational symmetry, in one, two, or rarely
three dimensions. The patterns breaking this symmetry
beyond the instability will then be characterized by a spa-
tial periodicity with a wave vector g. Other symmetries
may also be present depending on the system. There may
be a continuous spatial rotational symmetry, in two or
three dimensions, as in ideal Rayleigh-Bénard convec-
tion, which has rotational symmetry in the plane. The
Taylor-Couette system has two translational symmetries
(axial and azimuthal) but these are not related to each
other by a rotational symmetry. In addition, there may
be discrete symmetries such as parity x — —x, or invari-
ance of the equations under ‘inversion”, i.e. under a
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Pattern formation outside of equilibrium

change of sign of the field variables, U — —U.

We refer to patterns as “ideal” if they retain certain
symmetry elements of the full system, in particular at
least discrete translational symmetries. Ideal patterns are
fundamental to a qualitative understanding of more com-
plicated states. They may be analyzed by group-theoretic
methods, and are identified as being isotropic under some
subgroup of the full symmetry group of the system, as is
found in the Landau theory of phase transitions (Landau
and Lifshitz, 1958). We will briefly describe these
methods in Sec. IV.B below, but for now we proceed heu-
ristically, describing the ideal patterns which appear at
the various types of instabilities.

a. Saturation of the linear instability

A basic role of nonlinearity is to saturate the exponen-
tial growth of the unstable mode proportional to
exp(igx). In addition, since the principle of superposition
no longer holds, the nonlinearity may select between
different combinations of symmetry-related states which
grow equally rapidly in the linear regime. For stationary
instabilities the unstable mode may saturate into a state
which is spatially periodic (see footnote 3.3)

U,(x,0)=U,(gx) .

g (3.22)

This state has a discrete translational symmetry which
can be represented by a phase variable ¢ =gx,

U, ($)=U.,(¢+2m) . (3.23)

The ideal convective roll state or the Taylor vortex state
are canonical examples of periodicity in one direction. If
rotational symmetry is present in the system, we may
construct a saturated nonlinear state from the growth of
superimposed small amplitude roll solutions with equal
wave numbers but different directions. Spatially periodic
patterns in the form of squares or hexagons, which may
develop from the growth of equal amplitudes of rolls at
angles of m/2 or 2m/3, are commonly discussed [see
Fig. 8]. Rhomboid states, with two sets of rolls that are
not perpendicular seem possible, but have not received
much attention. The hexagonal pattern is particularly
interesting since several different possible local structures
may be formed with complicated cellular organization.
In addition, unlike the roll or square solutions, there is a
breaking of inversion symmetry (U— —U), and the
maximum positive values at the center points are larger
than the most negative values around the edges of the
cell. (The alternate pattern reversing the result is of
course also possible.) Small symmetry breaking perturba-
tions in the system may strongly favor one or the other of
these patterns, changing the transition from pitchfork to
transcritical and making hexagons the preferred state
(over rolls, squares, etc.) near threshold. Thus the hexag-
onal pattern is commonly observed in many systems lack-
ing inversion symmetry, for example convection in non-
Boussinesq fluids or under time-dependent heating (see
Sec. VIILF).
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(a) rolls (b) squares (c) hexagons

PP RO IRTTRS M AP R R

FIG. 8. Ideal states of type I systems, with solid lines denoting positive maxima (e.g. fluid upflow) and dotted lines negative maxima
(e.g. fluid downflow): (a) roll state; (b) square state formed from nonlinear saturation of two superimposed roll states at angle 7/2; (c)
hexagon state formed from three sets of rolls at angles + 7/3. Maximum downflows in hexagon state occur along the dashed line

which delineates the boundaries of the hexagonal cells.

For oscillatory instabilities the simplest saturated state
is the traveling wave train (or rotating wave)

Uy e(x,0)=U,(gx —ot) . (3.24)

[Type III, systems admit the special case of a spatially
uniform oscillation U (x,t)=U ,(wt).] Note that a time
delay At is equivalent to a spatial translation
|Ax |=wv,, At, with v, the phase speed w/q. This means
that as well as maintaining a discrete spatial translational
symmetry, the system continues to show a continuous
symmetry under a combined space-time translation. One
consequence is that spatial averages will be time indepen-
dent in the ideal infinite system. The wave trains are
characterized by a dispersion relation w(q ), which will in
general depend on the nonlinearity.

If the ¢ and —gq instabilities occur together, then
standing waves may develop at threshold and continue to
exist for stronger driving. Standing-wave solutions
which are of the general form

Ulx,t)=U_(gx,0t) (3.25)

have only discrete translational symmetries along the
direction of the wave vector and in time,

X —>x+2w/q, t > t+27m/w . (3.26)
In addition, standing waves possess the discrete sym-
metries of parity (x — —x), and the combined symmetry
of time translation through half a period (t — t+7/w),
and inversion (U — — U). Note that in general there will
not be any x and ¢ for which all U are zero simultaneous-
ly. For example, in binary-fluid convection equal-phase
wave fronts oscillate up and down in the z direction, and
the fluid velocity is never simultaneously zero at all z for
any x or t.

The selection between the various nonlinear states in
both stationary and oscillatory situations is determined
in part by stability considerations, but there often exist
regions of multiple stability. Near threshold the calcula-
tions are easily carried out using the amplitude equations
developed below. Away from threshold further transi-
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tions may occur to states of lower symmetry, e.g. quasi-
periodically modulated states.

b. Stability balloons

We can also ask about the magnitude of the wave vec-
tor g in the states that exist beyond the instability, for ex-
ample in the simple roll or wave states. Near threshold,
spatially periodic nonlinear states can typically be found
over the whole band of wave vectors inside the curve
R_(g) of instability of the uniform state, as may be ar-
gued from general principles of bifurcation theory. How-
ever, the band of observable or useful wave vectors is fur-
ther restricted by the stability of the corresponding
states. For the example of stationary convection, the
linear stability analysis of the nonlinear steady states has
been carried out in some detail (Busse, 1967a, 1978).
Away from threshold, where numerical methods are
needed, Busse and co-workers have found a large number
of characteristic instabilities, leaving however a finite
band of stable wave vectors for Rayleigh numbers not too
far away from threshold (Fig.2). Two instabilities are
quite generally seen in such systems, and survive to limit
the band near threshold (Newell and Whitehead, 1969).
These are the Eckhaus instability, a long-wavelength lon-
gitudinal (compressional) instability, and the zigzag insta-
bility, a long-wavelength transverse instability. Long
wavelength here means that the instability first occurs as
a distortion over arbitrarily long length scales. Further
from threshold the instabilities found by Busse (knot, os-
cillatory, etc.) have short wavelengths and are specific to
the physics of the fluid system (see Sec. VIII.A below).

C. Model Equations

1. Motivation

The physical, chemical, and biological systems de-
scribed in Sec. II which we wish to study are often quite
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complicated and the equations and boundary conditions
describing them are not always known precisely. Even
when they are known, as is the case for many hydro-
dynamic instabilities, a linear analysis already requires
numerical evaluation and a direct analytic approach is
impossible beyond threshold. The perturbation methods
described below are a partial response to this situation,
though calculation of the appropriate coefficients can be
difficult even if the starting equations are known precise-
ly.

It turns out, however, that full solutions of realistic
equations are not usually needed to gain an understand-
ing of the spatial patterns displayed in these systems.
Indeed, many different systems show similar patterns, so
it is reasonable to attempt to extract from each system
those features which control pattern formation, and to
incorporate them into model equations which will be
simpler than the more realistic starting equations. We
might, for example, attempt to reproduce the stability
balloon of the ideal nonlinear solutions. One way to ac-
complish this is to find a simpler “microscopic’” model*¢
which reduces to the same amplitude and phase equa-
tions (see below) as the original model. In this way the
long-wavelength stability properties will be preserved.
Another way to construct a model is by some
modifications of the original U system, for example re-
placing realistic boundary conditions by artificial, simpler
ones to yield a separable system. The models thus ob-
tained are easier to study both analytically and numeri-
cally, and they display interesting pattern-forming prop-
erties, e.g. defects, boundary effects, slow relaxation and
chaos. Such properties are thought to be independent of
the detailed mechanisms leading to the instability, and
are therefore shared between realistic equations and ap-
propriately chosen models. In the field of thermodynam-
ic critical points the careful study of simple models to
predict certain properties of real systems is an applica-
tion of the concept of universality. By this we do not
mean that all systems behave in the same way, but that
certain properties, in particular those involving long-
range effects, are common to a class of systems, and can
therefore be understood by studying a simple member of
that (universality) class. For critical-point phenomena
this notion is highly quantitative (see, e.g., Privman
et al., 1991 and references therein), whereas it is unclear
as yet how far the concept may be pushed to study none-
quilibrium pattern formation.

3.6As mentioned in the Introduction, we refer to starting equa-
tions such as (3.4) as “microscopic” equations to denote the fact
that all length and time scales of interest are included in the
description. This is in contrast to simpler equations such as am-
plitude or phase equations, obtained from the original ones by a
coarse-graining procedure. Of course the term microscopic is
relative, since the U-model may itself be the result of averaging
some more basic description. We merely use the word to indi-
cate that all length and time scales have been defined by the
model.
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The models that have been studied in recent years fall
into two classes which we consider in turn: the first con-
sists of partial differential equations (pde’s) which are
similar to the realistic field equations of physics and
chemistry; the other class comprises various discretiza-
tions of field equations, in which one can discretize either
space (coupled ode’s), or space and time (coupled maps),
or space, time, and the field (cellular automata). Of
course any numerical solution of a partial differential
equation involves discretization, but this is only a calcu-
lational tool and it is necessary to verify that all results
are independent of the discretization to the accuracy"
claimed for the calculation. For discrete models on the
other hand, only the universal properties are supposed to
be insensitive to the particular discretization, and even
this insensitivity may be qualitative rather than quantita-
tive. Clearly, the choice of models and their interpreta-
tion require insight and experience in order to determine
which are the essential features and which are expend-
able.

2. Partial differential equations

Here we list some of the simple models whose pattern
forming properties are frequently studied. Many other
models have been considered for special applications and
some of these will be mentioned in later sections.

a. The Swift-Hohenberg (SH) equation and its variants

This model is of the form (Swift and Hohenberg, 1977;
Pomeau and Manneville, 1980)

du=eu—(V:+1u—u3, (3.27)

where u (x,t) is in general a real field in d-dimensional
space. Complex generalizations are sometimes con-
sidered, as well as asymmetric variants (with addition of
a quadratic term on the right-hand side). The model is
potential [see Eq. (3.12)] with the potential

F= [dix{—1L eu+1 [(V2+DuP+1ut) . (3.28)
An interesting nonpotential variant is the model intro-
duced by Pismen (1986)

du=e u—(V2+12u+3(Vu)*Vu , (3.29)

which has the same type I linear instability as (3.27) and
many similar nonlinear properties.

b. The Kuramoto-Sivashinsky equation

Another equation which was motivated by the study of
amplitude and phase expansions, but which is now stud-
ied in its own right as a ‘““microscopic”” model, is the
Kuramoto-Sivashinsky (KS) system (Kuramoto and
Tsuzuki, 1976; Sivashinsky, 1977)

3,6=— v2¢—v4¢—%<v¢)2. (3.30)
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This equation is often generalized to include a linear term
and written (in one dimension) as an equation for # =9, ¢
in the form

du=— nqu—u—3d*u—ud, u . (3.31)

The original (nongeneralized) KS equation has 7=0,
which implies a “Galilean symmetry” [u — x —uvt,
u — u~+v]. This nonpotential model displays a type I
instability at 7=1/4, and interesting chaotic behavior
which we discuss in Sec. VIL.D below, for < 1/4. Al-
though present interest focuses on the chaotic properties
of Eq. (3.31), it had been studied many years earlier as a
model for nonlinear waves (see the references in Greene
and Kim, 1988).

¢. Reaction-diffusion equations

The reaction-diffusion equations introduced in Sec. II
above as a description of chemical reactions can be con-
sidered as abstract models of pattern formation. The
general form is (Murray, 1977; Fife, 1979)

3, U=f(U)+DV?U , (3.32)

for various functions f and constant matrix D. Of course

Eq. (3.32) does not restrict the behavior significantly, and
examples of all the types of instability we have con-
sidered can easily be found by suitable choices of f and
D. If we generalize Eq. (3.32) to

73, U=f(U)+DV?U , (3.33)

with a constant matrix 7 then the SH model (3.27) is ob-

tained from a two-component equation of form (3.33)
with 7;=1, 7,=7,,=75,=0, fi=(e—Du;—ui—2u,,
fa=uy, D =—1,D,=—1,D,=D,,=0.

A reaction-diffusion system which has received consid-
erable attention is the so-called “A— @ model” (Howard
and Kopell, 1977),

du; = Mudu;—o(u®)u,+Viu, , (3.34a)
du, = o(ub)u;+Mu)uy+Viu, , (3.34b)
where % = u?+u?, and w(u?) and Mu?) are smooth

functions. If w(0) # 0, the model has a type III, insta-
bility when A(0) goes through zero. The amplitude equa-
tion discussed in Eq. (4.49) below, for type III, instabili-
ties, is a special case of the A—w model for which
Mu?)=e—gou? and w(u?)=— cyu% On the other hand
(3.34) corresponds to (4.49) with ¢; = 0, so in a sense the
A—o model is also a special case of the amplitude equa-
tion, since (3.34) has a diagonal diffusion matrix.

d. Ginzburg-Landau models

In perturbative analyses of the microscopic equations
for various systems one encounters complex pde’s which
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go under the name of ‘“amplitude equations”. Con-
sidered in their own right as model dynamical systems we
will refer to them as Ginzburg-Landau models,*’ a pro-
totype of which is

3, A=(b,+ic)VPA+f (141" 4, (3.35)
where
f[isFfi-tifu (3.36)

is an arbitrary complex function of its argument |42,
and b; and ¢, are real constants. In one dimension we
will also consider the generalized equation

3,4=(b,+ic;)d24 + f,(|4]")4
+3,[f2(1 412 4]+ [3,f5(141)]4 ,
(3.37)

where f, and f; are complex functions. There are clear-
ly many variants of the above equations, with anisotropic
derivatives in higher dimensions, or with other fields cou-
pled to A. Some of these will be encountered in what fol-

lows.
A frequently encountered one-dimensional example of

the complex Ginzburg-Landau model (3.37) is (see, for
example, van Saarloos and Hohenberg, 1992)

f2=f3=0,
(3.38)

fl(y) = E'_(b3_iC3 )y - (b5“l'65 )yz,

3,4 =(by+ic,)3:A+e4

—(by—icsy)| A]? A —(bs—ics)| A|*4 . (3.39)

[Often the quintic term is not present, i.e. bs =c5 = 0.]
When b; > 0, the model (3.39) has a supercritical bifur-
cation at €e=0, and when b; < O it has a subcritical bi-
furcation (when b; < 0 we assume bs > O for stability).
The special case b; =& = b; = bs = c5 =0, is the non-
linear Schrodinger equation

3, 4A=ic,3% A+icy| A|*4 , (3.40)

and the case with c¢; # 0 we will call the quintic-cubic

Schrodinger equation
3, A=ic,02 A4 +icy| AI*A +ic5| A1°A4 . (3.41)

A model that has been studied in the plasma literature is
the “derivative nonlinear Schrodinger” equation

by=f1=f3=0, fo(l4]))=s,+s,14[*,
3,4 = ic;32 A+3,[(so+s,14|2)4] .

(3.42)
(3.43)

37The name derives from the formal similarity with the
Ginzburg-Landau (1950) theory of superconductivity, though
the latter did not concern itself with dynamics. The earliest am-
plitude equation in space and time with complex coefficients
seems to be that of Stewartson and Stuart (1971).
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We also can define a case we call the “generalized deriva-
tive Schrodinger” equation, obtained from (3.37) by as-
suming

by =f1,=fu=fx=0, (3.44)
namely
9,4=ic; 32 A+if;;(14|*) 4
+3,[f2 (1417 A1+ [3,/3,(14[1)]4 . (3.45)

It is important to note the role of these Ginzburg-
Landau equations as model equations. It is true that
many properties of nonequilibrium systems are encoun-
tered in these equations, and indeed many hard problems,
such as the existence and interaction of defects and
coherent structures (Sec. V), or the appearance of chaos
(Sec. VII), may profitably be addressed in the simple
framework provided by these equations. However, it is
only as a perturbative expansion valid in a small region
near threshold that they provide a quantitative descrip-
tion of real experimental systems, and results may be
even qualitatively misleading if applied far from thresh-
old. More technically (as will become clearer below) we
may say that far from threshold only the phase of the
complex A4 survives as a slow degree of freedom, since it
describes a symmetry of the system. The magnitude | 4],
on the other hand, only becomes slow near threshold,
and far away it is just one of many fast degrees of free-
dom so there is no reason to expect a simple description
in terms of a Ginzburg-Landau model to be quantitative-
ly valid.

3. Discrete models

a. Systems of ordinary differential equations

Systems consisting of a small number of coupled non-
linear ode’s have been of central importance in the study
of temporal chaos, since the seminal work of Lorenz
(1963). If a large or even infinite number of modes are
coupled together with short-range coupling, then we
have a discretized form of a pde which can display in-
teresting spatial patterns. Although such models have
been considered in the literature (see, e.g., Aranson
et al., 1986), the usual practice is to discretize time as
well, and study coupled maps (Kaneko, 1985; Crutchfield
and Kaneko, 1987).

b. Coupled maps

A single nonlinear mapping such as the logistic map
Uy 1 =Ru,(1—u,)=f(u,), (3.46)

has nontrivial bifurcations and dynamics (see Collet and
Eckmann, 1980). When a set of such modes is coupled
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together there can be an interplay between the local dy-
namics of a single map and possible instabilities which
arise from the coupling. A system analogous to
reaction-diffusion models which has been studied widely
in recent years takes the form

un+1(i)=f(u,,(i))+% g gun(z‘-&-?)*Zdun(i) ,

(3.47)

where g is a coupling constant, i ranges over a d-
dimensional hypercubic lattice and (i +7) denotes a
nearest neighbor of i. A linear stability analysis can be
carried out for this model in analogy to the one described
in Eq. (3.19), and the different types of instabilities found
there can be recovered (see Oppo and Kapral, 1986).

c. Cellular automata

The main appeal of coupled lattices is the relative ease
with which their behavior can be simulated numerically.
The same holds to an even greater degree for cellular au-
tomata, for which also the dynamical variable u, (i) takes
on only a discrete set of values (see Wolfram, 1986). In
addition to their numerical convenience cellular automa-
ta are simple enough so that a rather complete
classification of their dynamical behavior can be given.
These systems are therefore potentially useful as simple
models with nontrivial dynamics, for which exact results
could be proven.

IV. THEORETICAL APPROACHES

In this section we wish to describe some general ana-
lytic approaches to the problem of pattern formation,
concentrating on general methods of solution that are ap-
plicable to most of the systems under consideration.

A. Perturbative methods

Since finding analytic solutions to nonlinear pde’s is
impossible in general, it is important to devise shortcuts
to some understanding of the behavior. One such
shortcut is to go to a limit where the solutions may be
calculated perturbatively. There are two main situations
which have some generality for a diverse range of sys-
tems, and we will emphasize these situations here.

e Near threshold. Here the nonlinearities are weak
and the spatial and temporal modulations of the basic
pattern become slow. The balance between these effects
is described by “amplitude equations” for the envelope
function of the basic state. These equations come in a
small number of universal forms, largely dictated by the
linear instability classification of Sec. IIL.B, and they
serve to carry this classification into the weakly nonlinear
regime. The approach has been rediscovered in many
different contexts (Landau, 1944; Stuart, 1960; Newell
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and Whitehead, 1969; Segel, 1969; Stewartson and Stuart,
1971; Newell, 1974; Haken, 1977) and bears a strong
resemblance to the mean-field Landau theory of equilibri-
um phase transitions (Landau and Lifshitz, 1958).

® Weak distortions. Even arbitrarily far from thresh-
old, weak distortions of a regular pattern, involving spa-
tial modulations over distances large compared to the
basic period, can be treated perturbatively yielding
“phase equations” (Pomeau and Manneville, 1979; Cross
and Newell, 1984; Kuramoto, 1978, 1984a,b; Pismen,
1989; Brand, 1988; Bernoff, 1988). Again there is a simi-
larity of form and general behavior among the phase
equations for different systems displaying a particular
type of instability, but as might be expected there is more
freedom in functional dependences, reflecting the detailed
nonlinear behavior which must be calculated separately
for each system. Whatever universality is left from the
broad classification scheme at onset is reflected in the
form of the phase equation.

These methods share the common philosophy of elim-
inating fast modes, which adiabatically follow the slow
modes of interest (a procedure referred to as “slaving” by
Haken, 1977). Near threshold the slow modes include
the magnitudes of the marginally unstable band of solu-
tions, as well as symmetry modes described by phases.
Further away from threshold the magnitude and “shape”
of the ideal nonlinear solutions join the other fast modes,
and we are only left with slow phase modes. A recent re-
view emphasizing fluid dynamical applications has been
presented by Newell et al. (1993).

1. Amplitude equations
a. Type I;: Stationary periodic

(i) General form of the amplitude equation

Let us consider the plane-wave growing solution above
threshold for a type I, stationary-periodic instability
[g0 # 0, wy=0]. For concreteness we consider a two-
dimensional system and represent the most unstable
mode as

iqyx + ot

U(x,t)=Upge (4.1)

For values of the control parameter close to threshold
(le]) << 1), the structure on short length scales will be
insensitive to €, but a slow modulation in space and time
is possible making use of the band of unstable solutions,
and the linear growth is likely to saturate due to non-
linear effects. This behavior can be analyzed by writing

Ux,t)=[Uy 4 (x,p,t)e " +c.c.]+0(e),  4.2)

where we have assumed a two-dimensional pattern
(x=x,y) consisting of one-dimensional rolls perpendicu-
lar to the x direction, with any dependence on the third
spatial dimension being included in Uy, and c.c. denotes
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the complex conjugate. A complex amplitude is chosen
since a phase change then corresponds to a spatial
translation of the unstable mode. For an isotropic sys-
tem the function A4 (x,y,?) satisfies the equation

709, A =€ A +EJ[3, —(i /29434
—golA41%4 . (4.3)

There are several ways of deriving Eq. (4.3) from particu-
lar microscopic equations. These include the introduc-
tion of multiple scales to formally separate the fast and
slow dependences (Newell and Whitehead, 1969; Segel,
1969), or the use of mode projection techniques (Cross,
1980; Haken, 1977), which emphasizes the slaving idea.
However the form of the equation is quite general,
reflecting the symmetries of the type I instability. The
detailed properties of the individual systems are entirely
contained in the real constants 7, &, gy, and g, which
set the scales of variation in time, space, and amplitude.
In fact the form of Eq. (4.3) can be written down by in-
spection. The linear terms are prescribed by the growth
rate of the linear instability, and represent the real space
form needed to reproduce the growth rate o(g) of a
plane-wave disturbance at wave vector q=g,X+k

o(g)=1;'[e—£3(q—q0)*]
~75 [e—EXk, + Kk2/2q0)] , (4.4)

where we have kept the lowest order terms in each of k,
and k, in expanding |g,X + k| — g, for small |k|. Note
that the difference in scaling in the two directions reflects
the inherent symmetry breaking of the instability, which
was here chosen with wave vector in the x direction.
Equation (4.3) is recovered by the substitution
0 — 9, k, — —id,, and k, — —id,. The constants 7,
and &, are directly given from the linear instability spec-
trum through Eq. (4.4)

1 =929 ) (4.52)
de g=44,e=0

—1p2_ _ 1 dalg)

To é‘o 2 aqz q=q0’€=0 . (4.5b)

Newell (1974) has presented a derivation of amplitude
equations in various situations incorporating this idea
more formally.

The nonlinear terms may again be obtained by inspec-
tion: the cubic term is the first one that feeds back on the
unstable mode, and this is the only term that preserves
the invariance of the equation under a phase change
A — A e'%, which simply corresponds to a spatial shift
of the pattern. (Derivative nonlinear terms would be of
higher order in the expansion parameter |e|!/2.) Some-
times other symmetry properties (e.g., A — — A), can be
used to eliminate certain hypothetical nonlinearities. In
more complicated situations, such as degenerate bifurca-
tions, the method of ‘“normal forms” provides a sys-
tematic way of generating the complete set of nonlinear
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terms (see subsection IV.B below).

Equation (4.3) correctly describes the variations of the
pattern on the slow time scale €z, and slow spatial scales
e!”2x perpendicular to the rolls and €!/*y parallel to the
rolls. To emphasize these scales, and the common form
of the equation we can rescale coordinates and ampli-

tudes, assuming g, > O,

X=le|"?x /&, (4.62)

Y=le|'*y(qo/&0)" "%, (4.6b)

T=lelt /7o, (4.6¢)

A=(lgol/IeN'? 4, (4.6d)
to give a universal form

drA=1 A+(3y—1id})*4 — 4?4, 4.7
where * refers to €e20. When g, < 0, the sign in front

of the cubic term is positive and a quintic term in the ex-
pansion leading to (4.3) must be added, as well as other
possible terms (see Sec. V.B).

An important property of Eq. (4.3) is that the time evo-
lution has the gradient form [see Eq. (3.12)],

T, A=— 88;7* , (4.8)
with the potential functional F{ 4, 4 *} given by
F=[ [ dxdy[—eld*+(go/2)| 4]
+1E6(8, — (i /2g)02) A |*] . 4.9)
The equation of motion (4.3) then implies that
3,F=— 27, [ dxdyla, 4> <0, (4.10)

so that & is a Lyapunov function, as discussed in Sec.
III.A. This considerably aids in the analysis of Eq. (4.3).
On the other hand the validity of the amplitude equation
is clearly seen to be restricted to the range of driving for
which persistent motion is absent.

Another important limitation of the amplitude equa-
tion is that it only describes situations in which the rolls
are everywhere almost normal to a particular direction,
labeled the x direction [more precisely, the roll orienta-
tion may only vary by an angle of O (g'/*)]. The slow re-
orientation of the rolls over large angles commonly ob-
served in experiments and numerical simulations cannot
be accounted for by the present theory. We may howev-
er use the amplitude equation to describe many proper-
ties near threshold, such as the stability and competition
of ideal patterns, as well as more complicated states in-
volving boundary effects, defects, etc. We will discuss
the application to ideal patterns here, and will defer the
more complicated situations to Sec. V.

We finally remark that if the system is not invariant
under rotations in the plane the amplitude equation takes
the form

700, A= A+E232A+E:324 —golAl*4, (4.11)
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instead of (4.3), with different coherence lengths &, and
&, in x and y directions (we have chosen coordinate axes
along the principal directions to eliminate 9,0, terms).
This situation occurs in electrohydrodynamic instabilities
in nematics (Sec. IX.C), where the nematic director pro-
vides the microscopic anisotropy, and in the Taylor-
Couette system (Sec. IX.B), where axial and azimuthal
directions are clearly not equivalent. Equation (4.11)
may be rescaled and put into the isotropic form

9rd =+4 + (3%+33)4—|4|*°4 . (4.12)

We thus have the somewhat paradoxical situation that
the amplitude equation (4.3) for the isotropic system is
anisotropic, whereas for the anisotropic system it can
take on an isotropic form. The reason for this is that the
roll pattern breaks the rotational symmetry in the isotro-
pic system so transverse and longitudinal variations are
qualitatively different, whereas in the anisotropic system
they can be made the same by a simple scale change.

(i) Spatially periodic solutions and their stability

In the rest of this section we shall assume g, > 0 and
rescale x,t and A4, (x —>x/&, g9 —gobp t — /Ty
A — g/ 4) in order to eliminate the constants &g,7q,
and g, so that Eq. (4.3) reads*!

9, A=eAd +(3,—(i/2g,)33)*4 — | 4]*4 . (4.13)

[Unless otherwise noted we adopt the units of Eq. (4.13)
as our standard scaling.] Then a simple nonlinear steady
state solution of the amplitude equation for ¢ > O is

A (x)=a; e, (4.14)
with amplitude

a,=(e—k?)?, (4.15)

which corresponds to a spatially periodic solution of the
original problem with a modified wave number g=g X of
magnitude

q=qotk . (4.16)

Note that adding a y component to the vector k would
yield a rotation of the pattern wave vector q away from
goX by an angle proportional to k,, as well as a change in
magnitude proportional to kj, for small k,. We choose
our reference state along the x direction, so that k, = 0.
It is a straightforward matter to calculate the linear sta-
bility of Eq. (4.14) by inserting the solution

A(x,t)= A, (x)+84(x,1),
A(x,0)=e™[Ba (e’ *+8a’ (e ~'27],

(4.17)
(4.18)

4.1To return to dimensional variables in the formulas below,
rescale all wave vectors by k — k&, and all growth rates by
O — O Tg.
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with k=k%, and linearizing in 8a . (¢) to obtain

3,8a,=—(p*+U,) 8a, —p*da_, (4.19a)

9,8a_=—p?8a, — (p?’+U_) ba_, (4.19b)
with

pi=e—k? (4.20)
and

Up=[(k£Q,)*+Q}/2q0]—k*. 4.21)

The growth rate o, (Q) defined by 8a. ~exp [0, (Q)¢] is
then
1

o (Q)=—p?— S WU +U-)

172
+ p4+%(U+——U_ Y 4.22)
The ensuing ‘“‘stability balloon,” given for each k by the
condition o4(Q) < O for all Q is shown in Fig. 9 with its

three stability boundaries.
The neutral stability curve N with

k2=¢ (4.23)

marks the onset of the nonlinear solution (4.14) and the
limit of stability of the uniform solution 4 = 0. The
Eckhaus boundary E (Eckhaus, 1965) corresponds to a
longitudinal instability Q=Q X, and is given by

kZ=(1/3) kk=¢/3 . (4.24)

For k > kg we can calculate the wave number Q of the
fastest growing mode and its growth rate by maximizing
o, (Q). This gives (Newell and Whitehead, 1969)

Qpn=(3/4) (k2—£/3) (e+k2) k2 (4.25)
and
O 1 (Qumax ) =(9/4)(k*—e/3)%k 2 . (4.26)
&
" 2 8 N
Unstable Stable K
&
o
QQ
0 k

FIG. 9. Stability boundaries from amplitude equation (4.13),
showing reduced control parameter vs deviation of wave vector
from its critical value, k =q —¢qo. N neutral; E Eckhaus; Z
zig-zag. Hatched region is stable to small perturbations.
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Notice that Q... — O for k — kg, i.e. the instability
occurs first at long wavelengths. As we shall see, in this
limit the instability may also be calculated by considering
just the dynamics of the phase of the complex amplitude
(see below). The importance of the fastest growing mode
in the actual development of an Eckhaus unstable system
has been studied theoretically by numerical integration of
the amplitude equation (4.13) (Kramer et al., 1988a), and
experimentally in nematic convection (Lowe and Gollub,
1985a). Finally, the zigzag boundary Z (Fig. 9) given by
(Newell and Whitehead, 1969),

k,=0, 4.27)

corresponds to a growing transverse modulation with
wave vector along the rolls, Q=@ 7. In this case the
maximum growth rate occurs for

Q..=2q0lkl, k <o, (4.28)
with a value
01 (Qmax ) =3k . (4.29)

Again Q.. — O at the boundary of the instability and
the behavior is captured by a phase dynamics analysis.

When the scales 7, &), and g, are restored, it is found
that the instability boundaries take on a scale-
independent universal form if they are expressed in terms
of ky in this near-threshold limit. They are therefore
typical of all rotationally invariant type I systems and do
not reflect the details of the underlying microscopic equa-
tions.

(iii) Superposition of plane-wave solutions:
Squares and hexagons

In Eq. (4.2) the assumption of a single roll solution was
made. We can also look for the growth of solutions that
are superposition of n sets of rolls at various orientations,

n 1 .
U=U, |3 4,(x,p,0)e'¥ "+c.c. [+0(e), (4.30)
i=1
with |q;| =g,. If we leave out spatial variation of the A4,
then in general (4.13) is replaced by a set of n equations
(Newell and Whitehead, 1969)

n
9,4,=ed;— Egilejlei ’ (4.31)
j=1
where the constants g; depend on the angles
q; - ajzcoseij

with §(0)=1. Actually 9(6) is not a smooth function of
0 due to mode interference occurring exactly at 6;;=0.
This yields

9(6=0)=-- §(6—0) . 4.33)

The above equations can be used, for example, to in-
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vestigate the competition between rolls and other regular
solutions (Schliiter, Lortz, and Busse, 1965) consisting of
waves with equal amplitudes at angles m#/n around the
circle, where n and m are integers. Then n=2 gives
squares, and n =3 gives hexagons. For example squares
are described by two equal amplitudes 4,=A4,= Ag.
The solution of Eq. (4.31) is then

|Ag|?=[1+8(m/2)] ' e, (4.34)

compared with the amplitude for rolls 4, = A4, 4,=0
with

| Az |1>=[90)] ' e. (4.35)

If we look at perturbations about the square solution, i.e.,
A;=Ag+86, and 4,= A5+35,, and linearize (4.31) we
find

3, 8,=—2| 44?8, —289(7/2) | 45/, , (4.36a)

9, 8,=—289(w/2)| A58, —2| A5|%6, , (4.36b)
with growth [8, ,~e'] at rates

o=—2[1 =% SQ(w/2)] 44|* . (4.37)

Thus squares are stable with respect to rolls [i.e.,
8,=—25,, leading to the negative sign in (4.37)] for

g(m/2) < 1, (4.38)

and it is easy to see that rolls are stable with respect to
squares in the opposite limit. Notice that in this simple
calculation the stable solution is the one with the greater
mean-square amplitude 37_, | 4;/*=n]| 4,|? which also
gives a lower value of the potential (4.9). An example
where squares are in fact the preferred solution is convec-
tion between poor conductors (see Sec. VIILF). The case
of rhomboids (two sets of rolls at an angle 6 % 7 /2) has
been considered by Malomed and Tribel’skii (1987). It
should be noted that the regular solutions of Eq. (4.30)
for n > 3 yield patterns that are not a periodic lattice,
but rather analogous to a quasicrystal, with quasiperiodic
spatial dependence along any direction. Such states have
recently been produced experimentally in the parametric
surface wave system (Sec. IX.D) by Christiansen et al.
(1992) and by Edwards and Fauve (1993).

A particularly interesting case is that of three wave
vectors mutually at an angle of 27 /3. Then, since

q;+q,+q;=0, (4.39)

an additional quadratic nonlinearity occurs and the am-
plitude equation in the absence of spatial variation be-
comes (see, e.g., Ciliberto et al., 1990)
9, A =ed,—yAyA;
—[l4,P+g,(1 4,1+ 45114, ,  (4.40)

with g, = $(27/3), and similar equations for 4, and
A;. If the coefficient ¥ is nonzero the quadratic non-
linearity dominates near threshold. This situation is gen-
eric in the absence of the inversion symmetry 4; — — 4;
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(i.e., U — —U in the original equations). The hexagon
solution 4, = A4, = A;= Ay then undergoes a transcriti-
cal bifurcation (see Sec.III.A). Near threshold both
branches of the hexagon solution are unstable; however,
all other branches developing at the transition (e.g., rolls)
are unstable towards the hexagon solution, so that the
latter is preferred (it has the maximum growth rate near
threshold.) If the symmetry breaking coefficient y is O (1)
there are no small amplitude stable solutions and nothing
can be said rigorously about the ultimate steady non-
linear state from the amplitude equations, although cer-
tainly in many cases the backwardly bifurcating hexagon
branch will turn around and become the stable solution.
If v is small the behavior is universal and can be calculat-
ed from the amplitude equations (Busse, 1967b), as shown
in Fig. 10. The quantities € 4, €5, and €5, which define
the saddle-node bifurcation, the upper limit of stability of
the hexagons and the lower limit of stability of the rolls,
respectively, are given in terms of the coefficients of the
amplitude equation (4.40) by

e, =—v>/4(1+2g,), (4.41a)
ep=7r%g;+2)/(g;—1)?, (4.41b)
er=72/(g,—1)?. (4.41c)

Although it took many years for the situation depicted in
Fig. 10 to be clarified, it should be emphasized that a
hexagonal pattern is generically preferred close to thresh-
old unless the inversion symmetry U — — U is present in
the system (Pismen, 1980). Note that Eq. (4.40) and the
permuted ones form a potential system (Bestehorn and
Haken, 1984) a feature which remains true when spatial
derivatives are added as in Eq. (4.13). Terms of the form
y A,9, A3 considered by Brand (1989) are explicitly of
higher order for ¥ << 1, and are among the many such
nonpotential terms encountered even in Boussinesq sys-
tems.

Having considered the existence of nonlinear solutions
consisting of superpositions of different roll states we

Al e

Hexagons

/Mixed
/ States |
N o ER €g >

|AR| ‘M

FIG. 10. Amplitude of roll state | Az | and hexagon state | Ay|
as function of control parameter ¢, following from Eq. (4.40).
Solid lines denote stable states, dashed lines unstable states.
The limits of stability €4, €5, and €z are given in Eq. (4.41).
(From Ciliberto et al., 1990.)
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must also consider the instability of the rolls to such per-
turbations. The linear growth of a roll solution at wave
vector q, making an angle 6 with q; = (¢, +k )3, in the
presence of the nonlinear saturated solution A4.(x), is
again given by linearizing Eq. (4.31). (The maximum
growth is for g, = q,, so we do not need to include the
spatial derivatives in the equation for 4,.) The equation
is

3,8A4,=[e— 9(0) | 4,11 64,, ¢, =¢qy, (4.42)
which gives a positive growth rate when
k? > k2p=kZ [1—1/9(0)]. (4.43)

Thus extra instability lines, again varying as k « g!/?

and corresponding to “cross-roll” instabilities, may be
added to the stability diagram. Depending on the cou-
pling constant §(8) the cross-roll instability may preempt
the Eckhaus instability and be important in limiting the
band of solutions. Note that when §(8) > 1 a superim-
posed solution is unstable to a single-roll solution, so the
ultimate state in this case will be a new single-roll state
with the critical wave number but at a rotated angle.

Up to now all the examples in this subsection have
concerned two-dimensional systems. Recently De Wit
et al. (1992) have discussed three-dimensional solutions
of the amplitude equation and the relative stability of
hexagonal prism, lamellar, and bcc lattice structures.

(iv) Chiral symmetry; Hamiltonian versus dissipative systems

We are usually interested in the case where “chiral
symmetry,” 6 — —0, applies. In the presence of exter-
nal rotation, or for systems in a magnetic field, this sym-
metry is broken, so that $(0)* $(—6). Also in some
systems (we are thinking particularly of the parametric
wave instabilities) dissipative effects are weak and nondis-
sipative wave interactions dominate the nonlinear terms.
In this case there is nearly a “Hamiltonian” symmetry

§(0)=—9(—0) . (4.44a)

Thus a number of symmetry combinations are possible:

() Dissipative system, chiral symmetry: The canonical
case considered above, as applies for example to
Rayleigh-Bénard convection.

(B) Dissipative system, no chiral symmetry: If £(9) < 1
for some 6, then the original set of rolls is unstable to the
development of a superimposed set of cross rolls at the
angle 6, which then grows at the expense of the original
set. We expect the first set of rolls to be replaced by rolls
at the angle 6, which are in turn unstable to a third set,
again rotated through the angle 6, etc. Thus no stable
steady state is predicted by the amplitude equation. This
phenomenon was predicted to occur in convection in a
sufficiently rapidly rotating system by Kiippers and Lortz
(1969) (Sec. VIIL.F.6).

(¥) Near-Hamiltonian system, chiral symmetry: In the
Hamiltonian approximation Eq. (4.44a) holds, whereas
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chiral symmetry implies §(6) = §(—8), so the nonlinear
coefficient is identically zero at this order. Saturation
must occur either through the weak nonlinear dissipative
effects at this order, or at higher orders in the amplitude
expansion (e.g. through nonlinear frequency detuning in
parametric wave systems, see Sec. IX.D). The interplay
of these two competing small effects may lead to interest-
ing transitions as the control parameter is increased.

(8) Near-Hamiltonian, no chiral symmetry: In this case
we expect large values of §(6) = —9(—0), so that the
instability in (3) will always occur. As in (y) there are no
nonlinear saturating effects of a single roll state in the
Hamiltonian approximation. Thus one might expect a
dynamical state with saturation to occur only at higher
orders in the amplitude expansion. This is the starting
point for more sophisticated theories of the ferromagnet-
ic parametric spin-wave instabilities discussed in
Sec. XII.C below.

(e) Special case: §(6) = g,, independent of 8. In this
case the nonlinear saturation occurs through the term

2gij|Aj'2Ai = 8o [2|Aj|2]A,-, (4.44b)
J j

with j summed over all modes around the critical circle.
There is a dynamical degeneracy amongst all states satis-
fying 3, jl A; 2= €/8o; this set contains single roll states
with arbitrary orientation, superimposed roll states, as
well as states in which the mean square amplitude is dis-
tributed continuously around the critical circle, which
would not correspond to a definite spatial pattern. In ad-
dition, the degeneracy leads to extreme sensitivity to ex-
perimental imperfections such as extrinsic noise (see
Sec. VIIL.F.6 below). In his original analysis of the trans-
versely pumped ferromagnetic resonance system Suhl
(1957) arrived at this special case by supposing that the
only important nonlinear damping was that of the uni-
formly precessing mode. Anderson (1981) and Stein
(1979) used this example to suggest that systems out of
equilibrium do not show robust pattern formation. How-
ever we see that this conclusion only applies to the spe-
cial case represented by Eq. (4.44b), which is not expect-
ed to be widespread. In fact a more detailed analysis of
the ferromagnetic resonance equations (Sneddon and
Cross, 1982) shows that Eq. (4.44b) is not strictly satisfied
in this case, although as we have seen in (8) a dynamic
state may still be anticipated due to the weakly dissipa-
tive nature of the system.

We remark that the nonlinearity (4.44b) is nonlocal
when expressed in real space. Implications of this prop-
erty for spatial patterns in the ferromagnetic system have
been studied by Elmer (1987).

b. Type ll: Stationary instability with q,=0

For the stationary instability in a system with a conser-
vation law, the growth rate o(g) vanishes at ¢ =0 and
go~¢€'’* (see Fig. 7). We call this a type II instability.
In that case a real amplitude is sufficient
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U=Uy(x,y,t) . (4.45)

If the nonlinear terms of the basic equations are also zero
at ¢ =0 a consistent long-wavelength expansion of the
equations can be made (Gertsberg and Sivashinsky,
1981). The most general amplitude equation then takes
the form

3,y=eVY—[V*+g,V - (V§)2V)

+g,(VY)? V3], (4.462)

where we have assumed a situation with inversion sym-
metry so that quadratic nonlinearities are absent.
Equation (4.46a) with g, identically zero, describes con-
vection between infinitely poorly conducting plates. In
this case the equation is potential, whereas in general it is
not. A one-dimensional equation without inversion sym-
metry has quadratic nonlinearities

3, ¥=adY—3;P—(3,¥),

and describes transverse fluctuations of plane interfaces
normal to the x direction. When the diffusion constant «
becomes negative the system has a linear instability, and
is known as the Kuramoto-Sivashinsky equation, intro-
duced in Eq. (3.30) above.

(4.46b)

c. Type lll,: Oscillatory uniform

The same expansion about threshold can be carried out
for the other classes of linear instability. Again, in these
simple cases the results can be written down by inspec-
tion. We will describe just some of the more useful ones
here, beginning with type III,,.

For this case we need a complex amplitude whose
phase describes that of the basic oscillator (see Kuramo-
to, 1984b)

Ulx,t)=[UpgA(x,3,8) ¢ “+c.c.]+0(e), (4.47)
where
W =wy 7 Co€ (4.48)

is the oscillation frequency of the uniform system (g = 0)
for € > 0. The amplitude equation has the form of a
complex, time-dependent Ginzburg-Landau equation (in
dimensionless units)

3, A=cA + (1+ic;) V24 — (1—ic3) | 41?4 . (4.49)

In the limit, cl_l, c{l — 0, i.e. when the imaginary

terms in Eq. (4.49) dominate, the amplitude equation
reduces at short times to the nonlinear Schrodinger equa-
tion. This differential equation corresponds to a conser-
vative (Hamiltonian) dynamical system which is integra-
ble in one dimension and has been studied in some detail
(see Sec. V.B below).
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(i) Simple solutions

Let us write down simple solutions of the amplitude
equation (4.49) for this case, and discuss their stability.
In addition to the spatially uniform nonlinear oscillating
solution

A(x,t)=a, P , (4.50)

al=e , Qy=—c;e, (4.51)
Eq. (4.49) admits traveling wave solutions

Ag(x,n=a, e ** 7N (4.52)

at=(e—k?), (4.53a)

Q=—cye + (c;+c;)k?. (4.53b)

These solutions are known as rotating waves in the chem-
ical literature. Although standing waves are also possible
nonlinear solutions, they are always unstable towards
traveling waves if the real part of the cubic term in Eq.
(4.49) has the correct (negative) sign to yield saturation
above onset.

(ii) Stability of plane-wave solutions

The important instability in nonlinear wave systems is
the Benjamin-Feir instability (Benjamin and Feir, 1967;
Newell, 1974; Stuart and DiPrima, 1978), which corre-
sponds to a wave at (q,®) becoming unstable by resonant
excitation of sidebands with wave vectors q;, q, and fre-
quencies @;, w, satisfying

%(ql-i-qz):q, é—(a)1+w2)=w. (4.54)
For q;, q; close to q it becomes a long-wavelength modu-
lational instability, and is then more easily analyzed us-
ing the phase equation (see subsection IV.A.2 below).

The analysis of the one-dimensional situation was dis-
cussed by Newell (1974) and in more detail by Stuart and
DiPrima (1978) starting from the amplitude equation
(4.49). The approach is straightforward in principle but
algebraically complicated. Restricting ourselves to one
dimension, we assume a base state of a traveling wave

i(kx — Q1)

Ap(x)=ay; e , (4.55)
and seek an instability in the form
8A, (x,t)=e '~ [§g (1) '
+8a_ (1) e 1], (4.56)

with Q the wave number of the perturbations, and linear-
ize in 8a(¢). In many ways this “Benjamin-Feir” insta-
bility is the analogue of the Eckhaus instability in the sta-
tionary case, although because of the larger parameter
space a full analysis becomes quite complicated. In addi-
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tion, the instability is more potent, rendering all plane
wave solutions near onset unstable for

1—cie; <0 (4.57a)

(Newell, 1974). The above condition involves a balance
between diffusive and dispersive terms. We will refer to
it as the Newell criterion though it is often called the
Benjamin-Feir criterion. Before this full instability limit
is reached, a band of stable solutions is found with

k* < kpp = Aprky , (4.57b)
where kj =¢ is the neutral stability limit. Here Az is a
complicated function of parameters (Stuart and DiPrima,
1978; Malomed, 1984; van Saarloos and Hohenberg,
1992; Brand and Deissler, 1992). For many, but not all
values, the instability first occurs for long-wavelength
disturbances Q@ — 0, in which case it may be calculated
from the phase equation quoted in (4.85) and (4.86)
below. It is the limit k2= k3; which we call the
Benjamin-Feir instability, though this one is often re-
ferred to as the Eckhaus instability, a term we reserve for
the stationary case (4.24). For transverse perturbations
varying as e'® the criterion is always (4.57a), and so
these are never more unstable than the longitudinal per-
turbations.

d. Type l,: Oscillatory periodic

Near a type I, instability [w,7 0, g, 7 0] the analo-
gue of (4.47) is

i(ggx —ogt)

U(x,t)=Uy[ Ag(x,y,t)e

—i(gox +wgt)

+ A;(x,y,t) e ]+c.c. + O(¢e),
(4.58)

where Ap and A4; are right- and left-traveling wave am-
plitudes, respectively. The one-dimensional case is a sim-
ple generalization of the complex Ginzburg-Landau
equation (4.49),

=eAdp + (14ic;) 82 Ag — (1—icy) | Ag|? Ag

—g (1—icy) | A |*4g , (4.59a)
9,4; —s500, Ap
=eAd; +(1+4ic;)d2 Ay —(1—icy)| A |24,
—g(1—ic,)| Ag|%4, . (4.59b)

Compared to Eq. (4.49) there is an extra advective term
with s, the linear group speed dw/dq| a=qy and a com-

plex coupling of the right and left moving waves. Again
the coefficients of the linear terms are directly given by
the linear instability spectrum; the nonlinear terms give
amplitude saturation and nonlinear frequency pulling. If
only a single wave (e.g., Ag) is present and no boundaries
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are involved we can reduce Eq. (4.59a) to the complex
Ginzburg-Landau equation (4.49) by introducing a mov-
ing frame X=x — sy¢, and the analysis of subsection
IV.A.l.c then applies.

The full two-dimensional equations are obtained from
Eq. (4.59) by the replacements (Brand et al. 1986a,b)

5008, — So[3, — (i/2q¢)32+(1/2¢3)3,32

—(i/843) )1, (4.60)
on the left-hand side and
92 — (3, — (i/2g,) 32)*, (4.61)

on the right-hand side. Again these rather complicated
looking expressions are given simply by expanding the
dispersion relation for q=gyX+k in small k and then
making the replacement o — id,, k, — —id,,
k, — —id,. Note however that there is no simple re-
scaling of time, length, and amplitude to remove the
small parameter € from these equations as is possible in
Eq. (4.49). It is therefore not clear how to balance the
various terms, and the solutions of the equations may not
in fact always vary on the slow scales necessary for the
amplitude equation approach to be valid.

(i) Superposition of solutions:
Traveling versus standing waves

A major question for wave instabilities is the nature of
the spatially homogeneous solutions: traveling or stand-
ing. At the linear instability these are equally good solu-
tions, and they may be related by linear superposition,
but beyond threshold the nonlinear terms give a competi-
tion (Coullet et al., 1985). Let us first look at solutions
at the critical wave vector g, and with frequency
0=wy+Q. Equations (4.59) then yield (i) traveling
waves:

Ag=a exp(—iQt+¢), A; =0, (4.62)

with a?=¢ and Q= —c,¢, corresponding to waves travel-
ing to the right, or the alternate solution with Ax and
A; interchanged, corresponding to left-moving waves;
and standing waves:

Ap=A;=a exp(—iQt+4¢),

with a?=¢(1+g;)"! and Q= —elc;+c,8,)/(1+g}).
Traveling waves are stable and standing waves unstable
for g; > 1; the reverse is true for —1 < g, <1, and
there is no saturation forg; < —1.

We may also look for solutions with wave vectors away
from critical. Traveling waves are given by

A;,=0,

(4.63)

Agr=ay expli(kx —Q,1)] ; (4.64)
with

at=e—k?, (4.65)
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and

Q, =sok — c3e + k% c,;+c3) . (4.66)

In addition, standing waves given by Az, A, ¥ 0, and
mixed waves Agy, A, k F k', can be constructed
(Coullet et al., 1985). Finally, we note that superim-
posed traveling wave states, e.g. traveling rectangles,
have been studied theoretically by Malomed and Gedalin
(1989).

(7i) Stability of plane-wave solutions

Once again the important instability is the Benjamin-
Feir instability. For a single wave present
(Agr #0, A; =0) and in one dimension we may trans-
form to the frame moving with speed s, and reduce the
equation to (4.49) studied in subsection IV.A.l.c. above.
The criterion for the longitudinal Benjamin-Feir instabili-
ty (Stuart and DiPrima, 1978) goes through unchanged.
A theoretical and experimental study of traveling wave
stability was recently carried out by Janiaud et al. (1992).
For transverse perturbations varying as e’? the diffusive
restoring forces are absent, and the condition for the crit-
ical wave number to be unstable is simply c;s, > O
(Brand et al., 1986a,b; Ohta and Kawasaki, 1987). This
instability corresponds to a long-wavelength bowing of
the wave fronts.

2. Phase equations
a. Stationary systems (type I,)

(i) Near threshold

The amplitude equation (4.13) for a type I instability
describes the dynamics of both the magnitude | 4| and
phase ¢ of the complex amplitude. Consider a small per-
turbation of the solution A;(x) = a;exp(ikx) describing
a periodic state of wave vector ¢ =g,+k in one dimen-
sion,

A(x)=(a; +86a)e!hx+8) (4.67)

with a?=e—k?% From (4.13) we see that the perturba-
tion 8a in the magnitude relaxes in a time of order £},
which is a slow rate near threshold, but one that remains
finite for a fixed control parameter. On the other hand a
spatially uniform phase perturbation 8¢ does not relax at
all — it is simply a uniform shift of all the rolls in the x
direction. A very slow perturbation, e.g., 8¢
=38¢ycos(Qx) with Q — 0, will relax arbitrarily slowly,
on a time scale typically of order Q 2. For long-
wavelength perturbations (with Q << €!/%) we can as-
sume that after an initial transient the magnitude adia-
batically follows any phase variation (actually any phase
gradient or wave-number variation). We implement this
assumption by substituting (4.67) into (4.13) and multi-
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—i(kx +86)

plying through by e The real part gives the

adiabatic amplitude change

a,da=— k 93,8¢ , (4.68)

where we may neglect time and space derivatives of 8a
and also higher-order derivatives. The imaginary part
gives the phase variation

3,¢=[2¢+(k/qy)32¢+2kd,8a /a;] . (4.69)

Eliminating 8a we can derive a single equation for the
phase dynamics of slow, long-wavelength perturbations

8,6=D(k)d}¢+D (k)¢ , (4.70)
with
_ & [e—3gk?

D“—’;— "__— 2k2_ > (4.71)
0 e—&p
2

p== |k | 4.72)
To |40

where we have restored the constants &; and 7, of the
original amplitude equation (4.3). This “phase diffusion”
equation was first derived in the context of convection by
Pomeau and Manneville (1979).

(i) Far from threshold

From the above discussion it should be clear that the
validity of the phase equation is not restricted to the vi-
cinity of the threshold, but is in fact a fortiori true away
from threshold. Here magnitude perturbations (i.e. per-
turbations of the local structure) relax on a rapid time
scale, and long-wavelength phase perturbations again re-
lax arbitrarily slowly. The phase variable can now be
defined more generally (Cross and Newell, 1984). Let us
consider a perfectly periodic stationary solution with
wave vector q

Ugx,0)=U,(q - x),

with U (¢)=U_(¢+27), and let 5 be an independent
small parameter. Then we introduce the phase function
¢(x,2) such that the solution with slow changes (on a
scale 177 !) in the magnitude or direction of the local wave
vector q(x,?) is

(4.73)

Ulx,t)=U_,[¢(x,6)]+0(7n), (4.74)
where
Vo(x,t)=q(x,t) , (4.75)

and gradients of q are O (7). With this general definition
we are no longer restricted to small perturbations 8¢: the
solution can describe the variation of the direction of the
rolls through large angles, provided this takes place slow-
ly, i.e., over many of the basic periods 27 /q,. The for-
mulation of the problem in terms of a phase variable
defined by Eq. (4.75) is reminiscent of the WKB ap-
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proach in nonlinear waves first introduced by Whitham
(1974) and subsequently used by Howard and Koppell
(1977). The derivation for slow distortions of a station-
ary periodic state was discussed by Cross and Newell
(1984) for various model equations, and is reproduced in
Appendix B. As was true for the amplitude equation, the
phase equation often takes a universal form when ex-
panded to lowest order in 7, reflecting the symmetries of
the problem and certain smoothness assumptions. For
disturbances of a stationary, locally periodic, rotationally
degenerate pattern the result is

7(q) 0,¢=—V - [qB(q)],
q=V¢,

where 7(q) and B(q) are functions of the wave number
that depend on the specific system under study. For
small perturbations from uniform rolls Egs. (4.76) reduce
to (4.70), yielding expressions for the diffusion constants,

Dy(q)=—71"Yq) (d/dq) [q B(q)],
D (q) =—7"Yq)B(q) .

(4.76a)
(4.76b)

(4.77a)
(4.770b)

The instabilities of straight roll patterns described in
subsection IV.A.1 above that correspond to long-
wavelength perturbations are contained in the phase
equation. In fact, the stability requirement for the solu-
tion with wave vector q is simply D(q) > 0,
D,(q) > 0. The passage of D through zero signals the
Eckhaus instability (4.24), and D, passing through zero
gives the zigzag stability boundary (4.27). Thus
Egs. (4.77) reproduce the earlier results near threshold,
and they continue them into the strongly nonlinear re-
gime once 7(q) and B(q) are known. In this way the
Eckhaus and zigzag instabilities are seen to have some
universality even away from threshold. Other instabili-
ties which occur at short wavelengths depend more sensi-
tively on the details of the system.

(iij) More complicated situations

The general form of the phase equations (4.70) or (4.76)
will be changed if other slow modes exist, i.e., if there are
other quantities that may vary independently on the slow
time scale of interest in the phase dynamics. The slow
phase equation must then be coupled to the dynamical
equation for the additional mode, leading to equations
that are higher-order in the time derivatives, and often
yielding propagating rather than diffusive solutions
(Brand and Cross, 1983; Coullet and Fauve, 1985; Fauve,
1987). This may occur, for example, if we have an addi-
tional conserved physical quantity, such as the horizontal
momentum for convection between free-slip boundaries
(Siggia and Zippelius, 1981b). Alternatively, it may be
due to an additional broken symmetry as occurs for
modulated waves in Taylor-Couette flow (Brand and
Cross, 1983). Another example is the long-wavelength
dynamics of a spatially periodic solution of the phase
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equation (4.76), written as ¢y(gx +&,), with the new
phase §, giving translations of the pattern. There are
now two spatially uniform perturbations that do not re-
lax (i.e., are at zero frequency),

¢=¢0(x)+8¢ ,
=8 +8¢,

and coupled dynamics for slowly varying 8¢ and 8& must
be considered. An alternative scheme for this problem is
to introduce a derived ‘“‘velocity” field ¥ =9d,¢. Then we

have

3,u=9,(3,6)=0, f(u,d,u,...),

(4.78a)
(4.78b)

(4.79)

where f does not depend on ¢ itself, only on its deriva-
tives u, d,u, ... . The quantity u is therefore “con-
served” (i.e. a constant u does not relax), and coupled
equations for u and § are considered as in our previous
example. Note that the need for coupled equations is
simply implied by the conservation of u. If the field u
were also a physical velocity this would imply Galilean
invariance,

u —>utv, 3 —9, tvd,. (4.80)

Although this extra Galilean invariance leads to propa-
gating dynamics (Coullet and Fauve, 1985; Shraiman,
1987) it is not necessary: only the conservation equation
(4.79) is needed. Galilean invariance does however give
additional restrictions on the parameters of the coupled
equations, e.g., in the equation

dp=—au’+---, (4.81)

the coefficient a is unity if Galilean invariance holds.
The introduction of the field ¥ =0, ¢ bears a strong anal-
ogy to the definition of the superfluid velocity v, < V¢
in the theory of superfluidity, where ¢ is the phase of the
Bose condensed wave function (see, e.g., Lifshitz and Pi-
taevsky, 1981). Again v, need not be a true (i.e., Galilean
covariant) velocity; it is not, for example, in the case of
superfluidity in a porous medium. However, since it is
defined as the gradient of a phase it plays the role of a
conserved quantity in the dynamical equations (Bergman
et al., 1974).

It turns out that for our canonical fluid system,
Rayleigh-Bénard convection, and other similar systems
the smoothness assumption used in deriving the general
form (4.76) breaks down (Cross, 1983). In fact for a per-
turbation 8¢ ~8hycos(Q - x) the expansion in the small
wave vector Q of the distortion depends on quantities
such as Q, /Q that are not analytic as Q — 0. A simple
way of incorporating this effect is to include a coupling to
a “mean drift” horizontal flow v, which depends on the
vertical coordinate (but gives an integrated flow). This
field is averaged over a unit cell of the basic periodic pat-
tern and so varies only slowly (with the pattern) in the
horizontal direction. It leads to an additional advection
term in Eq. (4.76)
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3,0+ V:-Vo=—1"4q)V-[qB(q)], (4.82)

with V a horizontal velocity given by a z average of v
weighted by a function that depends on the local struc-
ture of the rolls and V the (two-dimensional) horizontal
gradient. The nonanalyticity arises because v is driven
both by distortions of the pattern and by an additive
pressure Pg¢(x,y), also varying only slowly in the horizon-
tal direction, which in turn must be eliminated by the in-
compressibility condition
d

v fo dz vp(x,z)=0. (4.83)
In general Eq. (4.83) is a complicated nonlinear Poisson-
like equation for Pg. Since the z-integrated mean flow is
divergence free, it can be expressed in terms of a stream
function ¢ or derived from a vertical vorticity €Q,, and
the singular structure of the perturbation theory can al-
ternatively be controlled by working with these variables,
rather than with Py itself. Formally the breakdown of
the smoothness assumption can be traced back to long-
range effective forces arising from incompressibility. (If
compressible fluid equations were used the effect would
presumably arise from eliminating the ‘“slow” sound
mode for the time scales of interest in the phase
diffusion.) Recently the full structure of the phase equa-
tions including mean drift have been worked out from
the fluid equations for convection, and this will be de-
scribed in Sec. VIII.A below. Similar behavior should be
found in many fluid systems (see, e.g., Hall, 1984), and it
is important to be on the lookout for analogous effects in
other cases as well. The breakdown of analyticity has
many important consequences. For example with its in-
clusion a new long-wavelength phase instability which is
neither purely transverse (Q=Q¥) nor longitudinal
(Q=0Q7%) is found (Cross, 1983). In convection this is
known as the skew-varicose instability (Busse, 1978).

b. Oscillatory systems (types |, and Ill,)

We can introduce phase equations for oscillatory sys-
tems near threshold in the same way as in the previous
subsection, starting from the amplitude equations (4.49)
and (4.59). For a single traveling-wave solution in the os-
cillatory periodic case (type I)) we use the analogue of
Eq. (4.67)

A (x,t)=(a;+8a) exp[i(kx —Q,t+8¢)], (4.84)

with Q, the frequency of the plane-wave solution (4.53).
Magnitude perturbations can be eliminated, with more
algebra, as in the stationary case, and we arrive at an
equation for small phase variations on long length scales
>> £~ 172 of the form

9,8¢+5, 8,8¢=D 3.8¢+D,3,8¢ , (4.85)
with

So=so+2k (¢, +¢3), (4.86a)
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Dy=(1—cjc;) [e—k*(3—c c5 +2¢5) (1—cye3)7"]
X(e—k2)71, (4.86b)
D, =—c35¢/2q0 + (k/qy) (1—cyc3+50c3/2g,) .
(4.86c)

The zeroes of Dy and D, again delineate the stability
boundaries, here the Benjamin-Feir instability (see
above). We see that the whole band becomes longitudi-
nally unstable for ¢;c; > 1, the classic balance of disper-
sive and diffusional effects. The transverse instability at
k=0 simply requires c3s, > 0, and may preempt the
more familiar longitudinal instability (Ohta and
Kawasaki, 1987; Brand et al., 1986a,b).

Away from threshold the analogue of (4.73) for an
ideal plane-wave solution is (Kuramoto, 1984b)

Ux,t)=U_(q - x—ot), (4.87)

with a dispersion relation w(g) which is characteristic of
the fully nonlinear plane-wave state. An Ansatz of the
form (4.74) now leads to the phase equation (Biktashev,
1989)

3,0+w(q)=— 7" q)V - [qB(q)], (4.88)

where 7(g) and B(q) are functions of the plane-wave
state. Again one should be concerned about singular
terms coming from mean drift effects. These are poten-
tially even more important than in the I  case, since the
steady uniform wave may itself induce mean drifts. Then
the vertical vorticity might include terms

Q,=2-q X V[f(g)], (4.89)

which are one order lower in the slow gradients than in
the type-I; case.

In the oscillatory uniform case (type IIl ), the equation
for slow variations of the uniform state near threshold is
the phase equation (Kuramoto, 1984b)

3,0+ w,=aV?¢—PB(Ve)?, (4.90)
with

Wy= —¢€cC3 , (4.91a)

a=(1—cc;), (4.91b)

B=(c, +¢3), (4.91¢)

where we have kept all terms up to second order in the
slow variation including nonlinear terms. Away from
threshold the phase equation takes the same form, with
g, a, B dependent on the fully nonlinear solution. Note
that B is just given by the dispersion. In one spatial di-
mension, this equation becomes more familiar in the
form

du—adu+ud,u=0,

(with u =28 9,4¢)
(Burgers, 1948).

(4.92)

which is the Burgers equation
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c. Higher-order phase equations

If a coefficient of the lowest order diffusive terms in the
phase equation passes through zero into the unstable re-
gime it becomes necessary to add higher-order terms to
control the dynamics. (The dynamics may not however
always remain within the range of validity of the phase
equations, in which case a more complete description
would be needed). The higher order equations depend
more specifically on the problem addressed than the
lower order ones. Often it is not convenient to maintain
the rotationally invariant description, since a different
scaling of the spatial derivatives is needed to give a suit-
able balance. Kuramoto (1984a) has presented a
classification of higher-order equations for small devia-
tions from plane-wave states, either steady or oscillatory
(see also Fauve, 1987). The symmetries implied by the
different cases may be used to restrict the possible terms.
In addition, relationships exist between some terms that
are nonlinear in the phase gradients and the linear disper-
sion relation. The higher-order equations involve a bal-
ance between nonlinear terms and higher-order gradient
terms when the coefficient of the diffusion term becomes
small. The choice of balancing terms, given by suitably
scaling space and nonlinearities amongst possible
“higher-order” ones is not always unique — often numer-
ical work is needed to test whether the evolution remains
within the domain of validity of the chosen scaling, or is
robust to the addition of ignored terms (e.g., adding dissi-
pative terms to otherwise conservative equations could
change the long-time behavior). Analysis along these
lines remains in its early stages. In certain simple cases
the equations reduce to well studied models.

A simple example arises from the phase equation near
the threshold for the stationary periodic I, instability. If
our reference state is at the critical wave number [k =0
in (4.16)], the state is zigzag unstable and the coefficient
of the a§ term disappears. It is straightforward to repeat
the derivation of Eq. (4.70) keeping higher-order terms.
If we continue to restrict ourselves to a linear equation
we find

3,6= a§¢+(k/q0)a§¢—% 9520 | (4.93)

where we are assuming 9, ~ 17, ay ~171/2, k ~n. The non-

linear terms in this equation have been given by Cross
and Newell (1984).

Other examples come from studying the variation in
one spatial dimension along the basic wave vector q=¢%,
for our three major classes of instability. [Kuramoto
(1978) has also considered transverse y-variations.] To
specify the symmetries we will assume that the funda-
mental equations are symmetric under x — —x. Since
we are usually dealing with dissipative systems, no time
reversal symmetry is assumed.

The stationary-periodic system (type I) is invariant un-
der (¢ — —¢,x — —x). This allows the equation
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3,6=adip—yde+B3, 6+ -, 4.94)

with @ — O signaling the diffusive (Eckhaus) instability.
For a < 0, a simple rescaling leads to the equation

3,¢=—01¢ — 3.6 + (3,¢) 334 .

Interestingly, this equation derives from a potential
(Fauve, 1987)

(4.95)

1 . 2, 1 3 2 412
F== fdx[ (8,4)" + 5 (3,4)° + (3:4)°],
(4.96)

which however is not bounded above or below, so that
higher-order terms may be needed to control the dynam-
ics. Empirically the dynamics subsequent to the Eckhaus
instability is ‘“‘catastrophic,” i.e., it evolves outside the
slow variation assumed, eventually ‘“unwinding” the
phase to give a new wave number. On the other hand the
addition of a term proportional to (3,¢)? 32¢ to Eq.
(4.95) leads to a stabilizing (3, ¢)* term in the potential %,
which can then be used to describe spatially inhomogene-
ous nonlinear states (Brand and Deissler, 1989; Riecke,
1990).

The oscillatory-uniform (type IIl,) system is invariant
under x — —x by itself. Thus we expect an equation of
the form

8,4=ad2¢—y 3B PP + .

Note that the nonlinear coefficient is given by the linear
dispersion relation w=w,+Bg2. Beyond the diffusional
instability, i.e. for a < 0, the above system yields the
Kuramoto-Sivashinsky equation (3.30). The same result
is expected for transverse y variations in the stationary
periodic case, as discussed in Eq. (4.93) above.

The oscillatory-periodic phase equation (type I,) has
no symmetry restrictions and is

3,¢=0ad’p+ydip—PBd,¢)?,

after using a Galilean transformation to eliminate the
term in 3, ¢. For @ > 0 and small this equation may be
transformed to

d,u—3du—ud,u=0(a'"? .

(4.97)

(4.98)

(4.99)

Equating the left-hand side to zero gives the
Kortveg de Vries equation, which balances the dispersive
and nonlinear terms. The O(a!/?) diffusive correction
terms will destroy the integrability of the lowest-order
equation (see Kivshar and Malomed, 1989).

All of the above results rely on the apparently innocu-
ous assumptions of symmetries and smooth expansions in
slow spatial gradients (compared with the characteristic
length scales of the unperturbed pattern). However, as
we have already seen in the lowest-order phase equation,
these assumptions may break down as a result of the dy-
namics. Moreover, to make progress it is assumed that
the higher-order terms have the “right sign” to saturate
the dynamics within the weakly nonlinear, slowly varying
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realm for which the equation is valid. In specific situa-
tions one must be aware of these restrictions and of the
possibility of their breakdown.

d. Control-parameter ramps

An application of the idea of phase equations is to a
system with a slow spatial variation (“ramp”) of a param-
eter p in the microscopic equations that contributes to
the control parameter €. A particularly interesting case
is where p is a function of one space dimension x, and
p (x) interpolates slowly between a value yielding a con-
trol parameter £(x) below threshold for x < 0, to a con-
stant value p, giving €, > 0 above threshold for large
positive x. Using the same methods as in deriving the
phase equation, Kramer et al. (1982) showed how to ob-
tain an equation for the spatial dependence of the wave
vector g of the stationary solution for slow ramps,

f1lg,p)3,q + f1(q,p) 3,p =0,

where f, and f, are functions that can be calculated for
each particular system and for any quantity p. Integrat-
ing Eq. (4.100) from the linear state for x < O where a
unique solution U =0 exists, we find a precise wave num-
ber g,(¢,) in the constant region. For spatial variation
of a given quantity p contributing to €(x) the wave num-
ber g(e. ) is unique, independent of the functional form
of p(x) for slow enough spatial variation. However
different quantities p yield different selected wave num-
bers for the same final €, as demonstrated explicitly by
Hohenberg et al. (1985). Thus ramping the control pa-
rameter slowly to subthreshold values provides a precise
and selectable wave number, as opposed to the wide band
consistent with stability in a periodic system (see
Sec. VILA below). Precise wave-vector selection was first
found by Eagles (1980) in his study of convection with
ramped plate separation varying on an O (e~ !/2) length
scale.

An interesting correction to the perfect selection by
slow ramps arises if the variation of the control parame-
ter is not everywhere smooth. It has been shown by
Cross (1984) and by Riecke (1986) that abrupt variations
in control parameter act as “pinning centers” which lead
to nonadiabatic corrections to the phase equation (4.100)
(see subsection IV.A.4 below), and to a finite band of
states 8g. Analytic calculations of this effect have been
carried out on models by Riecke (1988), and they agree
well with numerical work and qualitatively with experi-
ments on Taylor-Couette flow.

(4.100)

3. Secondary instabilities

We have classified systems by the nature of the bifurca-
tion from the uniform state (types I, II, and III, either o
or s). The classification leads directly to different ampli-
tude and phase equations. We may further consider the
various secondary instabilities of the ideal nonlinear
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states, i.e., the boundaries of the stability balloon. Again
it is possible to classify the instabilities by their spatial
symmetries and temporal behavior, and to develop ampli-
tude equations describing the evolution of the unstable
modes, now expanding in the small increase in the con-
trol parameter above the secondary instability threshold.
We have already discussed the higher-order phase equa-
tions that are valid when the instability is at long wave-
lengths. Since secondary instabilities occur in already
complicated states, the range of possible classes is larger
than at the primary instability threshold. We will illus-
trate the idea for type I, systems, concentrating on a par-
ticular example known as the “drift instability.”

A secondary instability in a type I system occurs in a
spatially periodic system. Thus the unstable mode has
the form of a Bloch wave (analogous to the Floquet
analysis in a temporally periodic state, see Iooss and
Joseph, 1980)

u=Uy(gx+¢)+ AUy(gx +¢)e' %/ (4.101)

where U,(gx +¢) is the nonlinear state with wave vector
gX with the phase ¢ shifting the pattern as a whole. The
second term is the perturbation (with U, also a period
function of wave vector g%), Q is the Bloch wave vector
which may be taken in the range (the first Brillouin zone)

1 1
—_ < -
59 <9 = 59

and () is the frequency, nonzero for a Hopf bifurcation.
Different types of behavior occur for @, =0 (no breaking
of the translational periodicity), Q,=1¢g (wavelength
doubling), or Q, incommensurate with g, as well as for Q
zero or nonzero (stationary or Hopf), and Q, finite or
zero. In addition, discrete symmetries may be broken;
for example, when Q, =0 or Q, =1 g there is the ques-
tion of whether the parity symmetry (which we assume to
be present in U) is broken. This wide range of possibili-
ties is already manifest in the analysis by Busse and co-
workers (see Busse, 1978) of the secondary instabilities in
Rayleigh-Bénard convection discussed further in
Sec. VIII.A below.

A point not evident from the early work on convection
is the importance of the coupling to the phase variable ¢
of the basic pattern, describing the free translation of the
structure: the instability may cause the whole pattern to
drift. Coullet and Iooss (1990) have classified all the pos-
sible types of behavior for one-dimensional type I, and I,
systems, and have written down coupled equations for
the amplitude A of the new unstable mode (real or com-
plex depending on Q and ) and the phase ¢ of the basic
periodic pattern, defined in Eq. (4.101).

Consider for example the case of a parity breaking,
O =0, stationary bifurcation (Coullet et al., 1989d). This
is characterized by a real amplitude A coupled to the
phase ¢. Symmetry restrictions lead to the equations (in
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scaled variables)
9, A=032A4 +g,(3,¢) A +ed—gyd*+ -+,
3,6=D3¢p +g,4 ,

(4.102)
(4.103)

with g, g1, &, D real constants. The second equation
reflects the fact that in a nonequilibrium system, break-
ing the parity will typically lead to the drift of the whole
pattern. (Time reversal symmetry would forbid such a
motion at an analogous equilibrium transition.)

An interesting wave-number selection phenomenon
occurs in the case of a subcritical bifurcation, g, < 0 (we
insert a high-order term A4° to stabilize the system). A
bubble (or pulse) of the broken parity phase above thresh-
old will propagate in one direction or another depending
on the sign of 4, and grow for ¢ > g,=—(3/16)g2.
Analysis of Eq. (4.103) shows that the propagating, grow-
ing bubble leaves behind a uniform state with a shifted
wave vector. Passage of successive bubbles changes the

wave vector to 3,¢ = — k " given by setting the effective
control parameter governing the growth rate equal to g,
etgk’=¢,, (4.104)

at which point the bubble no longer expands. These re-
sults seem to correlate well with experimental observa-
tions in directional solidification (Coullet et al., 1989d)
and in convection in a narrow annulus.

As is clear from the stability balloon in convection dis-
cussed in Sec. VIIL.A below, the secondary instabilities
often reflect subtle details of the microscopic equations,
and little can be said in general about which finite-Q in-
stabilities will be present. (We have seen that the long-
wavelength instabilities have a wider universality.) Pro-
gress can however be made near a degenerate primary bi-
furcation (e.g., a codimension-2 point, see subsection
IV.B below). Then the secondary instability may be un-
derstood in terms of the competition between the
different states at the degenerate bifurcation, and may
often be captured, either approximately or systematical-
ly, by the particular amplitude equations valid in this re-
gion. Examples occur near the degeneracy point of pri-
mary bifurcations at ¢ and 2g (Malomed and Tribelsky,
1984; Fauve et al., 1990; Paap and Riecke, 1990; Levine
et al., 1991; Rappel and Riecke, 1992; Riecke and Paap,
1992), in the weakly damped parametric wave system
(Paap and Riecke, 1990; Milner, 1991), and for Taylor-
Couette modulated waves (Chossat and Iooss, 1985).

4. Nonadiabatic effects

Amplitude and phase equations describe the slow evo-
lution of variations of a periodic pattern. They may be
derived as smooth equations in a slow scaled spatial coor-
dinate (e.g.; X =¢!/?x in the amplitude equation), and the
derivation involves a perturbation expansion. The fast
underlying spatial variation does not appear in the

final answer e.g. Eq. (4.3). An important physical
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phenomenon that is not captured by these expansions,
even if taken to higher order, is the locking of coherent
structures, or regions of spatial variation, to the underly-
ing periodic structure in type I systems. Thus for exam-
ple the propagation of fronts, or the glide of dislocations
(see Sec. V.B.3 below) may cease altogether for small
enough driving. This coupling to the fast spatial degrees
of freedom is generally put under the heading of “‘nonadi-
abatic effects”” (Pomeau, 1984), and will be discussed fur-
ther in subsection V.B.2.b.vi.8 below, in the context of a
stationary front in the Swift-Hohenberg equation.

5. Rotationally invariant order parameter equations

The phase equation is valid over a wide range of con-
trol parameter values and for arbitrarily large reorienta-
tions of the rolls, provided the rate of spatial variations is
small compared with the local wave number. The whole
approach is based on the slow variations of a pattern
which locally has a periodic spatial structure. This
method does not give a complete description of the pat-
tern in typical situations, since defects — where no local-
ly periodic structure can be identified — are common.
The amplitude equation on the other hand allows for
more general modulations of the pattern, including am-
plitude variations. For example, as discussed in detail in
Sec. V.B below, the properties of dislocation defects may
be completely studied near threshold using the amplitude
equation (Siggia and Zippelius, 1981a), and boundary
effects are easily included. However, large changes in the
direction of the wave vector are not permitted. The ques-
tion arises: can we find a treatment that includes both op-
tions?

Near threshold the “order parameter” equation intro-
duced by Swift and Hohenberg (1977) seems a possible
candidate. Although we have already discussed this
equation as an example of a microscopic model in Sec.
III.C, we now wish to consider it as an approximation to
a more fundamental microscopic description such as the
full fluid equations of convection. The form of the equa-
tion can be motivated by returning to the characteristic
spectrum of the linear instability I, of Fig. 7. Starting
from a microscopic system (3.4) we define ¢, to be simply
the full amplitude of the plane wave eigenvector at q. To
get the correct spectrum Eq. (4.4) must be satisfied in the
linear regime. The nonlinear terms may be developed
perturbatively by assuming that the modes away from the
critical wave number g, adiabatically follow the slow
time dependence (Haken, 1977). The equation becomes

700, ¥q=[e—£0(q —q0)*1 ¥4

+ > 8(41,92,93)¢q1¥q2¥q3> (4.105)
91993
q,+tq,+tq;=q

where g is a complicated function which can be calculat-
ed in specific cases (Cross, 1980). We now define a real
order parameter in space as
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Y= P’ T, (4.106)
q

and Fourier transform Eq. (4.105) to give an equation in

real space. This procedure encounters three difficulties:

the first is that the (g—g,)? term does not give a con-

venient expression, and we transform it to

(g —qoV¥q=(495)" (¢ —q}) Y,

—(4¢3)" (V2 4¢3 ¥(x) . 4.107)

Secondly, the nonlinear terms give a short-range, but
nonlocal interaction. In specific cases physical argu-
ments may suggest various local approximations (e.g., see
Manneville, 1983a; Bestehorn and Haken, 1990a,b).
However, as emphasized below, these are not in general
systematic approximations, and the importance or unim-
portance of the effects left out has not been tested in gen-
eral. A case where a systematic approximation leads to a
local interaction is the type I instability (subsection
IV.A.1.b above). The full structure is quantitatively im-
portant when considering superpositions of singly-
periodic states as in subsection IV.A.1.a above [it affects
8(0)], but we shall for simplicity replace the nonlinear
term proportional to g by a local interaction g Pi(x)
with a constant g,. Thirdly, the full effect of boundaries
is not included in the projection onto the unstable eigen-
vector, since “fast” spatial modes are forced by the
boundary conditions. With these caveats in mind we are
thus led to a simple description given by the Swift-
Hohenberg equation

T3, ¥ =ep—(£3/4q3) (V2 +q5)Pp—go¥’ ,  (4.108)
together with the boundary conditions
y=0 -V y¢=0, (4.109)

where fi is the normal to the boundary. This equation
does indeed reduce to the amplitude equation (4.3) for
nearly parallel rolls and reproduces the correct boundary
conditions on the amplitude A4 to lowest order in € (Cross
et al., 1983a). Moreover it describes more general pat-
terns containing defects and other large distortions of the
roll structure, as discussed in Sec. V below. Often the
variables are rescaled to eliminate unnecessary constants,
leading to the simple form (3.27).

Near type I, instabilities complex order parameter
equations have been obtained by Ohta and Kawasaki
(1987) and more recently by Bestehorn and Haken
(1990a,b). The simplest equation is of the form

760, ¥ = e + so(VE+q3
—(£2/4¢%)(1+ic (V2 +q3) %
— go(1+icy)||*y ,

where now 9 is a complex field (its real part is the physi-

cal field). More complicated nonlinear terms involving

derivatives are of course also possible, as in the real case.
Although rotationally invariant equations such as

(4.110)
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(4.108) are instructive models for understanding pattern
formation, it should be emphasized that they do not re-
sult from any systematic expansion of more fundamental
equations. In particular, the order-parameter equations
derived by Haken and co-workers for a large number of
systems (see Bestehorn and Haken, 1990a,b, and refer-
ences therein) involve uncontrolled approximations, since
some but not all of the corrections to the amplitude equa-
tions resulting from the fast spatial modes are retained.

B. Qualitative methods

In the previous section we have mainly been concerned
with quantitative perturbation methods. Throughout our
discussion we have seen that the role of symmetry is cru-
cial in pattern forming systems, for example in the
definition of ideal patterns and in the derivation of ampli-
tude and phase equations. In this section we briefly treat
symmetry from a more formal point of view. We then in-
troduce an expansion scheme known as ‘“‘normal forms,”
which systematizes and in some ways extends the ampli-
tude equation approach. This scheme yields qualitative
rather than quantitative information, and it shows its real
power in complicated situations with symmetric or de-
generate bifurcations. (Note however that normal forms
are usually restricted to ideal, spatially periodic solu-
tions.) These aspects of bifurcation theory have recently
received considerable attention from mathematicians,
and we cannot hope to do the subject justice. Our main
aim here is to provide a crude translation between these
formal developments and our more heuristic approach.
The reader is referred to recent books and reviews
(Guckenheimer and Holmes, 1983; Golubitsky and
Schaeffer, 1985; Crawford, 1991; Crawford and Knob-
loch, 1991) for a fuller account. Finally we discuss the
qualitative implications of the symmetry analysis for the
existence of defects in ideal patterns.

1. Formal methods of bifurcation theory

a. Normal forms and nondegenerate
bifurcations

As mentioned above the method of normal forms is
similar in approach to the use of amplitude equations,
but with rather different aims. The idea is again to derive
a reduced dynamical description near the bifurcation
point by projecting the dynamics onto a lower-
dimensional space (the center manifold). For small am-
plitude solutions this is the space spanned by the margin-
al eigenvectors, i.e., those with eigenvalue passing
through the imaginary axis at the critical value of the bi-
furcation parameter. The center manifold is however
continued into the larger amplitude regions. The em-
phasis of the approach is on reproducing qualitative
features of the dynamics; the expansion is continued to
whatever order is needed for the full qualitative behavior
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to be displayed, rather than to a definite order in some
systematic expansion parameter. Furthermore, although
the original expansion might be developed in powers of
the mode amplitudes, a systematic procedure of both
linear and nonlinear transformations is used to reduce the
equations to a simple canonical form, with variables that
usually bear a complicated relationship to the original
variables. This canonical form is then analyzed to make
qualitative statements about all (or at least typical) sys-
tems with a given type of bifurcation. For example it is
often possible to connect the nature of the bifurcation
(supercritical or subcritical) with the stability of the ensu-
ing solutions.

A somewhat related technique, known as the
Lyapunov-Schmidt reduction, examines periodic or
steady state solutions beyond the bifurcation point by
solving a reduced, time-independent equation. Although
less general than the method of normal forms, the
Lyapunov-Schmidt technique provides a rigorous ap-
proach to a smaller class of solutions (i.e., the periodic
ones) near a Hopf bifurcation.

We will introduce the method of normal forms in the
case of nondegenerate bifurcations from a time-
independent state, repeating in somewhat more formal
language the discussion in subsection III.A.2 above. In
the absence of special symmetry or degeneracy the bifur-
cation can occur in two ways: a real eigenvalue of the
linear stability analysis passes through zero (type s); or a
complex pair 0;=0,=0 pass through the imaginary axis
Reo =0 (type-o; a Hopf bifurcation). Near a type s insta-
bility the center manifold is one-dimensional and the sim-
plest normal form in the single variable u is as in
Eq. (3.9b)

d,u=Ru —u?, (4.111)

corresponding to an exchange of stability at a transcriti-
cal bifurcation. If equations have inversion symmetry
(corresponding to # — —u) the quadratic nonlinearity
must be absent and the simplest representative is as in
Eq. (3.9¢)

d,u=Ru + u3, 4.112)

corresponding to a pitchfork bifurcation. This simple ex-
ample demonstrates certain results that are characteristic
of more complicated situations:

(i) An alternative choice of coordinates u =u+u,
with u, a constant would lead to a more complicated,
nonstandard form.

(ii) The amplitude of the new solution scales in a
characteristic way with the bifurcation parameter,
u~|R| for Eq. (4.111) and u ~|R |'/? for Eq. (4.112).

(iii) Depending on the sign of the cubic term in Eq.
(4.112) the transition may be either supercritical or sub-
critical. There is a prescribed and simply calculated rela-
tionship between the stability of the small amplitude
solutions and the nature of the transition [subcritical <>
unstable; supercritical «> stable, at least in this subspace].

(iv) It may well happen that the original equations only
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have quadratic nonlinearities. A simple projection onto
the marginally stable eigenspace would then not produce
the cubic term in Eq. (4.112). To obtain this term one
uses an iterative procedure: calculate the amplitude of
the stable eigenvectors driven by the nonlinearity, and
then feed these back into the marginal space. This adia-
batic elimination, or calculation of the “slaved modes” in
the standard amplitude formalism, can be thought of as
calculating the curvature corrections to the center mani-
fold when it is extended into the nonlinear regime.

The full power of these methods becomes apparent
when considering bifurcations with symmetry or degen-
erate bifurcations, which we now discuss.

b. Bifurcations with symmetry

In a system with symmetry, many symmetry-related
modes may become unstable together and the standard
nondegeneracy restrictions of simple bifurcation theory
are not satisfied. The theory must be reinvestigated using
symmetry analysis. The natural mathematical tool is
group theory, and there is a large body of work systemat-
ically generalizing the simple bifurcations considered
above to situations with particular symmetry groups.

The first step is to construct the group I'y containing
all symmetry elements of the system. The fundamental
symmetry in pattern forming systems is translational.
Since, in the ideal situation, we are looking for spatially
periodic solutions, it is often mathematically convenient
to restrict the translations to a compact group by taking
periodic boundary conditions over periods L;, i=1,...,d
in a d-dimensional space (so that translations 7; and
T;+L; are identified). Note however that the assump-
tion of periodic boundary conditions is not consistent
with continuous rotational symmetry in space. The
Taylor-Couette system is an example of a physical situa-
tion with such boundary conditions (in the azimuthal
direction). Each translational symmetry is then iso-
morphic to that of a circle, and is often described in the
mathematical literature as S; or SO(2) symmetry. Spatial
parity symmetry (x — —x) would enlarge the group to
O(2). Thus the important case of wave instabilities (type
I,) with parity symmetry can be described as a Hopf bi-
furcation with O(2) symmetry.

To perform a symmetry analysis for Hopf bifurcations
it is useful to incorporate the time dependence in the
symmetry description. The original autonomous system
(3.4) is invariant under all time translations. If we are
seeking periodic solutions of period 7 (to be determined)
it is again convenient to consider time translations T,
modulo 7. This corresponds to another S; symmetry.
The Hopf bifurcation leads to a solution breaking this
symmetry, the operation of 7, on a solution translating
the phase of the oscillator. Thus the Hopf bifurcation
with one-dimensional translation and parity symmetry
can be described by the full group ['(=0(2) X S,.

In a pattern forming bifurcation there is a transition to
a state of lower symmetry, which is the phenomenon of
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spontaneously broken symmetry. The symmetry of the
new state will be represented by an “isotropy group” I',
that is a subgroup of I'y (i.e., contains fewer symmetry
elements). The question of which subgroups of I';, can
typically characterize the new state seems hard to answer
in general (Golubitsky and Schaeffer, 1985). Subsequent
bifurcations can lead to further reductions in symmetry,
so that a chain of possible groups is formed, called the
“isotropy lattice” [Fig. 11(a)], with successively smaller
numbers of elements, each one a subgroup of the higher
level group (at least to within a “conjugacy,” see Golubit-
sky et al., 1988). The symmetry analysis is often
sufficient to produce a nondegenerate bifurcation scheme
for which the usual theorems hold. The reduced symme-
try state can be analyzed using the method of normal
forms, which must now respect the remaining symmetry.
The polynomial expansions are continued to high enough
order so that solutions showing this minimal symmetry
may be found — often low-order truncations lead to solu-
tions with artificially high symmetry. Nondegeneracy
conditions, i.e., the assumption that coefficients in the
normal form will not be zero typically, may rule out cer-
tain candidates in the isotropy lattice. For compact
groups the expansion to any order is given by combina-
tions of a finite number of low-order polynomials. Again,
general results may be found linking, for example, the na-
ture of the bifurcation to the stability of the new solu-
tions.

An example of the formalism is the Hopf bifurcation
with O(2) symmetry considered by Golubitsky and
Stewart (1986). The symmetry elements of the full group
I',=0(2) X §; are displacements in space through T
and spatial parity P [the O(2) symmetry], plus transla-
tions in time through T, (the S; symmetry). The isotropy
lattice is shown in Fig. 11(b). States above the transition
may be represented by two complex numbers z; and z,.
(These are just the wave amplitudes Az and A; in the
notation of subsection IV.A.1.d). The state with symme-
try SO(2) is either z; =0 or z, =0: this is just the travel-
ing or rotating wave case, and the symmetry is a com-
bined translation in space and time. The state with sym-
metry Z,XZ$ is z; =v, z,=v, and is the standing wave
with inversion symmetry, plus the symmetry Z§ which is
a change of sign of the amplitudes z,, z, — —z;, —2z,,
together with a time translation through half a period.
These are the only two oscillatory modes that typically
appear. The state with residual symmetry Z§ is the gen-
eral mixed-wave state (z,,z,) and only occurs in degen-
erate cases (Golubitsky et al., 1988, p. 341). The normal
form equations are the amplitude equations of subsection
IV.A.1.d., with spatial dependence neglected. These can
be rewritten in the form

zZ
3, [z;
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=(p +iq) Z1

21 .
2, +(r+is) 8

(4.113)

®)

S0(2) Z,xZ,
3T =6;T,= 6} $LPIXIL(T = m;T, =m)}

z°/

1,(T,= mT, = m)}

FIG. 11. Isotropy lattice for bifurcations with symmetry. (a)
Schematic representation of the isotropy lattice showing succes-
sive symmetry breaking bifurcations, starting from the original
symmetry group 'y and passing through a number of possible
chains, through lower symmetry states represented by groups
Ty, T, etc. The end point is the identity I. (b) Isotropy lattice
for the Hopf bifurcation with O(2) symmetry of spatial transla-
tions and parity, showing its decomposition into the subgroups
SO(2), the two-member group Z, (or Z$), and products
Z, X Z5. The symmetry elements shown in the figure are pari-
ty P, the identity I, translation through space by an amount
8 (T,=39), and translation in time by an amount & (T,=3J),
with 8 =27 corresponding to a complete period.

with 8 = |z,|*> — |z,|%, and p,q,r,s functions of the two
invariants N=|z,/2+|z,|> and A=8% Depending on
signs and ratios of the coefficients r(0) and py(0) the
different bifurcations in Fig. 11(b) are possible
[r(0)=r(N =0,A=0) and py(0)=(3p/dN)y—p=ol It
is easy to see that for either rotating waves or standing
waves to be stable both must branch supercritically, and
then one is stable and the other is unstable.

c. Degenerate bifurcations

It is possible to tune system parameters so that a num-
ber of eigenvalues, not related by symmetry, become un-
stable together. These are known as co-dimension-n de-
generate bifurcations if n system parameters must be
tuned. Now the center manifold is higher-dimensional
and the normal form equations must be developed as po-
lynomials in the amplitude of all the marginal modes.
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Symmetry classification again plays an important simpli-
fying role. The behavior as the system parameters are
varied slightly away from the codimension-n point can be
investigated using the normal forms (the universal un-
folding). The full behavior is often complicated, depend-
ing on various signs and ratios of coefficients in the nor-
mal forms, which may vary from system to system.

2. Phase variables and topological defects

The symmetry classification of a bifurcation provides a
useful way of generalizing the idea of phase variables
(see, e.g., Coullet et al., 1987, 1989b, 1991). Consider a
state with broken symmetries beyond a particular bifurca-
tion. Some symmetry elements of the system are no
longer symmetry elements of the solution. The action of
one of these elements on a solution will give a different
state, but one that is entirely equivalent. The class of
different equivalent states generated by all the continuous
symmetry elements must be distinguished by parameters
¢; such that action by the group elements changes these
variables. We will call the ¢; phase variables, since they
are a natural generalization of the phase generated by
translations, discussed in subsection IV.A.2. A spatially
uniform change of any of the ¢; corresponds to produc-
ing a new equivalent solution, so such a change does not
lead to any dynamics. A slowly varying change ¢;(7x),
n << 1, would therefore be expected to relax slowly at a
rate o ~7, with p > 0 and typically equal to 2. Thus
the generalized phase variables will describe the dynam-
ics of slow spatial variations of the basic state.

The introduction of phase variables has implications
beyond dynamical equations. The global constraints re-
sulting from the requirement that the phase field should
lead to a single-valued microscopic U field can be used to
give a topological classification of possible patterns. Let
us consider the case of a two-dimensional roll system
with phase variable ¢ corresponding to q - x in the
undistorted pattern as in subsection IV.A.2. Now con-
sider a pattern in which over some large closed loop C
the phase varies slowly, but accumulates a total “phase
winding” of 27 over the loop, leading to a winding num-
ber

w=(1/2m) [ V¢ -de=1. (4.114)
C

We can ask whether such a variation is consistent with a
slow variation of ¢ everywhere. The answer is clearly no,
since if the contrary were true we could smoothly shrink
our integration contour always through regions of slow
variation, and the integer winding number W could not
change. Eventually a 27 phase winding would occur
over an arbitrarily small loop, contradicting the assump-
tion of slow variation. Thus an integer winding number
generated by the behavior in regions where the phase
variation is slow, necessarily implies the existence of at
least one point defect, where the assumption of slow vari-
ation, and hence the phase description, break down. (An
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amplitude equation or a fully microscopic description
would still be valid, however.) This construction is famil-
iar from the definition of the Burgers vector of a disloca-
tion in a crystal, or of a vortex in a superfluid. The ex-
istence of these “topological defects” depends both on
the space of phase variables (order parameter space), and
on the spatial dimension of the pattern. Defects exist if
there is a nontrivial mapping of the contour in physical
space (the loop C above) onto the order parameter space
(the circle O to 27 for the phase variable ¢ above). De-
fects are mathematically characterized by the homotopy
theory of such maps. [A review in a condensed matter
context is given by Mermin, 1979.] In addition to point
defects, defined by a surrounding sphere in three dimen-
sions, a circle in two dimensions and a pair of points
(x == o) in one dimension, we may look for higher-
dimensional defects, e.g., a line in three dimensions. We
will discuss simple examples in Sec. V without using the
mathematical formulation explicitly. The importance of
topological methods increases with the complexity of the
patterns, and they have played a useful role, for example
in the study of wave instabilities in excitable media dis-
cussed in Sec. X.

Although the topological classification of defects is a
useful exercise, the importance of regions of slow phase
variation allowing such a classification in real patterns is
not clear in many situations. The main difference with
condensed-matter systems, as discussed by Mermin for
example, is the absence of a Lyapunov function for
dynamical equations. A condensed system near equilibri-
um seeks to minimize the free energy of various field
configurations, and thus favors slowly varying phases
over most of the system. The core of a defect usually
represents a higher energy state, but its elimination in-
volves overcoming a macroscopic energy barrier. Thus
topological stability often implies dynamical stability.
For dynamical systems on the other hand, topological
stability is neither necessary nor sufficient for dynamical
stability, though topological defects often appear as per-
sistent features of solutions. An example of a topologi-
cally stable defect which disappears will be encountered
in our discussion of traveling waves in Sec. V.B. It is a
kink pair formed of right- and left-traveling waves for a
convectively unstable system. Conversely, an example of
a stable defect with no topological stability is a stationary
pulse in an oscillatory state, which may exist over a
broad region of parameter space (see Sec. V.B). Finally,
topological defects may be created spontaneously in spa-
tial regions where the phase description breaks down, ei-
ther near boundaries or in the bulk as a consequence of
instabilities, and unlike near-equilibrium cases, there is
no way to assign an ‘“‘energy cost” associated with this
creation process.

V. ELEMENTS OF REAL PATTERNS

Having described the ideal patterns that exist above
threshold for the different classes of instabilities, we now
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wish to study the main modifications brought about by
“real” conditions. One important deviation from the
ideal state arises from the presence of boundaries.
Another obvious feature of real patterns is the existence
of local structures or defects, either inside domains of
roughly ideal states or at the boundaries between such
domains. We review these subjects here, and then at-
tempt to combine them in Sec. VI.

A. Effects of boundaries

1. Type | Stationary periodic

Let us consider a type I instability in a rotationally in-
variant system whose ideal state consists of parallel rolls.
We shall introduce the various types of boundary condi-
tions through their effects on the linear threshold, and
then discuss in considerable detail the constraints on
nonlinear solutions arising from what we will call “rigid”’
boundary conditions.

a. Threshold effects

(i) Periodic boundary conditions

The simplest boundary conditions to discuss are ones
that are consistent with a subset of the ideal solutions of
the laterally infinite system. For example, periodic
boundary conditions over a rectangular box of dimen-
sions L X M

Ux+L)=U(x),
Uy+M)=U(y),

(5.1a)
(5.1b)

are consistent with spatially periodic solutions, the only
difference being that the wave vectors are restricted to
the discrete set q=(27¢ /L, 2mm /M ) for £, m integers.
If L and M are small enough there may be very few, or
even a unique ¢ and m, giving a wave vector q within the
band of stable states: in this case strict wave-number
selection may occur by a rather trivial mechanism. The
same set of solutions may also be consistent with other
boundary conditions, e.g., no flux (or Dirichlet) condi-
tions, which simply require zero normal gradients of the
solution at the boundary. In this particular case the solu-
tions extend to the nonlinear regime: the boundary condi-
tions merely select a discrete set of the nonlinear ideal
solutions. Although these boundary conditions may be
natural from the microscopic physics, they are not gener-
ic in systems yielding instabilities at finite wave numbers.

(if) Inhomogeneous boundary conditions

If the boundary conditions are not consistent with the
spatially uniform solution U=0, we call them inhomo-
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geneous. These boundary conditions render the bifurca-
tion imperfect (Sec. III.A). Since the evolution of the
small amplitude state near the ideal system bifurcation is
very sensitive to such small imperfections the transient
evolution is strongly affected. If the control parameter is
increased slowly through threshold often a unique solu-
tion will develop, corresponding to the smoothly develop-
ing branch in Fig. 6(f).

For large systems a small imperfection may be treated
using the amplitude equation (4.13) (in one dimension for
simplicity)

0, A=eA+324—|4|*4, (5.2)

with an inhomogeneous boundary condition (see Cross
et al., 1983a, and references therein)

A(x)=a,, x=0,L, (5.3)

and @, complex numbers. For small systems a useful ap-
proach (Shaeffer, 1980) is to “switch on” the imperfection
with a parameter 0 <7 < 1. For small 7 the passage from
an ideal bifurcation to an imperfect one may be analyzed
in detail. The qualitative behavior may then be the same
even for larger imperfections, n— 1. This approach is
particularly useful in determining the choice between de-
generate or almost degenerate solutions (e.g., between the
3 and 4 roll states in a system of size 3.5, see Sec. IX.B
below).

(iii) Rigid boundary conditions

Typically, the lateral boundary conditions will not be
consistent with the structure of the ideal solution: it will
not be possible to satisfy all boundary conditions by a
choice of the one free variable — the phase of the ideal
solution at the boundary. Homogeneous boundary con-
ditions (those consistent with the uniform state U=0)
will therefore usually shift the onset of the instability.
We can identify two different classes of boundary condi-
tions depending on whether the instability is enhanced or
suppressed.

Perhaps most commonly we might expect the boun-
daries to suppress the instability. This is the case for
Rayleigh-Bénard cells where the sidewalls impede the
fluid flow through viscous effects. Let us consider a sys-
tem described by the general pde (3.4) in a box of size
L XL with “rigid” boundary conditions consistent with
U=0

U(x)=0, VUKX)=0,... (5.4)

(depending on the order of the pde one may need condi-
tions on higher derivatives). The instability threshold
R_.(L) will be shifted from its value R.;” in the infinite
system as a result of the rigid boundary conditions (5.4),
by an amount

e,=[R,(L)—R>]/RZ . (5.5)

We say that the system is small if Lgy=0(1), and
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large if Lgy>>1. For large systems we expect that
€, <<1, and rigid boundary conditions can be treated
within the amplitude equation (5.2). For example in a
one-dimensional situation the incompatibility of (5.4)
with the ideal solutions U, induces a boundary condi-
tion of the form (Ahlers et al., 1981; Cross et al., 1983a)

A(x)=0, x=0,L, (5.6)

on the amplitude 4. The onset solution is then [Fig.
12(a)]

A=a sin(mx /L) , (5.7)
leading to a threshold suppression proportional to L ~2,
e, =m*/L?, (5.8)

with L the system size measured in units of &, More
generally, for arbitrary L Eq. (5.2) no longer applies. One
finds an overall increase in the suppression as L de-
creases, but with modulations periodic in L with period
/qg, corresponding to the fitting of discrete numbers of
periods into the finite geometry as discussed for example
by Charlson and Sani (1971) and shown in Fig. 13. For
small systems [Lg,=0(1)] we expect £, =0 (1) also.
The second possibility is that the boundary conditions
enhance the instability. In a small system this will simply
lead to a lower critical value of the control parameter R,.
For large systems a surface instability develops, leading
to a solution localized near the boundaries and decaying
in the bulk, for control parameter R, less than the value
R of the ideal bulk instability. Typically |e.| will be
O(1), i.e., the surface solution develops far below the
bulk instability. As R is increased to approach R.° the
surface solution may drive the bulk solution, in a manner
similar to the inhomogeneous boundary conditions de-
scribed above: the bifurcation which occurs at R” in the
ideal case has now become imperfect [Fig. 6(f)]. Howev-

(a)
g
%—
€
<
0 X L
(b)
<]
2
2
€
<
0 X L

FIG. 12. Amplitude A4(x) in one-dimensional system for the
amplitude equation (5.2) with boundary conditions
A(x=0)=A(x=L)=0. (a) Very close to the shifted threshold
€—g, <<g,. (b) Further away from shifted threshold e —¢. X ..
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FIG. 13. Threshold Rayleigh number R for onset of convec-
tion in a one-dimensional system of size L for the model of
free-slip convection. The boundary conditions at the ends inter-
polate from free-slip thermal insulators (bottom line) to rigid
good thermal conductors (top line). (From Y.-Y. Chen, 1992.)

er, any of the symmetry related solutions may occur, de-
pending on the symmetry breaking at R,. For R >R/
the solution will be like the ideal solution in the bulk,
with amplitude scaling as £'/? for not too small €, but it
will already have grown to O (1) at the boundaries. Kra-
mer and Hohenberg (1984) have called these type II solu-
tions, in contrast with type I solutions which suppress
the instability.

Although the second class of solutions is less common
in physical systems, examples are easily found in model
equations. Kramer and Hohenberg investigated the
Swift-Hohenberg model (3.27) with general homogeneous
boundary conditions, and found that depending on the
values of parameters in the boundary conditions, either
type I or type II solutions were stable, but never both.
Hohenberg et al. (1985) subsequently extended the study
to a reaction-diffusion system (3.32) and found similar re-
sults. From this study we may see that no-flux boundary
conditions for reaction-diffusion systems are the special
point just intermediate between the two cases of
suppressing and enhancing boundaries, and in this sense
they are nongeneric. They will produce the periodic shift
in onset with L, but not the overall trend growing as L ~2
when L decreases. The lower envelope of the R (L)
curve which touches the minima will remain at €, =0 in
this case, as shown for example in the lowest curve in
Fig. 13. Rotating convection is an experimental system
showing an enhanced instability to a boundary mode
(Kuo and Cross, 1993).

b. Constraints on nonlinear solutions: Rigid boundaries

Rigid boundary conditions have a strong effect on pat-
terns, both in perturbing solutions of the infinite system
and in selecting particular solutions. In large systems
these effects can be studied near threshold using the am-
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plitude equation with the appropriate boundary condi-
tions. Many conceptual questions are most easily under-
stood in this framework. Very close to threshold the re-
stricted nonlinear solutions are conveniently calculated
using a mode expansion. Beyond this very restricted re-
gion the full differential amplitude equation must be
solved. Here we are particularly interested in the selec-
tion of the wave number in one-dimensional systems, and
orienting effects in two dimensions.

(i) Mode expansion

For simplicity we will consider a one-dimensional sys-
tem (5.2) of length L, with boundary condition (5.6),
which changes both the character and the number of
solutions compared to the infinite system. The solutions
may be expanded in the form

A=3 A, sin(nmx /L), (5.9)

in terms of the linear solutions satisfying the appropriate
boundary conditions. The constraints on the nonlinear
solutions are thereby automatically included. Two re-
gimes may be distinguished (Ahlers et al., 1981):

® Very near threshold e —¢, S¢, (remember g, <<1 by
assumption). In this regime the expansion is dominated
by the lowest mode of amplitude 4, ~(e—e,)!?,

A(x)=V2 A,(t)sin(mx /L)+0(e—¢,) . (5.10)

A Landau equation for the transient evolution of 4, can
be derived by substituting (5.10) into the amplitude equa-
tion and projecting onto the sin(7x /L ) mode:

3,4,=(e—e,) A,—g|4,*°4,, (5.11)
with g=(4/L) [ isin*(mx /L)dx =3/2. Note that there
is a unique steady state solution 4,=[(e—¢,)/g]""? ex-
cept for an overall phase factor. [In fact the continuous
phase symmetry is removed by higher-order terms in the
amplitude equation, see subsection (ii) below]. Small in-
homogeneous boundary effects or other forces rendering
the bifurcation imperfect may be included through a
term f,(¢) on the right-hand side of Eq. (5.11). This
force may be static, time dependent but determined by
the details of the experiment, or stochastic (Ahlers et al.,
1981). In each case f(¢) is arrived at by again projecting
the local forcing f(x,¢), which is added to Eq. (5.2), onto
the first unstable mode.

e Further away from threshold, eX €., but still with
€<<1. As ¢ increases a larger number of linear modes
come into play, and the saturated solution changes from
a sine function to a “top hat” shape with | 4(x)| constant
over most of the range, as in the infinite system
[Fig. 12(b)]. The number of linear modes needed grows
rapidly, and the expansion in Eq. (5.9) loses its simplicity.
Instead the full partial differential amplitude equation
must be solved.

Rev. Mod. Phys., Vol. 65, No. 3, July 1993

(i) Wave number selection in one dimension

It turns out that the reduced amplitude near the boun-
daries imposed by rigid boundary conditions leads to a
vastly reduced set of nonlinear solutions (as compared to
the infinite system) in the bulk of the cell, far from the
boundaries. In this region the solutions can be character-
ized by the local wave number, and only a narrow band
of wave numbers exist as steady state solutions, much
narrower than the ideal stability band.>!

The simplest case in which to demonstrate this effect is
a semi-infinite system in one dimension, i.e., the region
x =0 with a single boundary at x =0, say. Then as
shown by Cross er al. (1980, 1983a) the continuous band
of solutions with |qg—gqo| <e!”? which exists in the
infinite system collapses to a much smaller band

lg—qol < ce, (5.12)

where ¢ depends on the details of the system. This large
reduction in the band of wave numbers affects the
behavior arbitrarily far from the boundaries. Continuity
with the laterally infinite system is maintained not in the
existence of steady state solutions, but in the time scale
for these solutions to be established. Thus if the bound-
ary conditions are changed suddenly from no-flux say, to
rigid, then the restricted range of solutions is established
in a region a distance L from the boundary only after the
time necessary for the influence of the change to propa-
gate over this distance. For type I systems this time is
L?/D with D an appropriate diffusion constant. We em-
phasize again that the stationary solutions are severely
constrained compared with the infinite system.

Since this somewhat surprising result answers the old
question of how a long system approaches the ideal
infinite system, and also provides a wave-number selec-
tion mechanism to be discussed in Sec. VI.A below, we
will analyze the problem in some detail here. We again
start from some arbitrary microscopic U equation (3.4)
with a stationary (type I instability. We initially restrict
ourselves to a semi-infinite system. Near threshold an
amplitude equation exists in general, so we first illustrate
the effect using the static form of Eq. (5.2) (i.e. 3, 4 =0)
and the phenomenological inhomogeneous boundary con-
dition

4 (x=0)=1el"?, (5.13)

5-IThe effect of rigid boundaries in restricting the wave-
number band was first noticed numerically for the Swift-
Hohenberg and Kuramoto-Sivashinsky equations by Pomeau
and Manneville (1980), but these authors mistakenly concluded
that the selection was perfect, as did Pomeau and Zaleski
(1980). The restriction to a linear band quoted in Eq. (5.12) was
first obtained by Cross et al. (1980, 1983a) for the free-slip mod-
el of convection as well as for the order-parameter models treat-
ed by Pomeau and Manneville (1980). The model results were
then derived in a simpler fashion by Pomeau and Zaleski (1981).
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with A a small parameter.>? Equations (5.2) and (5.3)
may be solved perturbatively in A (Cross et al., 1983a)
though in fact exact analytic solutions exist (Kramer and
Hohenberg, 1984). The magnitude | 4 | approaches satu-
ration for |x|2e !”2. The allowed wave numbers

k=g —gq, of A fall in the restricted band
—Ae2/V2<k <Ae2/V2 . (5.14)

This restriction can be easily understood by constructing
two ‘“‘adiabatic invariants” for the x integration (Cross
et al., 1980; Pomeau and Zaleski, 1981)

(5.15)

Q=d%,¢,
=l 2 2 2 l 2____1_ 4 16
E > (0,a)+Q°/2a +2 ea—a”, (5.16)
where
A(x)=a(x) e’ . (5.17)

We can bound E using the point in the cell where a
reaches its minimum value a,,,:

EZQZ/Za,%,-i-% gal—— gt . (5.18)

4
Analogously, if a,, is the maximum value of a, Egs. (5.15)
and (5.16) yield

2
1
2

2

1 1
Q%<a}al |e—=(al+ak) S‘z—am s——z—a,%,

(5.19)

where the last inequality is obtained by maximizing with
respect to a,,. Finally, we evaluate k=9, ¢ in the bulk
where a =a, =¢!/2(1—k?) so that

2

k<la,, /V2a}] a—%am

~a,, /V2 for a, <<a, , (5.20)

showing that the wave number is bounded by the smallest
amplitude occurring anywhere in the cell. Physically this
is reasonable, since the minimum amplitude represents a
weak spot in the cell and allows the phase to unwind if
the “stress” from k70 somewhere in the cell is too great.
The behavior for k outside the band can be followed by
integrating the evolution equation (5.2) in time. It is
found (Cross et al., 1982) that the periods are indeed el-
iminated in the small a region near the boundary. This
local relaxation (analogous to the mechanism of the Eck-
haus instability) eventually affects the wave number
everywhere.

32With homogeneous boundary conditions on the U equation
the amplitude 4(0) at x =0 in fact turns out to be O(g). Thus
small A may be used to understand the behavior, although for
A=0(e'"?) terms neglected in arriving at Eq. (5.2) become im-
portant.
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As discussed above, rigid boundary conditions of the
form (5.4) on the U equation lead to the condition
A(0)=0, Eq. (5.6), on the O(&!”?) amplitude. This corre-
sponds to A=0 in Eq. (5.13), so the wave-number band
obtained from this calculation is

g=got 0Xe'?2+0(e) . (5.21)

This means that the O(g!/?) Eckhaus stable band is com-
pletely eliminated by the boundary condition! On the
other hand taking A=0(e!/?) suggests a band of width
O(e). To calculate this band the amplitude expansion
has to be taken to higher order and stationary solutions
sought. The general> form at next order is (Cross et al.,
1983a)

0=032A4+eA—|A|*?A—ibed, A —ib,d> 4
+i(by+b,) 4173, 4

+i(b;+bs) A%, A*+0(£3?) (5.22)

with b; (i=1,...,5) numerical constants which depend
on the details of the system. The boundary condition be-
comes

0=A4—ad,A—B3,4*, x=0, (5.23)

where the complex numbers a and B depend on the
boundary conditions for the U equation. The solutions of
(5.22)—(5.23) turn out to have bulk wave numbers restrict-
ed to the band (Cross et al., 1983a)

k_<k<k,, (5.24)
with

k== Bl 1), (5.252)

n=Ima—7y)/|Bl, (5.25b)

7/‘—‘% (2b,+b,—2b,—b,—bs) . (5.250)

In a finite system the boundary conditions (5.13) or
(5.23) must be applied at both ends of the sample. For
convenience we let the sample length be 2L, with bound-
ary conditions at x == L. Specifically, the boundary
condition (5.23) becomes

0=A—a,d,A—B,d,A*, x==+L, (5.26)

33The perturbative procedure of Cross et al. (1983a) can be
more formally (and elegantly) justified in terms of a normal
form expansion (Iooss et al., 1990). The variable x may be con-
sidered as a “time” coordinate and the degenerate bifurcation
unfolded at €=0. In fact a suitable nonlinear transformation
yields a much simpler, but completely general, equation. How-
ever in actual calculations on physical systems it is probably
easier to maintain a simple relationship of 4(x) to the micro-
scopic variables U, so that the b;, a, and B in Egs. (5.22)-(5.23)
can be calculated explicitly.



896 M. C. Cross and P. C. Hohenberg: Pattern formation outside of equilibrium

with ¢, =—a* =a, B, =—B* =pB. It should be noted
that B contains a phase factor exp(2igyL), so that the
equations “know” about the quantizing of solutions at
this (but not lower) order. Then for a large system
[L 2e7!] the wave number is still restricted by the con-
ditions (5.24) and (5.25), but the additional condition at
x =—L has the effect of quantizing the solutions to a
finite set of values inside the band, separated by amounts
of order w /L. Because of the dependence of 3 on gL the
dependence of the discrete wave vectors on control pa-
rameter € obtained in a finite system is rather complicat-
ed (see Cross et al., 1983a). The important point,
though, is that this complex behavior occurs entirely in-
side the O (&) band given by (5.24) (see Fig. 14).
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FIG. 14. Allowed wave vectors in the bulk of a one-
dimensional system of size 2L near threshold given by solving
Eqgs. (5.22) and (5.26). The reduced Rayleigh number € is plot-
ted vs the deviation k of the wave vector from its critical value
go- Solid and dashed lines correspond to different solution
branches. The dashed branches are unstable, the solid branches
stable (Daniels, 1984). Dash-dotted lines are k. from Egq.
(5.25). Note that the allowed wave vectors in the finite system
fall between these bounds derived for the semi-infinite system.
The parameters used correspond to free-slip convection with
Prandtl number o =0.78 and perfectly insulating rigid sidewalls
in (a), and perfectly conducting rigid sidewalls in (b). (From
Cross et al., 1983a.)
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The effect of finite geometry on the Eckhaus boundary
(4.24) has been studied by Tuckerman and Barkley
(1990). These authors showed that in a finite system the
neutral and Eckhaus curves are no longer tangent, but
are parabolas that intersect at two points with the Eck-
haus line below the neutral one. Experimental manifesta-
tions of these effects are noted in Sec. IX.B.2.c below.

(iij) Orientational effects in two dimensions

In large two-dimensional geometries we must also con-
sider the direction of the local wave vector, and in partic-
ular how it is affected by the boundaries. Empirically in
Rayleigh-Bénard convection a rather strong tendency is
observed for the rolls to come in normal to the walls (i.e.,
q parallel to the wall). This result may be partly under-
stood from the linear analysis of the onset in a rectangu-
lar box, since with rigid boundaries the first unstable
mode has rolls perpendicular to the long side of the box
(Davis, 1967). The argument may be extended to the
weakly nonlinear regime by considering how the ampli-
tude approaches zero at a plane boundary. Cross (1982b)
showed that any angle of approach of the rolls is possible.
However the healing length near the wall over which the
rolls are suppressed is € ~!/? cosf (for 6 not too near 7 /2)
with 6 the angle between q and the normal 8. If we
define a surface contribution to the Lyapunov potential
(4.9) for the amplitude equation, this quantity is mini-
mized when the healing length is shortest, i.e., by
0—/2. [In this limit the healing length depends only
on the fourth order y derivatives in Eq. (4.13) and be-
comes O(g~174).] However since variation of 0 affects the
state arbitrarily far away from the surface it is not obvi-
ous that this motion will occur until we consider the pat-
tern as a whole. Pomeau and Zaleski (1981) showed that
for rolls parallel to a plane boundary there is a linear in-
stability towards nucleation of a normal set of rolls in the
boundary layer, but again in a finite system this may be
suppressed by other sidewalls or by the curvature of the
surface. This brings us to the global question of pattern
selection in two dimensions, which we defer to Sec. VI.

Both of the above arguments (the linear analysis and
the Lyapunov function) rely on general features that fol-
low from the symmetry of the system, rather than on any
detailed properties of the equations. In each case the
crucial element is that near threshold rapid spatial varia-
tion is preferred along the rolls rather than perpendicular
to them. In addition, in these limits a global meaning
can be given to the statement “the rolls want to approach
the wall normally,” using either the lowest linear mode
or the Lyapunov function. Further away from threshold
it is not clear that either of these concepts still apply, and
the preference for normal rolls relies in the end on evi-
dence from experiment and numerical simulations.

An extra complication that has not been fully incor-
porated into our arguments was found by Zaleski et al.
(1984) who noted that solving the amplitude equation in
the O(e!’*) healing layer near normal incidence yields a
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curvature to the rolls in this region, so that the optimum
approach angle for the rolls in the bulk differs from 7 /2
by an amount of order £!/4. There is perhaps some evi-
dence for this in numerical simulations of the Swift-
Hohenberg equation by Greenside and Coughran (1984)
and in experiments by LeGal (1986) shown in Fig. 41
below, but the general applicability of this result is not
understood.

2. Type lll,: Oscillatory uniform

Little theoretical work has been done on boundary
effects for the oscillatory uniform case. In part this is
due to the paucity of controlled studies of boundaries in
the corresponding experimental systems (chemical waves,
excitable biological media). Boundaries can act as
sources, sinks or reflection sites for waves and defects (see
Sec. V.B below). The only study we are aware of which is
based on amplitude or phase equations is the work of
Riecke and Kramer (1985) who considered Eq. (4.90) for
x < 0 with the surface boundary condition

3,6=—G/a, x=0. (5.27)

Then depending on the sign of GB [where B is the
coefficient appearing in Eq. (4.90)] they found either a
disturbance propagating into the bulk (for G > 0), or a
weak disturbance localized near the surface (for GB <0).

3. Type l,: Oscillatory periodic

The effects of boundaries turn out to be very important
in type I, systems because the instability, at least at a su-
percritical bifurcation, is always convective in the infinite
system due to the propagation of disturbances at the
group velocity s, (see Sec. III.A.2). It is therefore only
the reflecting properties of the boundaries that cause a
perturbation in the finite system to grow locally in this
regime. Let us characterize the boundaries by a
reflection coefficient 7 for linear waves, defined as the ra-
tio of amplitudes of a reflected wave to that of an incom-
ing wave of constant magnitude and critical wave num-
ber at threshold (Cross, 1986b). Then we can estimate
the threshold of the instability €, in a finite system by
balancing the growth of the disturbance with the growth
rate €, over one traverse of the length 2L of the cell, with
the loss in amplitude due to reflection (we assume |7| < 1)

Il oL 50y ’ (5.28)

with s, the group velocity of the waves and L /s, the
traversal time. Equation (5.28) gives

g, =5o(2L) 'In(1/]r]), (5.29)

i.e.,, a shift for large L which is O(L ~!) rather than
O(L 7?) as in the stationary case, Eq. (5.8). Also, this re-
sult gives g, diverging as |r|—0. Actually we would
then expect €, =0O(1), where the instability becomes ab-
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solute, as discussed by Zaleski et al. (1985). [These au-
thors used the linearized amplitude equation but with
boundary conditions Axr=A4; =0 to determine ¢,.]
Equation (5.29) gives the leading term in L ~!, but there
will also be quadratic corrections for smaller L.

The onset mode in a large system can be easily found
by using the amplitude equations (4.59). Since the
diffusive terms play a secondary role in the structure of
the solution we may write (Cross and Kuo, 1992)

ex /s, ei(kx —Q,1)

Ap(x,t)=ag e s (5.30a)

Ap(x,t)=ay e 0 TN (5.300)
with A and A4, related at the ends + L by

A (L)=re " 4o (L), (5.31a)

Ag(—L)y=re " 4, (—L). (5.31b)

This leads to Eq. (5.29) together with ag =+ a; and an
expression for k=0(L ~!) given by a phase matching
condition

2qo+k)L+¢,=nm , (5.32)
agr=a; , n even, (5.33a)
agp=—a; , n odd, (5.33b)

where ¢, is the phase of r. The shift in wave number k
will lead to a change in the onset frequency and O(L ~2)
corrections to €., whose calculation however requires the
reinstatement of the diffusive terms in the amplitude
equation. The discrete set of k defined by Eq. (5.32) will
usually lead to a single mode with the smallest ¢, which
is seen from Eqgs. (5.30) to be in the form of counterpro-
pagating traveling waves, with the amplitude of right-
moving waves large in the right-hand end of the system
and left-moving waves dominant in the left half. For par-
ticular values of L two modes will be degenerate at
threshold, and their superposition will lead to a beating
phenomenon (Kolodner et al., 1989).

It should be noted that this calculation has sidestepped
the difficulties in the type I, amplitude equation dis-
cussed below Eq. (4.61), since the short healing length re-
gion near the ends is not described in Egs. (5.30) but rath-
er is parametrized by the reflection coefficient 7.

To obtain an estimate of the reflection coefficient from
the amplitude equation we generalize the type of bound-
ary conditions used in the stationary case, assuming
again that the sidewalls suppress the instability. In a
one-dimensional situation the general homogeneous
linear boundary conditions consistent with the sym-
metries x — —x, Ap <> A are

AR _aiax AR _Biax AL =0 (5.343)

x==xL

AL +ai ax AL +Bi ax AR =0 (5.34b)
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with a, B4 dependent on the underlying microscopic
boundary conditions. It is easy to solve the linear prob-
lem of an incoming right-moving wave of unit magnitude
and an outgoing left-moving wave at x =-+L near
threshold. Setting

—(L—x)/E,

AR=1+ale N (5.35a)
A, =r, (5.35b)
E=(1+ic)/sqy (5.35¢)

where the second term in (5.35a) represents a correction
with amplitude a, localized at the endwall, we find the
reflection coefficient

resoB_(1+ic,)" !, (5.36)

for small a., B+. However we emphasize that unless s,
is small, so that & is much larger than the basic length
scale of the problem, treating the boundary region within
the amplitude equation formalism is not consistent. If s,
is not small we have a complicated problem at the bound-
ary (with both nonlinearity and rapid spatial variation)
which has not yet been solved, although the linear prob-
lem has been studied for the free-slip case by Cross and
Kuo (1992).

As in the type I; system a mode truncation scheme
may be used very near threshold. At lowest order this
simply yields the nonlinear saturation of the counterpro-
pagating waves represented by Egs. (5.30). This calcula-
tion yields (Cross and Kuo, 1992) |ag | =|a; | =a with

e 4L (e—eg.) .
sollr|~1=1r]) (1+gy)

(5.37)

Notice that if instead we had assumed an inverted bifur-
cation in the infinite system, the coefficient (1+g,)~ ! in
(5.37) would become (g, —1)~!. Thus if g, > 1 the insta-
bility will be supercritical in the finite geometry, even
though it is subcritical in the infinite geometry. This is
clearly related to the strong standing wave component of
the onset solution in the finite geometry.

The mode truncation may be extended to dynamic
states in particular simple limits. Dangelmayr et al.
(1991) have studied the limit of small group speed
5o=O0(L '), perturbing in the small reflection ampli-
tude. Dangelmayr and Knobloch (1991) perform a nor-
mal forms analysis of the resulting coupled ode’s. Knob-
loch and de Luca (1992), on the other hand, look at the
limit r — 1. An interesting feature of these calculations
is the extreme sensitivity of the periodic or chaotic states
to the system size via the parameter Lq,, reminiscent of
the beating states in the linear analysis.

B. Defects and coherent structures

1. Introduction

An important element in the structure and formation
of real patterns is the existence of well-defined local
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structures or ‘“‘defects” in or at the edges of regions that
otherwise approximate quite well an ideal pattern. These
local structures may have a topological origin, as out-
lined in Sec. IV.B, in which case topological arguments
are useful to motivate the search for solutions with par-
ticular geometries and to suggest their stability. On the
other hand, as mentioned earlier, many important local
structures do not have topological significance. Since the
theory and phenomenology of both types of local struc-
tures follow similar lines we will consider them together.
The defects we will study are often referred to as
“coherent structures,” a term which emphasizes the local
perturbation rather than the background in which it is
embedded.

We will divide the discussion into two parts. First
(subsection V.B.2) we discuss the structure of stationary
defects, or of uniformly moving defects for which we can
make the replacement 3, —v-V. In these cases the prob-
lem reduces to the solution of an ordinary differential
equation (ode) in one dimension, or to a purely spatial
partial differential equation (pde) in higher dimensions.
We then (subsection V.B.3) discuss the motion of defects
caused by various perturbations. (The above division is
not a clean one, since sometimes it is convenient to calcu-
late uniformly moving defects perturbatively starting
from the stationary solutions.)

An important feature of the search for local defect
solutions (stationary or uniformly moving) is that their
existence places constraints on the background pattern
arbitrarily far away from the defect, where the latter pro-
duces negligible distortions from an ideal state. Thus, for
example, demanding a stationary dislocation in a type I
pattern such as a Rayleigh-Bénard roll structure fixes the
background wave number of the ideal pattern far away.
Defects may therefore provide an important pattern
selection mechanism, as discussed in Sec. VI below.

2. Structure of defects

We first briefly review the principles of calculation of
the structure of defects, leaving the details to the discus-
sion of specific examples.

a. Calculation methods

(i) Far-field calculations

As discussed earlier, topological defects may be
characterized by a winding number in a generalized
phase variable:

[ v¢-dae=2nmw, (5.38)
C

where C is any contour surrounding the defect. If C is
taken at large distances where the deviations from the
ideal pattern are on a slow spatial scale, this equation to-
gether with the phase equation may be used to fully cal-
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culate the far field of a stationary or uniformly moving
defect. The dislocation defect discussed in subsection
V.B.2.c below provides a good illustration of. this
method. The phase description breaks down at small dis-
tances, however, where Eq. (5.38) implies rapid varia-
tions, and a more complete description is in principle re-
quired. Often this core region can be parametrized sim-
ply in terms of a core size r,.

It should be clear that this approach is only useful for
defects in a continuous symmetry variable: defects result-
ing from a discrete broken symmetry (such as parity) are
not characterized by a phase variable.

(i) Phase-space methods

In systems that are effectively one dimensional, the cal-
culation of defect solutions can be formally reduced to a
problem in dynamics, where the “time” is the continuous
dimension of spatial variation. Examples are point de-
fects in one spatial dimension, line defects in two dimen-
sions, or point defects in two dimensions in cases where
one direction can be eliminated by symmetry (e.g., for an
axisymmetric defect only the radial coordinate need be
considered). In such cases the defect solution appears as
an orbit in a phase space defined by a finite set of ordi-
nary differential equations, whose number is determined
by the order of the starting partial differential equation in
the spatial variable (see Howard and Kopell, 1977; Ko-
pell and Howard, 1981). Besides the obvious
simplification of reducing a pde to a finite set of ode’s,
this reformulation allows use of powerful qualitative
methods from dynamical systems theory to obtain vari-
ous results without numerical calculation. As illustrated
below, phase space methods are particularly useful when
the ideal states appear as fixed points, and defects are
heteroclinic or homoclinic orbits joining these fixed
points. The real and complex Ginzburg-Landau equa-
tions (4.13) and (4.49), as well as their generalizations
(Sec. ITI.C.2.d) are notable examples where this is the
case, and a rather general enumeration of the types and
multiplicities of simple defect solutions can be given for
these systems (see subsection V.B.2.b below). Besides
such simple defects one can look for limit cycles of the
ode which may represent periodic patterns or nonlinear
wave trains, characterized by a dispersion relation w(q),
or chaotic orbits which represent spatially disordered
states.

A severe drawback of these methods, on the other
hand, is that the stability of the solutions under the
(physical) time evolution of the original pde is not tested,
so that a great deal of effort may be expended calculating
appealing but unstable, and therefore physically ir-
relevant, solutions. The questions of stability and acces-
sibility under the physical dynamics (i.e., the basin of at-
traction) must always be considered in discussions of pos-
sible solutions obtained from phase-space methods.
Some information on stability can be obtained using per-
turbative methods.
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(iij) Special solutions

Calculating the structure of defects may be easier in
special limits or at special points in parameter space
where there are extra symmetries or additional conserva-
tion laws which make a reduced analysis possible. An ex-
ample of a special limit is the calculation of dislocations
in the lowest-order amplitude equation. Special points
are also a useful tool for understanding fronts and pulses
in the generalized complex Ginzburg-Landau equation
discussed in subsection V.B.2.b.(v) below.

(iv) Perturbation methods

When a particular solution to an equation is known it
is often possible to calculate nearby ones using perturba-
tion methods. For example, perturbing away from the
dislocation solution of the lowest-order amplitude equa-
tion by adding the next order terms in &£!/? yields the
structure and wave number selected by the stationary
dislocation at order e, which turns out to be nontrivial.
For example the case of (Darcy-Rayleigh) convection in a
porous medium for which gy=w was calculated by
Pomeau et al. (1983) who found>*

q,=qotac, a=1.04 . (5.39)

The methods used for this type of calculation will be dis-
cussed in the section on dynamics (subsection V.B.3.a).

Another example occurs in the Ginzburg-Landau
model, which leads to an integrable dynamical system in
certain limiting cases. Then the defects or coherent
structures can be found analytically and they form a con-
tinuous family indexed by their velocity and/or their fre-
quency. Perturbing away from these limits we find a
discrete set of solutions, which can often be divided into
a stable and an unstable subset. A well-known example
of this phenomenon is the perturbation of the nonlinear
Schrodinger equation by small dissipative terms (see, e.g.,
Kivshar and Malomed, 1989).

b. One-dimensional defects

(i) Classification of defect solutions: Coherent structures

We have seen in Sec. IV that pattern forming systems
possess finite amplitude “ideal” solutions which are
characterized by a wave vector and/or a frequency. In
one dimension defects can be created by the spatial juxta-
position of different types of ideal solutions and of the
zero amplitude solution. We shall define three classes of
such coherent structures which can be considered ele-

54These authors had a different definition of . We have
rewritten their expression with e=(R —R_.)/R,, R, =4x>.
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mentary defects, treating first systems where the uniform
U=0 state plays a special role (see van Saarloos and
Hohenberg, 1992 and references therein).

e Fronts, which consist of a finite amplitude ideal state
at one end (x — — o, say) and the zero amplitude state
at the other (x — + o0).

® Pulses, which have the zero amplitude state at both
ends and nonzero amplitude in a localized region.

® Domain boundaries, formed by the juxtaposition of
two finite-amplitude states.

For moving fronts one distinguishes between ‘‘posi-
tive” and ‘“‘negative” cases depending on whether the
nonzero-amplitude state invades the zero-amplitude state
or vice versa. For domain boundaries whose ideal states
have group velocities of opposite sign one distinguishes
between “sources” with outgoing velocity vectors, and
“sinks” with incoming ones.”> In two dimensions, when
the solutions on either side are stationary periodic states
of different orientations, the domain boundaries are
called grain boundaries. In this case there is also y varia-
tion (periodic or quasiperiodic), but it is usually easily de-
scribed.

In the absence of symmetry the zero amplitude state is
not singled out, and the above distinctions between
different types of structures are less sharp. We will call a
front a structure joining two states of unequal amplitude,
at least one of which is uniform. A pulse, on the other
hand, has uniform states of roughly equal amplitude on
either side, while sources and sinks involve periodic wave
states.

For the one-dimensional case with symmetry it is con-
venient to begin with the generalized Ginzburg-Landau
model introduced in Sec. II1.C.2 above.

(i) The generalized Ginzburg-Landau model

Consider the equation
3, A=(b,+ic)32A+f,(|4|*) 4

+a,[f,(1 A1) A1+[8, f5(1412)] 4, (5.40)

where

FeD)=FoM+if,i(y), €=1,2,3, (5.41)

are complex functions of their argument, which are arbi-
trary for the moment (we typically will consider low-
order polynomials). This includes the type I, amplitude
equation (5.2) as a special case. For the sake of uniformi-
ty we will refer to the ideal states as “waves.”

3-35The nomenclature for one-dimensional defects is quite in-
consistent in the literature: fronts are sometimes called kinks or
shocks, pulses are referred to as solitons or s-waves, and domain
boundaries are known as fronts, pulses, shocks, sources, targets,
sinks, holes, or kinks.
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(a) The dynamical system

Let us restrict ourselves to a particular class of solu-
tions of Eq. (5.40), the so-called “uniformly translating”
solutions, given by the ansatz

A(x,t)=e " (&), (5.42a)
E=x—uvt, (5.42b)
AE)=a(g)e'?® | (5.42¢)

where v and w are arbitrary real constants. Insertion of
(5.42) into (5.40) leads to a system of ode’s for the vari-
ables

a(g), (5.43a)
q(§)=0: , (5.43b)
k(§)=0ea /a , (5.43c)

which takes the form>® (see van Saarloos and Hohen-
berg, 1992, and references therein)

d.a=«ka , (5.44a)

9:9=Q(a,q,x), (5.44b)

k=% (a, g, k), (5.44¢)
with
Q=—b 0+ vk—b,vg—2kq

+¢,[f1, +2(f3 + f3, )Ka2+f2,K—f2iq]

—b, (frut2(fu+fy )Ka2+f2iK+f2rq] ’ (5.45a)
H=—C,0—bvk—Cvg —Kk*+q?

—by[f 1, +2S 5+ 5 ket ok~ fq]

—alfu T2 oty ka + foktfq],  (5.45b)
by=b,(bi+c})™!, T;=c(b3+c})7!. (5.45c¢)

The coupled set (5.44) can be considered formally as a
dynamical system in the pseudo-time variable £. Fixed
points and trajectories in the phase space of this dynami-
cal system will correspond to different uniformly translat-
ing solutions of the original pde (5.40). Most of our dis-
cussion will refer to the complex Ginzburg-Landau equa-
tion obtained by setting

f1=e —(by—ic3)a’—(bs—ics)a* » [2=f3=0,
in (5.45), for which

(5.46)

5:6The parametrization in terms of the three variables a,, g be-
comes singular for solutions in which a(£) has zeros. In that
case a four-variable system, involving Re 4, Im 4, Re a, 4,
Im 9, 4, say, should be used (see Landman, 1987).
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Q=—b,(0+vg+cia*+csa*)

+¢,(vk+e—bya’—bsa*) —2kq , (5.47a)
F#=—b,(vk+e—bya’—bsa*)
—,(@+vg+cyal+esat)+q2—k* . (5.47b)

We first consider fixed points, which are determined by
the conditions

0:a =0, =0:=0 .
These are of two types. First, finite amplitude solutions,

which we refer to as ‘““nonlinear,” and are characterized
by

(5.48)

ay=const, gy=const, ky=0, (5.49)

where ay and gy are easily calculated as functions of the
parameters. This N fixed point corresponds to a plane
wave in the original equation (5.40), namely

il[gyx —(0+gpvit]

A(x,t)=ay e (5.50)

Second, zero-amplitude or “linear” solutions of the form

qp =const , k;=const, a;=0, (5.51)

which correspond to evanescent waves in the original
equation.

(B) Coherent structures

One-dimensional defects can now be constructed by
finding (heteroclinic) trajectories in the phase space of
(5.44), i.e., trajectories that join the various fixed points.
The three types of simple defects defined above can now
be identified (see Fig. 15).

@ Fronts joining N and L fixed points.

® Pulses joining different L fixed points.

® Domain boundaries joining different N fixed points.

(a) FRONT (b) PULSE
1Al |A|
X X
(c) SOURCE (d) SINK
1A i/\% Al i;g i.;'g
X X

FIG. 15. Schematic sketch of various one-dimensional coherent
structures: (a) front; (b) pulse; (c) and (d) domain boundaries of
source and sink type, respectively. The quantity 0, is the group
velocity of the nonlinear state in the frame moving with the
structure [see Eq. (5.62a)].
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The condition for the existence of a heteroclinic trajec-
tory is that the stable and unstable manifolds of the fixed
points in question should join up. Applying this condi-
tion we find predictions for the multiplicity of defect solu-
tions as @ and v are varied for fixed parameter values,
i.e., predictions of n-parameter continuous families or
discrete sets of solutions. It should be emphasized, of
course, that such arguments do not prove the existence
or nonexistence of solutions, only the possibility of
finding nearby solutions if one is known to exist. We
shall illustrate the power of counting arguments in para-
graph (iii) below.

Besides fixed points and heteroclinic orbits there are
also more complicated trajectories such as limit cycles or
chaotic orbits (Holmes, 1986; Landman, 1987). Certain
limit cycles correspond to nonlinear waves in the original
equation (5.40) whose wavelength A is determined by the
period of the limit cycle. If the limit cycle passes near a
pair of fixed points the nonlinear wave can be thought of
as the spatial juxtaposition of an infinite set of pulses or
domain boundaries.

(i) Multiplicity of solutions

We now wish to analyze the dynamical system (5.44) in
various special cases in order to show how the stability of
the N and L fixed points determines the multiplicity of
defect solutions.

(a) Fronts

Let us begin with the real amplitude equation, namely
(5.40) and (5.46), with ¢;=c;=c5s=bs=0 and b;>0.
This means we may choose b; =b;=1. Restricting our-
selves first to real solutions, which requires picking ©=0,

we obtain
dla+vda+ea—a’=0, (5.52)

for uniformly translating solutions. The phase-space

equations are
(5.53a)
B k= —vk—e+a’—«?, (5.53b)

a§a=xa R

i.e., the wave vector g does not appear. The nonlinear
fixed point N exists for € >0 and is given by

a(=¢, (5.54a)

ky=0, (5.54b)

and the linear fixed points L, , forv >v* =2¢!"2 by

L,:a;,=0, KL1=% (—v—Vv2—4¢), (5.55a)
L,:a,=0, KL2=%(—U+\/U2—48), (5.55b)

corresponding to the two possible exponential decay rates
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in the tails. The phase plane structure is illustrated in
Fig. 16(a) for fixed € >0, and v.

We now need to ask whether it is possible to find a tra-
jectory that leaves N and arrives at L, or L,, i.e., how
many parameters (v,€,. . .) must be tuned for this to hap-
pen. Clearly, from Fig. 16(a) the trajectory must leave N
along the unique direction of the unstable manifold.
Since L, has no unstable directions, we would expect this
trajectory to approach L, without tuning parameters.
Thus for v >v* we find a continuum of front solutions
corresponding to a heteroclinic trajectory leaving N
along the single unstable direction and arriving at the at-
tractive fixed point L,. In addition the phase space
method allows for a particular or discrete set of velocities
v, with v adjusted so that the unique trajectory leaving N
approaches L, along its stable manifold. (This requires
tuning the amplitude of the unstable eigenvector in the
trajectory approaching L, to zero, i.e., a one-parameter
tuning, here v.) The discrete set turns out not to exist for
Eq. (5.52), but it exists and plays an important role in
modified equations, e.g., the equivalent one for a subcriti-
cal bifurcation treated below. For v <v* the linear fixed
points are complex, i.e., they involve the variable g, but
the dynamical system (5.53), as well as its extension to in-
clude g(&), does not describe the real front solutions of
(5.52) that exist in this range [see subsection (iv) below].
In view of the continuum of front solutions with v >v*,
which are obtained by our arguments, the question natu-
rally arises as to which front is selected in the common
experimental situation where the stable a’=¢ state in-

(a) a
N
>0
Lo N
LJ * L, *
(b) a
N1
e<0
* |
L1+ ( LJ K

FIG. 16. Phase-plane structure in the a,x plane for the real am-
plitude equations (5.52) and (5.56), showing a nonlinear fixed
point N, two linear fixed points L,L, and their stable and un-
stable directions. (a) € >0, Eq. (5.52). (b) Same as in (a) but for
the subcritical case (5.56) and for £ <0.
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vades the unstable a =0 state starting from a localized
perturbation. This important selection question has been
the subject of an enormous amount of work, and it will
be discussed in Sec. VI.B below.

It is interesting to study the existence of front solutions
as extra complications are added. We consider first the
real equation for a subcritical bifurcation (i.e., we change
the sign in front of a* and add an @ stabilizing term) and
we still restrict our attention to real solutions,

da+v datea+a’—a’=0. (5.56)

The fixed-point structure has the same form as in
Fig. 16(a) for £¢>0, but now for € <0 it takes the form
shown in Fig. 16(b). Since L, and L, now both have one
unstable direction the continuous family of fronts disap-
pears, and there is a unique front (or a discrete set) corre-
sponding to the specific value or values of v for which the
unstable manifold of N joins the stable manifold of L,
(this is the fixed point relevant for a positive front where
N invades L and k <0). As ¢ is raised through zero this
discrete set of fronts continues to exist, and in addition
the continuous family develops in the same way as for the
supercritical case shown in Fig. 16(a).

If we now look for complex solutions we must allow for
a nonzero frequency w. For complex solutions of the real
cubic amplitude equation [(5.40) and (5.46) with
¢y =c3=bs=c5=0] we can seek fronts producing states
with finite wave number gy = — @ /v. This case was con-
sidered by Ben Jacob et al. (1985) who found that the
continuous family that exists for =0 persists when
® 7 0, so that the real equation with complex solutions
in fact has a tfwo parameter family of front solutions
determined by v and w (or gy).

The generalization of the above arguments to the com-
plex Ginzburg-Landau equation has been worked out by
van Saarloos and Hohenberg (1992), specifically for the
case of a subcritical bifurcation where (5.46) becomes (for
b, =b;=bs=1, a choice which is always allowed by ap-
propriate scaling of the equation)

9, A=eAd+(1+ic)d2 A+ (1+ic,)|A4|*4

—(1—ics)|A|*4 . (5.57)
It turns out that the counting arguments based on the
stability of the N and L fixed points allow a rather large
multiplicity of front solutions. The basic idea remains
that the fronts associated with L, form a continuous
family (with 1, 2, or 3 parameters), and the fronts associ-
ated with L; form a discrete set. Clearly, with such a
large allowed multiplicity of front solutions one must ask
which ones are realized as orbits of the dynamical system
(5.44), and more importantly, which ones are realized as
persistent solutions in the dynamics of the pde (5.57).
This selection problem is once again deferred to Sec VI.B.
At this stage we may merely remark that some informa-
tion about stability already follows from the properties of
the N state created behind the front. Indeed, if this state
is itself unstable, to Eckhaus or Benjamin-Feir instabili-
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ties (see Sec. IV.A.l.c), then the front will not be a uni-
formly translating solution. Nevertheless, a time-
dependent front may well be found, with a time-averaged
velocity whose value is well approximated by v. Another,
more subtle instability of the front due entirely to the
properties of the N state occurs if the group velocity of
that state (in the moving frame) is positive. In that case a
small disturbance far behind the front will eventually
outrun the leading edge (see van Saarloos and Hohen-
berg, 1992). The condition for a positive group velocity
[see Eq. (5.59) below] is related, but not identical, to the
Benjamin-Feir criterion (4.57).

(B) Pulses

Since pulses are represented by L —L orbits of the
dynamical system the counting argument does not
differentiate between Egs. (5.52) and (5.56) since it only
involves the linear part of the equation. The orbit must
originate at a fixed point with k; >0 (for £ — — o) and
end at one with k; <0 (§ — + =), so in the real equation
it can only exist for € <O [see Fig. 16(b)]. Moreover, in
order for the orbit to end up at L; a parameter must be
adjusted, so pulses only exist for discrete velocities. By
symmetry it can be shown that if a pulse with velocity v
exists then there is also one with velocity —v, so in gen-
eral the stationary (v=0) pulse belongs to the discrete
set.>7

For the complex Ginzburg-Landau equation (5.57) van
Saarloos and Hohenberg (1992) show that a pair of linear
fixed points L, , with x;; <0, «r,> 0 exists for £ >0 also.
Thus counting allows a discrete set of pulses for both
€ <0 and € >0, and the stationary pulse (v =0) is again in
general allowed by symmetry (see footnote 5.7).

(v) Sources and sinks

We begin by discussing domain boundaries in the gen-
eralized Ginzburg-Landau model (5.40) with arbitrary
f1(l4]%) but f,=f;=0 (van Saarloos and Hohenberg,
1992; see also Malomed, 1984). The N fixed-point param-
eters are given by

leK/—flr(aK')=0 >

w+UQN_01QJ%f_f1i(‘11%r)=O .

(5.58a)
(5.58b)

Let us confine ourselves to the stable branch of (5.58a),

5TMore precisely, we can state that if a stationary (v =0) pulse
exists for one value of the parameter € in Eq. (5.56), it will in
general persist as a stationary pulse in a neighborhood of that
parameter value. Moving pulses (v #0), on the other hand,
have a velocity whose value in general depends on €. For Eq.
(5.57) which has more parameters, the same remarks apply to
the dependence of v on any of the parameters.
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i.e., assume that this equation can be inverted to give
2 -1
ay=r1,'(b1gf) -

Then we define the group velocity of the waves in the
frame moving with velocity v by

(5.58¢)

7, =(3w/3qy),
=—v+2ciqy—2b1qnSf1:/f1r >

where the prime denotes the derivative with respect to
the argument a®. Consider an orbit N, — N, joining two
N fixed points. From Egs. (5.58a) and (5.58b) we find, as-
suming gy, 74y,

(5.59)

fli(al%’l )_fli(aJ%Z)

adN1—4n2

v=c(gn1Tqn)— (5.60)

Equations (5.59) and (5.60) thus express v and ¥, in terms

of the wave vectors gy; and gy, of the fixed points alone.
For the cubic case

fi1=e—(b;—ic3)a?, (5.61)
we find

v=_(c,+bic3/b3)(qn1t4qnm) » (5.62a)

U =(c1+b1c3/b3) (g1 —qn2) = — Ty - (5.62b)

It follows that for this case any domain boundary is ei-
ther a source (5g2 > 0, «<——), a sink (iFg2 <0, —<«), or
a homoclinic structure where the nonlinear states on ei-
ther side are identical [——, gy;=¢qy,, Ty =0y, but
Eq. (5.62) does not hold]. In this case it can be shown
that for small v sources form a discrete set and sinks a
continuous family. For the general case represented by
(5.59) and (5.60) there are (moving) domain boundaries
that are neither sources nor sinks, nor homoclinic struc-
tures, i.e., they have unequal group velocities with the
same sign. For example, in the quintic equation it can be
shown that domain boundaries are again necessarily ei-
ther sources or sinks for small enough>® |»|, and that
sinks form a continuous family indexed by v, and sources
form a discrete set. For larger>® |v| on the other hand,
there is a possibility of families of sources also, as well as
more general domain boundaries with |7, 7 |7,/ .

To conclude this discussion of the use of stability con-
siderations to determine the multiplicity of solutions of
the dynamical system, we note that generally speaking
these arguments provide an upper limit for the number of
solutions. This is because the counting only considers
the restrictions placed on the orbit by its end points and
not by the intermediate parts of phase space. In applying
this rule, however, it is important to take proper account
of symmetries and conservation laws which may not be

5-8The limits on |v| can be calculated from the parameters, see
van Saarloos and Hohenberg (1992).
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Tl (@ Vio

(c)

FIG. 17. Illustration of various forms of f(u)
and the associated V(u) for the nonlinear
diffusion equation (5.64). Arrows in (a), (c),
and (e) show stability of fixed points u , ,uq,u
corresponding to spatially independent solu-
tions. Trajectories in (b), (d), and (f) (dashed

(e) (f)

u lines) correspond to coherent structures of the

* pde (5.63).

readily apparent in the stability analysis. An example
was provided above in the counting of pulses, where the
value v =0 (stationary pulse) results from inversion sym-
metry. As we shall see in subsection (v) below, continu-
ous symmetries and conservation laws lead to families of
solutions once a particular solution is known to exist.

We now turn to special cases where information is
available on the whole phase space trajectory, and where
more detailed results on the existence and multiplicity of
coherent structures can be obtained.

(iv) Fronts and pulses in the nonlinear diffusion equation

The real equations discussed above are examples of the
nonlinear diffusion equation, for which a more complete
analysis of fronts and pulses is possible. This gives some
insight into the strengths and weaknesses of the counting
arguments. Let us consider the equation

d,u=3d%u-+f(u), (5.63)

where for the Ginzburg-Landau case u= A4, and
f(A4,)=f,,(A?) A, but more generally f need not have
any symmetry. We call Eq. (5.63) the nonlinear diffusion
equation. The dynamical system (5.44) for uniformly
translating solutions u (x,#)=u (x —vt) becomes

dgu +vdqu+f(u)=0, (5.64)
where the function u, in contrast to @ =|u|, can be both
positive and negative. Equation (5.64) describes a classi-
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cal particle of unit mass with damping constant v (either
positive or negative) moving in the potential (Ben Jacob
et al., 1985)

V= [ fdy . (5.65)

Let us consider a function f(u) with three zeros and
no symmetry, as in Fig. 17. The points u that are stable
equilibria of (5.64) are maxima of the potential ¥, and the
unstable equilibrium % =u; is a minimum of V. A
front>? is represented by an orbit that begins at a max-
imum of V (u=u,, say) and ends up at u=u,
[Figs. 17(a) and 17(b)]. For large v the damping is large
and the particle leaving u =u, will come to rest at
u =u, without overshoot. This corresponds to a mono-
tonic front between u . and u,. Below some damping
v =uv, there will be an overshoot before returning to u,.
We may also define a critical damping v* below which
the approach to the minimum is underdamped, i.e.,
occurs through an infinite number of decaying oscilla-
tions, and the leading edge of the front is oscillatory. For
some value v =v;, <v, the particle will precisely reach
the other maximum at ¥ =u _ [Figs. 17(c) and 17(d)] and
this orbit represents a front>® solution between the two

59Since Eq. (5.64) has no symmetry we use the term front to
denote a structure joining any two uniform states of different
amplitudes [see subsection (i) above].
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stable fixed points ¥ =u_. The sign of the velocity v;,
is determined by the relative magnitude of V(u ) and
V(u_),i.e., by the quantity

LS
Je=[ fdy, (5.66)

such that for J >0, v, >0, and u , invades u _, while
for J. <0 the opposite is true. For v <v.;, the orbit
goes off to u = — o, so it does not represent a finite solu-
tion of Eq. (5.64). (Depending on the form of f(u), v,
may be larger than v*; in this case v* is not relevant to
the properties of fronts, although it may appear in the
fixed-point analysis.) We thus have a one-parameter fami-
ly of fronts between u, and the unstable state u, with
velocities v;, <v <, and a single front with velocity
Umin Detween » . and u _.

An interesting special case arises at a saddle-node bi-
furcation where one of the stable states disappears as a
parameter is varied, e.g., u_ and u, collide as in
Fig. 17(e). For this particular case there is a continuous
family of fronts from u  to u, with v >v ;. where v, is
the limit of the unique u, to u_ front velocity men-
tioned above. Discrete fronts, e.g., those corresponding
to Fig. 17(d) are sometimes known as “trigger” fronts,
whereas those belonging to a family, e.g. Fig. 17(f), are
known as phase fronts (Fife, 1984a,b; Reusser and Field,
1979).

In the subcritical Ginzburg-Landau model (5.56) we
have

f)=f,(uHu=cu+u3—us, (5.67)

i.e., fis odd. For €> 0 this leads to a potential as in Fig.
17(b) and 17(d) which is symmetric about ¥ =0, and we
find v,;, =0. In this case there is a family of fronts with
0 < v < , and also a stationary front between u , and
u_, i.e., a domain boundary in our classification. A
pulse solution is an orbit beginning and ending at
u=uy=0, and it is clear that for € >0 none exists, since
u =0 is a minimum of the potential V (u).

Turning now to £<0, V(u) has three maxima since
u =0 is now a stable solution of Eq. (5.64). If we consider
only orbits for # = 0 they may again be represented as
in Fig. 17 but now with u_ =0 and u, the positive
stable solution of Eq. (5.64). A front between a zero and
finite amplitude state>® is represented by an orbit joining
these two maxima. There is no longer a family, but rath-
er a unique velocity v' for such an orbit. Its sign is again
determined by a quantity as in Eq. (5.66)

Uy
Jo=[ fpdy, (5.68)
0

such that for J >0, vT>0 and u . invades u =0, while
for J, <O the opposite is true. Similarly, there is a
unique pulse orbit and it has v =0, since the trajectory
leaving ¥ =0 must return to u =0. Moreover it exists

only for g€,<e<O0 where g, is the value such that
V(u=0)=V(u=u,). For e=—3/8 a saddle-node bi-
furcation occurs as in Fig. 17(f) and a continuous family
of fronts with v > v exists.

It is also interesting to consider the asymmetric exam-
ple

flw)=eu+u?—u3; (5.69a)
1 2.1 35 14
V(u) 3 su’+ 3u | 4u s (5.69b)

and to compare the actual multiplicity of fronts and
pulses found here to the results of the counting argu-
ments of subsection (iii) above. It may be verified (Ben
Jacob et al., 1985) that v, =1/V2, and v*=2¢!/2. For
€>0, V(u=0) is a minimum and the mechanical model
shows that there is one front (between u=u_ >0 and
u =0) for each v in the range v, <v <. For e>1/8
and v <v* the approach to u=0 is oscillatory with
v* > v, Figs. 18(a) and 18(b), whereas for 0<e<1/8
the asymptotic approach is exponential, although over
the whole range 0<e<e'=2 there is overshoot for
v <v'(e) (Fig. 18). On the other hand the counting argu-
ments of subsection V.B.2.b.iii give a continuous family
for any € >0 and v >0, plus a discrete set.

Thus the counting argument overestimates the multi-
plicity of solutions since it predicts fronts in the range
0<v <v,;, where none exist. In addition there is only
one front for each v >v_;,, not a family plus a discrete
front. The latter is embedded in the family, at v =vT, and
represents a solution connecting smoothly to the family.
The anomaly at v =yt only appears when one plots the
asymptotic decay rate k; (v), as in Fig. 18, which experi-
ences a discontinuity at v =T, This occurs because the
solution has the asymptotic form

u(§)~C1(v)eM|K“I§+ Cz(v)e_lkulg, (5.70)

with |k ;| > |k;,|, and C,(v) passes through zero at

v=uv". Thus v'is the velocity v, where the solution first
experiences an overshoot. It will turn out (see Sec. VI.B
below) that the front with v =0 plays an important role
in the selection problem.

For &£ <0, the phase-space argument correctly predicts
the existence of a discrete front, as well as discrete pulses,
but it does not specify their multiplicity: only stationary,
v =0, pulses exist, and only for ¢; <& <O0.

(v) Exact solutions

In this section we describe a number of special cir-
cumstances which allow us to obtain analytic informa-
tion about the solutions of the generalized Ginzburg-
Landau equation (5.40).
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min [~ min
It 1

I<e<er=2

FIG. 18. Velocity v vs asymptotic spatial de-
cay rate k; of fronts in the asymmetric non-
linear diffusion equation (5.69), for various
/ values of control parameter €. Full lines show
/ the range of velocity for which front solutions
exist. Dashed lines show other solutions for
the exponential approach given by a linear
analysis about ¥ =0 that are not, however, the
(b) asymptotic approach for nonlinear fronts.

Solutions with v >v* correspond to exponen-

) tial decay of u(x), while fronts with v <v*

Front velocity v

min \ /

1 |

ekl e

-1<e<0

have oscillatory decay (in which case |« | is
the asymptotic decay rate of the envelope).
For 0<eg<gl=2 [panels (b) and (c)] the veloci-
ty v is the value at which the curve K (v) is
discontinuous, and it corresponds to a discrete
front linking the fixed points N and L, in
Fig. 16. For — <& <0 [panel (d)] only this
front exists, and for e<—;
fronts. For £ =0, v, =v*=v" and there exist
“phase fronts” for all v >wv,,, corresponding
to the situation in Figs. 17(e,f). Similarly, for
e=—1, Eq. (5.69) has a saddle-node bifurca-

L|I

there are no

(d)

Asymptotic decay rate |« |

I, lre

tion and phase fronts exist for v >v,;,. In
each case the solid point indicates the front
which turns out to be selected according to the
arguments of Sec. VL.B, and the open circle

(a) Symmetries, conservation laws,
and “integrable” systems

For special points in parameter space a pde such as
(5.40) may obey additional symmetries or conservation
laws. [The well-known connection between the two, ex-
pressed by Noether’s theorem (see, e.g., Hill, 1951),
presupposes a variational principle which is not in gen-
eral present in the equations we are considering.] A
consequence of continuous symmetries is the existence of
Sfamilies of solutions, obtained, e.g., by applying the sym-
metry transformation to a particular solution. A
different method of finding families is to examine the
dynamical system (5.44). For special cases this system of
ode’s may be integrable and may therefore yield exact
front or pulse solutions. Unless there are restrictions on
v and o this procedure will in general yield families.
Note that the above integrability involves only the partic-
ular subclass of uniformly translating solutions (5.42),
and it is of course quite different from the integrability of
the pde, which refers to a general solution.

(B) Perturbing around exact solutions

Having obtained families of exact pulse or front solu-
tions in special cases of Eq. (5.40), it is interesting to ask
how these are modified when more general terms are add-
ed as small perturbations (see Newell, 1978; Doelman,
1989; Kivshar and Malomed, 1989; Fauve and Thual,
1990; Hakim and Pomeau, 1991; Dewel and Borckmans,
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corresponds to a “missing” front.

1992). For example, van Saarloos and Hohenberg (1992)
have shown that the equation

3, A=id2 A+if;(|A1)A+3d,.[f,(|4|))4] (5.71)

(where f,; and f,, are arbitrary real functions) leads to
an integrable dynamical system (5.44) with an exact dou-
ble family of pulses indexed by v and w, and a single fami-
ly of fronts indexed by v. When the dissipative perturba-
tion

byB=b32A+f,,(14]>) 4, (5.72)

is added to the r.h.s. of Eq. (5.71) the conservation laws
of this equation are broken and a selection of a discrete
set of pulses and fronts ensues. For small b, this is
achieved by showing that the dynamical effect of the per-
turbation on the family of solutions of (5.71) is to induce
a drift of the parameters v(7T), o(T), according to the
slow time variable T=b,t, towards definite fixed-point
values. This type of perturbative calculation therefore
does not simply ask how the full manifold of front and
pulse solutions is modified, but also which solutions will
be stable under the perturbation (5.72). Although there
certainly are solutions of the perturbed system that are
not obtained in this way, those which are will have cer-
tain selection properties to which we shall return in
Sec. VL.B.
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(v) Particular solutions
of the complex Ginzburg-Landau equation

Even when there are no special symmetries, conserva-
tion laws, or integrability conditions it is sometimes pos-
sible to find particular exact solutions of the dynamical
system (5.44), (5.47). An important one for the selection
problem treated in Sec. VI.B below is the so-called “non-
linear front” solution obtained by van Saarloos and
Hohenberg (1990, 1992) from the ansatz

(5.73a)

k(a®)=e,(a’—a}), (5.73b)

q(a®>)=qy+eya’—a}3),

with constants gy, ay, €y, e; to be determined. Insertion
of this ansatz into the ode’s (5.44), (5.47) leads to two
quadratic polynomial equations in the variable a*(&).
Requiring that these relations be satisfied identically, one
finds six relations (from the coefficients of a°, a2, and a*
in the two equations) for the six quantities gy, ay,
€y, €1, w, and v. From these one can in general find expli-
cit expressions for the velocity v! and the decay rate
Ky = —e,a% in terms of the parameters {b;,c;,e} of (5.47)
(there are either O, 1, or 2 solutions). This particular
solution, which was derived independently by Klyachkin
(1989), is the discrete N—L,; front predicted by the
counting arguments of subsection V.B.2.B.iii. It will play
an essential role in the selection process discussed in
Sec. VI.B below.

The existence of ‘“integrable orbits” of the nonin-
tegrable dynamical system, or of particular nontrivial
solutions of the pde (5.57), has been related to Painlevé
conditions by Florjanczyk and Gagnon (1990) and by
Powell et al. (1991). In particular, Powell et al. apply
the truncated Painlevé expansion of Weiss et al. (1983) to
the pde directly in order to find the nonlinear front solu-
tion (5.73). So far the appeal to this more general frame-
work has not led to new results, but one might hope that
further work along these lines will provide additional in-
sights.

Bekki and Nozaki (1985) have presented a family of
exact solution of the cubic Ginzburg-Landau equation
(4.49) which they call “hole” solutions, and which are
domain boundaries in our classification. It was noticed
by van Saarloos and Hohenberg (1992) that these solu-
tions in fact represent sources, which are predicted to
have discrete multiplicity according to the counting ar-
guments of subsection V.B.2.B.iii, rather than existing as
a family. Since the phase space counting usually overes-
timates the multiplicity this violation is unexpected, and
has tentatively been attributed to a “hidden symmetry”
by van Saarloos and Hohenberg (1992).

(vi) Other one-dimensional defects

(a) Weak sources and sinks in the phase equation

In oscillatory systems (types I, and III)) the domain
boundaries we have called ‘“‘sources” and ‘‘sinks” are
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often referred to as ‘“targets” (outgoing waves) and
“shocks” (incoming waves). Targets are important as
point defects in two-dimensional situations and will be
considered in subsection V.B.2.c.iii below. If the wave
vectors of the two domains are close together a rather
complete analysis is possible using the phase equation.
We will call these weak sources (sinks).

For the type III instability, or in the moving frame for
a single type I, wave, we may use the phase equation
(4.90)

3,6=aV—B(Ve),

which is valid more generally than the amplitude equa-
tion (4.49) [in contrast to (4.90) we here suppress the con-
stant term w,]. A complete sink or shock solution of Eq.
(5.74) may be found analytically in one dimension
(Kuramoto, 1984a,b; Murray, 1989). The transformation

(5.74)

u=2p09,¢ (5.75)
changes Eq. (5.74) into a Burgers equation
du=a du—udu . (5.76)

Alternatively, the Cole-Hopf transformation (Whitham,
1974)

X=exp(—B¢/a) (5.77a)
converts (5.74) to the linear equation

3, ¥=av¥, (5.77b)
which can be solved to yield
ul(x,t)=uy+u; tanh[ —(u, /2a) (x —ugt)], (5.78a)

or

u(x —uyt)/2a

°
I
|
(R

[-— %uo(x —ugyt)+infe

+e—u1(x—uot)/2a] ] (578b)
where u, and u, are arbitrary constants. The expression
in Eq. (5.78) represents a shock front moving with veloci-

ty
v=u, (5.79)

in a medium whose overall phase is given asymptotically,
as x —1 o, by

b1=qix—wyt, (5.80a)
with

w:=Bq% , (5.80b)

g+=uo/2B = |u,|/2B . (5.80c)

The above results can be interpreted simply by noting
that (5.80b) is the dispersion relation for nonlinear waves,
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and (5.80c) is obtained from the synchronization condi-
tion

O, —qV=w_—q_V . (5.81)

Note that Eq. (5.80c) is equivalent to Eq. (5.62a) above,
with the scaling b, =b;=1, and B=c;+c;, as in Eq.
(4.91.c).

As a special case of Eq. (5.80) we first consider station-
ary sinks, with v=0. These have g, = — g¢_ and group
velocities vy, so they correspond to a pattern of incoming
waves

Ve =— v =—lu;[<0. (5.82)

Note that the signs of the wave vectors g, (or phase ve-
locities) depend on the sign of the dispersion coefficient 3,
which can in principle be either + or —. For the usual
case of B3>0 the wave vectors are also incoming
(g =—q_<0), but for B<0 we have g, =—¢q_>0.
In either case the solution corresponds to a stationary
sink at which two equal and opposite waves collide.

For moving sinks we have in general v # 0, and Egs.
(5.80)—(5.81) imply

o, —o_=vigy—q_)=—vlu,|/B. (5.83)

Thus the direction of motion of the shock depends on the
sign of the dispersion: for the usual case of positive
dispersions (8>0), the higher frequency wave entrains
the lower frequency one (0, >w_—v <0), and for B<0
the opposite is true.

Note that we obtained a result similar to (5.83) in the
complex Ginzburg-Landau model (5.61), but there it was
not restricted to weak shocks. Indeed, Eq. (5.62) ex-
pressed in terms of w4+ =w *+ vgy. implies

Q)N+_Q)N_=(C1+C3b1/b3)(q1%j+ ‘qﬁ_ )

=v 0,4 /(cyte3by/bs) . (5.84)

Then for a sink (7, <0), with normal dispersion
(cy+ce3b, /by > 0), oy —wy— >0 implies v <0; i.e., the
higher frequency state overtakes the lower frequency one.
The situation is reversed for negative dispersion, as well
as for sources.

Let us now ask under what conditions (5.78b)
represents an appropriate solution of the amplitude equa-

7=s2f dx { —2A4%e%x)cosH(gox +¢)+4 A4 e x )cos*(gox +b)+8g3 [s*‘/zaxA(s‘/zx)]zsinz(qox +4)} .

We would usually evaluate this expression by first ignor-
ing the slow variation of 4 and replacing the oscillating

functions by their averages (cos’— 1, sin’—1, cos*—2),

leaving the integration over the slow variable to obtain
F=e3? [ dX{— AUX)+4g3[3x A(X) 2+ 44X} .

(5.87)
Clearly this integral is independent of the position of the
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tion (4.49). The condition of validity of the phase equa-
tion (5.74) is 8a—0, which corresponds to small
differences g, —q_, i.e., weak shocks. This condition
implies ¢ <<e!/? near threshold, and when it is violated
we have strong shocks, for which amplitude variations
must be taken into account, as discussed in subsection
V.B.2.b.iii above (see also Bernoff, 1988). Another point
to note is that there are no one-dimensional source or tar-
get solutions of the phase equation (5.74) representing
outgoing waves, i.e. waves with vg+z —vg >0. It turns
out that within the phase equation formalism targets only
exist if the medium is inhomogeneous, i.e. the targets are
“extrinsic” (Kuramoto, 1984b). Intrinsic targets that
arise in a homogeneous medium require amplitude varia-
tions, as discussed in subsection V.B.2.b.iii above, and in
subsection V.B.2.c.iii below for the two-dimensional case.

(B) The Swift-Hohenberg model; nonadiabatic effects

For the Swift-Hohenberg model (3.27) in one dimen-
sion the phase-space methods discussed above would lead
to a rather high-order dynamical system and they are
more difficult to implement. Nevertheless, the existence
of a two-parameter family of moving fronts has been
proved rigorously for this model at small £ by Collet and
Eckmann (1990), and a number of numerical studies have
been carried out (see Sec. VI.B). In the subcritical case
localized pulse solutions can be found numerically, not
only in one dimension but in higher dimensions as well
(see subsection V.B.2.d below).

The Swift-Hohenberg model is also convenient for il-
lustrating nonadiabatic effects discussed briefly in Sec.
IV.A.4. Let us consider a stationary front, and make use
of the Lyapunov potential to give a simple analysis, al-
though calculations using only the dynamic equations
can also be carried out (Bensimon et al., 1988). A front
centered at x =0 is described by a real amplitude 4 (X)
with X =¢!/%x in the reduced amplitude equation (4.7), so
that

u=¢'24(e"x)2cos(gox +¢)+ - - -, (5.85)

where ¢ gives a shift in the position of the rolls, and we
do not need to consider higher-order terms. The poten-
tial (3.28) is

(5.86)

front relative to the rolls. However we have ignored

terms such as
AF=¢? f dx [— A%(e!?x )cos2(gox +¢)] .  (5.88)

Since this is just the Fourier transform at wave number

2g, of a function smoothly varying over a scale ¢ 172,
this integral is exponentially small. In fact
AF~eaVe (5.89)
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where a and the prefactors depend on the details of the
shape of 4 (x). However, most importantly, AF will de-
pend on ¢, i.e. on the relative position of the front and
the rolls.

Formally this correction is ‘“smaller than any power of
€,” however for any nonzero value of € such a locking
term may be important. Physically it simply corresponds
to a preference of the center of the front to sit on top of
or between the rolls. The consequences in the Swift-
Hohenberg model will be rather harmless until € becomes
sizable and perturbation theory is not applicable. For ex-
ample, the periodic corrections to the potential will lead
to a small modulation of the linear front velocity
v*=2¢'"2, to be discussed in Sec. VL.B below. However
in other situations, where the amplitude or phase equa-
tions predict a smooth passage of a propagation velocity
(relative to the periodic structure) through zero, the
modulation will give rise to a locking of the velocity to
zero over a finite parameter band (Bensimon et al.,
1988).

(v) Grain boundaries

A class of one-dimensional defects arises in a two-
dimensional system in the region where two patches of
rolls of different orientations come together. In analogy
with crystal physics these defects are called “grain boun-
daries” and they are the line topological defects associat-
ed with the rotational symmetry of type I, patterns; they
may also be thought of as fronts between two nonlinear
states. We can consider symmetric grain boundaries,
where the rolls on either side make an angle &= 6 to the
direction of the boundary. More common, however,
seem to be perpendicular grain boundaries where one set
of rolls is perpendicular, and the other parallel, to the
boundary. This structure is presumably favored for the
same reasons that rolls tend to terminate normally at a
sidewall (see Sec. V.A.1.b.iii). Also, as mentioned earlier,
rolls parallel to a long sidewall are unstable to perpendic-
ular rolls.

The structure and dynamics of grain boundaries have
been studied in some detail using the amplitude expan-
sion near threshold (Cross, 1982a; Manneville and
Pomeau, 1983; Tesauro and Cross, 1987; Malomed et al.,
1990). We now need two coupled amplitude equations,
for the two sets of rolls, as in Eq. (4.31). This system
could be analyzed using phase space methods as in sub-
section V.B.2.b.ii above, albeit in higher dimensions
(variables a,k,9,, a,,K,,9,), but this has not been pur-
sued in the literature. The interaction parameter 9(6),
Eq. (4.32), which determines the stability of one set of
rolls to superimposed rolls at an angle 0, controls the
properties of the structure. Cross (1982a) has considered
symmetric grain boundaries and evaluated the extra con-
tribution to the potential (4.9) of the amplitude equation
coming from the suppressed amplitudes at the interface.

The perpendicular case, shown schematically in
Fig. 21(g) below, has received wider attention since it

Rev. Mod. Phys., Vol. 65, No. 3, July 1993

provides a mechanism for wave-number selection. We
consider the geometry of rolls along the x and y axes with
the grain boundary along the y axis. Within the lowest-
order amplitude equation, arguments based on the
Lyapunov function and direct analysis show that a sta-
tionary grain boundary only occurs for ¢, =g,=q,
(Tesauro and Cross, 1987). In an earlier work Manne-
ville and Pomeau (1983) had suggested a one-parameter
family, but this was due to their neglect of the phase
unwinding of the x rolls that can occur, much as at a rig-
id lateral boundary. The calculation of the spatial depen-
dence of the amplitudes of the stationary grain boundary
is quite delicate because of the different characteristic
length scales (e~!/2 and €~ !/%) for the variations of the
two amplitudes within the boundary, leading in fact to an
O(e~'/%) boundary layer for the y rolls (and not £~ 1/# as
suggested by Tesauro and Cross).

In general the situation has close analogies with front
propagation (subsection V.B.2.b.ii.a). For a general
value of g, (consistent with stable y rolls), we expect a
unique propagation velocity producing a set of x rolls
with a determined wave number, since this is analogous
to the situation of a front connecting two stable states. If
g, is tuned to reduce the propagation speed, then we ex-
pect nonadiabatic effects [see subsection (B) above],
whereby the front envelope is locked to the x rolls them-
selves, over a band of g, which, however, is exponentially
small near onset. The position of the front which is
locked to the x rolls can then still relax, but now by
stretching the wave number of the x rolls, presumably to
a unique selected value for each g, in the band. Notice
that for nonzero front velocity the magnitude and phase
of the x rolls are evolving separately, whereas in the
stretching motion they are locked together. This picture
was tentatively confirmed by Tesauro and Cross (1987)
using perturbative calculations on the amplitude equa-
tion, and a direct numerical simulation of model equa-
tions, although in the latter it was not shown conclusive-
ly that transients had been eliminated.

c. Point defects in two dimensions

(i) Dislocations in type I systems

A dislocation defect is a point in the cell where a pair
of rolls terminates, as shown in Fig. 19. It is the topolog-
ical defect associated with the discrete translational sym-
metry of the ideal system, as discussed in Sec. IV.B. The
motion that takes an isolated dislocation through symme-
try related states occurs in a direction parallel to the rolls
and is called climb. Since climb has the effect of increas-
ing or decreasing the average wave number of the whole
system (for motion up or down in Fig. 19, respectively),
we might expect the climb velocity to be related to the
background wave number, i.e. the wave number far away
from the core where perturbations due to the dislocation
are not important. Indeed, there is a particular wave
number g, for which the climb velocity is zero and in
subsection V.B.3. below we will investigate the depen-
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(a)

b

(c)

FIG. 19. Dislocation defects in a type I, system. Photographs
are flow visualizations of a Rayleigh-Bénard convection experi-
ment showing a pattern of 14 wavelengths in the lower portion
of the cell and 13 in the upper portion. Panels show climb
motion of the defect induced by changing the Rayleigh number.
(a) R=1.2 R,: the dislocation is moving towards the bottom of
the picture. (b) Lowering the Rayleigh number to R=1.15R,
reverses the motion. (c) The Rayleigh number has increased
again. (From Croquette, 1989.)

dence of the velocity on wave number, v (g —q,). Motion
along the direction normal to the rolls is called glide and,
contrary to climb, it does not involve only symmetry-
related states because of the underlying periodic struc-
ture. In general the dislocation will be pinned to a par-
ticular position relative to this structure and a nonzero
perturbation will be needed to drive the motion, though
this effect does not show up in the amplitude or phase
equations, since it is ‘“‘nonadiabatic.”
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In general the far field of a stationary or uniformly
climbing dislocation is given by solving the phase equa-
tion (4.76) linearized about the background wave number
q. Specifically, let us write ¢ =gx + ¢, so that

v3,§—D(q)3:¢ — D,(q) 3¢

=27 D ()3, 8(x —x,)© (y—y;) , (5.90)

where (x;,y,) is the position of the defect in the moving
frame and © is the Heaviside function. (Actually we
could formally choose v in any direction by a simple re-
scaling of the equation, but as mentioned above only
climb is expected to be uniform.) The term on the right-
hand side maintains the required phase winding by intro-
ducing a 27 jump along x =x,, y > Y4 We will assume
that the diffusion constants D“(q), D (q) are both
nonzero (see below). It should be noted that the velocity
v is actually fixed by the background wave number g,
though this does not come out of the phase equation
analysis. Indeed, Eq. (5.90) may be solved for any (v,q),
$0 it remains unclear to us how the selection is manifest-
ed in an analysis based on the phase equation alone. It
appears likely that in general v (g) will depend on the de-
tails of the defect core structure where (5.90) breaks
down due to the rapid spatial variation (Tesauro and
Cross, 1986), so we shall consider v(q) to be given in
studying Eq. (5.90).

This equation may be readily solved (Bodenschatz
et al., 1988a). Introducing  scaled  coordinates
X=x/D|"? Y=y/D!? V=v/D!?, R=(X2+Y?)!?,
we have for v =0 simply

é=tan" (Y /X) . (5.91)

For nonzero v this same expression applies close in
(VR << 1), whereas far away (VR >> 1) the result is more
complicated and is most easily stated in terms of a gra-
dient related to the tilt angle

dyd=[(Vm)'2X /2R3?] exp[—V(Y+R)/2]. (5.92)
A feature of this solution that has important implications
for the interaction of defects is the exponential decay of
the phase perturbation in front of the uniformly moving
defect (X=0, Y > 0), rather than the power law decay
behind the defect (X=0, Y < 0), or for the stationary
case (V'=0). This is a consequence of the diffusive propa-
gation of the phase, and leads to a short-range interaction
between defects moving towards each other with a range
set by the velocity, a result first obtained by Siggia and
Zippelius (1981a) (see subsection V.B.3.b below).

When the dynamics is derivable from a potential F
(e.g. near threshold), the above equations continue to
hold for anisotropic systems. For isotropic systems, on
the other hand, the analysis breaks down since the sta-
tionary defect solution has g =¢,, where g,, minimizes 7,
and D (q,,)=0. We must then include higher-order gra-
dient terms in the phase equation, which near threshold
becomes (restoring the scales £, and 7)
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(70/3) 8, 6= — (700 /£5) 3,6 +3%4
+(k/q0) 26— (1/495) 03¢
—2708,8(x—x,)O0(y—y;), (593)

with k =g —g,. In order to eliminate k and g, from this
equation we introduce the following scaled variables

=2k x , (5.94a)
y=2(kg)"%y , (5.94b)
T=4(k&)*t /1y, (5.94c)
0 =(2g0&0)" (k&) T (7w /&)
=(1o/E)V 2q0 /K> v, (5.94d)

in terms of which Eq. (5.93) for (X,y,7,7) becomes
3,6=—2"""09,+3,4+36—3;4
—273,8(X —X%,;)0(y—y,) . (5.95)

The linearized equation is easily solved by Fourier trans-
forms for any value of the parameter U (which Siggia and
Zippelius, 1981a called f), so the velocity is arbitrary at
this level. In the limit =0, the solution is

F=(m/2)sgn(x) [exf (5 /2V % )+1]

=(7/2)sgn(x)erf(q} >y /V2x )+1], (5.96)
closein (jy $ 1, X < 1), but it goes over to
d=tan"! (y/x)=tan" [(y/x)qo/K)V?], (597

far away (X, ¥ > 1), where the a;‘ terms become negligi-
ble (for k — O only the small X, y regime remains). Ac-
tually the neglect of the nonlinear terms in the phase
equation in arriving at Eq. (5.95) is not everywhere
correct (Siggia and Zippelius, 1981a), but introduction of
these terms does not destroy the scaling given in Egs.
(5.96) and (5.97). In particular, Meiron and Newell
(1985) have__ constructed a similarity solution
d=dun'y/ V% ) of the nonlinear phase equation for the
stationary dislocation (7 =0), with ¢,,y obtained by nu-
merically solving a nonlinear ode; they find good agree-
ment with a numerical simulation of a particular model
equation.

In the region close to threshold we can obtain informa-
tion about the core structure using the full amplitude
equation (4.3). We will restrict the analysis to v=0,
which occurs for g —qo=k =0, i.e. for k at the minimum
of the potential (4.9). For the isotropic case the situation
is complicated by the different ways x and y derivatives
appear in Eq. (4.3). Thus we would expect the amplitude
to be depressed to zero at the defect position, with the re-
gion of depressed amplitude extending over a range scal-
ing as € '/2 in the x direction and £~ !/* in the y direc-
tion. Because of this anisotropy the problem still re-
quires solution of a spatial pde. Numerical results are
available from Pomeau et al. (1983). For the anisotropic
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case (4.11) the amplitude equation takes a simpler form,
the core structure is axisymmetric in the scaled coordi-
nates (x /D|‘|/ 2,y/D1’? and a simple ode for the radial
dependence can be solved numerically (Bodenschatz
et al., 1988a). It should be emphasized that the ampli-
tude A4 (x,y) is completely smooth: the singularity in the
phase variable implied by the winding condition (5.38) is
relaxed smoothly (over the core size) by | 4| going to zero
at a point.

We have calculated the structure of moving or station-
ary defects, but have not yet described how v(q) is deter-
mined. This will largely be discussed in subsection V.B.3
below, on dynamics. However an important point is that
there is a unique background wave number g =g, (or
conceivably a discrete set) such that v =0 and the dislo-
cation does not climb. The evidence for this assertion
comes from experiment (Pocheau and Croquette, 1984),
from numerical work on amplitude equations (Siggia and
Zippelius, 1981a) and on model equations (Tesauro and
Cross, 1986), and from perturbation expansions of the
amplitude equation to higher order in €. (Pomeau et al.,
1983). However we do not yet have a direct derivation of
the existence of the function v(q) starting from the basic
properties of a dislocation, namely the phase winding
condition and an equation for phase dynamics (with
corrections at small distances).

(ii) Disclinations

Disclinations are the point topological singularities as-
sociated with the rotational symmetry of the roll wave
vector in a rotationally invariant system. They are com-
monly seen in Rayleigh-Bénard convection, for example,
and can be understood as resulting from the tendency of
the rolls to approach the boundary normally. Indeed, if
this is taken as a constraint, and there are only point de-
fects in the cell, then disclinations are a necessary conse-
quence.

Disclinations may be characterized by their winding
number, which is the number of 27 rotations swept out
by the wave vector as the defect is circled. Figures 20(a)
and 20(b) show a (+1) disclination, and Fig. 20(c) a
(—1/2) defect. Notice that the magnitude of the wave
vector necessarily varies over a considerable range in Fig.
20(b) even far from the disclination point, and such dis-
tortions will only occur if they do not lead to local insta-
bilities. Sometimes the distortion will be relieved by a
line of dislocations or by a grain boundary. Only the
(+1) and (+1/2) defects can be constructed with a con-
stant wave number. The structure in Fig. 20(a) is often
seen in circular domains, and also in other geometries
where it is partially obscured by the boundaries such as
in Fig. 20(d). This particular disclination is also called a
focus singularity.

The focus singularity provides an important wave-
number selection mechanism. For a stationary focus
singularity there is a unique wave number asymptotically
far away from the core, as can be seen quite simply from
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(c) (d)

FIG. 20. Schematic diagram of disclination point defects: (a)
Focus singularity (strength +1). (b) Alternate +1 defect. (c)
Defect of strength —1/2. (d) Disclination on lateral sidewall.
The full lines denote phase contours (rolls), the dashed arrows
are the normals to the rolls.

the phase equation (4.76). If we first consider the axisym-
metric case, the solution is

qB(gq)=c/r, (5.98a)

where c is an integration constant. Since ¢ can be shown
to be O(1) from the short-distance behavior, we have
q—qy at large r, where

B(g;)=0. (5.98b)

Note that this result is unchanged by the mean-flow
effects discussed in Sec. IV.A.2, since no radial mean
flows can occur by the constant density assumption. For
the non-axisymmetric case, however, the result carries
over only for situations where no mean flows exist (Cross
and Newell, 1984), and then the asymptotic wave number
gy is at the border of the zigzag instability. These results
depend only on the assumption of a smooth phase gra-
dient expansion, and so should have widespread applica-
bility in type I systems. How closely g approaches g,
depends on how large r can be made, and also how soft
the core structure is (i.e. how small ¢ is).

In the axisymmetric case the full core structure can be
investigated near threshold using the amplitude equation
in radial coordinates (Brown and Stewartson, 1978;
Pomeau et al., 1985). The question is rather delicate,
though, since solutions exist with the amplitude diverg-
ing at the center. Flows corresponding to these solutions
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have been observed in convection experiments (Cro-
quette, 1989).

(iii) Target patterns

The analogue of foci in oscillatory patterns is the ax-
isymmetric target. It is the two-dimensional version of a
source or a sink in one dimension. The question of
whether intrinsic targets (i.e. ones that do not depend on
an externally applied imperfection at the core) exist in
various oscillatory systems remains a controversial one.
In addition extrinsic targets, such as might be initiated
for example by a dust particle in a chemical reaction,
have also been investigated. This issue will be discussed
further in Sec. X below.

Weak extrinsic targets in type III systems can be un-
derstood from the phase equation if we assume an exter-
nal perturbation at some point in space that raises the
frequency of the medium locally. We start from the
phase equation in two dimensions (Kuramoto, 1984b)

3,0=aV¢—B(Vd)—g(x), (5.99)

where g(x)>0 is centered at x=0 and is assumed to van-
ish for r > r, [we denote the circular coordinates for x by
(r,0)]. We first assume 3 > 0. The use of the Cole-Hopf
transformation as in (5.77)

xX=exp(—Bd/a) (5.100)
linearizes the phase equation to

9, X=[aV?+(B/a) g(r)] X . (5.101)
Setting

X(r,t)=e ™ x(r), (5.102)
we have a time-independent Schrédinger equation

—a V2xy+V(r) x=Ax, (5.103)

for a particle of energy A in a bounded attractive poten-
tial V(r)=—(B/a)g(r)<0. In two dimensions it is
known that there is always at least one bound state A <0,
with a positive eigenfunction [a necessary condition in
view of (5.100)]. The asymptotic form of the wave func-

tion for r >>r is
x(r)~(gr)~ 12 e 7, (5.104)

where §=(—A/a)'’?. Returning to the phase function ¢
the solution far from the center is

o(x,t)=— ot +gr, (5.105a)
w=pBq>, (5.105b)
g’=—ia/B*>0. (5.105¢)

Thus the effect of the perturbation g(x) is to pick out a
particular wave vector (5.105¢) from the continuous fam-
ily (5.80c), and to entrain the wave solution to the fre-
quency (5.105b) which is positive [i.e. larger than the fre-
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quency @(0) of the uniform state, omitted from (5.99)]. If

g(x) were negative Eq. (5.103) would have no bound
states and no target pattern solution of Eq. (5.99) would

exist.

A typical target pattern only extends out a finite dis-
tance from the center, at which point there is an abrupt
transition to the uniformly oscillating medium. This can
be achieved for the solutions of (5.99) with r >>r, by ter-
minating the target at a shock front at r=r (), with
o=w(0) and ¢=0 for r>r(t) [we have restored the
background frequency omitted from (5.99)]. According
to Eq. (5.80), this implies that the outer rim of the target
pattern will move at the velocity

v,=Bg=(—al)/?. (5.106)
Inside the target, in the region ry, <r <ry(t), the waves
move outwards with the phase velocity
Uph =w/q=[w(0)+Bg*]/q, which is larger than the ve-
locity v, of the rim, so that waves periodically annihilate
on the rim. Finally, we note that two different target pat-
terns, centered at x; and x,, say, can have their outer
rims collide, and the ensuing structure is a shock front or
sink as discussed in subsection V.B.2.b.vi above; the pat-
tern having the higher frequency consumes the other one,
a feature which corresponds to the experimental behavior
discussed in Sec. X below.

It is instructive to recast the shock solution (5.78) into
the language of the Schridinger equation (5.101). Ac-
cording to Eqgs. (5.104) and (5.105¢) we have § =g /a, so
a shock (5.80) with g, = — g _ <0 corresponds to a one-
dimensional wave function ¥ ~exp (|g|r) with exponen-
tial growth. Such a solution is considered unphysical as a
wave function Y, but it corresponds to a legitimate phase
function ¢, which describes shocks. As in the one-
dimensional case a major difference between targets
(sources) and shocks (sinks) is that the former exist for a
discrete set of wave vectors and frequencies, whereas the
latter are a continuous family (5.80).

The preceding discussion of targets was predicated on
the assumption of normal dispersion 8>0. In fact, the
entire derivation also goes through for 8 <O0: targets exist
only if g(x) <0, i.e. if the local frequency is reduced at
the center and it entrains the pattern (w=pBg? < 0).
Indeed, the potential V(r)=— (B/a) g(r) is still nega-
tive, and a bound state A <O exists with decaying wave
function (5.104) with g=(—A/a)!/?>>0. The corre-
sponding phase function ¢, Eq. (5.105a), now has a nega-
tive wave vector (g =ag /8 <0) corresponding to incom-
ing phase waves, but the structure is still a target pattern
since the group velocity v, =Bg >0 is outgoing. [As not-
ed earlier the shock structure (5.78) for <0 has incom-
ing group velocity but outgoing phase velocity and it
again corresponds to a wave function ¥ with incoming
waves.]

In the absence of the external perturbation g(x), the
phase equation (5.99) does not support targets. We there-
fore first consider the complex amplitude equation (4.49)
in two dimensions and search for solutions of the form
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d(x,t)=wt+Y(r), (5.107a)

a(x,t)=a(r) . (5.107b)

The derivation of the amplitude equation (4.90) is now
modified to account for the spatial variation of a
(Kuramoto, 1984b)

3,6=aV%¢—B(Vp)*+2aa " 'Va - V¢ . (5.108)

The last two terms can be thought of as a perturbation of
the local frequency w(x). The Cole-Hopf transformation
(5.100) is now generalized to

Xr,t)=a exp(—Bp/a)=e My, (5.109)

where x satisfies the Schrodinger equation (5.103) with
the potential

V(r;a)=(1+p*/a*)a "' V?a . (5.110)
If we assume the asymptotic behavior

a(r)’=ay+a,r* , r—0, (5.111a)

a(r)———am-f-a_lr*l, F— oo , (5.111b)
we see that

V(r;a)~£]ik2r—k_k2 , r—0, (5.112a)

agtagr
Virsa)~(a_,/a,)r 3, r—ow . (5.112b)

It is likely that a; =0, so that the potential has a univer-
sal 2 repulsion near the origin. At large distances,
however, we find an attractive tail, so long as the ampli-
tude falls below its asymptotic value, i.e. so long as
a_,<0. It is thus plausible that the Schrodinger equa-
tion (5.103) should admit a bound state with the potential
(5.110), from which it follows that (5.108) has a target
pattern solution. The analysis of Koppell and Howard
(1981) also showed the existence of axisymmetric intrin-
sic target solutions in the A —w system, Eq. (3.34), in two
dimensions, though these were shown to be unstable by
Ermentrout and Rinzel (1980).

(iv) Spiral patterns

Spirals are the generalization of targets to a case where
the pattern is no longer circularly symmetric. In terms
of the Schrodinger analysis of the phase equation (5.108)
they correspond to bound states with nonzero angular
momentum. We define an m-armed spiral as a solution
of (5.108) or (4.49) of the form

d(x,t)=— wt—mO+¢(r), (5.113a)

a(x,t)=al(r) . (5.113b)

We may see immediately that there are no spirals with
uniform amplitude a =const, since the transformation
(5.109) leads to an additional centrifugal term in the po-
tential of the radial equation (5.103), of the form
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V,(r)=— m?2/r?, (5.114)

which is infinitely attractive as r—0, and leads to an
infinite binding energy (Kuramoto, 1984b). It is therefore
necessary to consider a spatially varying amplitude,

a(r) ~ a,,r™, (5.115)
r

-0

leading to a potential (5.110) that cancels the singularity
in (5.114). At large distances the amplitude still has the
form (5.11b) and it is reasonable to suppose that a bound
state will exist in general, since it is expected that
a_ <0.

Hagan (1982) has explicitly constructed spiral solu-
tions in the A —w system, which (for simple nonlinearity)
is equivalent to the complex Ginzburg-Landau model
(4.49) with ¢;=0. Note also that for the construction of
periodic solutions the amplitude equation has an addi-
tional scaling property: a solution with parameters c¢,c;
can be related (Bodenschatz et al., 1991c) to the solution
of a second amplitude equation with parameters ci,c3,

provided
¢, tc cy+c;
2 = (5.116)
1“(‘103

1_0103

Thus the choice ¢} =0, ¢3=(c;+c3)/(1—c c;3) may be
used to transform Hagan’s solution valid for ¢, =0 to the
general case (4.49). (Length and time scales are also re-
scaled.) Hagan constructed solutions both by perturba-
tion in small ¢; +c; (i.e. about the dislocation solution
for the real equation), and numerically (see also Koppell
and Howard, 1981). He argued that only the lowest
(m =1) spiral will in general be stable since higher-order
ones can break up into lower-order ones. This argument
is based again on perturbing about the potential ¢} =0
case. [We remark that stability is not transferable
through the scaling (5.116) so there is no direct informa-
tion on stability for general ¢,c;.] Once again spirals ex-
ist for a unique value of g and o, satisfying the far field
dispersion relation analogous to (4.53b). Bodenschatz
et al. (1991c) performed more extensive numerical calcu-
lations in the case ¢;=c;. For ¢;=c3;>0.63 they find
that the selected wave number is unstable to the finite-gq
Benjamin-Feir instability (which they call the Eckhaus
instability). Spiral solutions have also been obtained nu-
merically by Aranson et al. (1989) in a complex generali-
zation of the Swift-Hohenberg model. For further ana-
lytic and numerical investigations of spiral waves in mod-
el systems we refer the reader to Chap. 12 of Murray
(1989), to Aranson and Rabinovich (1989), to Sakaguchi
(1989), and to Winfree (1991).

It is amusing to note that a spiral solution of the en-
velope equation, when applied to a type I, system, yields
a dislocation defect in that system [although the solution
of the amplitude equation (4.13) corresponding to the ro-
tationally invariant system has not been calculated]. This
dislocation is drifting at the group speed s, within the
amplitude equation, whereas the waves themselves are
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moving with the phase speed.

Another approach to spirals is to consider the curling
up of a line defect which is the two-dimensional exten-
sion of a single one-dimensional pulse traveling in the x
direction, say. In its ideal unperturbed state the struc-
ture is a straight line parallel to y, moving with the pulse
speed v. Under small deformations of the shape of the
line, the change in normal velocity v, is assumed to be
given by the eikonal equation (Keener and Tyson, 1986)

v,=v+D K, (5.117)

where K is the local curvature of the line (assumed
small), and D, is a constant which has dimensions of a
diffusivity. In Eq. (5.117) the sign of KX is such that a cur-
vature towards the direction of propagation is positive.
The eikonal equation represents an expansion in the cur-
vature of the wave front and, as written, it neglects the
influence of nearby waves (e.g. other arms of the spiral)
on the velocity v. The curvature expansion can also be
applied to a plane-wave train whose velocity depends on
its frequency or wavelength, and in lowest order the
dispersion relation v(w) of the undistorted wave train ap-
pears in the eikonal equation. The applicability of Eq.
(5.117) to a specific model will be considered in Sec. X
below.

Let us suppose that the line defect has a free end and
begins to curl up around it. A description of the mecha-
nism for this curling up has been given by Meron and
Pelce (1988), but we defer a discussion of this effect to
Sec. X. At this stage we focus on the steady-state shape
of the spiral, as described by the eikonal equation (5.117),
which must be supplemented by boundary conditions at
the core and in the far field. It is convenient to define the
spiral parametrically in terms of the coordinates of the
rigidly rotating pulse, i.e. take m =1 in Eq. (5.113a) and
describe the coordinates of the point ¢ =0 as

x=r cos[B(r)—wt] , y=rsin[0(r)—wt], (5.118)

where r is the radial coordinate and the unknowns 6(r)
and o determine the shape and frequency of the spiral,
respectively. The boundary condition at the core is as-
sumed to be

- (5.119)

i.e. the spiral is assumed to intersect the circle » =r, radi-
ally, with the radius r, taken as a phenomenological pa-
rameter. In the far field we have

r—o0 , (5.120)

3,0=q,=w/v,

representing a pulse train undistorted by curvature. If
the pulses are sufficiently far apart (i.e. if the frequency is
low enough), the velocity v will be independent of fre-
quency in the far field. In that case it can be shown from
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pure geometry (Keener and Tyson, 1986) that (5.118) im-

pliesilo
_ or
Up _W (5.121a)
and
9,9 ¥
= + , (5.121b
(1+92°2  r(1+9)!2 )
where
Y=ro,0. (5.122)
The eikonal equation (5.117) then becomes
—rd,=1+¢*) [(rv /D)) (1+¢»)'?
—(@/D)r*+4], (5.123)

which can be viewed as an eigenvalue equation for the
frequency w. Let us rescale the coordinate, setting

F=(w/D)r, §,=(D,/v)q,=wD,/v?, (5.124)
whence Eq. (5.123) depends on the single parameter 7,

—73,¥=(1+¢?) [F(1+y»)2—g 7 +¢], (5.125)
with boundary conditions

=0 for 7=7%,=r.v/D,, (5.126a)
and

Y —>q,7 for F—oo .

(5.126b)

The solution of Eq. (5.125) with boundary conditions
(5.126) leads to an eigenvalue relation of the form

7.=0Q(7), (5.127a)
or equivalently
o=(%/D,) Q(r,v/D)) . (5.127b)

The numerical solution for Q is well represented by the
expression

0(x)=~0.331—0.097 x?, (5.128)

which provides a relation between the frequency and the
velocity, with 7, as a parameter.
Let us ask if the above scheme is self-consistent. The

validity of the curvature expansion near the core requires
v>D, /r, , (5.129)

or x >>11in (5.128). Moreover, treating v as a constant in

5.10There are sign inconsistencies in Tyson and Keener (1988)
[compare, e.g., their Eq. (16) and their Fig. 7], so that their
equations differ slightly from ours, which agree with Keener
and Tyson (1986).
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deriving Eq. (5.123) means that we neglect dispersion, i.e.
we fix v to be the pulse velocity v,, which is appropriate if
the pulses in the far field do not overlap significantly.
The velocity v, and frequency w,, of the spiral solution

v (5.130a)

sp— Up >

w,=(;/D,)Q(rwv,/D,), (5.130b)

thus obtained will be self-consistent for any r, such that
Eq. (5.129) is satisfied. Of course, the length r, must bear
some relationship to the microscopic lengths in the sys-
tem for the solution to be physically meaningful.

The solution of the eikonal equation (5.125) also pro-
vides a detailed shape of the equiphase lines 6(r), ob-
tained by integrating up ¥(7) according to (5.122). It is
interesting to compare this numerical solution with two
limiting cases, the first being an Archimedean spiral ob-
tained by assuming 6(r) to be linear everywhere. The re-
sult is

o(ry=q.,r, (5.131)
which implies
r.=0. (5.132)

The second approximation is an involute spiral, obtained
by neglecting the curvature correction in the eikonal
equation, i.e. by setting D, =0 in (5.117). The constant
phase lines in this case are

O(F)=s(¥)—tan" 's(7) , (5.133)
with

s F)=rig% —1=72g% —1, (5.134)
from which it follows that

YF)=(gr7—1)1"2, (5.135)
and [cf. Eq. (5.127a)] the core radius is given by

oo =Feqo=1. (5.136)

Note, however, that the curvature K becomes arbitrarily
large as r—r, for the involute, so the approximation
(5.133) is not self-consistent. Keener and Tyson (1986)
have shown in their Figs. 9-11 that the shape function
calculated from Eq. (5.125) agrees rather well with the in-
volute spiral for §,, =0.02, whereas it is close to the Ar-
chimedean spiral for g, =0.14, and disagrees with both
for g, =0.33.

d. Three-dimensional defects

(i) The Swift-Hohenberg model

As mentioned above, localized solutions can be found
for type I, systems in two and three dimensions. For ex-
ample, Aranson et al. (1989) have considered the Swift-
Hohenberg model with a subcritical bifurcation
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du=—u+pu*—u3+(vV>+q3)u, (5.137)
as well as a complex generalization
3, ¥=—¢+BlYI YY"+ (V2 +¢3’y,  (5.138)

and have numerically found localized solutions in two
and three dimensions over a range of the real parameter
B. The existence of stable droplet solutions in models
with a Lyapunov function might at first seem surprising,
since no such solutions are found in the simpler
Ginzburg-Landau model (4.13). It turns out, however,
that for the fourth-order system (5.137) the Lyapunov
potential has minima associated with variation on the
scale g, !, so a bubble of the u 70 phase can become
trapped in the u =0 phase. This is an example of a nona-
diabatic effect (see Sec. IV.A.4) which is lost in the ampli-
tude equation (4.13) associated with the ‘“microscopic™
model (5.137).

(i) Scroll waves

Target and spiral solutions can also be constructed in
three dimensions. Since the coherent oscillatory state in-
volves a complex order parameter it is analogous to the
ordered state of superfluid “He, say, and the three-
dimensional defect states will have line singularities, rath-
er than point singularities (Mermin, 1979). These struc-
tures have been called scroll waves by Winfree (1984a).
The dynamics of these defects when the ends of the line
join to form a loop has recently been treated by Keener
(1988) and will be discussed in Sec. X below.

3. Defect dynamics

a. Calculation methods

We may next look at the dynamics of the defects
driven by different types of perturbations. These may
arise from other distant defects (then we are calculating
the interaction between defects) or may be imposed exter-
nally, e.g. by compressing the rolls and thereby increas-
ing the wave number or by changing the value of a con-
trol parameter. A perfectly periodic structure tends to be
a rigid object, whereas the presence of defects allows the
whole system to distort. It is then not surprising that the
motion of defects is empirically an important feature of
the dynamics of spatial patterns, both in transients lead-
ing to a final steady state (Siggia and Zippelius, 1981a)
and in persistent dynamics. Although the time evolution
of ensembles of defects is very complicated, considerable
progress has been made in the study of the dynamics of
isolated or weakly interacting defects, which will primari-
ly concern us here.

Two methods to calculate the dynamics of defects have
been used: perturbation theory from an assumed known
stationary defect, and nonperturbative methods in those
systems (or low-order approximations) whose dynamics is
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governed by a potential. We will briefly review these
methods in a general context, before discussing specific
examples.

(i) Perturbative calculations

If we assume the solution U= U,(x—x,) for a station-
ary defect to be known, the dynamics is often given by a
solvability condition (see Appendix A). Confining our-
selves to stationary (type I,) systems for the moment, we
write an ansatz for the moving defect in the form

Ux,t)=U,[x—x,() ]+ U,(x,t) , (5.139)

where 7 is a small parameter introduced as a measure of
the small perturbation causing the motion, U, is a
prescribed distortion of U,; whose form depends on the
perturbation (see below), and U, is an unknown correc-

tion. Substituting the ansatz (5.139) into the general
equation of motion (3.4) we find

nLe(U)HU =—v-VU;—8G, (5.140)
where
v=9,Xy , (5.141)
nLoUNU = 3T | U
=G[U;+qU,;]-G[U,]
=G[U,+7U,], (5.142)
i.e., L is the linearization of G about U,, and
18G=G(U,;)—G(U,)=G(T,) . (5.143)

[In (5.142) and (5.143) we have used the fact that
G(U,)=0, i.e. that U, is the stationary defect solution.]
Equation (5.140) is formally soluble for the unknown
function U, as long as the operator .L; does not have a
zero eigenvalue. We are interested in the case where this
zero eigenvalue would correspond to the translation of
the defect through symmetry related states, and then the
corresponding eigenvector is VU,. It follows that v is
given along this symmetry direction 8 by the standard
solvability condition (see Appendix A)

[16-vU,)'861dx
V'/S\:—T] A Ta *
[16- VUG- VU] dx

(5.144)

There are two difficulties with this expression: one is that
the zero-eigenvalue adjoint eigenvector, schematically
written as (8- VU, )" may not be easy to calculate (and is
not in general the derivative of the adjoint defect solu-
tion); the second difficulty is that the integral in the
denominator may not be finite, an indication that the per-
turbation scheme has broken down. In very simple situa-
tions it may be straightforward to guess the appropriate
cutoff to be imposed. However in most interesting cases,
such as systems of many interacting defects, a more so-
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phisticated approach is necessary (see subsection
V.B.3.b.iii below).

Let us present some examples of the distortion U, that
appears in Eq. (5.143). We first suppose that the driving
force is a compression or dilatation of the background
wave vector from q=g,X which characterizes the far-
field of Uy, to q@'=q,(1+mn)X. Then the distortion U, is

given by

U, =Uy(x(1+9)—x,4(8), y—yu(1)), (5.145)

i.e. it is the stretched stationary defect solution. Similar-
ly, if the driving force comes from a change in control
parameter O8g, the above scheme applies with
q'=q,(e+8¢). Alternatively if the defect is driven by N
other defects with fixed positions x; (j=1,...,N) then
we take

N
Uy=Uy(x—x4(0))+ 3 [Uy(x—x;)—U,(q,-x)],
i=1

(5.146)

where

U,= lim U,.

‘X—xd‘ —> ®©

(5.147)

Notice that this simple ansatz only applies when the
asymptotic state U, is the same for all the defects in the
region of interaction. This is not true for example in the
case of interacting sources or spirals, where the asymp-
totic states between the defects correspond to waves trav-
eling in opposite directions. In some cases one might try
to allow for a slowly varying phase field between the de-
fects (see subsection V.B.3.b.iii below).

(ii) Potential systems

For potential systems an alternative, more direct
method is available (Siggia and Zippelius, 1981a). One
equates two expressions for the time evolution of the po-
tential [we use Eq. (4.9) for concreteness]. The first is

a7,
dxd

3, F=v 